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Every smooth vector field X on a manifold has integral curves which are embedded 1—dimensional

sub-spaces of M that have tangent spaces spanned by the vector field X. Let M be a manifold
of dimension m and assume that for every z € M there is a p—dimensional subspace F, of the
tangent space of M at x, T,,(M). Is it possible to find a submanifold N C M so that at every
y € N the tangent space at y € N of N is just £, = T, (M). Is it enough that the planes E,
vary smoothly with x7 It turns out one can construct p—dimensional sub-spaces of the tangent
spaces of M that vary in a smooth way that are not the tangent spaces of any sub-manifold.
Frobenius theorem gives necessary and sufficient conditions required of these p—planes so that
they are the tangent planes of a p—dimensional sub-manifold.

In this paper we first present Frobenius theorem using the language of vector fields. The
condition that the p—planes are the tangent spaces of a p—submanifold is that the distribution
is closed under the Lie bracket. Following this we shall give an equivalent dual presentation
using the language of differential forms. The p—planes are now the kernels of the differential
forms. This second approach is in the spirit of the Cartan-Kahler theorem where the extension
problem is turned into a problem of finding the zeros of an ideal of functions generated by the
differential ideal.
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1 Differentiable Manifolds

We start with a short introduction to the definitions of differential geometry. There are many
good books on the subject. An excellent modern treatment is [5]. Fora more elementary book
that traces differential geometry back to it’s roots in non-Euclidean geometry see [3].

1.1 Manifolds

To make the definition of a manifold precise the local Euclidean structure is modeled as a
homeomorphism (continuous map with a continuous inverse) from a neighborhood to a subset
of R™. This is called a coordinate map and is fundamental to the subject.

Definition 1.1.1. A smooth differentiable manifold M of dimension m is a second countable
Hausdorff space (for example some subset of RE for some K ) together with a collection of C™
coordinate maps. In particular this means that there is a collection of open sets U, C M and
a collection of homeomorphisms @q : Uy — RN that satisfy,

e JU, =M,

e When Uy, NUg # () then the mapping ¢q o 4,0/;1 c0g(Ua NUB) = 0a(Ua NUg) is C*.

We could replace C*° in this definition with “real analytic” and we would get a real analytic
differentiable manifold.

The open sets U, are called coordinate neighborhoods. The second countable axiom means
that M, as a topological space, has a countable base. This axiom is essential so that M has
a partition of unity which allows us to define an integral in a natural way and show every
manifold has a Riemannian metric. This axiom does not enter our discussion directly.

We denote the k-th coordinate projection by 7* : RV — R which is defined as
rkat,- - d) = db. (1)
Using this we define coordinates on M by,

* =1k o, U, = R. (2)

If 2 € U, then z is uniquely determined by its coordinates (z'(z),--- 2™ (x)).
We use these coordinate neighborhoods to define many of the features found in Euclidean
vector calculus. For example, a smooth map f : M — R is defined to be smooth if the maps

fo‘P;1 t0a(Ua) = R
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are smooth for every coordinate neighborhood (U,, ¢4). Notice that ¢, is a homeomorphism
so we can take the inverse map and it is continuous. We can take the derivative of a smooth
function in the direction of coordinates z* by taking,

Ofopa') _ Of
Ok ork’
We extend this idea and define tangent vectors and vector fields using the coordinate neigh-
borhoods we defined above.

1.2 Tangent Vectors

In R™ a smooth curve has a derivative which is the tangent to the curve. In an abstract
manifold we will define a tangent vector X to be a directional derivative that takes a smooth
function f and associates a derivative X (f) which we think of as the directional derivative of
f in the direction X.
For example, given a smooth differentiable manifold M and given a curve vy : (—a,a) — M
the vector X tangent to v maps a smooth function f : M — R to its directional derivative,
d(f o)

X(f) = (5= 420 )

We shall define a tangent vector, at a point © € M, to be a operator that takes smooth
functions f : M — R to a real number X (f), € R. This operator is a derivation, which means
that if f, g are smooth functions at the point x € M then

X(f9)e = X(f)ag(x) + f(2) X (g)e-

The set of vectors at a point x € M is denoted by T, (M) and is called the tangent space at x.
We can add derivations and scale by real scalars a,b € R,

(aX +bY)(f) =aX(f)+0Y(f).

This makes the set of derivations at x into a real vector space. One can prove that this vector
space has dimension m (see [6] ). This makes intuitive sense since we think of m—dimensional
surfaces in R have m—dimensional tangent spaces, just as 2—dimensional surfaces in R? has
2—dimensional tangent planes.

A vector field is an assignment of a vector X € T, (M) for every z € M. A vector field
is smooth if for every smooth f : M — R the function X(f) : M — R is a smooth mapping.
Given a coordinate system ¢ : U — RY with coordinates 2/ = 7 0 ¢ we define vector fields %
by,

0 _O(fop™)

(e = A0S @

»(z)
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These m tangent vectors 21 ~2_ form a basis of the tangent space T,(M). For example,

oxl> "7 O™
if X € Tp(M) we write,

_ o)

j A(riopop) .
J _ 5]
7 (@) 2 = k = Tk = 0y
Oz L or o@ O o)
Using this we see that we have,
m a m
_ k _ ksl _
X(2) = g X 8wk<x])_ g X" =X
k=1 k=1
This means that,
- 0
X = X(2))—.
> x5

Let M and N be differentiable manifolds of dimension m and n respectively. Let ¢ : M — N
be a smooth mapping. If v : I — M is a smooth curve then (¢o~): I — N is a smooth curve
on N The differential maps T, (M) in a way that corresponds to this mapping of curves. Using
the association in equation (3| we write,

d(¢ o)

d
do(5) = =

dt

If we apply this to a function f we get,

dy _d(@on) , _dfodony) dy
o (1) (1 =" = 2R T (g,

So the differential d¢ maps vectors in T,,(M) to vectors in Ty, (N). We formalize this with
the following definition.

Definition 1.2.1. The differential d¢ : T,(M) — Ty(y)(N) is a mapping that maps X to the
derivation dp(X ) which takes a function f: N — R to,

do(X)(f) = X(f © 9).

Example 1.2.2. Let M = 5? = {z € R3|||z||* = R*}. We define a parameterization for a
fized R
0 1:(0,7) x (0,27) — S?
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given by,
Rsin(0)cos(p)
o71(0,6) = | Rsin(®)sin()
Rcos(0)

The coordinates (x', %) have,
2! 5% 5 R defined by z' (o7
2?: 8% = R defined by 2* (7 (

\0% \,%
S o
=z =

I
S <

1.3 Integral Curves
Given a smooth vector field X and an x € M is there a curve v : (—a,a) — M that has X as
its tangent vector? We need to solve the equation,

d(wko"y)
X(aF) = Xk = =12
(") o

This ODE system has a unique solution which is called the integral curve of X.
Let M be a C°° manifold and let X be a smooth vector field on M. If 2o € M has X (xg) # 0

then there is a smooth curve v : I — M with I = (a,b) with a < 0 < b that satisfies,

7(0) = zo
dy|
I = X(x)

For a more complete discussion of these issues in this section see [5]
This can be done in a smooth way so that for every xy € M with X (z¢) # 0 there is a

neighborhood U C M and an € > 0 and a smooth mapping ¢ : (—¢,€) x M — M that satisfies
the following properties.

1. p(0,2) ==

2. Y(t) = py(z) satisfies = X(p1(@)).

3. If [t], |s], |t + s| < € and if p(x) € U then psii(z) = p(s) 0 pi(x).

We denote ¢(t,x) = ¢¢(x). This is called a local 1—parameter sub-group of diffeomorphisms
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1.4 Lie Derivative

Let X and Y be smooth vector fields. We define the Lie Bracket as,

(X, Y](f) = X (Y(f)) =Y (X(F))

One can show that the Lie Bracket is a derivation and so [X,Y] is a vector field on M.

The bracket is easily computed in coordinates. Let (U, ) be a coordinate neighborhood
with coordinates z!,--- ,2™. We write X and Y in coordinates,

_E: J _E: J
X—' Xaxj andY—' Y@xj'
Jj=1 J=1
k

Now compute the coordinates of [X, Y] by applying to the coordinate function x”,

(X, Y)(z") = X(Y(xk)) ~Y(X(a") = X(vF) - v (xF)
y 8X
Z (X 9 Oa )

Using the 1—parameter group of diffeomorphisms we can define the Lie Derivative.

Definition 1.4.1. Let X be a vector field and let Z be a tensor field.

Lx(Z) =lim ( (dp_i(Zy,0)p — Zp))

t—0

The bracket and Lie derivative are, in fact, related.

Proposition 1.4.2. Let X and Y be smooth vector fields then,
Lx(Y)=[X,Y].
1.4.1 Exterior Algebras
Let V' be a vector space of dimension n. A k—tensor T' € T'(V') is a multi-linear mapping,
T:VxVx--xV=VFsR
A k—tensor is alternating if,

T(Ul,"'vi,"'vj,"'vk):_T(Ul,"'Uj,"'Uz’,"'Uk)-
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This means permuting any two argument elements results in a negative value. We denote the
alternating k—tensors by A*(V). From a k—tensor we can construct an alternating tensor with
the definition,

1
Alt(T)(v1, - - ox) = 7 Z T (051,002, s Vok)-

’ ocESk

If dim(V)=nand T € A"(V). If e1,--- ey is a basis for V and v; = Zagej then
J

n

T(v1,-- yvn) = Z al'al? - alnT(ej,,ejy, - ej,))

j17 ]n—l
Z aal g2.. agnT(eolan% T 7€¢7n))
0ESh
_ 1 sgn(o) ol o2 onp
- Z ( ) ay a an, (617627 7671))
O’ES’n

= det(a{)T(el, ceen)).
Definition 1.4.3. Let w € A¥(V) and n € A" (V) the the wedge product is defined by

(deg(w) + deg(n))!
deg(w)!deg(n)!

Although this abstract formula might seem rather oblique, in simple cases is comes out to
simple expressions. For example, if wy,ws,w3 € A'(V) then,

wAn = Alt(w @n).

wl/\wQ/\wg’:wl/\( Alt(w? ®w)>

1!
2! 3! Al Al

= 3!Alt (w ®w’ ®w?)
This means that for vy, v9,v3 € V we have,
(wl Aw? A w3) (v1,v9,v3) = 3lAlt (wl Ruw?® w3) (v1,v2,v3)

'Z w' ® w? ® W*) (Vo1, Vo2, Vo3)
'0633

=) W' (o1)w? (vo2)w? (ve2) = det (w'(v)))

og€ESs3

More generally we have the following,
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Proposition 1.4.4. Let 0',---0" ¢ AY(V) and v1,--- ,vp €V then

(01 NG Hk) (v, 0) = Z 0" (V51)0% (Vg2) - 0% (V1) = det (67 (v)))

€Sk

1

Given a basis ey, - - - e, of V with dual basis w', - - - w™ then every k—form 7 can be written

as,
n

n= g WiyigeipWT AW2 A - Aw' .
11,82, i =1

There is redundancy in the coordinates wj,;,...;,. They are alternating, in the sense that
Wi eigipify — —Wipeeipeerig i -

1.5 Differential Forms

At x € M the dual space to the tangent space is denoted by T*(M) and it consists of 1—forms
w: T, (M) — R. A differential form is an element of the dual space at every point z € M. A
differential form is smooth if w(X) : M — R for all smooth vector fields X. For example, for
f € C>®(M) we can construct the 1—form we call the gradient and for every vector field X we
define

df (X) = X(f). (5)
We can define the set of multi-linear functionals on the tangent space
w:Tpy(M)x - xTy(M)—R

We define an operator A defined for w € A¥(T,(M)) and n € A™(T,(M)) and results in a
form w A n € A¥™(T,(M)). For example, if k = m = 1 and for v, w € T,(M), we have,

(w An) (v,0) = w(v)w) + (1) w(w)n(v) = w(v)nw) — ww)n(v).

A k—form w on M is a k—form at every point x € M. The form w is smooth if for every
smooth vector fields Xy, - - - X the function,

T = we( Xy, Xg),

is a smooth function on M. We denote the smooth k—forms on M by A*(M).

Given a coordinate neighborhood U, the vector fields % form a basis of T, (M) for every
x € U. The dual forms to these vector fields are denoted dx’ and satisfy

(ON_ 9 5 depop™ ~
dx](aﬂf)_axk(wj)_ark o o
p(x
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If f € C®(M) then df is a differential defined by equation [5| We can write this 1—form in
terms of the basis da/,

df = i \jda?.

j=1

To find the coeflicients we apply this 1—form to the vector %,

0 0 of K

df | == ) = = =\

4 (83:’“) oxk () = ozk
This means we can write df as,

i 1 4,
Oz’
=1
We define an operator d : A¥(M) — Ak+1(M ) called the differential. Given a form with

coordinates

W= Z wil’...,ipdxil Adz™ A - Ada'®

i17.“kp

8 1 7 y
dw = Z %dm“ Adx™ A Adxt?

i1,kp
Example 1.5.1. The sphere is the constant surfaces of the function,
fz,y,2) = 2* +y* + 22 — R
The differential of this is given by,
w = 2zdx + 2ydy + 2zdz.
The tangent to the sphere is the kernel of this 1-form.
One can define this without coordinates. In two dimensions this formula is,

dw(X,Y) = X (w(Y)) = YV(w(X)) - w([X,Y]). (6)

1.6 Coordinate Transforms

In this section we describe how vectors and forms transform under coordinate transforms. We
use the formal description of vectors and forms to deduce the transform properties but try to
establish a link with older notation systems.
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Let M be a differentiable manifold of dimension m and (U, ¢) be a coordinate neighborhood
with coordinates (2!, 22, ---2™) where ¥ = 7 0 ¢ : U — R. Recall that r* : R™ — R is the
projection onto the kth coordinate so that,

If we transform the open set ¢(U) with a diffeomorphism 7' : R™ — R then we get a new
coordinate mapping,

U S oU) SR, (7)

and we define ¢ = T o . The mapping 7T is a diffeomorphism so % is a homeomorphism and
it has coordinates,
Y =rFoyp=rFoTop.

The vector fields % form a basis of T,,(M) for all x € U are defined by,
X

Y (fop™)
W(f) = Ork
B IfoptoT toT) B A(foyp~toT)
N ork N ork
_O(foyp A o)
N orJ ork
A(r?oT) 0

Since this is true for all f we write this as,

0 A(rioT) 0

gk = ok oy ®)
In a similar way, we can see that,
9 fop~loT™
@(f) - ork
fop )o(r'oT™H)
N ort ork

This leads to the inverse transform,
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We can write this in a different way by performing the following computation,
0x? 0 ( k) _OyFoy™h)

[ (9(TkoTogoo<’p_1)_3(TkoT)
oyk — Ox’ N ] '

ori ori  Ord
This expression is the same as is found in equation [8] Similarly, we see that,

&ﬂ::i?<xg__0@ko¢4ojhwzzﬁﬁkoT4)

Using these we re-write equations [§ and [J] as following,

0 9rioT) & oy 0

oxk ork Oyl Oxzk Oy (10)
0 ArioT™ 1) 9 ox? 0
—— = (11)
oyk ork Oxd  Oyk OxJ
We say that vectors transform contravariantly.
Using this formula we can compute the change of basis for differential forms,
0 o(rioT) 0
Y <0x’> Y ( ort axﬂ)
o(rioT)  , ([ O o(rioT)
or’ Y\ Bu ort J
B A(rk o T)
ot
This means that,
ay = 2 g 12
The converse is computed in a similar fashion,
ok .
k_ 2% .7
dz” = g7 W (13)

We say that vectors transform covariantly.

1.6.1 Linear Coordinate Transforms

If we assume that T : R” — R™ is linear then the coordinates transform described in equation
@ Let (U, ¢) be a coordinate neighborhood with coordinates (z!,--- ,2™) and let ey, - - - e, be
the standard basis for R™. If T : R™ — R"™ is a linear transform then

y] — T-j o T o) 80 e 7"j (@] T(el)(rl (@] gp) e j—;‘]xl (14)
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Now we compute the coordinate transform matrix,

oyt o(rkoTYy ik

2w - )i 15)
ok 9(rFoT) &

oy~ o (16)

1.7 Implicit Function Theorem

The implicit function theorem is needed in several proofs in the following sections. Wew state
this theorem here without proof.

Theorem 1.7.1. The Inverse Function Theorem. Let F' : R™ — R™ be a smooth mapping
on an open set V.C R™. If det (%) # 0 on V. Then for all xo € V there is a neighborhood

W, 20 € W CV such that F : W — F(W) is a diffeomorphism (e.g. F~' exists and is a
diffeomorphism).

For a proof see [4].

Theorem 1.7.2. The Implicit Function Theorem. Let F : R""* — RF be a smooth function
and assume that F(a) = 0. If the Jacobian D f(a) has rank k then there is an open neighborhood
U C R** and a smooth diffeomorphism h : R™+t" — R™" so that Foh: U — RF so that,

(FO h) (1‘1,.%'2,- . _mern) — (xn+1’ . _wner) )

This follows readily from Theorem For a proof see [4].
An immediate consequence of this is that if F' has maximal rank at the point a and F(a) =0
then
(Foh) 1 (0)NU = {(ml,-~- ,z")| (!, a™ 2" tRy e U}

2 Frobenius Theorem And Vector Fields

In this section we shall discuss Frobenius thoerem using the language of vector fields. All the
details of this section are explained nicely in [6].

Every smooth vector field generates a family of smooth curves that have tangent vector X.
We would like to examine whether this has an analogue in higher dimensions. For example,
given two smooth vector fields X, Y on a manifold M, is there a 2—dimensional submanifold N
that has span{X, Y} as its tangent space. Of course we must have X and Y linear independent
at every point so that the span is actually 2—dimensional. Are there any other conditions? In
Frobenius theorem we shall see that there is one condition, along with linearly independence,
that guarantees the existence of this submanifold. In this section we discuss the theorem using
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the language of vector fields and in section [3| we present Frobenius’ theorem using the language
of differential forms and exterior differential analysis.

But we state Frobenius theorem we start with a few simple examples. Let M = R? and
define two vector fields on the manifold M, which we write write in terms of the coordinate
basis and as standard R? vectors.

P 1
X(:):,y,z)za—x—i—m%: 0 (17)
x
0
0 0
Yy

Fix (z,y,2) € R3. Can we find a 2—dimensional surface N that has tangent spaces formed
by the basis X,Y. If v is a curve with tangent vector X and it has ¢(v(0)) = (z,y, z) then it
must satisfy,

d(zov) _
dt ’

dlyoy)
dt 0,

d(zovy)

Let (z,y,2) € R? be any point in M and let v(0) = (x, %, z) then we can solve for  uniquely.
We get the following solution as a 1—parameter group of diffeomorphisms,

T+t
wt(x>yaz) = Yy (19)
z+ at + 3t?
Similarly we can solve Y globally and get the 1—parameter group given by 7,

x

ns(2,y,2) = s+y (20)
z+ys—+ %82

So, around the point (z,y, z) we can construct a 2—dimensional manifold given by

t+uw
X(t,s) = s+y
z+at+ys + 5t2 + 1s°
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This parameterization is the inverse of a coordinate neighborhood. In this case we can weave
the two 1-dimensional integral curves for X and Y together to form a smooth 2-dimensional
manifold.

To see what can go wrong we look at another simple 2—dimensional example, Let M = R3
and construct two smooth vector fields,

0
X = — —
(l’, y’ Z) 81’ + yaz
0 0
Y = — —r—.
(2,9, 2) o “os
We have coordinates z7 with j = 1,2,3 where 2! = 2,22 = y, 2% = 2.

Each of these smooth vector fields generates a local 1-parameter group of diffeomorphisms
@ : I x M — M where I C R!. The curves through the point z € M is t — ¢;(x). For the
vector field X the 1—parameter group of diffeomorphisms satisfy,

d
W) _ Xa)= X' (wy2) =1
d(y o
(dtSO) = X(y) = XZ(]"7y)Z) = 07
d(zop
(dt) = X(Z) - Xs(xaywz) =Y.
From these conditions we can write down the solution,
T+t
Spt(‘r? Y, Z) = Yy . (23)
z 4yt

For the vector field Y let n : I x M — M be the 1 =parameter group of diffeomorphisms
then 7 satisfies,

dzon)) _ —
= —Y(@) = Yi(z,y,2) =0,
d(yd";m =Y(y) = Y*(2,y,2) =1,
d(zom) . _
g — Y= Y3 (x,y,2) = —u.

From these conditions we can write down the solution,

X

ns(x,y,2) = | y+s|. (24)
Z— XIS
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Do these two 1—dimensional solutions combine to form a 2—dimensional surface that has a
tangent space that is spanned by the vector fields X and Y. We start at a point (x,y,2) € M
and progress along a rectangle of coordinates. First we proceed along X integral curves by ¢
and then along Y by s,

T T+t T+t T
yl S oy | y+s R y+s (25)
z z 4yt (z+yt) — (x+1)s z —xs — 2ts

We compare this when we proceed along Y by s and then X by ¢.

x x
yl = ly+s|. (26)
z

Z— xS

A comparison of equation and equation [26| we see that the z— and y—coordinates are
the same however the z—coordinate is different. In this case there is no integral submanifold.

2.1 Distributions

Let M be a differentiable manifold of dimension m and let N C M be a p—dimensional
submanifold. The tangent space T,(N) is a p—dimensional subspace of T,(M). The two
examples discussed earlier both describe two vector fields X and Y that span p—dimensional
subspace (where p = 2) of the original manifold M = R3. These p—planes are an important
part of the our discussion so we define the following.

Definition 2.1.1. Let M be a manifold of dimension m and let p be a positive integer p < m.
A p—dimensional distribution D is a choice of a p—dimensional subspace of T,,(M) for every
x € M. We denote the plane at x by D(x). The distribution D is smooth if for every x € M
there is a neighborhood x € U C M and smooth vector fields X1,--- X, defined on M so that
D(z) is spanned by X1(x),- -, Xp(x) for every x € U.

Both of the examples discussed above generate smooth 2—dimensional distributions but
only one of these distributions was the tangent bundle of a sub-manifold. The 2—dimensional
manifold is called an integral manifold of the 2—dimensional distribution.

Definition 2.1.2. A sub-manifold N C M with i : N — M 1is an integral manifold of the
distribution D if,

for each y € N.

This definition just states that the tangent space of N at y corresponds to the distribution
D(y). The key property that insures the existence of integral sub-manifolds is the following.
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Definition 2.1.3. A smooth distribution D is called involutive if [X,Y] € D whenever X and
Y are smooth vector fields that lie in D. This means that if X1,--- X, are smooth vector fields
that span D in a neighborhood U then,

[X:, Xj] = ijXk.

Before we get to the main result we need one preliminary technical proposition. The
coordinates described in the following proposition are called flowbox coordinates.

Proposition 2.1.4. Let M be a manifold of dimension m and let X be a smooth vector field
on M. If v € M has X(x) # 0 then there is a coordinate neighborhood U C M of x with
coordinates z',--- ™ such that,

_ 0
- ozl

Proof. Let 2o € M and find a coordinate system (U, ¢) with coordinates y',---y™ such that
xg € U and

Xy

0

K0T gyt

o
We simplify the coordinate system by translating so that y*(xg) = 0. In, perhaps, a smaller,
neighborhood U of xy we have a 1—parameter family of diffeomorphisms ¢; : U — ¢4(U) C M.
We look at the surface y' = 0 which includes 2y and move along the integral curves of X to
form a coordinate system. To do this we define a mapping ¢ : V. C R™ — U by

w(t7a25a3a te am) — Spt(qb_l(o)a?) te 7am))-

First we note that ¢(0,---,0) = zg. At ag = a3 =+ = a,, = 0 we have

@Z)(tvov T ’0) = ‘Pt(@b_l(oaoa T 70)) = @t(ﬂfo)-

This is a curve along the curve X and the derivative at ¢t = 0 is just X,,. At ¢ = 0 we also have

11&(070427&37 e am) = d)_l(O?aQ? to 7am)-

This means that at t = 0 the curves along the coordinates a; have tangent vector %. So, at the
point (0, - - -, 0) the Jacobian of 1 takes the m—linearly independent vectors ey, - - - e, to linearly
independent vectors X, Ty %xo' This mapping has an invertible Jacobian at zg and
by the inverse mapping theorem the mapping v is a diffeomorphism in some neighborhood of

xg. The inverse of this diffeomorphism is a coordinate mapping with the desired properties. [

In Theorem we shall prove that there is an integral sub-manifold of a distribution if
and only if the distribution is involutive.
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2.2 Proof of Frobenius Theorem

The main result is the following.

Theorem 2.2.1. Let M be a manifold of dimension m. Let D be a p—dimensional C* dis-
tribution. If D is involutive then for every x € M there exists an integral sub-manifold N that
contains x. In fact, there is a coordinate neighborhood U centered at x such that the slices,

x;=K;, foralliep+1,---N,

are integral sub-manifolds of D. If N is a connected integral sub-manifold of U then i(N)NU
corresponds to one of these slices.

Proof. Let N is a connected integral sub-manifold with di(N)|, = D(i(x)). For every z € N
there is a neighborhood U of M with coordinates x!,--- 2™ so that N is given by 2Pl = ... =
™ = 0. If the X; are tangent to N then

Xi, X,n] = X/ = X
[ Xk, Xon] ;;[ k5pd max,]
» . .
OXE COXE\ 9
_ 7 m _ yJ k
Y3 (K - X o
7j=1 =1
p P . i X!
=33 (G - xS i,
o e oxJ oxJ

This means that the distribution is involutive.

We will prove the converse by induction. Let p = 1 then we have a single smooth vector
field X; that spans the 1—dimensional distribution D(z) at every x € M. The integral curve
of X is the 1—dimensional manifold through x that has tangent space equal to the span of X.
This proves the theorem for p = 1. In this case [X, X] = 0 so the involutive assumption is
superfluous.

Assume the theorem is true for p — 1 and we shall show it is true for p. Let Xi,---X,
be smooth vector fields that span the distribution D in a coordinate neighborhood of z € M.
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By Proposition [2.1.4] we can take a neighborhood U; of x contained in U with coordinates
y, .-+, y™ such that,

Xilo) = 5

T

We shall form a p—1 distribution on the m — 1 dimensional manifold formed by setting y! = K.
Let W C Uy be the m — 1 sub-manifold determined by the condition y* = K' where K' is a
constant. For every x € W the distribution is determined by X; and X»,--- X,,. We know that
X1 does not lie in W so we use this to find projections of X}, along W as follows. Define Y} for
k=2,---pby,

Vi = Xp — Xp(y') Xy (27)

We also define Y7 = X7 so that
D(z) = span{X1(z), -+, Xp(x)} = span{Yi(z), - -, Y,(z)}.

Notice, however, that Ys,---Y} are tangent to the sub-manifold determined by y' = K for
reasonable choices of K. To see this we can show that Y}, we compute the derivative of 3! in
the direction Y%,

Yi(y') = Xi(y") — Xp(y")X1(y") = 0. (28)

The sub-manifold W is one leaf of a foliation and we can define a mapping 7 : Uy — W by,

This mapping is smooth. On the sub-manifold W we define vector fields Zp on W for k =2,---p
by,
Zi(w) = Yi(w).

We define a distribution on W by,
E(w) = span < Zy, -+ Z, > .

The Zj, span a distribution that is the projection of D onto T (W) for every w € W. To use
the induction hypothesis we would like to show that this distribution is involutive. To show
this we must compute the commutator of Z;. Let f : W — R be a smooth function and extend
f to a smooth function f: U; — R by,
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We compute the commutator for i, = 2,---m,
Zi, Zj)(f) = [Yi, Y;)(F)
= CHVi(f) + ) CEYi(f)
k

=2

= ZCZYk(f)
k=2

= ZCiijk(f)
k=2

This means that [Z;, Z;], € E(w) for all w € W and the distribution £ is involutive. By
induction there is a p — 1 dimensional sub-manifold S C W with,

Tw(S) = E(w),

for all w € W. By the induction hypothesis for any w € W there is a coordinate system

w?,---w™ on W so that S is the sub-manifold determined by the condition,

S ={weWuwt(w) =K\ ...w™(w)=K"}.

By varying K7 we form a foliation in W. We meed to extend our p — 1 sub-manifold S C¢ W
to a p dimensional sub-manifold N C U;. To do this we define convenient coordinates z*. For
x € Uy define

l(z) = y'(2), 2%(2) = w(n (), - 2™ (2) = W™ (n(x)).

We can easily extend S along z' = y' by defining,
N ={z € Ui|(2*(x), - 2P(z)) € W and 2?*! = ... 2™ = 0}

This is clearly a smooth sub-manifold of U; but it is not obvious that the vectors Yi,---Y), are
tangent to N. Clear Y; is tangent to N as any curve that starts in /N and is tangent to Y;
remains in N. To show that Y] is always tangent to N note that,
p+r 9 p+r
Yi(x ):F(x )=0, forr=1,---m—p. (29)
x
The vectors Ya, - --Y), are more problematic. We must show that that for all £k = 2,--- ,m we
have,
Y (2P") =0, forr=1,---m —p.

We know that this holds true on the sub-manifold W as,

Yi(a?t))| = Zp(wPtT)| L =0,

z!(z)=0 zl(z)=0
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To show that this is true for general 2 compute the derivative in the x! direction,

i (yk(prrr)) =Y (Yk(a:p”))

Ozl
=Y (Yk(mp+r)) — Y (Yl (;Ep+r))
= [Y1, Yi](aP*)

= CL Y1 (2PT) —I—ZC (2Pt
Jj=2

m
Z xp—&-r
j=2

where we have used that Y7, ---Y), are involutive and we have used equation [29| again. We get
p — 1 differential equations for the p — 1 functions Y (zP*"),

0

o 05574 = 3 ),

The system is a homogeneous linear system that must have a unique solution. However, we
know that the p — 1 functions Yj(2P*") vanish at #! = 0 so they must vanish for all x! for
r =1,---m — p since that is a valid solution and it is unique. We conclude conclude that for
every k we have,

Yi(2PT") =0, forr=1,--- ,m — p.

This means we can write each Y} in terms of the basis,
m
;0
Y — in..
k ]z; kO

Apply this derivation to zP*" and we get,
V(@) = 0= Y.

This means that we can write,

7j=1
By equation [27] this means we can write
P
J
Xi = Z X oxJ
j=1
The manifold N is formed by the equations zP*! = ... = 2™ = 0. This means that D(z)

T, (N) for all z € U;. This proves the case for p and the theorem follows by induction. O
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Frobenius theorem insures that for every x € M there is a submanifold N C M so that
x € N and for every y € N the tangent space T,(N) coincides with the distribution through
y € M. This slicing is called a foliation.

3 Frobenius Theorem And Differential Forms

In this section we discuss Frobenius theorem using the language of differential forms. For a
more complete discussion see [2].

3.1 Introduction
We start with a simple example. Let M = R? and define,

flx,y,2) = a® + 2%+ 22 — 12

The implicit function theorem says that
F7HO) = {(@,y,2)|a® +y* + 22 =r? = 0} = S%(r)
is a smooth manifold. If we take the differential of f we get,
df = 2zdzx + 2ydy + 2zdz.
Let § = df. The mapping 6 : T,,(M) — R has a two dimensional kernel,
E, =ker(0) <T,(M).

Let v € E, and let
1 0 2 0 30
V=0 —+a"—+a"—

Ox oy 0z
The condition that v € E, is

0 0 3}
_ 1 2 3
0(v) = 2zdzx <a 855) + 2ydy (oz 8y) 2zdz <a 82)

=2 (za' +ya® + za®) = 0.
We can write down solutions for this,
aq Y 0 z

ar| = |—xz|,|—2],] 0
Qs 0 Y —x



3.2 Frobenius Theorem 23

These three vectors are not linearly independent but, as long as x,y, z are not all 0 then we
can span the plane E, by two of these three vectors. These vectors span the tangent spaces of
T, (M). Tt turns out, because of the topology of S? there are two non-zero vector fields on the
entire surface S2.

These three vectors are written as, We write these three vectors in abstract notation as,

9_,0,9_ 0.0 9
Yor oy’ Oy Y92 or 0z
The kernel spaces of the smooth differential form df form a integrable distribution. We can

find a sub-manifold N (e.g. N = S? ) that T,,(N) = kern(df). This is the form of Frobenius
theorem that we shall discuss.

This simple example shows the basic structure of Frobenius Theorem. A collection of linear
independent 1—forms 6%, - - - 6% have joint kernels that form a m — k dimensional sub-space of
T,(M). Can we find a manifold N that has tangent spaces T,(N) that is the joint kernels of
6',--. 6% We call this manifold N the integral manifold of the 1—forms 0, - - - 6*. In our first
example we found a manifold, N = S2, which has tangent spaces which are equal to ker(f).
This is not true for every collection of forms. The 1—form above is closed, but this is not
required, as our next example demonstrates.

Example 3.1.1. Define 0 = f(x,y, z)dx where f(x,y,z) > 0 for all (x,y,z). In this case we

have 9 5
df = —fdy Adz + —fdz Adzx.
dy 0z

We can write down the kernel,

0 3}
ker(0) = {aay + b&

a,be R} .
There are integral manifolds which consist of planes perpendicular to the x— axis.

3.2 Frobenius Theorem

Frobenius Theorem described the conditions required to create a smooth submanifold using
the kernels of a collection of 1—forms. We start with a statement of the theorem.

Theorem 3.2.1. Frobenius Theorem. Let M be a smooth manifold of dimension m. Let
61,60%,-..0m=P ¢ AY(M) be smooth pointwise linearly indepdendent forms. If there exist 1—forms
ozé € AY(M) such that,

m—p
do* =Y " af NO", (30)
b=1
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foralla=1,---m —p, then for any x € M there exists a unique k— dimensional manifold
i: N <=M,

such that x € N and such that i*(0*) =0 for alla = 1,---m —k. Further, for this x € M there
is a coordinate neighborhood U C M with coordinates (x',---2™) so that N has coordinates

(xl,---2P) and

0" = > Agda®,
b=p+1

so that 0% are generated by dx® for a =p+ 1,---m and the joint kernel of the 0% corresponds
to the joint kernel of dx®.

Recall that A*(M) denotes the vector space of smooth k—forms on a manifold M. Notice
that equation [30]|is more general than closed, although a collection of closed forms will suffice.
Later, we shall see that df” is in the algebraic ideal generated by the forms 6. Before we prove
the theorem we prove some preliminary facts. Then we will prove theorem for the case of
p=1.

It is important to note that properties satisfied by the forms ', --- ™ P in Theorem
are also satisfied by linear combinations of these forms, as long as there are m — p linearly
independent 1—forms. To make this concrete we add the following elementary proposition,

Proposition 3.2.2. Let 0',.--0% ¢ AY(M) be 1—forms that satisfy the criteria in Theorem,
3.2.1. If A} is a k x k invertible matriz with smooth entries then the forms n® satisfy the
criteria in Theorem where n® are defined by,

k
n“:ZAngfora: 1,k
b=1

Proof. The forms n® are linearly independent because Aj are linearly independent. We take
the differential,

where 3% € AL(M). O
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Another important fact is that the kernels of the collection of differential forms form smooth
distributions. In the language of bundles, we will show that the kernels form a sub-bundle of
the tangent bundle.

Theorem 3.2.3. Let M be a smooth manifold of dimension m. Let 01,02, ---0™P ¢ AY(M) be
point-wise linearly independent forms. The set of vectors X € Ty(M) satisfying 6°(X) = 0 for
b=1,---m—p form a m+p dimensional differentiable manifold. In fact, it is a p—dimensional
vector bundle over M.

Proof. We set k = m — p so that the forms 6,62, --6% are linearly independent. Given any
xo € M we shall construct a coordinate neighborhood U so that the vectors in the perpendicular
space is diffeomorphic to U x R™*. Let (U1, ¢) be a coordinate neighborhood with coordinates
(yh,---y™). We can write each 6% as,

0% = 0dy" + -+ - + 0% dy™.

We write down the matrix, which depends on the value z € U,

o1 0 ... oL

02 02 ... 6%
T(z) = '1 .2

ok ok ... ok

For our fixed point xg € M we use Gaussian elimination to change T'(xg). There is a k x k
invertible matrix R so that left-multiplication change T'(z¢) into an upper diagonal matrix of
the form,

Gy 0y 8 e G, 8L e O
0 62 62 02 ... 62, 62 ... @
. o o0 63 6 - 6, 6 - 6
T(wo) = RT(zo)= | . . . . S
0 0 0 0 - 671 o7t - ok
00 0 0 -+ 0 oy - 0]

where 93 =1for j =1, ---k. We use this linear transform R to change coordinate systems as

described in Section We get a new coordinates (y',---y™) so that § are coordinates of
6% in the 3’/ coordinates. We get the form above at the point xg. There is a neighborhood V

of xg € V such that Hg(y) > 0.5 and all the 0's in the sub-diagonal are < 0.5. This insures

that all the vectors are linearly independent. The new coordinates (y!,---y™) are defined on,
a possible open subset, of V. In these coordinates, given a vector

)
Y:ZYJ@.
J
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This means that Y € K if,

for all a. If a = 1 then we have,

le—i 03Y2 - 401 Y™ .
91 2 m
1

We proceed in this way to determine values for a = 2,3, -- -k,

1 /- _ _
Y, = ~% (G%Yl + 03V + -+ 0}nYm>
2
1 /- _ _ _
Y=o (9%1/1 L0V YA a}nym>
3

1

Y. —
k o

(B o O Y O Y Y

Since k = m — p we have coordinates 3/ that form a bundle coordinate system with coordi-
nates, (y!,---y™, Ym-pHl ym=p+2 ... ym) Al the remaining coordinates YL ... Y™ P are
determined. This neighborhood has the topology of U x RP. O

Proposition 3.2.4. Let M be a smooth manifold of dimension m. Let 0*,02 ...0™m=t ¢ AY(M)
be pointwise linearly indepdendent forms. Then for all x € M there is a coordinate neighborhood
x € U C M with coordinates (z!,---x™) that satisfy

0% = i Adda®.
b=2

Proof. Given forms @', ---6™~! then the perpendicular space is just a line. Theorem says
that this is spanned by a smooth vector field. This smooth vector field has integral curves
which are then the integral submanifolds of the distribution.

To get the coordinates 2/ we use the Flow box coordinates that we discussed in Proposition
Let X be a smooth vector field that is in the kernel of the 8% We pick flow box
coordinates with 8%1 in the direction of X so it is in the kernel of 8. This means that,

0

0(57)

=0, fora=1,---m—1.
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Since dx!,---dx™ span T*(M) we have,

0% = i Alda = i Alda?®,
j=1 b=2

where Af is an (m — 1) x (m — 1) dimensional invertible matrix and Af is a smooth function
of M. O

Proposition 3.2.5. Frobenius theorem |[3.2.1] is true for any p.

Proof. We shall prove the theorem by induction on p. The case for p = 1 was proved in
Proposition Now assume the theorem is true for p — 1 we will show it is true for p. Let
6%, ... 9™ P be linearly independent 1—forms that satisfy,

m—p
dg® = Za?/\@b, fora=1,---m—p,
b=1

where af € A'(M). We will add another form to this collection and show that the new ex-
panded collection still satisfies the condition of equation 30} Since the theorem is true for p—1
this addition collection has m — (p — 1) = m — p + 1 forms and the induction hypothesis is
satisfied. We start by adding a 1—form to our collection of one forms.

Claim 3.2.6. If p > 0 then there is a function f : M — R with df,0',---0™7P are linearly
independent.

Let U C M be a coordinate neighborhood with coordinates (y!,---3™). Since the forms
6',--- 6™ P cannot span the entire span of forms dy', - - - dy™ P! there must be some for dy*
that is linearly independent of the . This means that for every x € U there is a k so that one
can set f = y".

With f defined as in the claim we have a collection of m —p+1=m — (p — 1) forms given
by,
oL, ... 0™ P df. (31)

We are assuming the theorem is true for p — 1 so we must show the forms [31]satisfy the criteria
of the theorem. These forms clearly satisfy condition [30|since d(df) = 0 and, by assumption,

m—p
do* =Y " af NO",
b=1
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for a = 1,---m — 1. Therefore, by Frobenius theorem for p — 1 we know that for any x¢g € M
there is a neighborhood V and coordinates (y',---4™) that satisfy zo € V and for all for all
yeV,

m

0°(y) =Y Bi(y)dy’ fora=1,---m —p,
b=p

Notice that the vector fields 8%1 e # are in
ker(0Y) N ---ker(8™P) < ker(8Y) N--- N ker(8™P) N ker(df).

To prove the theorem we need to add an additional coordinate to this kernel space.

The forms 0% and df are non-zero so Cy(z9) # 0 for at least one b and we can find, a possible
sub, neighborhood of V' such that Cy(z) # 0 for all x € V. We see that we can assume, without
a loss of generality, that Cp(z) # 0 for all z € V. We can then write,

1 1 “
dyP = —df — <> > Cody’
Cp C b=p+1

We use this formula to eliminate the form dy? from our collection and replace it with the form
df. We get the following set of equations,

¢ = Z ngyb+dadf fora=1,---m—p,
b=p+1

df = df

where d* are smooth functions of C), and B and z. Notice this is the first step in Gaussian
elimination. The matrix elements Dy are functions of the remaining C} and Bj'. Notice that
D¢ is now a (m — p) x (m — p) matrix.

The m—p+1 forms df, dyP*!, - - -, dy™ span the same sub-space of T*(M) as ', --- 0™ P df.

We write this in matrix form as,
o1 |Dy d° dy®
rRkiica @
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This relationship is invertible so det(Dj (x)) # 0 for all z € V. We can write down the inverse
and using this inverse we multiply both sides of

[{zﬁ} ::[(1951)? (1?11)2d%|[2;] _,[(l?_1)$9“é;l?_l)ﬁdb)aﬁ} ::[nagﬁaaf]

We have defined n* and e® by,

Using these definitions we have,
dy®| _ [n* +edf
)=
There is an m — p + 1 dimensional subspace of T*(M) that has a basis given by the forms
{df,dyP*t,--- ,dy™}. There are also basis given by {df,0',---6™ P} and {nP+! .- 9™, df}.
We can span the sub-space of 7% (M) using the basis {df,dy®} or the basis {df,n*}. From
the matrix equation we get,

n® = dy® — e*df, wherea =p+1,---m. (33)
Claim 3.2.7. The 1—forms n® satisfy equation[30 in that,
m
dn® = Z B fora=p+1,---m.
b=p+1
This is simply Theorem [3.2.2

Claim 3.2.8. The functions e*(y) are function of only (y?,--- ,y™).

From the computation in Claim [3.2.7] we have the following,
m
dn* = Y Ef A,
b=p+1
But we also have equation [33]
n* = dy® — e*df, wherea=p+1,---m.

We take the differential d of this equation and write everything in terms of the basis {n®,df}
and equate this with above,
dn® = —de® Ndf =~ AP
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The means that all the terms in de® A df must contain a term of the form g An®. From this we
deduce that (note that df A df = 0),

m
de” = Z Con® + gdf, wherea =p+1,---,m.
b=p+1

We can now write this in terms of the dy® and we have,

a a1 b " Det b T et b
de :Zdey = Tybdy = 87ybdy’fora:p_|_1’...7fnh
b b=1 b=p+1

This means that,
oe®
oyJ

This concludes claim [3.2.8

=0, fora=p+1,---m,j=1,---p—1.

The forms n® satisfy Proposition [3.2.5| on the m — p + 1 dimensional manifold generated
by the coordinates (y?,---y™). Using this proposition we can find coordinates (zP,---x") so
that,

m
n* = Z nida® fora =p+1,--- ,m.
b=p+1

We also have % € ker(nP™) N -+ N ker(n™). Notice that these expressions are true for
all (y',---,yP~1). We define a coordinate system by z/ = y/ for j = 1,---p and 2PT! =
yPtL ... 2™ = ¢™. The forms nP*!, ... n™ are linear combinations of the forms @', --- ,™mP.
This means that our original forms are linear combinations of the dzP*!, ... dz™,

m
0° = Z Gl‘fd:vb fora=p+1,---m
b=p+1

The transverse manifold has coordinates (z', - - - 2P) and is determined by the conditions zP! =
Kprtl ... gm = K™, Thus we have proved the theorem for p assuming p— 1 and this concludes
the theorem. O

Remark 3.2.9. We have two separate proofs of Frobenius theorem. The first uses vector fields
and the second uses differential forms. One can also prove the two forms of Frobenius theorem
are equivalent using a generalization of the formula in equation [6,
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Example 3.2.10. Frobenius theorem has a close relationship to the implicit function theorem

. Let G : M — RF so that,

gk (p)

We form the closed forms dg’ for j =1,---m — k. The intersection of the kernel planes is,
E, = ker(dg") Nker(dg®) N --- N ker(dg™ ")

The conditions Frobenius are that dg’ are linearly indepdendent which is the same as the rank
condition of the implicit function theorem. We look at the Jacobian,

g agt .. 94
b op . o
Dyg(p)=| = 9 oot
D
Oxt Ox? orm

If the dg’ are linearly independent then the Jacobian Dg has rank m — k. The other condition
is trivial since the forms dg’ are closed as d (dgj) = 0. Frobenius then says that there is a
sub-manifold i : N — M such that i*(dg’) = 0 for all j so that,

dg’ (di(X)) = dg’ (X) = X(¢’) = 0,
forallj=1,---m —k so that X € ker(dg’) for all j. This means that for all z € N we have
T.(N) < E,,.
We see that the implicit function theorem is really a special case of Frobenius Theorem.

Example 3.2.11. There are systems that are not Frobenius. Let M = R? and define a 1—form

0 by
0 = dz — ydx + zdy.

We compute the differential,

df = —dy N dx + dx N\ dy = 2dx A dy.

We see that df # n A8 so the distribution is not integrable. In fact, there are no sub-manifolds
of R? with these planes as tangent planes.
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Example 3.2.12. Let M = R? and define a 1—form by,

We want to find general conditions where 0 satisfies Frobenius Theorem |3.2.1. The kernels of
this 1—form are given by vectors

g +X2£ +X33’

X=x!
ox oy 0z

that have the property that ; X' = 0. Is this system of planes integrable? We compute df.

(002 06, 06, 003 003 009
d@(ax ay)clgz7/\dg/+<8z 8x>dz/\dx+<8y aZ)dy/\alz.

When is df = o A 6 for some o € AL(M). If we extend 0 to a full basis of T*(M) using forms
wo,ws then we can write,

df = p1(w1 A w2) + p2(ws A 0) + p3(0 Aws).

Now we see that the condition that df = a A 6 is equivalent to the condition that d8 N6 = 0.
So the distribution of equation[3]] is integrable if and only if

(06, 08, 06, 065 005 06y
d&/\@-(ax 8y)93+<8z 8x)92+<8y 82)91—0.

If the form 6 satisfied Frobenius Theorem ) then we could, locally, find coordinates
(z!, 2%, 23) so that,
0 = A(z)dz>.

In the classic literature this condition is written, Vg - curl(Vy) = 0.

Our example is immediately generalized to 4 or even higher dimension, although the notation
gets more complicated since the space of 2—forms in R* is 6 dimensional. We could easily derive
a condition so that 3—planes in R* are integrable.

3.3 Differential Forms

The set of alternating forms is a vector space and the product operator A turns the alternating
forms into a Graded algebra. We can formally add and multiply forms by real number. A form
0 has order p if § € AP.
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Definition 3.3.1. A graded module A is a module along with a grading that assigns sub-modules
Ay to grade k. The module A a direct sum of the graded sub-modules,

A=PAa=Aoho- -

neN
A graded module A is a graded algebra if there is a product and the product takes A;A; C Aiy;.
Definition 3.3.2. A sub-space T C Q*(M) is an algebraic ideal if
1. T is a direct sum of homogeneous sub-spaces IF C QF(M).
2. T is an ideal under A so that for any w € T and n € Q*(M) we have w An € T.
This is called a graded ideal of the graded algebra Q*(M).

Example 3.3.3. Let ¢',--- ,¢° is a collection of homogeneous elements. The algebraic ideal
generated by these forms is

s

<¢17 T )¢S>alg = {Z (’Yz A qbl)

k=1

’Yl?"' 778 € Q*(M)}

All of the above works for alternating forms on a vector space. To add derivatives we add
the differential of a form to the mix. We start with the basic definition.

Definition 3.3.4. An algebraic ideal I is a differential ideal if  is closed under exterior
product, so that dw € T for every w € L.

Definition 3.3.5. Let M be a manifold M and let D be a distribution. The annihilator of the
distribution is the set of forms 0 € AP(M) that have the property that for any X1, --- X, vector
fields that are contained in the distribution D then

0(X1,Xo,---X;,) =0.
The forms in the annihilator will annihilate the vectors fields in the distribution.

Notice that if D is a distribution then the collection of annihilators form an ideal in A*(M).
This follows since if & € AP(M) annihilates a distribution D and if w € A¥(M) then for any
X1, Xptr € D we have,

(wWAO) (X1, -, Xptr) = 0.

Frobenius theorem can be stated in our new language. In this language Frobenius theorem
is more closely linked to Cartan-Kahler theorem.
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Theorem 3.3.6. Let M be a C* differentiable manifold of dimension m. Let T be an ideal
generated algebraically by linearly independent 1—forms @™ P ... 9™ If T is a differential
ideal then through any x € M there is a integral manifold of Z. Further, for any v € M,
there is a neighborhood U with x € U C M with coordinates (y',---y~) so that T is generated
by dx™ P+ ... dz™. The coordinates x',---aP are coordinates to a sub-manifold N that any
Y € T,(N) has 0°(X) =0 foralla=m—p+1,---m.

Example 3.3.7. Let M = R3. In this ezample we model a PDE system where v : M = R3 — R
and the equations are given by,

i F(z,y,2) (35)
ou
7 = G(z,y,2) (36)

If v : R — M is a curve that lies in the solution to the system surface then it has form

To + at d a
y(t) = yo + bt with d—fty(t) - b
u(xo + at,yo + bt) auy + buy

0 0 0 0
—al =+ = “ 9
a<8x+ 82) +b<8y+Gaz>
This two dimensional space is the kernel of the following form,

0 =dz— F(z,y,z)dx — G(x,y, z)dy. (37)

We want to find the differential ideal generated by this single form. We take the differential of
0,

OF oF oG oG
oF 0G oF oG
=(———|deNdy— —dzANdex — —dzANd
(33/ 6$> T N\ ay B zZ N\ ax pp zZN\ay
Let’s use 0 in equation[37 to eliminate dz = 0 + Fdx + Gdy. We get,
oF 0G oF oG
oF 0G oF oG
= _—— — _— _ — F
( 9y (937) dx N\ dy P (0 + Gdy) A dx P (0 + Fdz+) N dy

oF 0G oF oG oF oG
= (= _ = - _ = _ = sl
( y w)dm/\dy%—(G . Z)dm/\dy 0/\( de+ Zdy)
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We would like to use Frobenius theorem to find solutions of the system. For 0 to satisfy the
theorem df must be in the algebraic ideal generated by 8. This means that all the dx A dy terms
must vanish. We arrive at the compatibility condition,

OF oG _OF _0G
B +G o~ FoT =0, (38)

This equation is not unexpected. Using equations [35 and [36 we have,

_oF 0P _OF  oF
oy = oy 0z Yy = oy 0z
0G  0G oG F@F

Uypg = — + — Uy = — + F—
YU oy 0z Y Oy 0z
The condition that ugy = Yy 15 equivalent to equation .
Example 3.3.8. Let M = R3 and define a PDE system by,

oy
% - F(:U,y,z)
0z

% = G(l’,y,Z)

A solution to this system is a curve

_ dry 9 o) o)
v(t) = |y(at)| so that % (81' + Fay + G32>

This tangent vector is the kernel of the two forms,

0! = dy — F(z,y, z)dx
0> = dz — G(z,y, 2)dx

We compute,

o' = —%de A da — %dz A da

— OF (Ql—i—Fd )/\dx—%—i(92+de)/\d:U

oy
LOF L OF
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36
do* = ——8Gdy Adzx — —aGdz A dz
oy 0z
oG , 4 oG , o
—_ F o
dy (9 + da?) Adz 9, (0 +Gd1‘) A dx
= pdn - 22 gy
oy z

Both df' and df? bot satisfy the criteria of Frobenius theorem. This means that there are
integral submanifolds. This example is trivial since we know the smooth vector field,

0 0

0
X(x,y,z):%‘*‘Faiy‘f’G%,

has integral curves which are solutions to the system.

For more details see [2] and [1].
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