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xPand. Documentation

Thisisthe doc file xPandDoc.nb of version 0.4.0 of xAct/Pand’. Last update on 8 February 2013.

http://ww2.iap.fr/users/pitrou/xpand.htm

Preamble

Author
© 2012-2013, under the GNU General Public License (GPL)
Authors: Cyril Pitrou, Xavier Roy and Obinna Umeh

Intro

xAct'xPand” is a Mathematica Package which provides tools to compute formally the cosmological perturbations
around an homogeneous background.

It relies on a 3+1 splitting of the background spacetimes, and uses the perturbative tools developed in xAct xPert’
which itself is part of the xAct™ suite.

More details about the algorithm can be found on a dedicated publication.

Loading the package

Loading the package is straightforward once it has been appropriately installed:
You just haveto evaluate: '<< xAct xPand.m;'

Thisloads all the definitions, but does not start any computation.

We can also check how much memory space it takes to store all the definitions, and the time it takes to load them (less
than 1 second!):
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In[1]:= MemBefore = MemorylnUse[];
<< XAct/xPand.m; // Timing // First

Package xAct xPerm version 1.2.0, {2013, 1, 27}

CopyRi ght (C) 2003-2013, Jose M
Martin-Garci a, under the General Public License.

Connecting to external mac executable...

Connecti on established.

Package xAct xTensor™ version 1.0.5, {2013, 1, 27}

CopyRi ght (C) 2002-2013, Jose M
Marti n-Garci a, under the General Public License.

Package xAct xPert™ version 1.0.3, {2013, 1, 27}

CopyRi ght (C) 2005-2013, David Brizuela, Jose M Martin-Garcia
and Quillerm A Mena Marugan, under the General Public License.

xx Variable $PrePrint assigned val ue ScreenbDol | arl ndi ces

x»x Vari abl e $CovDFormat changed from Prefix to Postfix

x+« Option All owlpperDerivatives of ContractMetric changed from Fal se to True
x+x Option MetricOn of MakeRul e changed from None to All

x+ Option ContractMetrics of MakeRul e changed from Fal se to True

xx DeflnertHead: Defining inert head Perturbation.

Package xAct xPand™ version 0.4.0, {2013, 2, 8}

CopyRi ght (C) 2012-2013, Cyril Pitrou, Xavier
Roy and Obi nna Ureh under the General Public License.

These packages cone with ABSOLUTELY NO WARRANTY; for details type
Disclainer[]. This is free software, and you are wel conme to redistribute
it under certain conditions. See the General Public License for details.

out[2]= 0.988017

In[3]:= MemorylnUse[] - MemBefore

out[3]= 26728360
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GPL
In[4]:= Disclaimer(]

These are points 11 and 12 of the General Public License:

BECAUSE THE PROGRAM | S LI CENSED FREE OF CHARGE, THERE | S NO WARRANTY
FOR THE PROGRAM TO THE EXTENT PERM TTED BY APPLI CABLE LAW EXCEPT
VWHEN OTHERW SE STATED I N WRI TI NG THE COPYRI GHT HOLDERS AND/OR OTHER
PARTI ES PROVI DE THE PROGRAM "AS |I'S™ W THOUT WARRANTY OF ANY KI ND,

El THER EXPRESSED OR | MPLI ED, | NCLUDI NG, BUT NOT LIMTED TO, THE

| MPLI ED WARRANTI ES OF MERCHANTABI LI TY AND FI TNESS FOR A PARTI CULAR
PURPCSE. THE ENTI RE RI SK AS TO THE QUALI TY AND PERFORMANCE OF

THE PROGRAM | S WTH YOU. SHOULD THE PROGRAM PROVE DEFECTI VE, YQU
ASSUME THE COST OF ALL NECESSARY SERVI CI NG REPAI R OR CORRECTI ON.

I N NO EVENT UNLESS REQUI RED BY APPLI CABLE LAW OR AGREED TO I N WRI TI NG
WLL ANY COPYRI GHT HOLDER, OR ANY OTHER PARTY WHO MAY MODI FY AND/CR
REDI STRI BUTE THE PROGRAM AS PERM TTED ABOVE, BE LI ABLE TO YOU FCR
DAMAGES, | NCLUDI NG ANY GENERAL, SPECI AL, | NCI DENTAL OR CONSEQUENTI AL
DAMAGES ARI SI NG OUT OF THE USE OR | NABI LI TY TO USE THE PROGRAM
(I NCLUDI NG BUT NOT LIM TED TO LOSS OF DATA OR DATA BEI NG RENDERED
I NACCURATE OR LOSSES SUSTAI NED BY YOU OR THI RD PARTIES OR A FAI LURE OF
THE PROGRAM TO OPERATE W TH ANY OTHER PROGRAMS), EVEN | F SUCH HOLDER
OR OTHER PARTY HAS BEEN ADVI SED OF THE POSSI BI LI TY OF SUCH DAVAGES.

Useful tools

In[5]:= org[expr_] = ScreenDollarindicese
NoScalareCollect[ContractMetric[expr], $PerturbationParameter, ToCanonical]
collect[expr_] := ScreenDollarindicese
NoScalareCollect[expr, $PerturbationParameter, ContractMetric]

Overview

Tools

m Background slicing of the manifold

We must first define a manifold, choose the dimension of the space-time and the set of indices to work with. The user
can also choose any kind of indices.

Then we define a metric and assign a signature to it. The operational and formating notation for the covariant deriva-
tive associated with the metric are also chosen.
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In[7]:= DefManifold[M, 4, {a, B, ¥, 1, v, A, 0}]
DefMetric[-1, g[-a, -B], CD, {";", "¥"}, PrintAs » "g"];

x+ Def Manifold: Defining manifold M
xx DefVBundl e: Defining vbundl e TangentM
x+ Def Tensor: Defining symetric netric tensor g[-«, -B].

= Def Tensor: Def

ning antisymretric tensor epsilong[-a, -3, -v, -2A].

= Def Tensor: Def

ning tensor Tetrag[-o, -8B, -V, -AJ.

x+ Def Tensor: Defining tensor Tetragt[-a, -8B, -v, -A].
+x+ Def CovD: Defining covariant derivative CD[-a].

=+ Def Tensor: Defi

ni ng vani shing torsion tensor TorsionCD[a, -8, -v].

x+x Def Tensor: Defining symmetric Christoffel tensor Christoffel CD[a, -8B, -¥].
++ Def Tensor: Defining R emann tensor R emannCD[-a, -3, -y, -A].

= Def Tensor: Def

ning symretric Ricci tensor Ricci CD[-a, -f3].

x+« Def CovD: Contractions of Riemann automatically replaced by Ricci.
x+ Def Tensor: Defining Ricci scalar RicciScalarCD[].

x+« Def CovD: Contractions of Ricci automatically replaced by Ricci Scal ar.
x+ Def Tensor: Defining symetric Einstein tensor EinsteinCD[-a, -8].
++ Def Tensor: Defining Weyl tensor Wyl CD[-a, -5, -V, -A].

x+ Def Tensor: Defining symetric TFRi cci tensor TFRi cci CD[-a, -f].

=+ Def Tensor: Defining Kretschmann scal ar KretschmannCDJ[].

x+ Def CovD: Conputing R emannToWeyl Rules for dim4

x+ Def CovD: Conputing Ricci ToTFRicci for dim4

x+ Def CovD: Conputing Ricci ToEinsteinRules for dim4

+x+ Def Tensor: Defining weight +2 density Detg[]. Determ nant.

We have a genera function called 'SetSlicing' which defines an induced metric h on the hypersurfaces and a vector n
normal to them. The conformal metric is aso defined here.

Many other relations that are required for the (N-1)+1 splitting are implemented. One key aspect of SetSlicing is that
we choose the type of space-time to work with when calling the function.

Atthemoment, the possible space — time optionsinclude

Minkowski
FLCurved

(for postively or negatively curved Friedmann — Lemaitre — Robertson — Walker (FLRW) space — times)
FLFlat (for flat FLRW space — times)

BianchiB (for general Bianchi space — timeswith the most general constants of structure)
BianchiA (for Type A Bianchi space — times, wherethe ' vector' a,, vanishes)
Bianchil (for Typel Bianchi space — times)
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In[9]:= ?SetSlicing

SetSlicing[g,n,nNorm,h,cd,{cdPost,cdPre},SpaceTimeType].

Given a background manifold of dimension 'N' and an ambient metric
'g' on that manifold, this function performs a (N-1)+1 slicing.

More precisely, it builds the induced metric 'h' on the hypersurfaces, the
associated covariant derivative ‘cd’, and the vector 'n' normal to
these hypersurfaces. It also sets the type 'SpaceTimeType' for
the hypersurfaces. The latter argument can take a value among
{Anisotropic, BianchiB, BianchiA, Bianchil, FLCurved, FLFlat, Minkowski}.
The norm 'nNorm' of the vector 'n' is set by default to -1 if omitted.

In[10]:= SetSIicing[g, n, h, cd, {| "5"}, "FLFIat"]
+»x Def Tensor: Defining tensor n[c$1474].
»» Def Tensor: Defining symetric netric tensor h[-0$1474, -0c$1475].
x+ Def Tensor: Defining antisymetric tensor epsilonh[-a, -5, -v].
x+ Def Tensor: Defining tensor Tetrah[-a, -3, -v¥, -2A].
x« Def Tensor: Defining tensor Tetraht[-a, -3, -y, -A].
x+ Def CovD: Defining covariant derivative cd[-0$1474].

= Def Tensor: Def

ni ng vani shing torsion tensor Torsioncd[a, -3, -¥].

= Def Tensor: Def

ning symmetric Christoffel tensor Christoffelcd{a, -3, -v¥].
x+x Def Tensor: Defining Riemann tensor Riemanncd[-a, -3, -vy, -A].

x+ Def Tensor: Defining symetric Ricci tensor Riccicd[-a -83].

»x Def CovD: Contractions of R emann automatically replaced by Ricci.

x+« Def Tensor: Defining Ricci scalar RicciScalarcd[].

x+ Def CovD: Contractions of Ricci automatically replaced by RicciScal ar.
x+« Def Tensor: Defining symetric Einstein tensor Einsteincd[-a, -3].

=+ Def Tensor: Defining Weyl tensor Weylcd[-a, -5, -v, -A].

+x+ Def Tensor: Defining symetric TFRi cci tensor TFRiccicd[-a, -83].

x+ Def Tensor: Defining Kretschmann scal ar Kretschmanncd|].

x+ Def CovD: Conputing R emannToWeyl Rules for dim4

x+ Def CovD: Conputing Ricci ToTFRicci for dim4

x+x Def CovD: Conputing Ricci ToEinsteinRules for dim4

x+ Def Tensor: Defining weight +2 density Deth[]. Determ nant.
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x+ Def Tensor: Defining extrinsic curvature tensor
Extrinsickh[a, B]. Associated to vector n

+x+ Def Tensor: Defining accel eration vector
Accel erationn[a]. Associated to vector n

+x DeflnertHead: Defining projector inert-head Projectorh.
Rules {1, 2, 3, 4, 5, 6, 7, 8} have been decl ared as UpVal ues for h.
Rules {1, 2, 3, 4, 5, 6, 7, 8} have been declared as UpVal ues for h.
Rul es {1, 2} have been decl ared as UpVal ues for n.
Rules {1, 2, 3, 4} have been decl ared as UpVal ues for n.
Rules {1, 2, 3, 4, 5, 6, 7, 8} have been declared as UpVal ues for n.

xx Def Tensor: Defining tensor
ah[LI [xAct " xPand’ Private p$2742], LI [xAct xPand Private q$2742]].

+x+ Def Tensor: Defining tensor
Hh [LI [xAct xPand Private’ p$2747], LI [xAct xPand Private q$2747]].

+x Def Tensor: Defining symmetric nmetric tensor gah2[-0%$2753, -0$2754].

++ Def Tensor: Defining inverse nmetric tensor
I nvgah2 [0$2753, 0$2754]. Metric is frozen!

xx DefMetric: Don't know yet how to define epsilon for a frozen nmetric.
+»x Def CovD: Defining covariant derivative CDah2[-0$2753].
x+ Def Tensor: Defining vanishing torsion tensor TorsionChah2[«a, -3, -v].

x+ Def Tensor: Defining
symmetric Christoffel tensor Christoffel CDah2[a, -3, -¥].

=+ Def Tensor: Defining R emann tensor R emannDownCDah2[-a, -3, -V, -A].

+x+ Def Tensor: Defining R emann tensor
R emannCbah2[-a, -3, -v¥, A]. Antisynmetric only in the first pair.

x+ Def Tensor: Defining symetric Ricci tensor Ricci Chah2[-a, -j].

x+« Def CovD: Contractions of Riemann automatically replaced by Ricci.

+x Def Tensor: Defining Ricci scalar RicciScalarCbah2[].

x+ Def CovD: Contractions of Ricci automatically replaced by Ricci Scal ar.

x+ Def Tensor: Defining symetric Einstein tensor EinsteinCDah2[-«a, -j3].

+x MakeRul e: Potential problenms noving indices on the LHS.

x+ Def Tensor: Defining Weyl tensor Weyl CDah2[-a, -3, -y, -A].

x+ Def Tensor: Defining symetric TFRi cci tensor TFRi cci CDah2[-a, -j3].
+x Def Tensor: Defining Kretschnann scal ar Kret schmannCDah2[].

x+ Def CovD: Conputing R emannToWyl Rules for dim4

x+x Def CovD: Conputing Ricci ToEinsteinRules for dim4

+x Def Tensor: Defining weight +2 density Detgah2[]. Determni nant.

Rules {1, 2, 3, 4, 5, 6, 7, 8} have been decl ared as UpVal ues for g.
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Rul es {1} have been decl ared as UpVal ues for g.
+x Def Tensor: Defining tensor Connectionh[-0$1474, -0$1475, -0c$1476].
+x Def Tensor: Defining tensor CSh[-0$1474, -0$1475, -0$1476].
+»% Def Tensor: Defining tensor nth[-0$1474, -0$1475].
++ Def Tensor: Defining tensor avh[-0$1474].
Rules {1, 1, 2, 1, 3, 1, 4, 1} have been declared as UpVal ues for av.

+»x Def Tensor: Defining tensor Kh[LI [xAct xPand’ Private p$3442],
LI [xAct " xPand Private q$3442], -0$1474, -0$1475].

We define the metric and velocity perturbations (plus many fields which are going to be used in the splitting of these
perturbations). Metric perturbations are split in line with the standard SVT decomposition.

In[11]:= ?DefMetricFields
? DefMatterFields

DefMetricFields[g,gpert,h,parameter] defines the perturbed metric
'gpert' from its background value 'g'. The argument 'h' is the
induced metric on the spatial hypersurfaces, and the optional
argument 'parameter’ (set by default to €) is the symbol used
in the perturbative expansions. Several tensors that are used
to decompose ‘gpert' are defined when calling this function.

DefMatterFields[uf,ufpert,h,parameter] defines the perturbed vector field
‘ufpert’ from its background value 'uf'. The argument 'h’ is the
induced metric on the spatial hypersurfaces, and the optional
argument 'parameter’ (set by default to €) is the symbol used
in the perturbative expansions. Several tensors that are used
to decompose ‘ufpert' are defined when calling this function.

©1988-2008 Wolfram Research, Inc. All rights reserved.
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In[13]:= DefMetricFields[g, dg, h]
DefMatterFields[u, du, h]

+»x Def Paraneter: Defining paraneter e.
x+ Def Tensor: Defining tensor dg[Ll [order], -a, -3].

+x+ Def Tensor: Defining tensor
¢h[LI [xAct " xPand” Private  p$4492], LI [xAct xPand Private q$4492]].

xx Def Tensor: Defining tensor
Bsh[LI [xAct  xPand  Private p$4497], LI [xAct xPand Private q$4497]].

x+ Def Tensor: Defining tensor
Bvh[LI [xAct  xPand" Privat e p$4502], LI [xAct xPand’ Private q$4502], -«].

«+ Def Tensor: Defining tensor
yhLl [xAct xPand” Privat e p$4508], LI [xAct xPand Privat e  q$4508]].

+xx Def Tensor: Defining tensor
Esh[LI [xAct xPand Private p$4513], LI [xAct xPand Private q$4513]].

+xx Def Tensor: Defining tensor
Evh[LI [xAct  xPand Private p$4518], LI [xAct xPand’ Private q$4518], -«].

xx Def Tensor: Defining tensor
Et h[LI [xAct xPand Privat e’ p$4524], LI [xAct xPand’ Private q$4524], -o, -3].

x+ Def Tensor: Defining tensor
Th[LI [xAct xPand’ Privat e  p$4533], LI [xAct xPand Private q$4533]].

++ Def Tensor: Defining tensor
Lsh[LI [xAct  xPand Privat e p$4538], LI [xAct xPand Private q$4538]].

++ Def Tensor: Defining tensor
Lvh[LI [xAct  xPand Privat e’ p$4543], LI [xAct xPand’ Private q$4543], -«a].

x+ Def Tensor: Defining tensor
@ [LI [xAct xPand” Privat e’ p$4551], LI [xAct xPand Private gq$4551]].

+x+ Def Tensor: Defining tensor
pu Ll [xAct  xPand” Private p$4556], LI [xAct xPand Private q$4556]].

+x Def Tensor: Defining tensor
Pu LI [xAct xPand Private p$4561], LI [xAct  xPand" Private q$4561]].

xx Def Tensor: Defining tensor
Vspat hu[LI [xAct " xPand" Pri vat e p$4566], LI [xAct xPand Private’ q$4566], -o].

xx Def Tensor: Defining tensor
VOhu [LI [xAct " xPand” Privat e’ p$4572], LI [xAct xPand’ Private q$4572]].

x+ Def Tensor: Defining tensor
Vshu [LI [xAct xPand Private’ p$4577], LI [xAct xPand’ Private q$4577]].

+x+ Def Tensor: Defining tensor
Whu [LI [xAct ~ xPand  Privat e  p$4582], LI [xAct xPand’ Private q$4582], -a].

++ Def Tensor: Defining tensor ufa].

x+ Def Tensor: Defining tensor du[Ll [order], a].

m Projected tensors
DefMetricFields has defined many tensors:
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In[15]:= $Tensors

out[15]= {9, epsilong, Tetrag, Tetragt, TorsionCD, Christoffel CD, R emannCD,
Ri cci CD, Ri cci Scal ar CD, Ei nstei nCD, Wyl CD, TFRi cci CD, Kr et schmannCD,
Detg, n, h, epsilonh, Tetrah, Tetraht, Torsi oncd, Christoffelcd,
Ri emanncd, Riccicd, Ricci Scal arcd, Ei nsteincd, Weyl cd, TFRi cci cd,
Kr et schmanncd, Det h, Extrinsi ckh, Accel erationn, ah, Hh, gah2, | nvgah2,
Tor si onCDah2, Chri st of f el CDah2, R emannDownCDah2, Ri emannCDah2,
Ri cci CDah2, Ri cci Scal ar CDah2, Ei nst ei nCDah2, Weyl CDah2, TFRi cci CDah2,
Kr et schmannCbhah2, Det gah2, Connecti onh, CSh, nth, avh, Kh, dg, ¢h, Bsh, Bvh,
vh, Esh, Evh, Eth, Th, Lsh, Lvh, ¢, pu, Pu, Vspathu, VOhu, Vshu, Whu, u, du}

We can see that the first label index (LI[]) in these tensors is the order of perturbations, and the second one is the
number of "time derivative"

In[16]:= Eth[LI[1], LI[1], -u, -V]
LieD[n[a]l]@%
PerturbationOrder [%%]

(1) ’
out[16]l=  E,,

0
out[171=  E,,

out[18]= 1
For any tensor, the prime notation, means: TW' = LnTu, which implies for the contravariant indices:
T”V'=g“”gﬁV£nTaﬁ-

For Minkowski, FLFlat and FLCurved space-times, since £, g,, = 0and £, g*" = 0, the number of “time derivative’
for a contravariant tensor is also represented by prime symbols.

But for the different Bianchi cases (namely, Bianchi I, Bianchi A and Bianchi B), since £ng,, =-20, and

Lo g =-20*, the number of “time derivative’ for a contravariant tensor is not represented by prime symbols (see
further below).

m Conformal transformation

When evaluating SetSlicing, a conformal metric is defined by calling the function DefConformalMetric[g,ah]. We can
check indeed it isin the list of metricsthat isthere isindeed a new defined metric, gah2.

In[19]:= $Metrics
out[19]= {g, h, gah2}

The latter relates to the first metric g according to
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In[20]:

ConformalRules[Firste$Metrics, gah2]
Conformal [g, gah2] [g[u, v]]
Conformal [g, gah2] [g[-u, -Vv]]

[gaz}aﬁ
{ggg B ggg sa’ |I’]V[ga2]a/3}
a

out[20]

x+ Def Tensor: Defining tensor Christoffel CDCDah2[a, -3, -Y].

— UV

(o]

Out[21]= 5
(a)

out[22]= g, (a) 2

In[23]:= ?Conformal

Conformal[metricfinal][metricl,metric2][expr] performs a conformal
transformation of 'expr' from 'metricl' to 'metric2' and expresses the
result in terms of 'metricfinal’ (along with its associated covariant
derivative and curvature tensors). If needed, the function first
reformulates 'expr' in terms of 'metricl'. The two metrics 'metricl’
and 'metric2' have to be conformally related by DefConformalMetric.

Conformal[metricl,metric2][expr] provides the final result with respect to
the ambient metric, which is the first metric defined on the manifold.

We then have a function called Conformal, which performs conformal transformations and expresses the result by
default in terms of the original metric

In[24]:= DefTensor[Te[-a], {M}, PrintAs » "T"]
DefTensor[Te2[-a, -B], {M}, PrintAs » "T"]
+xx Def Tensor: Defining tensor Te[-«].
+x Def Tensor: Defining tensor Te2[-a, -5].
In[26]:= Conformal [g, gah2] [CD[-v][Te[-u]1]

Conformal [g, gah2] [CD[-v][Te2[u, A]111]
Conformal [g, gah2] [ChristoffelCD[a, -v, -B]]

04 —

out[261= G,, T (Voa) - T, (V.a) +a (VVTU)

6uv TO{A (ﬁaa> 6Av TIJOC (%ﬁ:\) Tuv <§}a> Tv)k (§ua> VVTUA
Oout[27]= + - - +
(a)® a)® (a)? (a)® (a)®
g, (VA %, (W) % (Va)
out[28]= T[V] Bv + +
Y (a) a) (a)

We can also verify the conformal weight of any quantity by executing
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In[29]:= ConformalWeight[Te[a]]
ConformalWeight[Te[-a]]

out[29]= -1
out[30]= 1

In[31]:= ConformalWeight[Te2[a, B]]
ConformalWeight[Te2[-a, -B]]

out[31]= -2

out[32]= 2

We can also perform the conformal transformation of the curvature tensors that are defined once a metric is chosen (for
example, the Ricci scalar). The perturbative expansion and the conformal transformation commute.

The perturbation are performed with the xPert tools Perturbed and ExpandPerturbation

In[33]:= ?Perturbed
? ExpandPerturbation

Perturbed[expr, n] returns the expansion of expr
perturbed up to n—th order, using $PerturbationParameter.

ExpandPerturbation[expr] returns expr with all Perturbation
expressions expanded in terms of metric perturbations. It
uses fast pre-stored formulas for the general term of the
perturbative expansion of the most common curvature tensors.

©1988-2008 Wolfram Research, Inc. All rights reserved.
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In[35]:= Conformal [g, gah2] [RicciScalarCD[]]
AA = ExpandPerturbationePerturbed[Conformal [g, gah2] [RicciCD[-u, -v]], 1] // org
BB = Conformal [g, gah2] [ExpandPerturbationePerturbed[RicciCD[-u, -v], 11] // org

org[AA - BB]
R[V] 6 (V.V"a)
out[35]= - 5
(a) (a)
- 9.y (ﬁaﬁa‘ﬂ 9.y (vaa) (ﬁaa> 4 (Vua) (Vva)
out[36]= R[7],, - . - 5 N A -
a a
1 I
2 (v,7,a) 697,y (Vava) 1 1
" +eo |- " - (vav 697,y | + (vavuég VO‘) +
1 T = 1 =
1, 4. 597, (Voa) (V') 9,y (Vaég BB) (v'a)
Lty e L :
2 a 2a
o1 o 108 =~ (o A\ (o -1
(vaég uv) (v'a) ) sgloB 9,y (Vo) (Vpa) ) 9,y (v'a) (vﬁég O{B) +
a a2 a
sglab 5] (VeVea)  (va) (vuéglva) (v'a) (?véglua) 1 1
+ + - — (VvVuég aa>
a a a 2
B 9,y (¥3) g, (a) (YV'a) 4 (v,a) (v.a)
out[371= R[V],, - " - , + . _
a a
2 (v.7.2) o9ty (T72) o ol L 1«
. + - . - E (vav fe]s} HV) + E (vavuég v ) +
1 =a = 1 So
1, 597y (Voa) (v'a) 9,y (vaég BB) (v7a)
5 (Vavvég U ) 2 N N
2 a 2a
(Vaégluv) (v'a) sgloB 9, (Vaa) (Vea) 9,y (va) (vﬁéglaﬁ)
+ + +
a a’ a
sglob g (VeVea)  (V7a) (Vpéglva) (v'a) (vvéglua) 1 L
+ + - — (Vﬁuég aa)
a a a 2
out[38]= O

General splitting of perturbations

m Curvature fields
We first review al the steps which are necessary in order to compute cosmological perturbations.

We will then see that some functions are predefined to perform all these steps at once.

The perturbations in general are obtained by first performing a conformal transformation, and then perturbing the result
with the tools of xPert (Perturbed[...,order]).
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For instance the Ricci scalar can be conformally transformed, and then perturbed. We decompose these steps to see
clearly what happens.

In[39]:= order =1;
RicciScalarCD[]
Conformal [g, gah2] [%]
MyR = ExpandPerturbationePerturbed[%, order] // org
out[40]= RI[V]
R(V] 6 (Vav"a)
out[41]= —— - 3
a) (a)
= T oo 59128 Riv 3(v515)(va)
R(V] 6 (V.V"a) g (V]ap a69” " 3
out[42]= —— - 3 +e |- 5 - 3 +
a a a a
6 (va) (Vaogt,P) 6 6gt?F (v,va) Tw.sgloP vvtegld
K * K i 22 N 22

We need some rules to replace the metric perturbations, and to parameterize its background 3+1 splitting. SplitMetric

builds these rules for a given splitting and a given gauge. We can see al the metric variables associated with a given
gauge using VisualizeTensor.

In[43]:= ?$ListOfGauges
Possible gauges are: AnyGauge, ComovingGauge, FlatGauge,
IsoDensityGauge, NewtonGauge and SynchronousGauge.
In[44]:= ?VisualizeTensor

VisualizeTensor[expr,h] displays in a table the
projections of 'expr' along its time components (i.e. along
the vector normal to the hypersurfaces) and along its space
components (i.e. onto the hypersurfaces), being defined by
the background slicing associated with the induced metric 'h'.

‘expr' has to be an expression involving tensors of rank 2 only.
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In[45]:= VisualizeTensor[dg[LI[1], u, v] /. SplitMetric[g, dg, h, "AnyGauge"], h]
VisualizeTensor[dg[LI[1], i, v] /. SplitMetric[g, dg, h, "ComovingGauge'], h]
VisualizeTensor[dg[LI[1], u, v] /- SplitMetric[g, dg, h, "NewtonGauge'], h]
VisualizeTensor[dg[LI[1], u, v] /. SplitMetric[g, dg, h, "SynchronousGauge"], h]

n h
n 2 ((‘1’¢) - (‘”BV 0B
out[45]=
h|- ["“B“) -o B2 ("l\’EW 2 Y (M) D eV D TR 2 (DD g
n h
n 0 (\1>¢> ~ (fl)Bv D <1)B
out[46]=
h —(\LBM)—W(LB Z[DEUV _zﬁuv ((Lw)
n h
1) (1) v
nj-2 -
out[47]= ( ¢) [ B
nl- (et 2 e | 2 et (Y]
n h
out[48] nio 0
ut =
hlo]2 ((“EW 2 Y (M) oD e D TR 2 (DD U

Below are Boolean operators that the user could use to set vectors and tensors to zero at first order.

In[49]:= $FirstOrderVectorPerturbations = True;
$FirstOrderTensorPerturbations = True;

If the user does not like how the default notations are printed, it is easy to switch to one's choice. For example, the
variable ph[LI[1], LI[2]] isprinted as

In[51]:= oh[LI[1], LI[2]]

(1)’
out[51]= ¢
Assuming we prefer \Phi, we only need to do this
In[52]:= PrintAs[¢h] "= "3"
out[52]= &
Immediately we get what we wanted

In[53]:= oh[LI[1], LI[2]]

(1)

out[53]= @

Then we use the function SplitPerturbations which takes as arguments a perturbed expression, a list of delayed rules,
and the induced metric in order to specify the background splitting.

The delayed rules are usually built through the function SplitMetric for the standard gauge choices.
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In[54]:

? SplitPerturbations

SplitPerturbations[expr,ListPairs,h] splits the expression
'expr', using the list of rules 'ListPairs', according to the
background slicing associated with the induced metric 'h'.

In[55]:

SplitPerturbations[MyR, SplitMetric[g, dg, h, "AnyGauge"], h]

R[V]

The Splitting of +... was perforned in 0.853922 seconds.

2 7
6 H 6 H
+ — +

out[55]=

We can perform all these stepsin one piece. The main four steps are:

1) Conformal transformation with Conformal,
2) Perturbation with Expandperturbation@Perturbed,

3) The creation of arule for the metric perturbation and the matter perturbations for a given gauge choice. Thisis done
through SplitMetric and SplitMatter

4) The splitting of the result by SplitPerturbations

The function ToxPand is designed to perform these steps at once (that’s the function for users who do not want to build
by themselves the rules to split the perturbations.)

It does everything for our choice of gauge and our splitting (referred to by its induced metric h), given the perturbation
of the metric dg, the velocity field u (and its peturbation du):
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In[56]:= ? ToxPand

XPand[expr,gpert,uf,ufpert,h,gauge,order].

This function first performs on 'expr' a conformal transformation
with the scale factor 'a[h]' (except for a Minkowski 'SpaceType");
then it perturbs the result up to the order 'order' by means
of xPert tools; and finally, it splits the result using the
rules associated with the 'gauge’, and according to the
background slicing associated with the induced metric 'h'.

All the perturbed fields are derived from the perturbed
metric 'gpert' and the perturbed fluid four—velocity 'ufpert'.

In[57]:= MyToxPand[expr_, gauge_, order_] := ToxPand[expr, dg, u, du, h, gauge, order]

The Ricci Scalar R

In[58]:= MyToxPand[RicciScalarCD[], "AnyGauge", order]
R[V]
The Splitting of , tee. was performed in 0.860410 seconds.
a)
64 6
out[58]= e
a a
(1) 1y oD
127«2( o) 1291 (Ve 674(1)@) 18%( w) 6(( w) 67 (D.D ”'B)
N 2 N 2 N 2 - 2 N 2 2 N
a a a a a a

Or we can restrict to any of the gauge choices listed below:

In[59]:= ?$ListOfGauges

Possible gauges are: AnyGauge, ComovingGauge, FlatGauge,
IsoDensityGauge, NewtonGauge and SynchronousGauge.
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In[60]:= MyToxPand[RicciScalarCD[], "NewtonGauge', order]

R[V]
The Splitting of , tee. o was perfornmed in 0.616203 seconds.
a)
672 6 124 (M) 124 ("e)
Oout[60]= 5 + S + - > - 5 -
a a a a

In[61]:= MyToxPand[RicciScalarCD[], "FlatGauge", order]

R[V]
The Splitting of St was performed in 0.552516 seconds.
a)
64+ 6%
out[61]= , t Tt
a a
’ , . — (1) _
1297 (”)@) 12 %1 ((“@) 6 ((“@) 6 (DQB“ (“B) 2 (DQD B) 2 (.0 (“@)
a’ a’ a’ a’ a’ a’
In[62]:= MyToxPand[RicciScalarCD[], ""SynchronousGauge", order]
. R[V] .
The Splitting of St was perforned in 0.745126 seconds.
a)
, (1 (1 = = (1)L = (1) o (1)
6ol 64 18(H( w) 6( w) GW(DQD ) Z(DaD E) 4 (0,0 M)
out[62]= +— + - - + + +
a’ a’ a’ a’ a’ a’ a’
In[63]:= MyToxPand[RicciScalarCD[], ""ComovingGauge", order]
. R[V] .
The Splitting of St was performed in 0.637528 seconds.
a)
64 6H
out[63]= +— 4
a’ a’
/ , (1) (17 _
1297 (Ma) 129 ("s) ew (") 18w ("] 6 ("] 6w (00" "
2 - 2 B 2 - 2 B 2 2 -
a a a a a a

TheEinstein tensor G,,, can also be obtained
(we hererestrict ourrsel vesto the Newton gauge to avoid too large expressions).
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In[64]:= MyToxPand[EinsteinCD[-u, -v], "NewtonGauge™, 1]

The Splitting of R(V],y * - was perfornmed in 2.796074 seconds.

_ 2 _ / 2 _
out[64]= fhufo -2 huv H+3H Ny ny*

o , 0
E + EMv Ly

H-2 (‘l“E

6% ay i (0] 2y (M40 8y (00 VB,) 4 R, (007, )
D, D' mEuv *huv (DQD <1ﬁ§) “huv (Baﬁ ww +2 Ny Ny (Baﬁ‘ (1)11/) -

’H (Bu "B, ; D, <1>B'v -2% pn, (D 1\@) 2 hy (Bu P - [Bv <1>Bu) .
- (DV <1)B’ “2%H g (DV ‘lé) -2 4 (Bv (1\”) -b,D0, "3+D,D, mz//]

5 H H H

From which we can extract for instance the 00 part just by
In[65]:= org[%n[u]l n[v]]

2
out[65]= 3 H +

~6% ((1){0

+2 (Ba D’ <1)zﬂ) )
or by using the xPand built-in function

In[66]:= ? ExtractComponents

ExtractComponents[expr,h,ListOfProjectors] projects 'expr’
along its time component(s) (i.e. along the vector normal
to the hypersurfaces) and along its space component(s)
(i.e. onto the hypersurfaces), being defined by the
background slicing associated with the induced metric 'h'.

‘ListOfProjectors' is a list whose elements are among: 'Time' (or,
equivalently, 'xNameOfNormalVectorx') and 'Space' (or, equivalently,
'*NameOfinducedMetric+'). The length of the list has to equal the
rank of the tensors of 'expr'. The free indices (in canonical order)
of 'expr' are then projected according to the 'ListOfProjectors'.

When the argument 'ListOfProjectors' is omitted, all the
projections for rank—0 to rank-2 tensors are displayed in a table.
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In[67]:= ExtractComponents[%%%, h, {"Time", "Time"}]

1)

out[67]= 3% (—6%(( U] +2 (Eﬂ”“w})

and the (ij) component

In[68]:= ExtractComponents[%%%%, h, {"'Space™, "'Space"}]
_ 2 _ 4
out[68]= 7huv(H -2 hv H +

2 ’

(1>EMV +2 (l)Euv H-2 ((l)Euv 2 [ £, FA " . (m@) N
S huy 7 ( ) *2 huy (mé) *2 huv " (<1>w) 4 huv 7 (ml/f) +

Fhuy A ( ) 2 huv 1);1;) b.D mEuv " huv (Baf)a . ) huv (Baﬁa
H (@ va - —|D, <1>B'v (59 ) ; [m <1>B'H 5,0, <1>§+Ev5u (hw]

Itisalso possible to extract all the components at once and have the final result presented in grid form.
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In[69]:= MyToxPand[EinsteinCD[-83, -a], "NewtonGauge™, 1];
ExtractComponents[%, h]

The Splitting of RW]aB +... was perforned in 2.935532 seconds.

out[70]=

n h
n 394+ —6'/—(((1)& +2 (@By‘l’w)) (—['”BBJW -
2 [Me. | #i2# (D T
)T (B )*
(1) 1 (= =y (1)
2[5 2 o5 )
(1) 2 _ 2
h (—( a]?( - _hO(B(H 2ho(/3 H +
2((1\3(1 %’+27—((5a <1)¢)+ ’17Eaﬁ+2 (l)EO(B -
= (1) 1[5 = (1
2ot o ) e
2 a 2( Eop| 4( Eop | M+
_ 2 /(1) (1)
ZhQBW( @)+4ha57¥( §)+

_ (1)
2 fag 0] -7 [0 Ve -
1 [= (1) (1)
2 [DQ BB] - H (DB BO( _
= (1) = = (1)
E [DB BO( *DB DD( @ +

In case you want to see just a specific order, say second order, then the function ExtractOrder can be helpful.

In[71]:= 7?ExtractOrder

ExtractOrder[expr,order] displays the expression at order 'order' of ‘expr'.
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In[72]:= MyToxPand[EinsteinCD[-3, -a], "NewtonGauge™, 1];
ExtractComponents[ExtractOrder[%, 1], h]

The Splitting of RW]aB +... was perforned in 2.875676 seconds.

n h
n 76(/4((1)& +2(5Y5Y (l’d/) 7((“85)?{ 72((1 BB]W+
2 (0, ) +2 [0, 0] - 2 (0,0 g
(1) 2 (1) (1) ” (1) ’ (1) 2
h —( By | H —2( Ba]er Ecx/3+2 Ea/S 7{—2( EOtB H -
— (1) = (1)’ l = =y (1) 1 ,
sz(Da 3| +2 (D, w)—z [DYD B, 4[( Eaﬁ)%+2ha57* ( @)+
_ (1)
4hO(B(H( @)+2ha5’H( @)Jr
out[73]= - 2 (M - (1)
[73] 2hO(B H ( w)+4 hO(B 7*/( w)+
, (1 , 1y
4hO(/3 'H( Ul +2 hO(/S ( d/)—
W(Da (1)86) - 4 ( o ljBB] -
_ 1) — (1) ’
7‘{( 3 BO( -3 (DB BO( —

The trace-free part is extracted using some xTensor's functions.

In[74]:= STFPart[Projectorh[MyToxPand[EinsteinCD[-3, -a], "NewtonGauge", 1]], h] // org

The Splitting of RW]a/B +... was perforned in 2.759485 seconds.

(1) (1) (1) 2 (1) ’
out[74]= [ EaB+2{ Eop wfz[ ’EQB)W 74( Eop | #-
| 1 1

= (1) — (1) — (1 — (1) — (1)

7’( [Do( BB) - 5 o BB] - H (DB BO(] - E (D/g BO( *DB Do( D+
1 1

= ( =y (1) _ = =y (1) _ — —y (1)
D;D, ¥-D,D Eap * 5 hop (Dg{D @)7§ha5 ( D )
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In[75]:= STFPart[MyToxPand[EinsteinCD[-B, -a], ""NewtonGauge', 1], g] // org

The Splitting of R[V]

|

op tro- was perfornmed in 2.747114 seconds.

3

2 _ 2 _ 4 _ 4 2 _
out[75]= ag M~ hag M b Gup -2 hag H*3% ng ng+
(

N W

Ly
EocB +2

1
_ (1) — (1 (1) _ — (1) _ = 1)
2 hog ( w)fw(a )85]72 D. Bg|-2H ng (Da @)72%, (Da(w)—
ST 1w () _ ) 1 = =
«H(Dﬁ Ba]*E D: B,| 2% n, (DB @)72na (DB w)foﬁDa 2+D D, W+

1 1 1

, = =y (1) - = =r (1) = =r (1) _ = = (1)
5 e (Dg(D Ba]*gna (DYD ijDYD Eap -~ 5 9op (DYD @)+
_ = =y (1 = =r (1) - = =r (1) . =y (1)
has (D,,D”” f: o (D,DY W)‘haﬁ (D,D* ¥)+2 fg ng (Dg(DY w)]

m Matter fields

General set up for the fluid velocity

Similarly to SplitMetric, we have a function SplitMatter which generates the rules for velocity perturbations, and this
can then be passed as an argument to SplitPerturbations.

We can gather the rules for the metric and the rules for the matter in onelist:
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In[76]:= Rulesmetricmatter[gauge_, order_] ==
Join[SplitMetric[g, dg, h, gauge], SplitMatter[u, du, -1, h, gauge, order]]
Rulesmetricmatter["ComovingGauge™, 1]

out[77]= {691gé 52 (H)EO{B) - mBB) n& - ((”Ba
i o ()24 (M) [0 57 (0)

(xAct " xPand” Private n$_)? (sl >= 2 & JaB _, gXAct " xPand’ Pri vate’ n$0a _

n

69
BxAct “xPand  Private n$0p3 ﬁa B BxAct “xPand  Private n$0«a ﬁB B

5 ﬁoz ﬁB s XAct "xPand” Private n$0 _, Hab’ wact “xPand  Private n$0 _

ﬁB (5* BxAct *xPand® Private’ n$0) B ﬁa (ﬁi BxAct *xPand® Private n$0 ’

o (XAct “xPand Private ' n_)?(#l >= 1 & )xAct xPand Private q_ . g

[ER—

Hol dPattern[u%} ;9|\/bdule[{}, A"

(4

] n® (oap a% a) v el

N

HoIdPattern[cSu :el\/bdule[{},

But again it is much simpler to use the function MyToxPand (based on ToxPand) which does everything.

In[78]:= MyToxPand[u[v], "NewtonGauge", order]
ExtractComponents[%, h]

6u1v
The Splitting of —— +... was performed in 0.092187 seconds.
(a)
v 1 v _v [ .
n v n ( é) D’ v
Out[78]= — + - +
a a a a
(1)
n 1 ( @)
a a
Out[79]= @,V ,1
[PRY;
h +
a a

Or we can extract only the time part using

©1988-2008 Wolfram Research, Inc. All rights reserved.



24 Printed from the Mathematica Help Browser

In[80]:= MyToxPand[u[v], "NewtonGauge", order]
ExtractComponents[%, h, {"Time"}]

5ulv
The Splitting of ——— +... was performed in 0.091508 seconds.
(a)
Y 1) v _v (1) .
n v n ( @) DY
out[80]= — + - +
a a a a
(1)
1 §)
out[81]= — -
a a

Divergence of thevelocity field: Vv, u#

In[82]:= MyToxPand[CD[-v]eu[v], "NewtonGauge", order]

The Splitting of Y ... Was performed in 0.215216 seconds.
(a)
1 o) _
3H 39 ("5 3( “’) 0,0 "'V
out[82]= — + - - +
a a a a

Acceleration: a* =u'V, U

In[83]:= MyToxPand[u[u] CD[-u]@u[v], "NewtonGauge', order]

The Splitting of —— +... was perforned in 0.435683 seconds.
(a)?
(1) ,\/ <1>Bv H oo ( >Vv (1) ,y —v (1) Ay, —y (1)
B Vv H (D V) D vV D 5
OUt[83]= 2 " 2 - 2 N 2 " 2 N 2 " 2
a a a a a a a

In[84]:= order =2
out[s4]= 2

The shear of the velocity field:
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In[85]:= MyToxPand[STFPart[Projectorh[CD[-a] [u[-B]]] /. Projectorh » ProjectWith[h], h],
"NewtonGauge', order] ;
DD = ExtractComponents[%, h, {''Space", "Space"}]

1
The Splitting of -— ug (%a) +... was perforned in 8.863565 seconds.
2

out[se]= - |a
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In[87]:= EE = Projectorh[MyToxPand[STFPart[CD[-a] [u[-B]], h], "NewtonGauge", order]] /.
Projectorh -» ProjectWith[h] // org

1
The Splitting of - — Ug (Voa) +... was performed in 9.150923 seconds.
2

’

2

Out[87]= a

In[88]:= org[DD - EE]

out[ss]= O

Stress - Energy Tensor

In[89]:= DefTensor[Tmunu[-u, -v], M]
x»» Def Tensor: Defining tensor Tmunu[-u, -v].
$Dust = False;

IndexSet[Tmunu[a_, B_1,
((p[ul[1+ IF[$Dust, O, P[ul[1]) ula] u[B] + (1F[$Dust, O, P[u][1]) gla, B])]

In[90]:

out[o1]= g%P P+ u® uf (P+0)

In[92]:= Tmunu[-a, -B]

out[92]= G,z P+ U, Ug (P+0)
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In[93]:= MyToxPand[CD[-u]@Tmunu([u, v], "NewtonGauge™, order];
ExtractComponents[ExtractOrder[%ah[]”~2, 0], h]
ExtractComponents[ExtractOrder[%% ah[] "2, 1], h]
ExtractComponents[ExtractOrder[%%% ah[] 2, 2], h]

4P ut u¥ (v,a)

+.o..

The Splitting of
()

S3HP+3Hp+H

out[94]= .

was perforned in 18.803081 seconds.

(
+

3 (P

1
+37¥(( ),O

“b—G%P(“E)—GwD(“E)—

+p (Bu D (1>V)

out[95]=

4 4

o+D

«)\'/

0 (5\/ (1

“b+4wp(

+P [(1)

D

\Y,

\%

=v (1)

+

W*

+P (Bv m@) +0 (

bv (1)

?)

N
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out[96]=
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4w ("P) (D" V) 4

aoep (Ma) (5] B (Ma) (5 V] amo (a) (0] 4 (Ma) [0 V]

5P (“){y) (0 "V) -5 ((“[p) (O V)P (.0 V) (B V)

o (0,0 V) (0 V] < (TR [0 ) () (00 ) e (] [0 ] -

o("e) [0 \'/) c27P (0 V) L 1P (B PV v 2mp (B0 V) L 16 (DY)

ip (BV \'zv) N (D 2"‘\’/) + (P (0 Ve) + (M) (O Ve) -2p (e) (D" Ve) -

20 (M) (07 Ms) +2p (M) (0 5] +20 (M) (B Va] - L (D ZE) 1o (07 7)
In[97]:= order =1
out[97]= 1

In amatter dominated universe, we set the $Dust Boolean to™ True'

In[98]:= $Dust = True;
IndexSetDelayed[Tmunu[a_, B_],

((p[u] [1+ IF[$Dust, O, P[ul[1]) ula] u[B] + (1F[$Dust, O, P[u][]]) gla, B])]

In[100]:=
$FirstOrderVectorPerturbations = False;
$FirstOrderTensorPerturbations = False;
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In[102]:=
MyToxPand[CD[-u]l@Tmunu[u, v], ""NewtonGauge™, 2];
ExtractComponents[ExtractOrder[% ah[]”"2, 0], h]
ExtractComponents [ExtractOrder[%%ah[] 2, 1], h]
ExtractComponents[ExtractOrder [%%% ah[] 2, 2], h]

4 ut uY o (v,a)
The Splitting of . +... was perforned in 5.337081 seconds.
a)

Out[103]=

nl3#o+0
h 0

out[104]=

nj|3H ((1)0) +

h 4 Hp (BV mV) +0 (Bv mV) +po |D Ll\/\I/ +p (BV m@)
Out[105]=

[ 3 el 2 (8w () (2] 2 (2] (o] cx2e (o] a2 [ ] -
3Hp (12‘w§) —b ([2‘§ 3 ((hp) (mll/) L6 ((l)@) (nl)é/) “6p (<1>w) ((l‘,&) B
%p(iw)+ ”b)(DJT(“V)_D(“E)(Qjﬁ<“v)+§p(ﬁjﬁ'”v)+
450 (D, ”v) (0 "V) 5 (B, ‘1v) 3 ‘“v) i20 (BM ‘1\'/) 3 mv) .
D “\p) 3 <1\v) +20 (D, ”’@) 3 ”’v) -30 (D, mw) 4 <1>v)

h %[(2 B | o+t [*2 BY ‘HD+2’H( V0ort [Py os

We can eva uate the Klein-Gordon equation in any gauge up to any order in perturbation theory

In[106]:=
Clear[V]
DefScalarFunction[V]
ConformalWeight[V*"] = 0;

+xx Def Scal ar Functi on: Defining scalar function V.
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In[109]:=
MyToxPand[CD[-u] @CD[u] [©[1] +V ™ [e[1], "AnyGauge"™, order]

<

. . Mﬁu(p
The Splitting of

;- e was performed in 0.492319 seconds.
(a)

out[109]=
21O ¢
- 2 **ZJrV'W]*
a a
(1), 1), e v (1) + (L) AR fols = (1)
20 (Vo) awo (Vs 26 (Me) o (s 30" 4 (007 ")
- - — + + + + + -
2 2 2 2 2 2 2
a a a a a a a
'ED‘”DE) —_—
(D(a DaDa ® ) y
P N A
a a
In[110]:=

$FirstOrderVectorPerturbations = True;
$FirstOrderTensorPerturbations = True;

m Gauge Transformation
Gauge transformation fields, splitin 3+1 on the background. The spatial part is then split into Scalar and Vector parts.

In[112]:=
DefTensor[&[LI[ord], a], M]

+x+ Def Tensor: Defining tensor &£[LI [ord], ao].
The gauge transformation to go in the Newtonian gauge is

In[113]:=
RulesGaugeField =
{&[LI[ord_], a ] -> (Bsh[LI[ord], LI[0]] - Esh[LI[ord], LI[1]]) n[a] -
Boolee$FirstOrderVectorPerturbations =« Evh[LI[ord], LI[0], a] -
cd[a] [Esh[LI[ord], LI[0]]]}

Out[113]=

{gord_g %_Eord0a+ E,)ordO B Eordl oc_ﬁxEordO}

n
In[114]:=

E[LI[1], a] /- RulesGaugeField
out[114]=

~ [(hEa] . (<1>B_ <1>'E) ﬁa i <1>E

If we use the GaugeChange function of xPert
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In[115]:=
? GaugeChange

GaugeChange|[pert, gen] returns the perturbative expression pert changed
to a new gauge. The change of gauge is parametrized by the family of
vector fields gen[LI[order], a]. Background objects are left untouched.

In[116]:=
GaugeChange[dg[LI[1], -a, -B], &]

out[116]=

1 _
fe]s} o +L§1 gOlB

We see that we need to split the result after specifying what the perturbation of the metric is.
Thisis done by SplitGaugeChange

In[117]:=
? SplitGaugeChange

SplitGaugeChange[expr,ListPairs,&,h,order]
performs a gauge transformation of order 'order' on
‘expr', with a conformal transformation of conformal
factor 'a[h]’, and splits the result according to the
background slicing associated with the induced metric 'h'.

'¢" is the general vector field used for the gauge transformation.
It must have a Label-Index (LI) for the order of perturbation
(i.e. it has to be of the form £[LI[order],indeXx]). 'ListPairs'
is the list of rules used for the background slicing.

The theory and formulas for the power
expansion of gauge transformation was developed by
Bruni et al. in: Class. Quantum Grav. 14, 2585 (1997).
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In[118]:=
orgeSplitGaugeChange[g[-a, -B],
Join[RulesGaugeField, Rulesmetricmatter["AnyGauge™, order]], &, h, 1]

The Splitting of 6910(/3 (a)2 +... was performed in 0.525790 seconds.

out[118]=

2 - 2 -
a haB—a na n/3+

_ 2
na+a

2 ((1) 2 ((1) - 2 [ (1)L - 2 ((1)
2a ( Ea/ﬁ)*“ ("B) hag #-2a ( E) hap *-a ( Bs

’

(1) (1)

- 2 () - 2 ()
a n/3‘2a ( B) No n/3+2a ( E) Ng N@ -~

a2 (1) - a2
BO( ng +
(1)

22 ("B] # ny ;,B+2a2(\ E)w;,a ns 22 ng np 2] 28 g (mw)J

Indeed, we can check that after the gauge transformation, the result is in the Newtonian gauge

In[119]:=
ExtractComponents[% / (-ah[]"2), h]
out[119]=
n h
n 1+ 2('1’|'3)72(‘1‘E . ([mgﬁ *leEBJ
2 ((1)8) -2 (”"E) 42 (‘11@))
(1) (1) _ (1) (1) —
h (( Ba)* E, ~hag [72( Eop| -2 ("B) hap #+
(1)~ _ _ (1)
2( E) hos 2 hog | df))

Or we can check a general transformation. For this we can even use a function which does everything in a simple
manner for metric and matter fields perturbations:
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In[120]:=
? SplitFieldsAndGaugeChange

SplitFieldsAndGaugeChange[expr,g,dg,uf,duf,h,order] performs a
gauge transformation on expr where expr must involve metric
perturbations (or curvature tensor associated with this metric)
or matter field perturbation such as the fluid velocity, and
splits the results according to the most general gauge choice.
h is the induced metric, and refers to the background n+1 splitting.
g is the metric and dg is the metric perturbation. uf is the fluid
velocity and duf is the fluid velocity perturbation (when index is up).
¢ is the general vector field used for the gauge transformation which
must have a label index for the order of perturbation (it is of the form
¢[LIorder],Index]), and order is the order of the gauge transformation.
The theory and formulas for the power expansion of
changes of gauge was developed by Bruni et al. in
reference Class. Quantum Grav. 14, 2585 (1997).

In[121]:=
MyGaugeChange[expr_, h_, order_] :=
SplitFieldsAndGaugeChange[expr, g, dg, u, du, h, order]
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In[122]:=
MyGaugeChange[g[a, B], h, order]

xx Def Tensor: Defining tensor
Eh[LI [xAct  xPand" Private ord$136044], 0$136045].

6910(/3
The Splitting of - e was perfornmed in 0.663414 seconds.
(a)
out[122]=
- - -
h P n nB
- +
2 2
a a
(1) (1 . @ 8| -a (1) . Lyal -8 (
R B e L L B R T
- + + + + - +
2 2 2 2 2 2
a a a a a a
_a - (1) -a -B (g _a - (1) - (1)
200 5% o7 (07) 20 0" [T 257 88 (Te) 270 (M
+ + + +
2 2 2 2
a a a a
) _ (1),
I I N B
_ + - - + -
2 2 2 2 2 2
a a a a a a
= - 7 o =3 - =3 (1) =B =2 = (1)
o Vet 8% [0 0 e (00T 2 (00 Ve 2 (0D
a’ ' a’ i a’ i a’ . a’ . a’
In[123]:=
ExtractComponents[ExtractOrder[%, 1] / (-2ah[]"2), h]
out[123]=
n h
: A B Y wte pt p
T at b at " 2a*  2a*  2a*  2a* 2a’
et b o . voof3 of3 1) af (@ = OB
h S - S S (") ( ”’)+D S
T 2a* 22 2a%*  2a* 2a* at a* B at 2a*
— (1) B -3 (1)_o =3 (1), .
D L +D E +D L +ﬁgﬁq 1‘E+ﬁﬁﬁalL
2a* 2a* 2a* 4 4

m Einstein Equations

We may now put together, the curvature perturbation and the matter perturbation to reproduce some of the well-known
equations of cosmological perturbation theory on aflat FLRW background space-time.
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In[124]:=
DefConstantSymbol [k]
DefConstantSymbol [A]
+x+ Def Const ant Synmbol : Defini ng constant symnbol «x.
+»x Def Const ant Synbol : Defining constant synbol A.
In[126]:=
MyGR[u_, v_] = EinsteinCD[u, v] +Q[u, v] A/ kN (2) =x™(2) * Tmunu[p, v]
MYGR [u, v]
out[127]=
A gty
G[V}Mv+ -2 ut uY oo
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In[128]:=
MyGRresult = MyToxPand [MyGR[u, -v], ""NewtonGauge™, 1]

o

A S

Vv

The Splitting of 5 +... was performed in 3.447331 seconds.

K

out[128]=
u u 2 uo 2 u - Lo-d -
At e, H 28", H 2H P on, 2H " n,
- - + - -x? K o+
X2 2 2 2 2 n ny
a a a a

X v
2 ((1) -u
_ _x _
2 2 2 i 2 ( BV) n °
a a a a
2 /1
) (1) (1) 2 5HV H (< )@)
2 - = 2 - -l -
" ny \% ]pfk ( V, | P-K" n nv ( p)+ 5 +
a

v
2 N 2 N 2 - 2 "
a a a a
1) (1)’ (1)’ (1)
2005 ny (V8] ooty v (M) 2ty (M) a et [
+ - + -
2 2 2 2
a a a a
y (1) B (1) - D (1)E,uO( _ — —a (1) U
h v v 3 n ny v ny o nv Da B
+ - + +
2 2 2 2
a a a 2a
_ = (1) — 1 — 1 — 1
W4 (0.5 s, | b e, et (B0 78) o a, (D077
_ " + _
2 a’ a’ a’ a’
— —a (1) — —a (1) ) oy
25, (0.0° ") @4, (00" %[0 "B,| o,
n _ _ _
a’ a’ a’ 2a’

Here is the background part
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In[129]:=
ExtractComponents [ExtractOrder [MyGRresult, 0] ah[]172, h, {*"Time", "Time"}]
ExtractComponents[ExtractOrder [MyGRresult, 0] ah[]”"2, h, {""Space", "Space'}]

Hdot = IndexSolve[Evaluate[% h[-u, v]] == 0, Hh[LI[O], LI[1]]]

out[129]=

2
Aa 2 2
— 3% +x%a"p
pr:

Out[130]=
na®

- U 2 - U 4
2 “h'vH -2p",#H

out[131]=

{Hol dPattern|[#] « Modul e[ (1, -1}
2 K2 2
In[132]:=
ExtractComponents[ExtractOrder [MyGRresult, 1] ah[]”"4, h]
out[132]=
n h
n K2a4((l>p)+6a27%2(<1’@ + —;<2a4((l\Bv p—}<2a4((1)vv o+
2 (1) 2 (= =a (1) . B
6a 7’/( w)—Za (DaD ) %aZ (Baba(l,Bv *Kza4,O(DV(l)V)—
2027 (0, V5] -24° (B,
h 2a’ [H)B“)WZ—ZaZ((l)B“]v/ﬂ a® |MEH [+2a |TEM | 9s
K2a4 ((l‘VU] p+a2 5a <1>Eua - 2612 I:luv 712 ((l)@) +4a2 H“v 7{ ((l'\i) +
2 (1) (1)’
_ ) 2a° M w @+4a“w(w+
%az (DaD (l'B“) + K2 a4p (Bu (1>V) + h v ( hv
2 - (1) 2 [= =o (1)
_ Y 2a° M ”)—a(DD EX |+
2a” w (D“ m@) +2a° (D“ mw) h v o v
2 -l 5 /(D 2 —u = = (1)
a® Bt (aD @)7a nH, (DaD 4,),
2 (o (D) 1.2 [
a(H(U* B,|-,a |D' "B,
o0, "6| - 2a? [0, V6|
a’ (Eﬁ“ m@) +a (EE“ mw)
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In[133]:=
STFPart[Projectorh[MyToxPand[MyGR[-B, -a], "NewtonGauge', 111, h] // org

The Splitting of RW]aB +... was perforned in 3.444247 seconds.

out[133]=
2Aa2(u)5a5) . ,
—JF(ME +2 (1)E (].(,2 (>E (HZ,
K2 ap aB3 a3
, 1 ’ 1 ’
(1) = ) = (1) = (1) = (1)
4( Eop ‘H—W(D BB)—Z[Da Bjs —W[DB Ba)‘z(DB By | -
S () oy (1) 1 BRGY 1 - (1)
D;D, #+D;D, w-D,D Ea5+§—haB(D,D @)—g—haB(DYD @

In[134]:=

We could set vectors and tensors to zero at first order

In[135]:=
$FirstOrderVectorPerturbations = False;
$FirstOrderTensorPerturbations = False;

For perfect fluid ¢ = ¢, the constraint could be implemented automatical

In[137]:=
PerfectFluidConstraint = MakeRule[ {¢h[LI1[1], LI[O]], oh[LI[1], LI[O]]}]
AutomaticRules[yh, PerfectFluidConstraint]

Out[137]=
Hol dPatt ern U - , ( )
{ I d {”)] Modul e () 1)]}

Rul es {1} have been decl ared as DownVal ues for yh.
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In[139]:=
MyGRresult2 = MyToxPand [MyGR[u, -v], ""NewtonGauge', 1]

o
A S
Vv
The Splitting of +... was performed in 2.476473 seconds.
K
out[139]=
u u 2 uo 2 u - PR
At e, H 28", H 2H P on, 2H " n,
- - + - - x? M o+
2 2 2 2 2 n ny
IS a a a a
U 2 (1) (TR EY 2 (1)
s u 2 M, H ( @) 4 M M ( @) 49 oM, ( @)
onony ( p) i 2 i 2 - 2 "
a a a

v
2 " 2 N 2 - 2 "
a a a a
u (1 u (1) u (1) U (s e (D)
36V(§) hv(@) 3 n nv(@) 5v(aD o}
2 N 2 * 2 N 2 "
a a a a
_ — (1 U - = =a (1) Y
oy ( , D @) oy (DaD JQ) - S 2H g, (W @)
2 - 2 S ony P ( V) N 2 N
a a a
1), _a Ty
24, (D79 27 p# (D, ") 2 5 (D, V3
R N (B\/ (DV) - B
2 n ° 2 2
a a a

Here are familar equations

In[140]:=
ExtractComponents|
ExtractOrder [MyGRresult2 /2 /. Hdot, 1] ah[]1”2, h, {*"Time™, "Time"}]

Out[140]=
1 / _
~2a? (Vo) v3e” (M) w3 (V5) -0, 0" Vs
2

In[141]:=
ExtractComponents[

ExtractOrder [MyGRresult2 /2 /. Hdot, 1] ah[]1”2, h, {"Time", "Space'}]

out[141]=
1 2 _ 1

1) —
77K2ap(m(\qfw(u(5)fa &
2
In[142]:=
ExtractComponents|[
ExtractOrder [MyGRresult2 /. Hdot, 1] ah[]”"2, h, {"Space", "Space'}];
%*h[-u, v]/6//o0rg
Out[143]=

2 (1)
sa® (Va)
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In[144]:=

$FirstOrderVectorPerturbations = True;
$FirstOrderTensorPerturbations = True;

Bianchi space-times

Thereisno special need to define a new manifold with a new background metric.

In order to specify that we now want to work with a Bianchi space-time, we only say that the background splitting we
use has different properties.

That is, it should be defined with a different normal vector, which implies a different induced metric, for which the

extrinsic curvature is different.

The constants of structures of this new dlicing should also be different.

In order to achieve this new dlicing, the only command which is needed is SetSlicing.

We call it with the same background metric g, but with a different normal vector (nl) and induced metric (hl),. Of
course, the SpaceType which is specified as an argument is now set to Blanchil.

In[146]:=

Setslicing[g, nl, hl, cdl, {"|", "D}, "Bianchil"]

* *

* %

* *

* *

* *

Def Tensor :
Def Tensor:
Def Tensor:
Def Tensor :

Def Tensor:

Defining tensor nl [c$157207].

Defining symetric metric tensor hl [-0$157207, -0$157208].
Defining anti symmetric tensor epsilonhl [-a, -3, -¥].
Defining tensor Tetrahl [-a, -5, -v, -A].

Defining tensor Tetrahlt[-a, -5, -v, -A].

Def CovD: Defining covariant derivative cdl [-0$157207].

Def Tensor:

Def Tensor:

Defini ng vani shing torsion tensor Torsioncdl [a, -3, -Y].

Def i ni ng

symmretric Christoffel tensor Christoffelcdl [a, -8B, -¥].

* *

* *

* *

* *

* *

* *

* *

Def Tensor:
Def Tensor:
Def CovD:

Def Tensor:
Def CovD:

Def Tensor :
Def Tensor:
Def Tensor:
Def Tensor :
Def CovD:

Def CovD:

Defining R emann tensor Ri emanncdl [-a, -5, -V, -A].
Defining symmetric Ricci tensor Riccicdl [-a, -83].

Contractions of Riemann automatically replaced by Ricci.
Defining Ricci scalar RicciScalarcdl [].

Contractions of Ricci automatically replaced by RicciScal ar.
Defining symmetric Einstein tensor Einsteincdl [-a -8].
Defining Wyl tensor Weylcdl [-a, -3, -v¥, -A].

Defining synmetric TFRi cci tensor TFRiccicdl [-a, -3].
Defini ng Kretschmann scal ar Kretschmanncdl [].
Conputi ng R emannToWeyl Rul es for dim4

Conputing Ricci ToTFRicci for dim4
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x+ Def CovD: Conputing Ricci ToEinsteinRules for dim4
x+ Def Tensor: Defining weight +2 density Dethl []. Determ nant.

x+ Def Tensor: Defining extrinsic curvature tensor
Ext ri nsi ckhl [a, B]. Associated to vector nl

«+ Def Tensor: Defining accel eration vector
Accel erationnl [a]. Associated to vector nl

x+ Defl nertHead: Defining projector inert-head Projectorhl.
Rules {1, 2, 3, 4, 5, 6, 7, 8} have been declared as UpVal ues for hl.
Rules {1, 2, 3, 4, 5, 6, 7, 8} have been decl ared as UpVal ues for hl.
Rul es {1, 2} have been decl ared as UpVal ues for nl.
Rul es {1, 2, 3, 4} have been decl ared as UpVal ues for nl.
Rules {1, 2, 3, 4, 5, 6, 7, 8} have been decl ared as UpVal ues for nl.

xx Def Tensor: Defining tensor
ahl [LI [xAct " xPand” Private p$158475], LI [xAct xPand Private q$158475]].

xx Def Tensor: Defining tensor
Hhl [LI [xAct *xPand Private p$158480], LI [xAct xPand Private’ q$158480]].

+»» Def Tensor: Defining symretric metric tensor gahl2[-0$158486, -0$158487].

«+ Def Tensor: Defining inverse netric tensor
I nvgahl 2 [0c$158486, 0$158487]. Metric is frozen!

xx DefMetric: Don't know yet how to define epsilon for a frozen metric.
+x Def CovD: Defining covariant derivative CDahl 2[-0$158486].
x+ Def Tensor: Defining vanishing torsion tensor TorsionCDahl2[a, -3, -v].

+xx Def Tensor: Defining
symretric Christoffel tensor Christoffel CDahl2[a, -5, -v].

x+ Def Tensor: Defining R emann tensor R enmannDownCDhahl2[-a, -3, -y, -A].

x+ Def Tensor: Defining Ri enann tensor
Ri emannCDahl 2[-a, -3, -y, A]. Antisymmetric only in the first pair.

+xx Def Tensor: Defining symetric Ricci tensor Ricci Chahl2[-a, -53].

++ Def CovD: Contractions of Riemann automatically replaced by Ricci.

x+« Def Tensor: Defining Ricci scalar RicciScal arCbahl2[].

x+« Def CovD: Contractions of Ricci automatically replaced by RicciScal ar.
x+ Def Tensor: Defining symetric Einstein tensor EinsteinCDahl2[-a, -3].

=+ MakeRul e: Potentia

probl ens nmoving indices on the LHS.

x+ Def Tensor: Defining Weyl tensor Weyl CDahl2[-a, -5, -v, -A].

x+ Def Tensor: Defining symetric TFRi cci tensor TFRicci Chahl2[-«a, -3].
x+ Def Tensor: Defining Kretschmann scal ar KretschmannCDahl 2].

x+ Def CovD: Conputing R enmannToWeyl Rules for dim4

x+ Def CovD: Conputing Ricci ToEinsteinRules for dim4
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++ Def Tensor: Defining weight +2 density Detgahl2[]. Deterninant.

Rules {1, 2, 3, 4, 5, 6, 7, 8} have been declared as UpVal ues for g.

Rul es {1} have been decl ared as UpVal ues for g.
+»+ Def Tensor: Defining tensor Connectionhl [-0$157207, -0$157208, -0$157209].
+»x Def Tensor: Defining tensor CShl [-0$157207, -0$157208, -0$157209].

+xx Def Tensor: Defining tensor Khl [LI [xAct xPand Private p$159106],
LI [xAct " xPand Private' q$159106], -0$157207, -0$157208].

In[147]:=
PrintAs[Khl] "= "o";
PrintAs[hl] ™= ""h";
PrintAs[nl] ~="n";

We now define the perturbations fields associated with the metric and matter perturbations, for this new background
splitting.

In[150]:=
DefMetricFields[g, dg, hl]
DefMatterFields[u, du, hl]

xx WArning: Metric perturbation already
defined. This cannot be redefined without undefining it. xx

+x+ Def Tensor: Defining tensor
¢hl [LI [xAct " xPand" Private p$159366], LI [xAct xPand Private q$159366]].

+x+ Def Tensor: Defining tensor
Bshl [LI [xAct " xPand" Private  p$159371], LI [xAct xPand Private q$159371]].

xx Def Tensor: Defining tensor
Bvhl [LI [xAct " xPand" Private p$159376], LI [xAct xPand Private q$159376], -«].

+x+ Def Tensor: Defining tensor
Yhl [LI [xAct xPand” Privat e” p$159382], LI [xAct xPand Private q$159382]].

+x+ Def Tensor: Defining tensor
Eshl [LI [xAct xPand Private p$159387], LI [xAct xPand" Private q$159387]].

+xx Def Tensor: Defining tensor
Evhl [LI [xAct  xPand Private p$159392], LI [xAct xPand Private’ q$159392], -a].

+xx Def Tensor: Defining tensor Ethl |
Ll [xAct *xPand’ Private p$159398], LI [xAct xPand" Private q$159398], -a, -3].

xx Def Tensor: Defining tensor
Thl [LI [xAct " xPand” Privat e’ p$159407], LI [xAct xPand’ Private® q$159407]].

x+ Def Tensor: Defining tensor
Lshl [LI [xAct " xPand" Private p$159412], LI [xAct xPand Private q$159412]].

+x+ Def Tensor: Defining tensor
Lvhl [LI [xAct " xPand’ Private p$159417], LI [xAct xPand Private q$159417], -«].

+x+ Def Proj ect edTensor: Projection properties for the tensor ¢
have been defined for another slicing. New projection properties on the
hyper surfaces associated with the induced netric hl are now added.

x+ Def Proj ectedTensor: The tensor ¢
al ready exists. The projection properties on the hypersurfaces
associated with the induced netric hl are now defi ned.
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x+ Def Proj ect edTensor: Projection properties for the tensor pu
have been defined for another slicing. New projection properties on the
hypersurfaces associated with the induced netric hl are now added.

+xx Def Proj ect edTensor: The tensor pu
al ready exists. The projection properties on the hypersurfaces
associated with the induced netric hl are now defi ned.

«+ Def Proj ectedTensor: Projection properties for the tensor Pu
have been defined for another slicing. New projection properties on the
hyper surfaces associated with the induced netric hl are now added.

x+ Def Proj ect edTensor: The tensor Pu
al ready exists. The projection properties on the hypersurfaces
associated with the induced nmetric hl are now defi ned.

+x+ Def Tensor: Defining tensor Vspathlu|
LI [xAct  xPand” Private p$159431], LI [xAct xPand Private q$159431), -«].

++ Def Tensor: Defining tensor
VOh! u[LI [xAct " xPand” Privat e  p$159437], LI [xAct xPand Private q$159437]].

xx Def Tensor: Defining tensor
Vshl u[LI [xAct " xPand’ Privat e  p$159442], LI [xAct xPand Private q$159442]].

+x+ Def Tensor: Defining tensor
Whl u[LIl [xAct xPand Private p$159447], LI [xAct xPand Private q$159447], -a].

=+ Warni ng: Tensor u
is already defined. It cannot be redefined without undefining it. *»

*x WArni ng: Tensor du
is already defined. It cannot be redefined wi thout undefining it. *»

m Perturbations

In[152]:=
MyToxPandl [expr_, gauge_, order_] := ToxPand[expr, dg, u, du, hl, gauge, order]

In[153]:=
MyGR[-u, -v]
Out[153]=
A §uv ,
G[V}Mv+ , KU, U0
X
In[154]:=

MyToxPandl [MyGR[-u, -v], "NewtonGauge™, 1]
x+ Def Tensor: Defining tensor Christoffel COCDahl 2[a, -3, -v¥].

The Splitting of R(V],, * .- was perfornmed in 14. 914102 seconds.

Out[154]=
2
Aa” h 1
[20% 2 / ap a
7—7—( huv—Z’Hhuv—E huv Oup O +2Wouv_2 o, Oyg *
o, 7Aan7nv+3742n n —Eo o™ n n -x2a®n  n +
pv 2 w v, %ap pu My p My P
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To Be Done
O ToBeDone
Null Geodesic eguation
Boltzman equation
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Summary of public functions and variables
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