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Abstract

The small package xConf, which works on top of on the abstract tensor algebra suite xTensor which belongs
to xAct [1], allows to perform Weyl rescalings of the metric and its associated curvature tensors, along
with other primary tensors. Weyl rescalings, often called losely conformal transformations, form an Abelian
group, and the package provides both a method to actively rescale expressions, or to express passively a
given tensor in terms of rescaled images of the tensors appearing in it. We summarize the properties of Weyl
rescalings and provide a few examples which are also distributed with the package.
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1. Weyl rescalings

TODO. say what we do for volume forms, determinants etc ?
1.1. Conformally related metrics

A Weyl rescaling is a mapping from one metric to a related metric. It is not a coordinate transformation
as we relate two different metrics. It is casually called a conformal transformation, although this is an
improper naming, as in e.g. appendix D of Wald’s book [2]. Here, we closely follow this reference, except
that we choose Greek letters «, 3, u, v, ... for the abstract indices. The conformal relation between two
metrics is

Ts(gur) = g, Ts(g") =529 (1)
where S is a scalar field on the manifold. In short hand notation we write Tgg instead of Tg(gu.). For
a given metric, there is a class of equivalence {g} of conformally related metrics. The lengths defined by
conformally related metrics differ, but angles are invariant, and the causal structure are identical as the
nature of vectors (spacelike, null, or timelike) is preserved.

It is common for any vector V# to build a related form by V,, = ¢,, V", and conversely from a form w,
we associate the tensor w” = g"”w,,, where g"” is the inverse metric, such that g,ag*" = guag™ " = oy 1If
we choose a metric for raising and lowering indices, then noting g, = 7s(g,.) and g* = Ts(g""), we find

" Gag, (2)

g—LW - Sg*_%ggw — S;iggw where g = guagV/3§aB = g—l,ua

g
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which shows that possible confusions can arise. It is thus advised to always write explicitely the metrics.
1.2. Transformation of Levi-Civita connection

We only consider Levi-Civita connections throughout, which are torsionless. As we work with several

metrics, we must specify with an upper index the metric to which they are associated. The Levi-Civita
Tsg Tsg g
connection V associated with Ts(gu) (V oTs(guw) = 0) is different from the Levi-Civita connection V
g
associated with g, (Vagu, = 0). They are related via

Tsg g Tsg g

AV “V” = VHV” +I[V ,V]ZaVa , (3)
Tsg g Tsg g

Vuw, = Vuw, —T[V,V]§ w,. (4)

From the respective metric compatibility conditions, we get that the Christoffel tensors' relating the con-

nections is
Tsg g g Tsg
L[V, V], =-TV, V], =2600,)In8 - gug* 05 In 5. (5)
Note that the Christoffel tensors only depend on the conformal class of equivalence {g} and on the rescaling

factor since gu,,go"@ is conformally invariant. This means that the correct objects are the
F[{g}v S}gy = 265261/) InS — guygaﬁaﬂ InS (6)

which we shall use herafter to emphasize that any metric in the class of equivalence can be used in (5). A
fundamental property related to the presence of In .S is

F[{g}75152]g1/ :F[{g}asl]zu +F[{g}as2]2u (7)
1.3. Group of Weyl rescalings

The Weyl rescalings of the metric form an Abelian group, which is the natural action of the group of
scalar functions on the manifold equipped with the multiplication. For a given metric, its aforemoentioned
class of equivalence associated to a metric is its orbit under the Weyl rescaling group action. It is obvious
that

-1
73'1 © 7752 (guy) = 73'2 © 7751 (gHV) = 73'152 (gHV) 9 7?9 (guV) = ﬂ/S(guv) . (8)
It is a priori not obvious that the group structure exists when considering conformal transformation on
other tensors, or composite expressions involving the Levi-Civita derivatives of tensors. In order to check
it is the case, we first need to explicit how a Weyl rescaling acts on products and sums of tensors, and on
covariant derivatives applied to tensors.
1.4. Rescaling of primary tensors
We ask the following rules for tensors
(VS 4 W) = To(VE ) + To (Wi 47) (9)

Ts (Vg Whiitr) = Ts(Va i TsWher) 1o

1As we rely on abstract indices exclucively and we specify the connection related by a Christoffel symbol, these are truely
tensors. Hence we adopt the point of view of [2], which is also the one of the abstract tensor manipulation in xTensor.



The primary tensors are those which can also be assigned a homogeneous transformation rule

ar...o (P:a) oy ...
Ts(V, 11”_[3;') = Svr Tﬁllnﬂqp ) (11)
The action of the Weyl rescaling on such tensors has properties similar to (8), hence it is the action of an
Abelian group.
The tensor weight depends on the positioning of indices. Since indices are lowered or raised by a metric,
then from the rule (10) we must have for a given primary tensor

wFFHED = D o (12)
Hence there exists wr such that
W = wr + (g - p). (13)

We decide to call the wg D the dressed weights of a tensor with p + ¢ indices, whereas the unique wr
is its naked weight. There are several ways to be dressed, but only one way to be naked. In practice, each
tensor has a natural positioning of indices and a natural weight for this positioning. Then the naked weight
wry is deduced from the previous relation. For instance for all metrics wl®? = 2, hence the naked weights

wgy = 0. Finally the conformal factors must all be weightless, that is for any rescaling factor S
wg =0. (14)
The total naked weight of a product of tensors is
WAgB = WA + WB. (15)

Furthemore the 0% tensor must be weightless since
ws = w((;l’l) = wgl’l) =0. (16)

In practice, the two previous relations imply that we can contract indices of a tensor without changing its
dressed weight.

The linearity of the conformal transformation with respect to a multiplicative weightless scalar function
is deduced from (10). However, even though we have the rule (9) for a sum of tensors, there is in general no
meaning for the weight of a sum of tensors where each term can have in general a different weight, hence
the group of Weyl rescaling is not a morphism on the algebra of tensors. Furthermore not all tensors are
primary tensors.

1.5. Weyl rescaling of covariant derivatives

The most notable non-primary tensors are the ones obtained by applying a covariant derivative on a
primary tensor, hence we must also specify a rule for the Weyl rescaling of such expressions. Covariant
derivatives transform non homogeneously (except on scalars) as

g 1. ng 1.
Ts(V,.V, 1..,[3;) =V . Ts(V, 1__ﬁqp)7 (17)
and in particular for weightless scalars (wg = 0) we must have

g Tsg
ITS(VMS) = VuSa (18)

which is compatible with the fact that all derivatives are equivalent to an ordinary derivative. In par-
ticular, from (6), and using that g,“,gaﬂ is a rescaling invariant, the Christoffels associated to conformal
transformations must be primary tensors, and their naked weights are

wr = —-1. (19)
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From (3) and (5), we see that the covariant derivative of a tensor is not a primary tensor. Nonetheless,
thanks to (7) and (19) we deduce that the action of the Weyl rescaling on such objects is also the action of
an Abelian group, hence as in (8).

An equivalent formulation which emphasizes that a conformal transformation is entirely determined by
the scale factor S is

Ts(V, V") = V,Ts(V") +Tl{g}, S Ts (V) (20)

Ts(Vuw,) = VuTs(w,)—Tl{g} 1% Ts(wa) (21)

with obvious generalization on more complicated tensors.

To sum it up, a covariant derivative does not transform homogeneously, and in a conformal transformation
Christoffel tensors appear. But these Christoffels, if we were to apply a subsequent conformal transformation,
transform homogeneously with the weight (19), ensuring that conformal transformations are the action of
an Abelian group when applied on covariant derivatives of primary tensors.

1.6. Weyl rescaling of curvature

The Riemann curvature tensor for Levi-Civita connections is defined from the covariant derivative, as

g g g g
(VaVg = VgVa)VF = —9R,5,M V" (22)

and we must deduce its transformation compatible with (10) and (17). We get that the transformation rule
of a Riemann tensor is defined to be the Riemann tensor of the transformed metric and connection, hence

%(gRaﬁpu) = TS(g)RaﬁpV . (23)

However it is not homogeneous and its explicit transformation is not straightforward. We first easily find

Ts("Ryg,") = “Rop,” = ~2¥.Tl{g). Sla + 20 {g}, Sl g} ST - (24)

It is then more painful to replace expressions (5) and we get

Ts(*Rop,’) = "Rop,” + Ulg, Slap,” (25)

afu

where the last tensor depends on the metric (and not just on its class of equivalence, an important difference
g

with Christoffels), through the derivative of the Christoffel which is V. It can be expressed as (see D.7 in

2])

g g g g
Ulg:Slag” = 200,VaVulnS —2¢"g, Vs Valn S (26)
g g g g g g9
+ 2(VieIn8)05V,uInS —2(Vig In 8)gg,9" Valn S — 29,4059 (Valn S) (Vs In S) .
It can be checked after a painful computation (that can be performed with xConf!) that

Ulg, S| 0 (27)

lafu] —

to maintain the first Bianchi identity. This tensor transforms non-homogeneously as
Ts: (U1, Silap”) = UlTsa(9). Stlug,” (28)

and the composition rule is

Ulg, S182]45," = Ulg, S2lag,” + UlTs:(9), Silag,” = Ulg, Silag,” + UlTs,(9), S2lag,” > (29)
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which is to be compared to the simpler (7). This is nonetheless what is expected from the composition of
two transformations as it ensures that

7792 o 7?91 (gRaB;LV) = 73152 (gRozﬁluy) = Ts152 (g)RaﬁuV : (30)

The transformation of the Ricci tensor follows from contraction of indices and is

%(gRa,u) = gRap, + U[g7S]aB#'8 (31)
where
Ulg, 5], " = —(n—2)VaV,ulnS — gung®™ VsV, In S
[g7 ]aﬂu (n ) a Vil Gaug gVy i

(= 2)(ValnS) (Vo 1nS) — (1 — 2)gang®™ (Vs 0 8)(V, In S). (32)

Finally, the Ricci scalar transforms as
Ts(“R) = Ts(*Rap)Ts(9™)
g g g g
S72I9R —2(n —1)g*PV,VsInS — (n —2)(n —1)g*#(V,In S)(VsIn S)| . (33)

2. Using xConf

2.1. Preferred conformal frame

Since all conformally related metrics belong to a class of equivalence, it is convenient to choose one
as a reference with respect to which the other ones are expressed. If we choose a metric g,, to be the
reference metric, also called reference frame, then for all tensors we also decide that they are associated to

this conformal frame, that is for all tensors
T =F,[T). (34)

A tensor in a different frame Tgg is just the result of the conformal transformation from the reference frame

g to the frame Tgg, that is
Frsg[T) = Ts (F4[T)) = Ts(T).- (35)

We also ask
‘FTSQQ[FTSIQ[T]] = FTS2Q[T] (36)

hence F does not act as a group. It is simply a function which selects the desired element in the class of
equivalence {T'} of the Weyl rescalings. We can move from one choice to another choice thanks to

’FQQ [T] = 7?512 (‘7:91 [T]) (37)
where g2 = Ts,,(91)-
The implementation in xConf is based on the idea that the first metric defined is the reference metric,

and all tensors are first defined in this conformal frame. We now review how the frame choice function F,
and the frame transformation function 7, are implemented.

2.2. Defining conformally related metrics

We first load the package, which itself loads xTensor.
In[1] := <<xAct ‘xConf ¢

(Version and copyright messages)



We then define the four-dimensional manifold M with abstract indices {«, 8, u, v, A\}:
Inf2] := DefManifold[ M, 4, {a, 5, p, v, A} 1;
and the ambient metric g of negative signature, along with its associated covariant derivative CD:
In/3] := DefMetricl -1, gl-«,-p1, CD, {";","V"}, PrintAs->"g" ];

So far this is not specific to xConf. We then use the first function provided in xConf, which is an
extension of the capabilities of DefMetric to define a metric conformally related to the previous one. The
scaling function name is chosen to to be S.

In[}] := DefConformalMetricl[g, S, PrintAs -> "G", ConformalMetricName -> "G",
G
Symbol0fCovD -> {":",V}1;

It is possible to customize the name of the conformally related metric and the color and the associate
frame. We know have two metrics as can be checked.

In[5] := $Metrics
Outf5] := {g, G}

The conformal relations between them are stored.
In[6] := ConformalRules[G, gl

ga[i

Outf6] := { G122 — goBS? | [GJe8 - £ [¢57] -+ §S®)

The last rule is the relation between the determinants of the metric. If several conformally related metrics
are defined, then all possible conformal relations between them are stored automatically.
Finally let us define a vector in order to perform simple examples.

In[7] := DefTensor[k[-al, M, PrintAs -> "k"]

We check that the default naked weight for this vector vanishes.
In[8] := ConformalWeight [k]
Out[8] := 0

2.3. A formal representation of the conformal transformation

We can consider this vector in the frames associated with g, or G/, thanks to the xTensor inert head
Conformalframe. That is Fy[ks| and Fglka] are respectively :
In[9] := ConformalFrame[g] [k[-a]]
Out[9] := 9[k,]
In[10] := ConformalFrame[G] [k[-a]]
Out[10] := S[k,]

Since a conformal frame is also viewed as the result of a Weyl rescaling from the reference frame, the effect
on sums and products (9) and (10) is also applied automatically, and when applied on a derivative in a
given frame, the relation (17) is also used.

In[11] := ConformalFrame [G] [CD[-A1@k[-c]]

Outf11] i= V5C[k]

In practice the option $FormatConformal = "Color" allows to visualize frames with colored brackets,
with each color associated to a metric of the class of equivalence.
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2.4. Passive transformations

To avoid any confusion, which relies on knowing which metric is used to lower and raise indices (which is
by default the first metric defined in xAct), it is healthy to always write the metrics instead of hiding them
in moved indices. This is achieved in xAct by the use of SeparateMetric and we use it to precondition
expressions. Let us first define a rule to use In(S) instead of S.

In[12] := DefTensor[LogS[], M, PrintAs -> "1n(S8)"];
In[18] := RuleLogS = {cd_?CovDQ[i_][S[]] :> S[] cd[i] [LogS[1]1};

The function ToMetric allows to express a given expression in terms of tensors conformally transformed
in a target frame, using (35). It is not the transformation of an expression, but rather expresses the same
quantity with different tensors, hence it can be viewed as a passive transformation.

Inf14] := SOICD[-p] [k[-5]]
Out[14] := SV, kg
In[15] := ToMetric[G] [%];

In[16] := Expand[(}% // NoScalar)/. RuleLogS]
e] e] e]
Out[16] := V,S[kg] — GpiG** (vA ln(S)) Glka] + <v5 ln(S)) Glk,

The function ToMetric uses (37) to relate tensors in different frames to the tensors in the target frame.
The transformation appearing in this relation is obtained explicitely with (11) for primary tensors, (5) for
changing covariant derivatives, and (25) for curvature tensors, after recursive usage of (9) and (10).

2.5. Active transformations

Active transformations correspond to the action of 75 implemented via the function ConformalTransformation.
The scale factor of the transformation is specified by setting a pair of metric (g, Tgg). This pair is given as
a first pair of arguments. For instance we obtain 7g(k,) and Tg(k") via

In[17] := ConformalTransformation([g, G][k[-all
Out[17] := kS
In[18] := ConformalTransformation(g, G][k[a]]

aﬁk
In[19] := ContractMetric[%]
. k%

Furthermore we can optionally specify that we want all tensors appearing in the result to be in a given
frame. This corresponds to the application of ToMetric to the result.

In[20] := ConformalTransformation[g, G, FinalFrame->G] [CD[-a] [k[-/511]

Out[20] := Vo C[ks]



Obviously, we recover that if we perform a conformal transformation from an initial frame to a target
frame on an expression where all tensors are expressed the initial frame, and ask to read the result with ten-
sors in the target frame, all quantities are only replaced with their Fiarget[.] versions, and the transformation
is a purely formal tautology which states that a transformed expression is the expression of the transformed
tensorial constituents.

Internally, the function ConformalTransformation[gl,g2] first calls ToMetric[gl], so that all tensors
appearing are expressed in the desired initial frame. It then applies the head ConformalFrame [g2] which
formally replaces all F;, by Fy, hence performing in an abstract manner the transformation via the rule (36).
Finally it calls ToMetric[gtarget] where the target frame, which is by default the initial frame, can be
specified with the option FinalFrame. Although ConformalTransformation is the most important function,
it is also has the shortest implementation.

3. Example
Let us show that the massless Klein-Gordon equation does not transform like a primary tensor.
Inf21] := DefTensor[¢[l, M1;
Inf22] := expr=CD[-al [CD[a] [¢[11];

By default the naked weight of the field is 0.
In[23] := ConformalWeight [$]

Out[23] := 0
Let us check the transformation rule of the Klein-Gordon equation.
In[24] := ConformalTransformationl[g, G] [expr]// NoScalar

28“PV SV B3V
Out[24] = Z8 5 39 + g S{; ¢

We notice that it is not an homogeneous transformation due to the first term. Now let us change the
conformal weight and add a coupling to curvature.

In[25] := ConformalWeight[¢] ~= -1;
In[26] := expr2=expr-1/6 ¢[] RicciScalarCDI[]
The result transforms like a primary tensor

In[27] := ConformalTransformation([g, G][expr2]// NoScalar

ap

More complicated examples are provided in a folder provided with xConf.
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