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Abstract

We argue that conformal invariance in flat spacetime implies Weyl invari-
ance in a general curved background metric for all unitary theories in space-
time dimensions d < 10. We also study possible curvature corrections to
the Weyl transformations of operators, and show that these are absent
for operators of sufficiently low dimensionality and spin. We find possible
‘anomalous’ Weyl transformations proportional to the Weyl (Cotton) ten-
sor for d > 3 (d = 3). The arguments are based on algebraic consistency
conditions similar to the Wess-Zumino consistency conditions that classify
possible local anomalies. The arguments can be straightforwardly extended
to larger operator dimensions and higher d with additional algebraic com-
plexity.



1 Introduction

Renormalization group (RG) fixed points in Poincaré invariant quantum field theory
are invariant under scale (dilatation) transformations x* +— Ax* by definition, but it is
generally found that the spacetime symmetry is enhanced to conformal symmetry, and
even further to Weyl invariance when the theory is coupled to a general background
metric g,,. This enhancement has long been understood for theories derived from a
scale-invariant classical action [1H4], but such theories are generally scale invariant
at the quantum level only for free field theories or special theories (such as N = 4
super Yang-Mills theory) with exactly marginal interactions. We will be interested in
general IR fixed points where scale invariance may be an accidental symmetry, and
the fixed point is not necessarily described by a local scale invariant Lagrangian. For
example, the critical point of the 3D Ising model can be described by the Landau-
Ginzburg scalar field theory with tuned ¢? and ¢? terms in the Lagrangian. This
provides a UV Lagrangian description of the theory, but this Lagrangian breaks scale
invariance explicitly. The IR fixed point is strongly coupled in terms of the scalar field,
and there is no known useful Lagrangian description of the fixed point. Numerical
studies of this theory indicate that it is conformally invariant [5,/6]; our results show
that any such theory is also Weyl invariant.

Conformal and Weyl invariance are closely related, and in fact are not always
clearly distinguished in the literature. The response to an infinitesimal Weyl trans-
formation 6g,, = 20g,, is proportional to the trace of the energy-momentum tensor
T =T*",, so the vanishing of T" as an operator statement in a general background met-
ric implies Weyl invariance. On the other hand, conformal invariance is the subgroup
of Weyl transformations that leaves the metric invariant up to a diffeomorphism.
The general enhancement of scale invariance in flat spacetime to conformal invari-
ance in flat spacetime, and in turn to Weyl invariance in curved spacetime has long
been understood in d = 2 [7]. In d = 4 there is a non-perturbative argument [8-10]
that scale invariance implies conformal invariance in flat spacetime, although it has
loopholes that in our view have not been satisfactorily closed [11]. There is a much
better understanding for d = 4 theories that can be viewed as perturbations of a
Weyl invariant fixed point, for example a free field theory. For such fixed points,
Weyl invariance is the only possible IR asymptotics of the RG flow [8/[12/{15][] The
perturbative arguments have been successfully extended to d = 6 [16], but attempts
to generalize the non-perturbative arguments have not been successful [17]. There

'If the IR fixed point contains an operator of dimension exactly equal to 2, an improvement of
the energy-momentum tensor is generally required to obtain 7" = 0.



is a much better understanding for d = 6 theories with supersymmetry [18]. For a
comprehensive review of the subject of scale versus conformal symmetry, see Ref. [19).

In this paper, we focus on the relation between conformal and Weyl invariance in
an arbitrary number of dimensions. This question is interesting because Weyl trans-
formations that are not conformal are commonly used in the literature, for example
the Weyl transformation from flat spacetime to the cylinder in d > 2 dimensions. In
this paper we will give a general non-perturbative argument that unitary conformally
invariant quantum field theories are also Weyl invariant. Our argument holds for the-
ories where the conformal generators are integrals of local currents and for spacetime
dimensions d < 10. Our argument starts with the fact that conformal invariance in
flat spacetime implies the vanishing of the trace of the energy-momentum operator 7'
in flat spacetime, with the contact terms between T and other operators generating
conformal transformations. We then show that this implies that 7" = 0 in curved
space by systematically classifying the possible corrections and imposing various al-
gebraic consistency conditions similar to the Wess-Zumino consistency conditions for
Weyl anomalies. The contact terms give the Weyl transformation of operators, and
we show that operators can be ‘covariantized’ to have standard Weyl transformations,
at least for operators of sufficiently low dimension and spin. It is straightforward to
systematically extend the arguments in this paper to higher spacetime dimensions
and more general operators at the price of additional algebraic complexity, but we do
not attempt it here.

We identify possible consistent ‘anomalous’ terms in the Weyl transformation of
operators, for example

000 = —Apo® + oW W, 00 A, (1.1)

where O is a primary scalar operator with dimension Ay, A is a primary scalar
operator (not the identity) with dimension Ag—4, and W, is the Weyl tensor. This
is consistent because WH**?°W,,,, transforms as a primary operator with dimension
4. The existence of an operator A with the required scaling dimension is non-generic,
and is allowed by unitarity constraints only for Ay > (d 4+ 6)/2. There are obvious
generalizations of this to tensor operators made using the Weyl tensor. We note
that these anomalous terms vanish for conformally flat metrics, the case that is most
commonly studied. It is an open question whether there are any consistent anomalous
terms in the Weyl transformation for conformally flat metrics.

The existing literature on the question considered here is not extensive. As already
mentioned, the question of whether conformal invariance implies Weyl invariance was
settled for d = 2 in Ref. [7]. Examples of non-unitary free field theories that are



conformally invariant but not Weyl invariant were discovered by mathematicians [20-
22| and have been recently discussed in the physics literature [23},24]. This work was
largely inspired by Ref. [23], which we found especially clear. Other work on aspects
of the relation between Weyl and conformal invariance includes Refs. [4}25-27].

This paper is organized as follows. In §2|we state the problem precisely in terms of
Ward identities for conformal and Weyl invariance, and give a more detailed outline of
the argument. In §3] we review some aspects of conformal invariance in flat spacetime
that we need for our argument. In §4 we give the main argument, showing that 7= 0
in a general curved spacetime, and hence the theory is Weyl invariant. The details
for 6 < d < 10 are given in an appendix. We also constrain the possible Weyl
transformations of operators in this section. In §5 we discuss the non-unitary free
field theories that are conformally invariant but not Weyl invariant, and use them to
illustrate some of the steps of the general argument. Our conclusions are given in §f]

2 Conformal and Weyl Ward Identities

Weyl invariance is defined for quantum field theories that can be coupled to a back-
ground metric g, in a diffeomorphism invariant Wayﬂ For such theories, Weyl trans-
formations are a local rescaling of the metric combined with a transformation of the
local operators. For primary scalar operators O, the transformation is

Weyl: g (z) — Qz(a:)gw,(m),
O(z) = Q20 (2)0(x), (2.2)

where Q(z) is an arbitrary non-vanishing function of spacetime, and Ag is the dimen-
sion the operator O. Throughout this paper we focus on correlation functions of O
for simplicity. Conformal transformations are special Weyl transformations such that
the transformed metric is diffeomorphic to the original metric:

Conformal: g, (x) — Q*(2)g,u(z) = 9 () (2.3)
O(x) — Q20 (2)0(x), (2.4)
where g, is diffeomorphic to g,

P ox? 0x°
guy(x) = wwgpﬂ(x)- (25)

2We expect that this holds in any theory that is sufficiently local in the UV. It is known to fail
in lattice models with sufficiently non-local interactions, such as the long-range Ising model |2§].



The condition that conformal transformations are equivalent to diffeomorphisms places
restrictions on the rescaling function Q(:L"), and a general metric will have no confor-
mal symmetries. We will consider conformally invariant theories in flat spacetime,
and we denote the flat spacetime metric by g, .

It is clear from these definitions that Weyl invariance in a general background
metric implies conformal invariance in flat spacetime, but it is not at all obvious
that the converse holds. For d > 2 dimensions, the Euclidean conformal group is
SO(d + 1,1), while the group of Weyl transformations is infinite-dimensional. For
d = 2 the conformal group is the infinite-dimensional Virasoro group, but the group
of Weyl transformations is still largerﬁ

Weyl transformations relate correlation functions in different background metrics:

Weyl: (O(z1) - - - O(25))02g,,

(2.6)
= Q780 (2) - Q720 (2,)(O(21) - - - O())

Juv*

On the other hand, conformal invariance in flat spacetime relates correlation functions
in the same metric:

Conformal: (O'(x1)--- O0'(xy))4,,

A A ~ A (2.7)
= Q720 (2y) -+ Q00 (2)(O(21) - - - On(@n)) gy
where O is the image of O under a diffeomorphism:
O'(2") = O(x). (2.8)

(Here we are neglecting possible conformal anomalies. These will be included in the
main argument below.)

We want to argue that Eq. (2.7) implies Eq. (2.6) for unitary quantum field theo-
ries. It is useful to work with the infinitesimal form of the Ward identities, which for
the Weyl Ward identity is

o(x)(T(z)O0(x1) - O(zn))g,, = Z 6%z — x){(O(x1) - - 6,0(a5) - - - O(rn))g,., (2.9)

where

5,0 = —AgcO (2.10)

3The Weyl factor in a d = 2 conformal theory is a holomorphic function, which implies that it
satisfies the diffeomorphism invariant constraint (02 = 0.



is the infinitesimal operator transformation and o(z) = In€)(z). Here T is the trace
of the energy-momentum tensor, defined in the standard way by differentiation of the
quantum effective action (generator of connected correlation functions) with respect
to the background metric:

) ) B )
89, () 0p(z1) dp(xy,

] West[Gyw» P]

p=0

) (‘%) (=Vala) -+ (=Vala)) (T (@)0(@1) -+ Olan)hy.

(2.11)

We will assume that the quantum effective action Weg[g,., p] is defined by a path
integral

o~ Wetlgusl _ / d[d] e~ (5120l 0) (2.12)

We do not assume that conformal symmetry is manifest at the level of the path
integral action .S, so our arguments apply to nontrivial conformal fixed points defined
by a UV action that is not conformally invariant, such as the critical point of the 3D
Ising model or the conformal window of QCD. Our use of the path integral is limited
to defining operators in terms of sources, and operator redefinitions and contact
terms that are most conveniently expressed in terms of a path integral action. These
manipulations can be re-expressed in operator language independently of the path
integral, but we will not make this explicit.

To prove Weyl invariance, we must therefore prove two statements: first, that 7" =
0 up to contact terms, and second, that the contact terms are given by Eq. 1}

We can now give a more detailed outline of our argument. We first show that
conformal invariance in flat spacetime implies 7" = 0 in flat spacetime, possibly after
improvement. This is a standard result that is reviewed in the following section.
In curved spacetime there may be additional contributions to 7' that depend on
the spacetime curvature. In 84| we analyze these contributions, and show that they
are associated with a symmetry of the effective action W.g that acts only on the
sources that are used to define operators. Algebraic closure of this symmetry and the
unitarity inequalities on operator dimensions imply that 7" = 0 in a general metric
for dimensions d < 10. The arguments can be straightforwardly extended to higher
dimensions at the price of additional algebraic complexity.

4We assume that the points z; are separated, so we do not have to consider contact terms between
the insertions of O.



Once we know that 7' = 0 up to contact terms in a general metric, we can interpret
the contact terms in correlation functions of the form (7’0 - - - O) as infinitesimal Weyl
transformations of the correlation function (O ---0O). These in turn are constrained
by the fact that Weyl transformations commute. Using this, we rule out additional
terms in the Weyl transformation law for operators of low dimension and spin, but
find consistent anomalous Weyl transformations in special cases, see Eq. .

3 Conformal Invariance in Flat Space

In this section we review the standard result that in any conformally invariant theory
we can define the energy-momentum tensor so that T = 0 in flat spacetime. We
assume that in flat spacetime the conformal generators P,, M,,,, D, and K, are Her-
mitian operators acting on the Hilbert space of the theory, and that these operators
are given by integrals of local currents{’

Q= [dx ). (3.1)

Here the integral is over the surface z°

= 7, and we are using Cartesian coordinates
for flat space.ﬂ The conservation condition d,J* = 0 ensures that the integral is

independent of 7. Assuming that the translation generators are given by

PH = / d? 1ty THO (3.2)
and using the Euclidean Heisenberg equations of motion for the generators
dq) 9Q
= = [P° — 3.3
L= [P.Q)+ 55 (33)

Wess [30] showed that the current that gives the conformal generators has the form
JH=ETH 4+ (0- K" +0,(0-&L"™. (3.4)
Here & is the infinitesimal spacetime conformal transformation parameter, given by

& =ak + Wt r” + At + 2(b - x)at — 27b (3.5)

°Free p-form gauge theories with d # 2(p+ 1) are examples of scale invariant local quantum field
theories where the dilatation generator is not the integral of a local current [9,)29]. These theories
are not conformally invariant. We are not aware of any conformally invariant local quantum field
theory in which the conformal generators are not the integrals of currents.

6The arguments in this section can be straightforwardly extended to general “time” surfaces in
arbitrary coordinate systems.



The local operators K* and L* have dimension d — 1 and d — 2 respectively. Note
that the antisymmetric part of L* does not contribute to 7', so we assume that L*”
is symmetric without loss of generality. Conservation of the current Eq. (3.4) then
implies

T =—0,K" (3.6)
K* = —8,L"".

In d = 2, the infinite-dimensional Virasoro symmetry additionally requires that L*”
be pure trace

Ly = 1L5,, (d=2). (3.8)

w3

The existence of the operator L* (or L in d = 2) implies that we can redefine the
energy-momentum tensor by adding the following ‘improvement’ terms to the action
in the path integral in curved spacetime:

AS = / d'z\/g[ERL + 'R, L], (3.9)

where L = L#,. In flat spacetime these terms do not affect the dynamics of the
theory, but they change the definition of the energy-momentum tensor defined by
functional differentiation with respect to the metric. For d = 2, the second term is
redundant, and we set ¢ = 0. The corrections to the energy-momentum tensor in
flat spacetime can be obtained from Eq. by expanding it to first order in metric
perturbations about flat spacetime, so the metric dependence of L*” does not affect
the correction to the energy-momentum tensor. We obtain

AT" = —[2(d — 1)¢ + €]0"0" L — 1(d — 2)¢' (9,0"L" + 0"9,L") + O(R). (3.10)

1
2

By choosing

(d > 3) (3.11)

or

1

=g @=2) (312
we obtain 7" = 0 in flat spacetime. In this way the vanishing of the trace of the
(improved) energy-momentum tensor in flat spacetime follows from conformal invari-

alce.



The above argument cannot be straightforwardly generalized to show that T'= 0
in a general background metric because such a metric generally has no conformal
symmetries, and these are a crucial ingredient in the argument. Note also that the
argument above does not assume unitarity of the conformal field theory. Unitarity
will however be an essential ingredient in our subsequent argument.

The operator relation T' = 0 is understood to hold up to contact terms, and as
discussed above, these contact terms give the transformation of operators under Weyl
and conformal transformations. In the present case, once we know that 7"= 0 up to
contact terms, we can write the conformal generators as integrals of moments of the
energy-momentum tensor, for example

K, = [d" "2 (8,,2% — 22,3,)T". (3.13)

These obey the conformal algebra as a consequence of the tracelessness condition
T = 0. Using the conformal algebra and the assumption that P, acts by translation
on the fields, one can then derive the standard transformation properties of local
operators under conformal transformations [31]. The conformal transformations of
operators will be an important input to the rest of our argument.

4 Weyl Invariance in Curved Space

We now consider the theory in a general curved background metric g,, and discuss
whether a quantum field theory that is conformally invariant in flat spacetime can be
shown to be Weyl invariant.

4.1 T =0 up to Contact Terms

As discussed in , the first step in proving the Weyl Ward identity Eq. is to
show that 7' = 0 in curved spacetime, up to contact terms. Because T'(x) is a local
operator that vanishes in flat spacetime, general covariance and locality require that
it is proportional to at least one power of the Riemann curvature tensor at x. One
possibility is that T" is proportional to powers of curvature tensors times the identity
operator, for example T" o< cR1 in d = 2. This represents anomalous breaking of
Weyl invariance, which will be discussed in the following subsection. For now we
will focus on possible contributions to 7' that are proportional to nontrivial local
operators, for example T" = RX, where R is the Ricci scalar, and X is a scalar
operator. If such terms are present, then under a Weyl transformation the variation
of the effective action W,g is non-local, and there is no sense in which Weyl invariance



is an approximate symmetry of the theory. Note that in order to have "= RX, the
operator X must have scaling dimension d — 2. Scalar operators with such special
scaling dimensions are not generic in interacting conformal field theories. Indeed,
we will see that at every stage in our argument, the obstruction to Weyl invariance
involves the existence of operators with special scaling dimensions. In a generic
interacting theory, we do not expect to have operators with these special dimensions.
However, our goal is to rule out these obstructions and obtain a completely general
result.

Let us consider the most general form for the operator correction to 7T'. The pos-
sible terms are limited by the unitarity constraints on the dimensions of operators.
We first check that operator corrections to 7' cannot involve non-scalar primary op-
erators, or their derivatives (descendant operators). The reason is that any operator
appearing in a curvature correction must have dimension at most d —2. The unitarity
constraints [32,33] exclude almost all higher spin primary operators with dimension
< d — 2. The only exception is an antisymmetric 2-index tensor allowed for d > 4,
which saturates the unitarity bound for A = d — 2, but Lorentz invariance forbids
any correction to 7" in terms of such an operator. Of course, descendants of higher-
spin primary operators have even larger dimension, and are therefore also excluded.
We conclude that in unitary theories the corrections to 7T are proportional to scalar
primary operators or their descendants. We can organize the possible terms in an
expansion in powers of covariant derivatives, where R,,,, = O(V?):

T =RX
+ ROY; + RV, V,Ys + V¥RV Y3 + ORY)
+ R*Y5 4+ R*™ R, Ys + R Ryupe Yz
+ O(V9).

(4.1)

Here we used V*R,,, = :V, R to simplify the O(V*) terms. The operators X and Y;
in Eq. are defined to be primary. The operators Y; need not all be independent;
linear relations among them do not affect the argument below. The unitarity bound
on primary scalar operators is (d —2)/2, so the operator X is allowed by unitarity for
d > 2, and the operators Y; are allowed for d > 6. In general, we see that additional
operators and higher powers of derivatives are allowed for larger values of d.

Let us consider the case d < 6, in which case unitarity only allows T" = RX.
For d = 2, this possibility can be excluded using the conservation of the energy-
momentum tensor [7]. We give a general argument that does not depend on the
special properties of d = 2. The idea is that the operator relation 7' = RX reflects
the existence of a nontrivial symmetry of the effective action Weg. The operators



T and X are both defined by differentiation with respect to sources, and the fact
that this relation holds as an operator statement tells us that these sources are not
independent. In other words, there is a redundancy in how the effective action Wg
depends on these sources, which means that there is a symmetry that acts only on
the sources. We call this symmetry ‘Weyl redundancy.” Symmetry transformations
of this kind may be unfamiliar, so we illustrate them in various free field examples in

below.

To define the operator X, we add a source term to the action
AS = [d%\/gpxX. (4.2)

Then Eq. (4.1)) implies that the quantum effective action Weg is invariant under
(Sag;u/ = 2Jguua 5UPX =oR, (43)

where o is a general function of . Invariance under this transformation is what is
required to reproduce T' = RX, even though the source term Eq. by itself is
not invariant. Invariance of the effective action under Eq. is therefore a very
strong condition, and in fact can be easily ruled out. The idea is that if Eq. is a
symmetry of the effective action, then the commutator of two such transformations
is also a symmetry. Computing the commutators gives

(0015 00y = 0, (0015 00y ) px = 2(d — 1) (01009 — 0o000y). (4.4)

For general o; and o, the function o;lJoy — o9l]oy is an arbitrary function of x.
Eq. therefore implies that Weg is invariant under px — px+9px for an arbitrary
function dpx, with all other sources held fixed. This in turn means that Weg is
independent of px, i.e. the operator X is trivial, proving that T"= 0 after all.

Note that the existence of the operator X with dimension d — 2 also allows us to
add an ‘improvement’ term to the action

AS = / d'z/gERX. (4.5)
However, this modifies T" in flat spacetime as well as curved spacetime
AT = ¢[-2(d — 1)OX + (d — 2)RX], (4.6)

and therefore plays no role in our argument. A famous example of a conformal field
theory with a primary operator X with dimension d — 2 is free scalar field theory with

X = %¢2 An improvement term of the form Eq. 1' is required to make 7' = 0 in

10



flat spacetime, and then one finds that 7" = 0 in an arbitrary curved background. In
below this standard result is rederived using the language of Weyl redundancy.

Let us now extend this argument to d > 6. The case d = 6 is special because the
operators Y; in Eq. saturate the unitarity bound for scalar operators, and are
therefore free scalar fields. This means that each such operator generates a decoupled
free scalar subsector of the conformal field theory. Each decoupled subsector has
a separate conserved energy-momentum tensor, and for each one we can use the
arguments above. The free fields Y; cannot appear in the energy-momentum tensor
for the interacting subsectors of the theory, so we conclude that T' = 0 for interacting
conformal field theories in d = 6. Of course the free scalar subsectors are Weyl
invariant with suitable improvement of the energy-momentum tensor.

For d > 6 the argument becomes more complex. There are more operators to
consider (see Eq. ), some of which can be improved away. The generalization
of the symmetry Eq. involves more operators and sources, and the condition
that [0y, 0,,] is & symmetry is not immediately sufficient to eliminate all possible
corrections to T'. Nonetheless, we can use the fact that the metric can be chosen
arbitrarily to argue that all the corrections to T vanish, at least for d < 10. The
details of this argument are given in the appendix. We will not attempt to extend
this argument to higher values of d. This is purely a matter of algebra, and is of
limited interest since we do not expect to have interacting conformal field theories for
such high dimensions in any case.

4.2 Weyl Anomalies

For even d, we can also have curvature-dependent contributions to 7' that are pro-
portional to the identity operator 1. For example, in d = 4 the most general form
allowed by scale invariance and diffeomorphism invariance is

T = (a1R* + &;R" Ry, + c3R*"" Ry pe + caOR) 1. (4.7)

Because T is the response of the theory to a Weyl transformation dg,, = 20g,.,
Eq. (4.7)) is equivalent to a local change in the effective action:

Weg = — / d*z\/go(ca1R* + caR™ Ry + c3R™P R py + csOR) (4.8)
If Weyl invariance is broken only by a local dW.g, we say that the symmetry has a

Weyl anomaly [34-36]. Despite the anomaly, the Weyl Ward identities still hold in
a modified form, and Weyl invariance can in many ways still be regarded as a good

11



symmetry. Weyl anomalies are necessarily present in even dimensions, for example
they are nonzero even in free field theories.

The correction to T' above can be further constrained by imposing the Wess-
Zumino consistency conditions [37-39]. We review it below to highlight the similari-
ties with the arguments above. The first step is to note that we can cancel the term
proportional to [JR by adding a local ‘improvement’ term to the effective action

AW, = —% d*z\/q R?. (4.9)

The OJR term in Eq. can therefore be improved away, and does not represent a
genuine anomaly. The next step is to impose the constraint that Weyl transformations
commute, and therefore this must be reflected in 6W,g. To state the result, we change
the basis of allowed curvature invariants in Eq. to

Weg = — /d% ga(aE4 +bR? + CW“”""WWW), (4.10)
where Fj is the 4-dimensional Euler density. One then finds
(00 s Oy |Wesg = —24b /d4x\/§(01D02 — 09001 R, (4.11)

so we must have b = 0, while the terms proportional to ¢ and a in Eq. (4.10) are
allowed. We see that the arguments of the previous subsection are closely related to
those used to determine the most general form of the Weyl anomaly.

4.3  Contact Terms and Weyl Transformations of Operators

The arguments up to now show that (at least for d < 10) 7' = 0 in an arbitrary curved
background metric, but only up to contact terms. As explained in the introduction,
the contact terms in the Weyl Ward identity Eq. define the transformation of lo-
cal operators under Weyl transformations. In this sense, we have already established
Weyl invariance of the theory, but we have not shown that operators transform in the
canonical way. In this section we analyze the structure of the contact terms, and show
that the possible Weyl transformations are highly constrained. We are able to show
that they have the canonical form except for a few ‘anomalous’ transformation laws
that we are not able to exclude. The main constraint comes from the fact that pri-
mary operators transform canonically under conformal transformations in flat space.
These transformations can be viewed as a special class of Weyl transformations. Fur-
ther algebraic consistency constraints come from the fact that Weyl transformations
commute.

12



We now give some more detail about the connection between contact terms and
Weyl transformation of operators. The most general contact terms in correlation
functions with a single insertion of 1" have the form

o(@)(T(2)O0(y1) - - O(n)) gy

= Z 54z — y){(O(y1) - 3 0(y:) - - O(Yn)) gy - (4.12)

This equation defines the local operator 6,0, which depends linearly on o. We con-
sider the case where the y; in Eq. are separated points, so there are no contact
terms between the O’s. Because inserting 7" is the response to a Weyl transformation,
this equation shows that the theory is Weyl invariant, with O transforming under a
Weyl transformations as O — O + 5JO.|Z| This is the sense in which we have already
proven Weyl invariance, but note that we have not proven that the Weyl transforma-
tion of O is given by the standard formula 0,0 = —Apc0O.

In Eq. , we allow 0,0 to depend on derivatives of o. That is, we allow terms
such as 0,0 = OoB + - - -, and we cannot cancel the o dependence on both sides of
Eq. . The reason we must allow such terms because operators such as O and T’
are really distributions, and only smeared operators such as

Tlo] = [d*z\/g(z)o(2)T(x) (4.13)
are well-defined. Specifically, a Weyl transformation is given by

06 (O(y1) -+ Oyn)) g = (T10]O(1) -+ - O(yn)) g
= (0(y1) -~ 3:0(4i) -~ - O(yn)) gy - (4.14)

We will need to extend the connection between insertions of 7" and the response to
Weyl transformations beyond the linear order in o. It is then convenient to redefine
T to be the response to a Weyl transformation. That is, we define

5 .. 5 5 ... 5
do(a1)  bo(em) dp()  p(yn ‘

= (=v/g@0) -+ (= Volem) (Vo) -+ (= Vo)

X (T(@1) - T(@m)O(yr) - O(yn))-

0
0

) Weﬂ[€2agum p]

(4.15)

"The connection between insertions of 7" and Weyl transformations is slightly more subtle at
higher orders in o, and will be discussed below.
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This agrees with the previous definition Eq. for correlation functions where all
the points z; and y; are separated. That is, it differs from the previous definition
only by contact terms, so it does not affect the previous discussion. For example, at
quadratic order in ¢ we now have

(O(y1) - O(Yn))eog,, = (O(y1) -+ - O(Yn)) g,
—l—Z(O(yl)~'-5go(yi)~~'0(yn)>gw

+Z<O(y1)---500(%)---5aO(yj)---O(yn>>gw (4.16)

+ Z<O(y1) 0:0,0(i) - O(Un)) gy

i=1

+0(0?),
where 0,0,0 is the contact term between 7" and 0,0O. This tells us that 6,0 fixes the
Weyl variation of the operator O to all orders in o.

To proceed further, we use the conformal Ward identity Eq. in flat spacetime.
Because a conformal transformation is the combination of a Weyl transformation and
diffeomorphism, subtracting the diffeomorphism contribution from the infinitesimal
form of the Ward identity gives an equation that is very similar to Eq. :

o(2)(T(2)0(x1) - - - O(n))g,.,

. 4.17
= 3% — ) (O) - [~Aob(@)Ow)] - Oy, + T
The difference between this and the Weyl Ward identity is that this equation holds
only for a flat background metric g, and for a restricted class of Weyl parameters

G(x) = A+b-z, (4.18)

where X is the parameter for dilatations, b, is the parameter for special conformal
transformations, and x* are the standard Cartesian coordinates for flat Euclidean
space. We see that we must have 6,0 — —ApcO in the limit of flat spacetime and
o — ¢. We can then expand 0,0 in a complete set of local operator expressions linear
in o that satisfy this condition.

To illustrate this, we consider the case where O is a relevant operator in d < 6, in
other words Ay < d < 6. In that case, the most general non-anomalous variation we
can have is

0,0 = —ApgocO +0cRA+ UoB. (4.19)
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For example, a term of the form V,oV* violates unitarity for a primary vector op-
erator V*#, while a term of the form V,o0V#C does not have the correct conformal
transformation in the flat space limit. If we were to allow operators O with large
scaling dimension, there would in general be many additional terms in Eq. .
Again, we note the appearance of operators with special dimensions, in this case
A, Ap = Ap—2. These operators are allowed by unitarity bounds for Ay > (d+2)/2.
We have neglected terms proportional to the identity operator, which occur only for
special values of Ay. These are anomaly terms, and will be discussed below.

The unitarity bounds imply that A and B in Eq. (4.19)) are conformal primary
operators (rather than descendants), and for d < 6 do not allow any corrections to
their transformation law analogous to Eq. (4.19)), so we have

S, A= —(Ag—2)0A,  6,B=—(Ay—2)oB. (4.20)

We can make a redefinition of the operator O by

1
O=0+_-——RB. 4.21
METrY (421)
The new operator transforms as
0,0" = —ApcO' + oRA, (4.22)

so we do not have to consider the Oo term in Eq. (4.19).

Now the idea is that Weyl transformations commute, and so we must have
(00,5 00,]O0" = 0. (4.23)
Working out the commutator gives
(0015 00,]O" = —2(d — 1)(02007 — 01003) A. (4.24)

Now o050y — 010y is an arbitrary function, so the operator A must be trivial. In
this way, we have established that the operator O’ has a standard transformation
under infinitesimal Weyl transformations. We can regard the redefinition Eq.
as a ‘covariantization’ of the operator O for Weyl transformations.

For larger values of Ay there are consistent generalizations of the canonical trans-
formation law, for example

5,0 = —Ng0 O + WP W, A, (4.25)
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where A is a primary scalar operator with A, = Ao — 4. This is allowed by unitarity
for Ag > (d + 6)/2. This is consistent because W*"*°W,,,, has Weyl weight 4,
and it cannot be eliminated by redefining O. This may therefore be viewed as an
anomalous Weyl transformation for the operator O. For d = 3, the Weyl tensor
vanishes identically, but the Cotton tensor

C,w/p = vp(R;w - %gul/R) - (V < p) (426)

is Weyl invariant. We can therefore have anomalous operator transformations of the
form

000 = =Apc0 4+ ocC*?C A, (4.27)

where Ay = Ay — 6. Conformally flat metrics are characterized by the vanishing of
the Weyl tensor in d > 3, and the vanishing of the Cotton tensor in d = 3, so these
anomalies are absent in the conformally flat caseﬁ (In d = 2, all metrics are locally
conformally flat.)

If Apg =2,4,6,... we can have additional contributions to the transformation law
proportional to the identity operator. For example, for an operator of dimension 2
we must consider

0,09 = —2005 + (10 R + ¢o[o) 1. (4.28)

We can redefine the operator

0), = 0y + ﬁCgRﬂ (4.29)
so that
0505 = =200, + c;oR1. (4.30)
This gives
(0015 00, ]O4 o €1 (01D02 — O'QDO'I):”_, (4.31)

8 A possible way to exclude Eqgs. and is to use special metrics that are not conformally
flat, but have nontrivial conformal isometries. That is, the conformal Killing equation V,&, +
V.&, = 209, has solutions with o # 0. For each conformal Killing vector, we can define conformal
generators acting on fields using 7", as in flat spacetime. If we can argue that these conformal
transformations act on fields in the standard way, we can exclude Egs. and . We believe
this may be a promising direction to explore.
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and therefore does not satisfy Weyl commutativity unless ¢; = 0.

For an operator of dimension 4, we can have the terms

(5004 = —40’04 +o (01R2 + CQR‘LWR#V + CgWW}poWHVPU + C4|:|R) 1

+ (sV,oVFR + o R + ¢V, V,0 R" + ¢s(P0) 1. (432)
We again can make a redefinition of the operator
O} = 04+ (@ R* + aaR" Ry, + azW"* "W, e + as0OR) 1 (4.33)
to eliminate the c¢g, c7, cg terms in Eq. :
6,0} = =400} + 0 (1 R? + caR™ R,y + cs WP Wy + ca0R) 1 (434)
+ ¢V, 0V*R1,
where
Gy = c5 + %cg. (4.35)

Commutativity of Weyl transformations then gives

0= [5017 502](921
= [2(d — 1)eson [P0y — 2(d — 1) V.00, V¥os — (1 <3 2)] 1+ O(R).  (4.36)

Requiring Weyl commutativity in flat spacetime therefore implies that ¢4, ¢f = 0. The
curvature corrections then imply

0= [4<d — 1)C1 + 202] RO’1|:|O'2 + 2(d - 2)C2R“VO'1V“V,/O'2 — (1 — 2) (437)

This must vanish for any oy, 05 in an arbitrary spacetime, which gives ¢y, co = 0. We
find that the only possible anomaly has the form

6604 = =400, + c3oW?2 1 (4.38)

pvpo

Such terms can be eliminated by the following argument. The operator Q4 can have
a non-vanishing 1-point function, which by locality and general covariance must take
the form

(04(2))g,, = aR?*(r) + ﬁwa(x) + W2, (z), (4.39)

pvpo

for some coefficients «, 3, . The infinitesimal form of the Weyl Ward identity Eq. (4.14))
then tells us that

(O4)azg,, — (O4)g., = (0504)g,, (4.40)
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or

s [aR? + BR., + W2, | = —4o[aR® + BR., + AW}, ] + caoWD,,,.  (4.41)
It is easily checked that this has no solution for a general metric unless c3 = 0.

Note that this argument uses the fact that the identity operator necessarily has a
non-vanishing 1-point function, and cannot be used to rule out the anomalous trans-

formations Eqs. (4.25) and (4.27)) for A # 1.

These arguments can be extended to higher dimension operators, operators with
spin, and higher spacetime dimensions, but it gets rapidly tedious. To obtain a com-
plete proof, one would try to proceed by induction starting with the lowest dimensions
and spins. We will not attempt this here. We have at least explicitly established that
the Weyl transformation of relevant scalar operators for d < 6 is the standard one.

5 Examples

In this section we consider the free field theories of Refs. [21,23], which can be used to
illustrate various aspects of the general arguments above. These theories are defined
by the action

S = (—1)F* /ddx 910 (5.1)
for k =1,2,.... The scalar field ¢ has dimension
d— 2k
Bp=—5—, (5.2)

so these theories are non-unitary for & > 1. Ref. [23] showed that this theory is
conformally invariant for all £ and d in the sense that 7' = 0,0, L*" in flat spacetime.
However, for special values of d and k the theory cannot be improved to be Weyl
invariant in curved spacetime:

k=2:d=2,
k=3:d=24, 5 3
k=4:d=2,4,6, (53)

In general, the theory cannot be coupled to gravity in a Weyl invariant way for all
values of k subject to the condition that d is even and d < 2k. For these special
theories the improvement terms required to obtain 7" = 0 in curved spacetime are
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divergent, so it is impossible to make the theory Weyl invariant with a finite energy-
momentum tensor.

All the special theories that are not Weyl invariant have Ay < 0, so these theories
violate the unitarity bounds very badly. For example, 2-point functions functions of ¢
grow with the separation. We do not expect such theories to be relevant for physical
statistical mechanics systems. In fact, as pointed out in Ref. |24], the correlation
functions of the theories with &k > 1 are not even scale invariant. For example, the
2-point function satisfies

O (¢(2)9(0)) = (), (5.4)
which implies
T p()6(0)) ox .
0" 2(¢p(2)$(0)) o In 22, (5.5)
O3 (é(x)p(0)) o< 2% In2? — 322,

etc. These logarithms represent genuine non-local breaking of scale invariance. For
example, for k = 2 we have (¢(z2)$(0)) o In2? and the effective action contains terms

War~ [dd'ypy(a)ps(u) nlle -y + -+ (5.6)

where p, is the source for ¢. Under a scale transformation, we get non-local terms

W [aadyps(@hpalu) +-+ (5.7)

The correlation functions of this theory are clearly not scale invariant in any mean-
ingful sense/

Although the k£ > 1 theories defined by Eq. are not scale invariant as quan-
tum theories, the action is conformally invariant. We can then ask whether the action
can also be made Weyl invariant by adding improvement terms. Under a Weyl trans-
formation, we transform both the metric and the fields ¢, and the condition for Weyl
invariance is

58
0= 50 (2) = —T(x) + Apo(z)E(2). (5.8)

9Ref. [24] defines a conformal theory algebraically using (¢(2)¢(0)) = (22)*~%2 and defining
correlation functions by Wick contraction. We cannot take this approach for our purposes, because
this theory has no local definition, and therefore cannot be coupled to a metric.
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where € = 05/d¢ is the equation of motion operator and A, is the Weyl weight of ¢.
On solutions to the classical equations of motion, the condition of Weyl invariance
is therefore equivalent to 7" = 0, just as for quantum theories. We can therefore use
the theories defined by Eq. as examples of conformal invariance without Weyl
invariance in the classical limit, and use them to illustrate some aspects of our general
argument.

5.1 Weyl Redundancy

In 84 we argue that operator corrections to T reflect the existence of a symmetry that
acts only on sources, which we call Weyl redundancy. Such a symmetry was ruled out
for unitary theories. We now show that this symmetry does exist in the non-unitary
theories defined by Eq. (b.1)), explaining how they evade our argument.

We start with the case k£ = 1, the usual free scalar. We write the action for this
theory as

S = [dx\/g 329" 0,00,¢ + im*¢* + LERG] (5.9)

where we have included an arbitrary improvement term as well as a mass term. We
consider g,,, Z, m?, and ¢ as spacetime dependent background sources, although we
are interested in the theory with Z = 1, m? = 0. With these source terms, the action
is invariant under the symmetry transformation

O = 20w,
02 =—(d—2)oZ,

om? = —dom?® + 2(d — 1)¢0o, (5.10)
0§ = —(d = 2)at,
d¢ = 0.

Note that the fields do not transform in Eq. ((5.10)), so this is a redundancy among
the sources. The second term in the transformation of m? comes from the fact that
OR D —2(d — 1)0o. This symmetry implies the operator relation

_ 9% =2 g 2 d=2 50
0= =-T——5=(00)" +(d—1)¢0¢ 5RO (5.11)

m2

Using the equation of motion (¢ = £ R¢ gives (0¢)? = L10¢? — ¢ R¢?, which implies

— 2

1
0

T = [—% + (d — 1)¢| O (5.12)
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This vanishes with the choice ¢ = %. Note that the terms involving R have
canceled, reflecting the fact that the same improvement can make T'= 0 both in flat
and curved spacetime. This illustrates Weyl redundancy, and shows how it can be

used to compute T

A less trivial example is the £ = 2 theory. The presence of higher derivatives in
the action means that the action depends on the gravitational connection, and we do
not obtain a simple scaling symmetry of the form Eq. . We can however make
such a symmetry again manifest by rewriting the action in terms of an auxiliary field
F so that it contains only first derivatives of fields:

S = /ddx\/g [1F? — FO¢). (5.13)

The equation of motion for F'is F' = ¢, and substituting this back into the action
gives the original action Eq. (5.1). We can now integrate by parts in Eq. (5.13) to

write

S = / d'z\/g[AZF* + Z'¢"0,FD,9]. (5.14)
This action is invariant under
OGu = 209,
07 = —doZ, (5.15)

607 = —(d—2)oZ'
with d¢, 6 F = 0. This symmetry implies the operator relation

0= ‘;—i =-T- g(mqs)? — (d — 2)0p0(09). (5.16)

Using the equation of motion [12¢ = 0, we have

C(606) = (T6)? + 2060(0), (5.17)
2 (2) = 2(06)* + 8960(06) + 4(2,0,6)", (5.18)
DD (60,0,6) = 2060(06) + (9,00 (5.19)

which we can use to write Eq. ((5.16)) as
d
T = 8,0, (2¢aﬂa”¢ — " (99)” §n“”¢m¢> (5.20)
in agreement with Eq. (3.6]). Already we can see that this theory cannot be improved

to be invariant under the full Virasoro algebra in d = 2. Note also that in both
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of these examples, the symmetry is Abelian ([d,,,ds,] = 0), so the existence of the

symmetry in these cases does not contradict the argument above.

We can extend these results to include improvement terms to our action as well

as additional source terms:
S = / d'z\/g[AZF* + Z'¢"'V ,FV ¢ + 2m*¢* + 1"V 0V ¢

+ 1 RV, 0V ) + c0RG? + c3R*™'V .6V ¢
+ C4R2¢2 + C5RZV¢2 + C6W3upo¢2} .

This action is invariant under the more complicated transformation

09w = 20 Gy,
0/ = —doZ,
602" = —(d—2)oZ,
ém? = —dom? + 4(d — 1)e3V*o — 2(d — 4)cp000R — 2(d — 6)c,V, 0 V# R
+4(d - 2)es R"'V Vo + 4 e+ 2(d — 1)y + ¢5) ROo
—2(d — ) oy R? — 2(d — Y)ocs RS, — 2(d — H)ocgWE,
Ok = —(d—4)ok, +2(d — 2)esV, Vo +2[2(d — 1)y + ¢3] g, 00
—2(d —4)cgoR,, — 2(d — 4)cro9,u R.

The choice
—2d — (d — 4)(d — 2)
O T d-D{d-2)
_ (d—4)
2T 8d-1)
2
T2

guarantees that T'= 0 in flat space, and gives

T — {_ EZ : ;lg +2(d — 2)05] V.V, (G"¢?)

+ {é?ld__élf) +4(d — 1)eq + dc5] V2(R¢?)

(5.21)

(5.22)

(5.23)

(5.24)

in curved space once we use the improved equations of motion. We see that in this

example we can choose ¢4 and c¢5 so that T" = 0 in curved space as long as d # 2. This
confirms the results of Refs. [21}123] for the k = 2 theories, which are Weyl invariant

unless d = 2. It also illustrates the utility of Weyl redundancy in calculations.
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6 Conclusions

We have given a general argument that conformal invariance in flat spacetime implies
Weyl invariance in curved spacetime in local unitary quantum field theories. Confor-
mal transformations are the subgroup of Weyl transformations that leave the metric
invariant (up to a diffeomorphism), so a failure of Weyl invariance arises from cor-
rections that are non-vanishing for curved backgrounds and/or general scale factors.
Such corrections are constrained by algebraic consistency conditions similar to the
Wess-Zumino consistency conditions for anomalies. We have a complete argument
for Weyl invariance up to spacetime dimension d < 10, and an argument for the
standard Weyl transformation of local operators only for operators of low dimension
and spin. There are possible ‘anomalous’ Weyl transformations that cannot be ruled
out by algebraic consistency relations, with additional terms proportional to powers

of the Weyl tensor (for d > 4) (see Eq. (|1.1])) or the Cotton tensor (d = 3).

It is only a matter of algebra to extend these arguments to higher spacetime
dimensions, and to operators with larger dimension and spin. Extending to d > 10
is not of great interest, since we do not expect to find any interacting fixed points
in such high dimensions. The most important question left open by this work is to
understand the Weyl transformations of operators with higher dimension and spin.
We have found some anomalous transformations that vanish in the conformally flat
case (see Egs. and ([4.27)). One interesting open question would be to show that
there are no consistent operator transformation anomalies in the conformally flat case.
It would also be very interesting if one could rule out the anomalous transformations
in the non-conformally flat case. We leave these questions for future work.
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Appendix: T'=0 in Curved Spacetime for 6 < d < 10

In this appendix, we extend the argument in to 6 < d < 10. In this case, there
are no V% terms in Eq. because they are forbidden by unitarity (for d < 10) or
are decoupled free fields (for d = 10). The existence of the operators X and Y; then
allows the improvement terms

AS = / A% /g |§RX + E ROV, + &R + R Ry Yo + G R RyupoVr, |, (A1)

where Y; are linear combinations of the Y;. Other terms involving covariant derivatives
can be eliminated by integration by parts and the identity V, R = %V”R. When we
compute the contribution to the energy-momentum tensor from Eq. , we need to
know the metric dependence of the operators X and Y;. In fact, because we are only
interested in the trace T', it is sufficient to know the transformation of X and Y under
a Weyl transformation. This question is discussed in detail in so we only quote
the results here. Unitarity bounds and the limit of conformal transformations in flat
spacetime imply that under an infinitesimal Weyl transformation ég,, = 20g,,, the
most general form for the transformation of X is

0o X = —(d—2)cX + ocRY' +0OcY"”, (A.2)

where Y’ Y"” are primary operators of dimension d — 4. Imposing commutativity of
Weyl transformations, and making operator redefinitions, one obtains the standard
transformation law 6,X = —(d—2)oX (see the discussion below Eq. (4.19)). Similar
arguments hold for the operators Y;, and we conclude that we can compute the trace
of the energy-momentum tensor from Eq. assuming that the operators do not
depend on the metric.

The terms in Eq. (A.1]) that are linear in the curvature will give a correction to T
in flat spacetime:

AT = —2(d — 1)(0X + &%) + O(R). (A.3)

The condition that T' = 0 in flat spacetime therefore requires &, £; = 0. The remaining
terms in Eq. (A.1)) can be used to eliminate the terms in 7' that are quadratic in
curvature, and we can simplify 7" to

T = RX + ROY, + RV ,V, Y, + V¥RV Y3 + TORY}. (A.4)

This operator relation implies the following Weyl redundancy symmetry for the
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sources for X and Y;:
09w = 209w,
dpx = oR,
dpy, = cUR +2V*oV R + ROo,
dpy, = %UDR +VtoV, R+ R"V ,V,0,
dpy, = —cUOR — V"oV R,
dpy, = oUJR.

(A.5)

The commutator of two such symmetries must be a symmetry, which implies that the
effective action must be invariant under the transformation

[5017 502]9#1/ - 07
[6017 602]10)( = 2<d - 1)vlufl“
Sors0nalpys = 2(d — YOV f, — 2RV f, — (d + 2)V R/,

[ ]
A6
(0615 003 )Py, = (d — 1)OV*f, + RV*f, —4AR"'V . f, — %(d +2)V*Rf,, (4.6)
(061,005 pvy = —(d—1)OV*f, — (d — 1)h —2RV*f, + (d — 2)V'Rf,,
(061, 005]pvy = 2(d — 1)h + 2RV* f,, — (d — 6)V' R f,,,
where we define the functions
fli = O'1VMO'2 — O'QVMO'l, h = 0'1D20'2 — 0'2|j20'1. (A?)

We again have a symmetry that acts only on the sources px and py,, but there is not
sufficient freedom in choosing o1 and oy to make [0,,, d,,]p; independent and arbitrary
functions, for a fixed metric g, .

One possible approach is to consider higher commutators of the symmetry, which
gives additional symmetry transformations depending on more parameters. We will
instead give an argument that is based on the fact that Eq. holds for arbi-
trary background metrics. First let us consider the transformations Eq. in flat
spacetime. In that case, the action in the path integral transforms as

G 5)S = (= 1) [da [0 ,(X+ DY) 4RV - W)l (A
where we have integrated by parts and defined
S (A9)

The functions 0" f,, and h can be chosen independently, which implies the operator
relations

X+0OY =0 2V,-Y;=0. (A.10)
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Generically, this implies that we can eliminate X and Y}, so that we have Y7, Y5, Y3
as independent operators. If X = 0, the relation LY = 0 implies Y = 0 and we can
take Y7, Y5 as independent. We will consider the generic case where Y7, Y5, Y3 are all
present. In that case, the path integral action is invariant in flat spacetime, but in
curved spacetime has variation

(0015 00,]S = ddx\/ﬁ{RV“fM [—2Y1 +Y; — }/3}
— ARV, [, Y
+%(d+2)f”VHR [—2Y] —Yg—i-Yg]}. (A.11)
The action is now invariant in flat spacetime, but is not invariant in a general space-
time. For example, we can consider the case of a maximally symmetric spacetime,

i.e. Euclidean de Sitter or anti-de Sitter. In this case, we have R = constant and
R, = }igWR, so we have

1
(0515 00]S = —7 /ddx\/ERV“fu [2dY; — (d — 4)Ys + dY3). (A.12)
At least in a maximally symmetric space, we therefore have the operator identity
Y' =0, Y' =2dY; — (d—4)Ys + dYs. (A.13)

But now we can take the flat limit. All of the correlation functions of Y’ vanish
identically for all nonzero values of the curvature, so they must also vanish in flat
spacetime. We conclude that Y’ = 0 in flat spacetime. But unitarity bounds (for
d < 10) or decoupling (for d = 10) do not allow Y’ to be proportional to curvature
terms, so Y’ = 0 in a general background metric. We now have two independent
operators, Y and Y5 say, with

[00,,05,]S = é /ddx\/ﬁ{élvﬂf,, ("R — dR"™)Y, — 2(d + 2) f*V ,R(dY1 + Y3) }
(A.14)

It is clear that we can repeat the above argument by considering less symmetric
metrics, and conclude that Y7, Y5 = 0 for all d < 10.
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