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Résumé

La grande précision des mesures du fond diffus cosmologique nécessitent de comprendre avec
finesse la physique sous-jacente afin d’en tirer des conclusions pertinentes sur la phase primordiale
de l’univers. Dans cette thèse nous étudions la théorie des perturbations non-linéaires dans le
cadre de la relativité générale. Notre but est de déterminer le transfert des perturbations de la
métrique ainsi que des perturbations du contenu matériel, entre la phase primordiale de l’univers
et les observations réalisées aujourd’hui. Nous nous plaçons tout d’abord dans l’approximation
fluide afin d’appréhender les comportements généraux attendus. Ensuite nous étudions la théorie
cinétique au second ordre, nécessaire pour obtenir le transfert radiatif non-linéaire, dans le but
de déterminer la non-gaussianité dans le fond diffus cosmologique. Nous étudions également
la théorie des perturbations linéaires autour d’espaces anisotropes. Nous élaborons la théorie
des perturbations invariantes de jauge autour d’un espace de Bianchi I, puis nous étudions les
signatures observationnelles d’une phase primordiale d’inflation possédant cette symétrie.
Mots Clés : Cosmologie, inflation, perturbations, anisotropie, CMB, non-gaussianité, Bianchi.
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Abstract

Non-linear dynamics and primordial anisotropy in cosmology

The high accuracy in the measurements of the cosmic microwave background requires to
understand in details the underlying physics in order to draw relevant conclusions for the pri-
mordial phase of the universe. In this thesis, we study the theory of non-linear perturbations in
the framework of general relativity. Our goal is to determine the transfer of the metric perturba-
tions together with the matter content perturbations, between the inflationary primordial phase
of the universe and the observations performed today. We first consider the fluid approximation
in order to extract the general leading behaviours. We then turn to the kinetic theory at second
order, which is necessary in order to obtain the non-linear transfer function for radiation, in order
to determine the non-Gaussianity in the cosmic microwave background. We also study the linear
perturbation theory around anisotropic universes. We set up the gauge invariant perturbation
theory around a Bianchi I space-time, and we study the observational signatures of a model of
inflation having this symmetry.
Key Words : Cosmology, inflation, perturbations, anisotropy, CMB, non-Gaussianity, Bianchi.
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Introduction

En 2003, alors que je terminais mon DEA, les résultats du satellite WMAP sur la mesure du
fond cosmologique ont fait passer la cosmologie dans une ère de grande précision, en complétant
significativement les résultats similaires du satellite COBE parus en 1992. Le modèle standard du
big-bang comporte certes encore beaucoup d’inconnues, notamment pour son contenu matériel
sombre, mais il devenait ainsi capable de quantifier précisément ce qu’il n’expliquait pas. Depuis
ce moment là, le modèle de l’inflation a également été admis et a été adjoint au modèle du
big-bang chaud pour former le modèle standard de la cosmologie. L’inflation permet d’expliquer
l’origine des fluctuations à partir desquelles les structures astrophysiques se sont formées par
effondrement gravitationnel. Cependant cette phase primordiale d’expansion accélérée se situe à
des échelles d’énergie inaccessibles en laboratoire, et constitue donc une fenêtre sur la physique
des très hautes énergies qui reste à découvrir. Sa description reste pour l’heure phénoménologique
et un grand nombre de modèles d’inflation ont été construits, avec pour la plupart une motivation
issue de la théorie des cordes. Les mesures les plus anciennes que nous pouvons obtenir de cette
époque sont à chercher soit dans le fond diffus cosmologique soit dans les ondes gravitationnelles
primordiales. Cependant l’univers ayant été opaque après l’inflation, le fond diffus cosmologique
ne constitue pas une fenêtre directe sur l’inflation et seule l’étude détaillée de la dynamique
des perturbations permet de remonter à la phase primordiale de l’univers. Quant aux ondes
gravitationnelles primordiales, en principe elles témoignent directement de l’inflation mais leur
détection directe reste encore un objectif à long terme.

L’étude de la dynamique des perturbations se fait généralement en perturbant linéairement
les équations d’Einstein autour d’un espace homogène et isotrope, dit espace de fond. Cette
théorie linéaire n’offre que très peu de prise pour différencier les modèles d’inflation. Les
équations d’Einstein étant intrinsèquement non-linéaires, des effets fins sont attendus lorsque
l’on prend en compte les perturbations au delà de l’ordre linéaire. Ceci peut notamment être
à l’origine d’effets non-gaussiens qui pourront éventuellement être détectés par le satellite
Planck, qui est la prochaine mission d’observation du fond diffus dont le lancement est prévu
en octobre 2008. Pour cela il faudra nécessairement comprendre tous les effets d’évolution afin
de contraindre la non-gaussianité héritée de l’inflation. La dynamique des perturbations de la
métrique, c’est-à-dire de l’espace temps, est donnée par les équations d’Einstein. La dynamique
du contenu matériel est soit envisagée dans l’approximation fluide, soit dans le cadre plus
précis de la théorie cinétique par l’équation de Boltzmann. Par ailleurs le fait de supposer que
l’espace est globalement isotrope pour dériver les équations d’évolution doit être testé si l’on
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souhaite que le modèle repose sur un minimum d’hypothèses. Comme on peut montrer que
cette isotropie décrôıt, cette interrogation concerne essentiellement la phase primordiale de
l’univers. Pour cela, il faut développer toutes les prédictions d’une éventuelle anisotropie afin
d’obtenir des prédictions génériques qui pourront être contraintes par les observations. Afin
d’étudier ces deux aspects, ma thèse s’est focalisée sur la théorie non-linéaire autour d’un es-
pace de fond homogène et isotrope ainsi que sur la théorie linéaire autour des espaces anisotropes.

Dans la première partie de cette thèse nous rappelons les résultats du modèle standard du
big-bang en le reformulant éventuellement d’une manière nouvelle dans le but de l’étendre. Le
premier chapitre rappelle les grandes lignes de la description de l’espace de fond en rappelant
les principaux résultats du big-bang chaud. Le second chapitre passe en revue la théorie des
perturbations linéaires dans un cadre simplifié. Nous étudions ainsi le cas idéal d’un mélange de
radiation et de matière noire froide afin d’étudier les propriétés essentielles des perturbations
de la métrique. Nous étudions ensuite dans l’approximation fluide la dynamique du mélange
couplé de baryons et de radiation. Nous y présentons également le formalisme 1 + 3 qui peut
être utilisé comme une formulation alternative pour étudier la dynamique des perturbations.
Dans le chapitre 3, nous exposons la physique du fond diffus cosmologique ainsi que la théorie
cinétique qui constitue une bien meilleure description que l’approximation fluide. Nous avons
essayé d’utiliser une formulation basée sur l’utilisation de tétrades afin de rendre plus trans-
parent la microphysique. Dans le chapitre 4 nous exposons le modèle standard de l’inflation
en insistant principalement sur le mécanisme de génération des fluctuations primordiales.
Nous présentons comment cette dérivation peut être transposée au formalisme 1 + 3. Ceci
a donné lieu à une publication en collaboration avec Jean-Philippe Uzan dans Physical Review D.

Dans la seconde partie nous étudions les perturbations jusqu’au second ordre. Dans le
chapitre 5, nous commençons d’abord par étudier la dépendance de jauge inhérente aux
perturbations. Nous rappelons d’abord comment s’en affranchir en construisant des variables
invariantes de jauge pour les quantités tensorielles, puis nous présentons comment cette
méthode peut être généralisée à la théorie cinétique. Ceci a fait l’objet d’une publication dans
Classical and Quantum Gravity. Nous exposons également comment les perturbations des
quantités tensorielles peuvent être déterminées informatiquement, et nous exposons les grandes
lignes du programme utilisé tout au long de cette thèse. Dans le chapitre 6 nous résumons
les équations du second ordre et nous donnons autant que possible les solutions analytiques.
Nous suivons pour cela la même démarche qu’au premier ordre en considérant d’abord les cas
simplifié d’un mélange de matière noire et de radiation dans l’approximation fluide. Puis nous
étudions la dynamique des baryons couplés à la radiation et enfin présentons partiellement
les résultats obtenus pour la théorie cinétique. Dans le chapitre 7 nous étudions certains
aspects de la dynamique non-linéaire pendant l’inflation concernant la génération d’ondes
gravitationnelles. Ceci a fait l’objet d’une publication en collaboration avec Bob Osano, Peter
Dunsby, Jean-Philippe Uzan et Chris Clarkson dans Journal of Cosmology and Astroparticle
Physics. Nous rappelons également les prédictions génériques du modèle d’inflation standard,
puis nous abordons les signatures observationnelles qui peuvent en être déduites sans prendre
en compte les effets d’évolution.

Dans la troisième partie nous étudions la théorie des perturbations dans les espaces aniso-
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tropes, plus précisément pour des espaces de Bianchi I. Dans le chapitre 8 nous exposons la
construction formelle des perturbations invariantes de jauge ainsi que les équations dynamiques
qu’elles satisfont. Ceci a donné lieu à une publication en collaboration avec Thiago Pereira et
Jean-Philippe Uzan dans Journal of Cosmology and Astroparticle Physics. Dans le chapitre 9
nous appliquons cette théorie à un modèle simple d’inflation afin d’en déterminer les signatures
observationnelles. Ceci permet également d’évaluer la robustesse du modèle standard de l’in-
flation isotrope. Ces résultats ont également été publiés avec les mêmes auteurs dans le même
journal.
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2.2.2 Ère de matière . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.2.3 Transition radiation-matière . . . . . . . . . . . . . . . . . . . . . . . . . . 21

xiii



2.2.4 Loi de conservation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
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Cadre Général

Sommaire
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1.1 Hypothèses

La cosmologie est le domaine de la physique consacré à l’étude de l’univers (observable) à
grande échelle, c’est-à-dire de sa structure et de son contenu matériel. Sa structure est décrite par
une variété différentielle quadridimensionnelle qui modélise l’espace-temps, et son contenu ma-
tériel est décrit par des champs vivant dans cette variété. La relation entre ces deux éléments de
la théorie est fournie par la relativité générale (RG). De plus, le principe de covariance implique
que l’interaction des champs matériels est donnée par la physique de la relativité restreinte.
Le fait que la relativité générale soit locale rend nécessaire une hypothèse supplémentaire (à
tester) sur la topologie de l’univers, au moins dans sa partie observable [Luminet et al. 03]. De
plus, la relativité générale n’a été validée expérimentalement qu’à des échelles bien inférieures
aux échelles cosmologiques, si bien que son utilisation aux échelles cosmologiques constitue une
extrapolation dont la validité doit être testée. Cette théorie est plus communément remise en
cause lorsqu’elle rentre en conflit avec la physique des particules, c’est-à-dire aux grandes éner-
gies. Ceci ne manque pas d’arriver lorsqu’on s’intéresse plus précisément aux origines de l’univers.
La cosmologie se résume donc principalement à la résolution des équations d’Einstein pour notre
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univers en tant que système physique. Cependant, les observations nécessaires pour réaliser cette
tâche souffrent de limitations qui la rendent impossible en pratique. D’une part, les observations
cosmologiques consistent le plus souvent en la mesure de rayonnement électromagnétique si bien
que l’on accède uniquement à une partie de notre cône de lumière passé. Une manière de s’af-
franchir de cette dégénerescence pourrait être d’observer le rayonnement après un ou plusieurs
changements de direction, par diffusion sur les nuages de poussière [Goodman 95]. Une autre
possibilité serait de tirer parti de notre évolution temporelle pour utiliser la superposition des
cônes de lumières aussi mince soit elle [Uzan et al. 07a]. La mise en oeuvre des deux tests reste
néanmoins improbable pour le moment. On introduit donc une hypothèse supplémentaire appe-
lée principe cosmologique, qui consiste à supposer que l’univers est homogène et isotrope à grande
échelle, ce qui implique que tous les points de l’univers sont équivalents, et permet de lever la
dégénerescence. Idéalement il faudra revenir sur cette hypothèse et la tester [Uzan et al. 07b].
Par ailleurs, d’un point de vue expérimental nous ne disposons que d’un seul univers, le nôtre, si
bien qu’il n’existe pas de reproductibilité de l’expérience 1. Etant donné que bien souvent nous
compensons la finitude de notre intelligence face à un problème complexe en développant des
théories statistiques, la cosmologie également est un domaine dans lequel les prédictions sont
statistiques. Cependant la théorie de l’inflation, qui permet d’expliquer l’origine des fluctuations
primordiales, est de nature intrinsèquement statistique ce qui justifie plus fondamentalement le
traitement statistique de l’évolution de l’univers.

1.2 L’univers homogène et isotrope

1.2.1 Métrique

Dans toute cette thèse nous utiliserons les unités pour lesquelles c = ~ = 1. La métrique
la plus générale compatible avec le principe cosmologique est de la forme (dite de Friedmann-
Lemâıtre)

ḡµν = −(dt)µ(dt)ν + a2(t)γij(x)(dxi)µ(dxj)ν , (1.1)

où a(t) est le facteur d’échelle, xi sont les coordonnées spatiales comobiles avec i = 1, 2, 3, t
est le temps cosmique et γij est la métrique des sections spatiales de temps constant qui doit
satisfaire les hypothèses d’homogénéité et d’isotropie. Les notations (dt)µ ,

(
dxi
)
µ

correspondent

aux formes associées aux coordonnées, les indices grecs allant de 0 à 4. On peut montrer [Wald 84]
que cette hypothèse contraint le tenseur de Riemann et les tenseurs associés correspondant à la
métrique γij à être de la forme

(3)Rijkl = Kγk[iγj]l ⇒ (3)Rij = 2Kγij ⇒ (3)R = 6K, (1.2)

où K est une constante caractérisant la courbure des sections spatiales de l’univers. Selon que K
est positif, nul, ou négatif, ces sections sont respectivement sphériques, euclidiennes, ou hyper-
boliques. Le temps t est parfois aussi appelé temps physique car il correspond au temps propre
d’un observateur de quadrivecteur vitesse (dt)µ, c’est-à-dire d’un observateur comobile puisque

1. C’est également le cas de la paléontologie ou de la géologie et celles ci peuvent être considérées comme une
cosmologie, au sens étymologique du terme, restreinte à la ligne d’univers de la Terre qui est une autre partie de
l’espace-temps accessible aux mesures. Néanmoins la recherche d’exoplanètes et l’exobiologie ouvrent ces domaines
à la reproductibilité de la mesure [Ellis 75, Bondi 61].
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les coordonnées spatiales xi d’un tel observateur sont constantes. Il peut souvent être pratique
d’introduire le temps conforme η défini par l’équation différentielle

adη = dt. (1.3)

La métrique (1.1) se récrit alors

ḡµν = a2(η)
[
−(dη)µ(dη)ν + γij(dx

i)µ(dxj)ν
]
. (1.4)

On constate alors que dans le cas où la métrique des sections spatiales est plate (K = 0), la
métrique spatiale en coordonnées cartésiennes s’écrit γij = δij si bien que ḡµν est conforme à
une métrique de Minkowski 2. Les géodésiques de type lumière sont alors paramétrées par

dη = nidx
i, (1.5)

où ni est un vecteur unitaire constant, et la structure causale est alors plus immédiate. Les ten-
seurs de Riemann et tenseurs d’Einstein associés à la métrique (1.4) sont donnés dans l’appendice
B.

1.2.2 Loi de Hubble et décalage vers le rouge

On peut lire sur la métrique (1.1) que les distances comobile x et physique r sur une section
spatiale de temps constant, déterminées respectivement par la métrique γij et la métrique hij =
a2γij , sont reliées par

r = a(t)x. (1.6)

Les sections spatiales étant paramétrées par le temps cosmique t qui est aussi le temps propre
des observateurs comobiles, on en déduit la vitesse d’étirement des distances telles que mesurée
par ces observateurs

ṙ = Hr + a(t)ẋ , (1.7)

où un point signifie une dérivée par rapport à t et où H ≡ ȧ/a est le paramètre de Hubble.
Pour des points situés à une distance comobile constante (ẋ = 0), on remarque une dilatation
des distances caractérisée par le paramètre de Hubble. On peut montrer que cette dilatation des
longueurs s’applique également aux longueurs d’onde. En effet, dans l’approximation de l’optique
géométrique le vecteur tangent à la trajectoire d’un rayon lumineux, k̄µ = dxµ

dλ , satisfait

k̄µk̄µ = 0 , k̄µ∇̄µk̄ν = 0. (1.8)

Un observateur comobile mesure une énergie donnée par Ē = −k̄µūµ et une impulsion don-
née par p̄µ = k̄µ − Ēūµ, où p̄µūµ = 0. En utilisant les expressions données en appendice B
pour les symboles de Christoffel nécessaires pour exprimer la dérivée covariante, on déduit des
équations (1.8) que

˙̄E

Ē
= −H = − ȧ

a
. (1.9)

2. Ceci est également valable dans le cas où les sections spatiales ne sont pas plates.
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L’énergie du photon étant reliée à sa longueur d’onde par Ē = h
λ , on en déduit que λ ∼ a. Ce dé-

calage de longueur d’onde est vers le rouge entre le moment d’émission et moment d’observation
car a est croissant, et il est paramétré par z défini selon

1 + z ≡ λo
λe

=
a(to)

a(te)
. (1.10)

On définit par ailleurs le nombre d’e-folds 3 entre des temps t1 et t2 par

Nt1,t2 ≡ ln [a(t2)/a(t1)] = ln

[
1 + z1

1 + z2

]
. (1.11)

1.2.3 Tenseur énergie-impulsion

Dans une description continue telle que celle faite en relativité générale, le contenu matériel
est encodé dans un tenseur symétrique Tµν . En toute généralité, la signification physique de ce
tenseur peut être mise en évidence en utilisant le quadrivecteur vitesse d’un observateur nµ,
c’est-à-dire tel que nµnµ = −1. En effet, en définissant à partir d’une métrique quelconque gµν
le tenseur de projection hµν = gµν + nµnν , on obtient l’identité

Tµν =
(
Tαβn

αnβ
)
nµnν + 2Tαβn

αhβ(µnν) + Tαβh
α
µh

β
ν , (1.12)

où on a noté X(µν) = 1
2Xµν + 1

2Xνµ. Les quantités

ρ ≡ Tαβnαnβ , qµ ≡ Tαβnαhβµ et Pµν ≡ Tαβhαµhβν (1.13)

sont respectivement la densité d’énergie, la densité d’impulsion et le tenseur des contraintes
mesurés par cet observateur. On peut décomposer encore cette dernière quantité en séparant la
pression définie par P ≡ 1

3P
µ
µ, et le tenseur de pression anisotrope défini par Πµν ≡ Pµν−Phµν .

Dans le cas d’un fluide parfait, le tenseur de pression anisotrope est nul puisqu’il n’y a pas de
viscosité. Par ailleurs, toujours dans le cas d’un fluide parfait, il n’y a pas de transfert de chaleur,
et si qµ = 0, l’observateur est dit comobile avec le fluide. L’observateur mesure alors la densité
d’énergie ρ =

√−pνpν dans le référentiel où le fluide est au repos et sa quadrivitesse cöıncide
avec celle de fluide, c’est-à-dire

nµ = uµ ≡ pµ

ρ
. (1.14)

Le tenseur énergie-impulsion dans le cas d’un fluide parfait s’écrit donc

Tµν = ρuµuν + P (uµuν + gµν) . (1.15)

Les symétries de l’espace temps associées à la métrique (1.1) imposent que le contenu de l’univers
à grande échelle doit nécessairement être décrit par un tenseur énergie-impulsion de la forme

Tµν = Aḡµν +B(dt)µ(dt)ν . (1.16)

On en déduit donc que pour un espace de Friedmann-Lemâıtre, le contenu matériel est celui
d’un fluide parfait de densité d’énergie et de pression notées ρ̄ et P̄ . Les coordonnées comobiles
correspondent alors à des observateurs de quadrivitesse ūµ ≡ (dt)µ qui suivent le fluide.

3. Repliement de facteur e. Dans le système international, il s’agit plus précisément du Neper, tandis que le
décibel possède une définition semblable mais en base 10.
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1.2.4 Les équations de Friedmann

On définit le tenseur d’Einstein à partir du tenseur de Ricci par Gµν = Rµν − 1
2Rgµν .

L’équation d’Einstein qui lit le contenu matériel de l’espace-temps avec sa géométrie s’écrit
Gµν + Λgµν = κTµν , avec κ = 8πG. Dans le cas d’un fluide parfait et pour la métrique (1.1), elle
implique les deux équations suivantes, dites de Friedmann

H2 =
κ

3
ρ̄− K

a2
+

Λ

3
, (1.17)

ä

a
= −κ

6
(ρ̄+ 3P̄ ) +

Λ

3
. (1.18)

Λ est la constante cosmologique, et sa valeur mesurée a été extrêmement variable au cours du
XXème siècle. Elle a en effet été introduite par Einstein pour permettre une solution statique
de l’équation (1.17), c’est-à-dire telle que H = 0. Puis l’expansion cosmique ayant été mise en
évidence expérimentalement elle a été abandonnée avant de refaire surface pour expliquer la
dynamique récente de l’univers. Nous n’aborderons pas ce point dans ce manuscrit. L’équation
de conservation ∇µTµν = 0 n’est pas indépendante des deux équations précédentes dont elle
peut être déduite, et s’écrit

˙̄ρ+ 3H(ρ̄+ P̄ ) = 0. (1.19)

L’ensemble de ces trois équations peut être récrit en temps conforme sous la forme

H2 =
κ

3
ρ̄a2 −K +

Λa2

3
, (1.20)

H′ = −κa
2

6
(ρ̄+ 3P̄ ) +

Λa2

3
, (1.21)

ρ̄′ + 3H(ρ̄+ P̄ ) = 0 , (1.22)

avec H = aH = a′
a , et où ′ signifie une dérivée par rapport au temps conforme. De ces trois

équations seulement deux sont indépendantes puisque la troisième peut être déduite des deux
premières. Cependant nous avons trois fonctions a déterminer, ρ̄ P̄ et a. Il faut donc ajouter une
équation supplémentaire en utilisant une équation d’état qui relie P̄ à ρ̄.

1.2.5 Notion d’horizon et de causalité

L’équation des géodésiques en temps conforme (1.5) permet de comprendre simplement la
structure causale de l’univers. A un temps conforme η donné, un observateur comobile n’a pu
voir les particules situées au delà d’une sphère de rayon conforme

r(η) =

∫ η

ηi

dη′ =
∫ t(η)

0+

dt

a(t)
. (1.23)

Si a(t) ∼ tn proche de la singularité, avec n < 1, on en déduit que ηi possède une valeur
finie. Dans ce cas, r(η) a également une valeur finie qu’on appelle alors rayon de l’horizon des
particules. On définit également les rayons de Hubble physique et comobile par

dH =
1

H
dH =

1

H . (1.24)
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On distinguera donc les échelles super-Hubble des échelles sub-Hubble selon qu’elles corres-
pondent à des longueurs (physiques ou comobiles) plus grandes ou plus petites que le rayon de
Hubble (physique ou comobile). Une discussion plus détaillée sur les différents types d’horizon
et leurs signification physique peut être trouvée dans la référence [Rindler 02].

1.3 Le big-bang chaud

1.3.1 Dynamique de l’univers

Si l’on se donne une équation d’état pour le fluide P = w(ρ)ρ, on peut récrire l’équation de
conservation (1.19) sous la forme

d ln ρ̄ = −3(1 + w)d ln a. (1.25)

La solution générale est donc

ρ̄ ∼ exp

(
−3

∫
(1 + w)d ln a

)
. (1.26)

Si le fluide total est un mélange de plusieurs fluides, w va dépendre de ρ et donc du temps. Si
en revanche il n’y a qu’un seul fluide ou si un fluide est dominant, w peut éventuellement être
constant et dépend des caractéristiques du fluide. Dans ce cas la densité d’énergie dépend du
facteur d’échelle selon

ρ̄ ∼ a−3(1+w). (1.27)

Pour de la matière essentiellement non relativiste et froide, c’est-à-dire dont l’énergie est dominée
par l’énergie de masse, w = 0. Pour un fluide de radiation, w = 1/3. Ces valeurs seront justifiées
à partir de la théorie statistique et de la limite fluide qui peut en être tirée dans la section 3.3.1.
Quant à la constante cosmologique, elle peut être interprétée comme un fluide d’équation d’état
w = −1. La densité d’énergie de ces trois types de fluides évolue selon

ρ̄(a) ∝





a−3 si w = 0
a−4 si w = 1/3
Cste si w = −1 et H = Cste.

(1.28)

On remarque que la densité d’énergie de la radiation se dilue plus vite que la matière froide.
En effet le nombre de photons par unité de volume physique évolue comme le nombre de parti-
cules de matière par unité de volume physique, mais les photons perdent de l’énergie au cours de
l’expansion d’après la loi (1.9) si bien que la densité d’énergie de la radiation diminue plus vite
que celle de la matière froide. Quelle que soit la nature de la matière dominant aujourd’hui le
contenu énergétique (matière ou constante cosmologique) on en déduit qu’il était inévitablement
dominé par la radiation dans le passé. Le moment où le contenu en énergie est divisé équitable-
ment entre matière et radiation est appelé équivalence et correspond à un décalage vers le rouge
zeq donné par

1 + zeq =
ρ̄m
ρ̄r

∣∣∣∣
0

. (1.29)
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De plus, puisque la présence d’une constante cosmologique est favorisée par les observations,
l’univers tend à être dominé par celle ci. Le moment où le facteur d’échelle commence à accélérer
(ä > 0) correspond à un décalage vers le rouge zΛ donné par

1 + zΛ =

(
2ρ̄Λ

ρ̄m

)1/3
∣∣∣∣∣
0

. (1.30)

Les équations de Friedmann (1.17) permettent également dans le cas plat de déduire la loi de
puissance du facteur d’échelle en fonction du temps lorsque l’univers est dominé par un de ces
trois types de fluides

a(t) ∝





t2/3 si w = 0

t1/2 si w = 1/3
eHt si w = −1 et H = Cste ,

(1.31)

ou

a(η) ∝





η2 si w = 0
η si w = 1/3
−1
Hη si w = −1 et H = Cste.

Plus généralement, dans le cas plat sans constante cosmologique, on peut utiliser les équations
de Friedmann (1.20) et (1.21) pour en déduire que

2H′ +H2(1 + 3w) = 0, (1.32)

dont la solution dans le cas où w est constant est de la forme

a ∝ ην , avec ν =
2

1 + 3w
. (1.33)

Pour obtenir une solution plus précise qui prend en compte toutes les formes d’énergie, il est
commode d’introduire la densité critique ρ̄crit ≡ 3H2/κ ainsi que Ωe ≡ ρ̄e/ρ̄crit pour chaque type
de matière indexé par e. On introduit également ΩΛ ≡ Λ/(3H2), et ΩK ≡ −K/(aH)2 de telle
sorte que la première équation de Friedmann se récrive sous la forme d’une contrainte

∑

e

Ωe + ΩΛ + ΩK ≡ Ω + ΩΛ + ΩK = 1. (1.34)

Si le paramètre d’état we des différents types de matière est constant, cette équation peut être
récrite en fonction des valeurs mesurées aujourd’hui, que l’on indexe habituellement par 0

(
H

H0

)2

=
∑

e

Ωe0

(
a

a0

)−3(1+we)

+ ΩK0

(
a

a0

)−2

+ ΩΛ0 . (1.35)

La mesure actuelle des paramètres permet donc de déterminer l’histoire de l’univers, en intégrant
cette équation différentielle. Les dernières valeurs combinant toutes les dernières mesures peuvent
être trouvées dans [Spergel et al. 07]. Dans ce modèle appelé concordant , le paramètre de Hubble
aujourd’hui est de l’ordre de H0 ' 73 Mpc−1 km s−1, le contenu en matière est donné par Ωm0 '
0.26. Seulement une partie de la matière est baryonique et sa proportion est donnée par Ωb0 '
0.041, le reste est sous forme de matière noire froide, c’est-à-dire de matière n’interagissant pas
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avec la radiation 4. La radiation est largement sous-dominante puisque Ωr0 ' 8.23× 10−5, si bien
que l’essentiel du contenu matériel est sous forme d’une constante cosmologique car ΩΛ0 ' 0.72.
Enfin les sections spatiales sont essentiellement plates puisque |ΩK0| < 0.02. On obtient avec ces
valeurs zeq ' 3600 et zΛ ' 0.77 .

1.3.2 Histoire thermique

Dans la description précédente de l’univers, nous avons supposé que le contenu matériel de
l’univers pouvait être décrit par un ensemble de fluides de paramètres d’état connus et constants.
Nous avons également supposé que ces différents constituants n’interagissaient pas si bien que
l’équation de conservation (1.19) est satisfaite pour chaque espèce. Une théorie plus satisfaisante
doit faire intervenir une description statistique de la matière et prendre en compte les réactions
possibles entre les différentes espèces que nous connaissons dans le cadre de la physique des
particules. La description fluide doit alors émerger comme une limite de la description statis-
tique. La distribution des particules d’une espèce est caractérisée par sa fonction de distribution
fe(p, t,x), encodant la probabilité qu’une particule soit en x avec une impulsion p à un temps
t. Plus précisément, pour un observateur de quadrivecteur vitesse uµ, à un instant t le nombre
de particules de cette espèce dNe dans un élément de volume dV autour de x appartenant à
l’hypersurface de type espace orthogonale à uµ, et de volume d3p autour de p est donné par

dNe = fe(p, t,x)dV d3p. (1.36)

Plus de détails peuvent être trouvés dans les références [Stewart 71, Bernstein 88]. Pour l’espace-
temps associé à la métrique (1.1), l’homogénéité implique que les fonctions de distribution ne
dépendent pas de la position x. De plus l’isotropie implique qu’elles ne dépendent que de la
norme et pas de la direction de l’impulsion p. On utilisera donc pour cet espace des fonctions
de distribution de la forme f̄e(p̄, t), ou éventuellement f̄e(Ē, t) puisque pour une espèce donnée
les particules sont de même masse me et il y a une relation univoque entre l’énergie et la norme
de l’impulsion Ē2 − p̄2 = m2

e. Les quantités thermodynamiques, notamment celles intervenant
dans le tenseur énergie-impulsion de fond peuvent être calculées à partir de cette fonction

n̄e(t) =

∫
f̄e(p̄, t)4πp̄

2dp̄ , (1.37)

ρ̄e(t) =

∫
f̄e(p̄, t)Ē(p̄)4πp̄2dp̄ , (1.38)

P̄e(t) =

∫
f̄e(p̄, t)

p̄2

3Ē(p̄)
4πp̄2dp̄. (1.39)

Nous justifierons ces expressions dans la section 3.3.1. Si le taux d’interaction des particules est
plus élevé que le taux d’expansion de Hubble H, ces particules sont maintenues à l’équilibre
thermodynamique entre elles et suivent une statistique de Fermi-Dirac pour les fermions ou une
statistique de Bose-Einstein pour les bosons, et une température pour chaque espèce peut être
définie. Le gaz de photons suit un spectre de corps noir (une statistique de Bose-Einstein avec
un potentiel chimique nul) et sa température est aussi appelée température de l’univers. On peut
montrer que

ρ̄r(T̄ ) = g?(T̄ )

(
π2

30

)
T̄ 4, (1.40)

4. Sa nature exacte est encore inconnue.
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où g?(T̄ ) dépend du nombre effectifs d’espèces relativistes (c’est-à-dire telles que T̄ � m). Son
expressions est donnée d’après les hélicités gi des particules relativistes selon

g? =
∑

i=bosons

gi +
7

8

∑

i=fermions

gi. (1.41)

Mis à part les sauts de température dus aux variations de g? lorsque la température passe en
dessous de la masse d’une espèce, on déduit en comparant à l’équation (1.28) que la température
de l’univers décrôıt comme T̄ ∼ 1/a. Chaque interaction possède une température en dessous
de laquelle elle est gelée. L’histoire thermique de l’univers est donc un ensemble de interactions
entre espèces qui s’éteignent tour à tour lorsque la température diminue avec l’expansion. Avant
d’être majoritairement sous forme d’hydrogène, les protons et électrons étaient donc sous forme
de plasma d’ions, interagissant par diffusion Compton. En effet si les photons ont une énergie au
dessous de l’énergie d’ionisation de l’hydrogène ils ne peuvent plus empêcher les états liés entre
protons et électrons. Il existe donc un intervalle de temps pendant lequel les baryons sont devenus
transparents aux photons en se recombinant sous forme d’hydrogène. Cet intervalle de temps
délimite un volume d’espace-temps appelé surface de dernière diffusion 5. La température du gaz
de radiation a ensuite continué à décrôıtre et est aujourd’hui mesurée et appelée rayonnement de
fond diffus (CMB). Les photons de ce fond diffus ont été émis autour d’un décalage vers le rouge
de l’ordre de zLSS ' 1085 et correspondent toujours à une distribution de corps noir puisque le
décalage vers le rouge n’est pas dépendant de la longueur d’onde. La température correspondante
de ce corps noir est de T̄0 = 2.725K. Beaucoup plus tôt, la température est suffisamment élevée
pour permettre des réactions nucléaires. Il s’agit donc d’une époque, appelée nucléosynthèse
primordiale, où les premiers noyaux plus lourds que l’hydrogène se forment. Elle a lieu à environ
z ' 1010.

1.3.3 Problèmes du big-bang chaud

– La platitude de l’univers :
Les données expérimentales indiquent que l’univers est extrêmement plat aujourd’hui,
avec |ΩK | < 0.02. On remarque que pour de la matière avec un paramètre d’état
we > −1/3, le rapport ΩK/Ωe est croissant avec a. Plus précisément, le rapport ΩK/Ωe

est au moins croissant comme a dans l’ère dominée par la matière et comme a2 dans
l’ère dominée par la radiation. L’univers aurait donc été au moins 1010 fois plus plat
au moment de la nucléosynthèse primordiale, et encore plus plat avant. Ces conditions
initiales n’apparaissent pas naturelles, car elles requièrent un ajustement fin 6 des ces
conditions initiales qui parâıt peu satisfaisant.

– Isotropie et homogénéité :
Sur la surface de dernière diffusion, seules des zones de l’espace d’une taille comparable à
r(ηLSS) ont pu avoir le temps de thermaliser. On peut calculer à partir de l’équation (2.53)
que le nombre de ces zones thermalisées dans le CMB observé aujourd’hui est de l’ordre
de (

η0 − ηLSS

ηLSS

)3

∼
(

a0

aLSS

)3/2

∼ (1 + zLSS)3/2 � 1 . (1.42)

5. Last scaterring surface en anglais. Nous la mentionnerons donc par LSS.
6. fine tuning en anglais.



12 Cadre Général

Ceci contraste avec la très grande isotropie observée du CMB qui laisse penser que r(ηLSS)
doit être plus grand.

– Formation des structures :
L’espace-temps évoqué jusqu’à présent est strictement homogène et ne rend donc pas
compte des inhomogénéités de densité. L’étude des perturbations autour de cet espace-
temps de fond renseigne sur la formation des structures dont toutes les structures astro-
physiques sont issues. L’étude détaillée dans le chapitre 2 montre que les perturbations
de densité ne peuvent crôıtre sensiblement pendant l’ère dominée par la radiation tandis
qu’elles croissent comme le facteur d’échelle pendant l’ère dominée par la matière. L’uni-
vers étant fortement non linéaire aujourd’hui, (δρ/ρ̄)0 ∼ 1 et donc (δρ/ρ̄)eq ∼ 10−4, ce

qui est compatible avec l’ordre de grandeur des fluctuations du CMB (10−5). Les fluc-
tuations thermiques ne permettent pas d’expliquer la formation de telles inhomogénéités
pendant l’ère dominée par la radiation. De plus nous verrons au chapitre suivant que les
perturbations ayant une longueur d’onde λ super-Hubble sont gelées. Or pour un univers
dominé par la radiation comme c’est le cas avant l’équivalence, λ ∼ a ∼ t1/2 tandis que
dH ∼ t si bien que toutes les échelles de perturbations ont été à un moment super-Hubble
et donc gelées. Il faut donc postuler l’existence du spectre des perturbations initiales sans
pouvoir l’expliquer. Le spectre le plus compatible avec les observations est un spectre in-
variant d’échelle (dénommé spectre de Harrison-Zel’dovich [Harrison 70, Zeldovich 72]), et
son origine reste donc inexpliquée dans le cadre du big-bang chaud.

Nous verrons au chapitre 4 que le mécanisme de l’inflation permet de répondre à ces limi-
tations, avec une grande pertinence expérimentale. La combinaison de l’inflation et du big-bang
chaud sera dénommée modèle cosmologique standard 7.

7. La notion de modèle standard est aussi variable que la notion de nouveauté. Jusqu’à peu la théorie de
l’inflation était considérée comme une extension du modèle standard qui cöıncidait alors avec le big-bang chaud,
mais les observations détaillées du CMB lui donnent un support expérimental favorable et permettent de plus de
compléter le modèle du big-bang chaud en explication l’origine des structures. Elle tend donc a y être incorporée.
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Chapitre 2
Théorie des perturbations linéaires
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Observationnellement, l’univers n’est qu’approximativement homogène et en dessous de la
taille des amas de galaxies il est même fortement inhomogène. Etant donnée la complexité
de la relativité générale et plus particulièrement son caractère intrinsèquement non-linéaire, il
va falloir adopter une résolution approchée afin de comprendre de la formation de ces struc-
tures. Nous allons donc adopter une résolution perturbative autour d’un espace de Friedmann-
Lemâıtre. Cette perturbation d’un espace-temps va donner lieu au problème de jauge, et nous
exposerons en détail ses conséquences dans la partie II. Dans toute cette partie nous nous affran-
chirons de ce problème en travaillant dans une jauge donnée, c’est à dire en utilisant certaines
conditions sur les perturbations. Nous présentons dans les sections 2.1 et 2.2 les équations des
perturbations et leurs solutions en nous concentrant principalement sur les perturbations de la
métrique. Nous nous inspirons principalement de [Kodama & Sasaki 84] et plus particulièrement
de [Peter & Uzan 05]. Dans la section 2.3 nous exposons brièvement une approche perturbative
alternative essentiellement basée sur le formalisme ADM [Arnowitt et al. 62], dit formalisme
1 + 3. Dans le chapitre 3 nous exposons ensuite la physique des perturbations du CMB.
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2.1 Quantités perturbées

2.1.1 Décomposition SVT

Sur une variété tridimensionnelle munie d’une métrique γij à laquelle on associe une dérivée
covariante Di, tout champ vectoriel Xi peut être décomposé en un mode dit scalaire S et un
mode vectoriel Vi selon

Xi = DiS + Vi avec DiVi = 0. (2.1)

Xi comporte trois degrés de liberté. Le mode scalaire en comporte un, tandis que le mode
vectoriel en comporte deux du fait de la condition de transversalité qui lui est imposée. De même,
tout tenseur symétrique du second ordre Xij peut se décomposer en deux modes scalaires S1, S2,
un mode vectoriel Vi et un mode tensoriel Tij selon

Xij = DiDjS1 + S2γij +D(iVj) + Tij avec DiVi = 0, DiTij = T ii = 0. (2.2)

Xij comporte six degrés de liberté. Les deux modes scalaires en comportent deux, le mode
vectoriel en comporte deux du fait de la condition de transversalité, et le mode tensoriel contient
les deux restants puisque quatre conditions lui sont imposées. On peut choisir de redistribuer les
deux degrés de liberté scalaires en les séparant entre la trace 3X ≡ 3Xi

i = ∆S1 +3S2 et S1, avec
∆ ≡ DiD

i. Cette décomposition est dénommée scalaire-vecteur-tenseur (SVT). Les composantes
scalaires et vectorielles d’un tenseur du premier ordre peuvent être extraites selon

S = ∆−1DiXi ≡ P iSXi , (2.3)

V j =
(
δji −Dj∆−1Di

)
Xi ≡ P j

V,iX
i.

Quant aux composantes SVT d’un tenseur du second ordre, elles peuvent être extraites selon

X =
1

3
γklXkl , (2.4)

X̂ij ≡ Xij −Xγij ≡ P̂klijXkl ,

S1 =
3

2
[∆(∆ + 3K)]−1DiDjX̂ij ≡ QijS X̂ij ,

Vk = 2 (∆ + 2K)−1 ∆P j
V,kP iSX̂ij ,

Tkl = P i
V,kP j

V,lX̂ij ≡ P ijT,klX̂ij . (2.5)

Il faut remarquer que cette décomposition n’est pas locale puisqu’elle fait intervenir l’inverse du
laplacien dont la signification rigoureuse fait intervenir une fonction de Green intégrée sur tout
l’espace. En définissant la fonction de Green comme étant la solution de

∆xG(x,x′) = δ3
D(x− x′), (2.6)

la signification de A = ∆−1B est plus précisément

A(x) =

∫
G(x,x′)B(x′)dx′, (2.7)

où l’intégrale porte sur tout la variété tridimensionnelle. On a noté le symbole de Dirac δD afin
de le différencier des perturbations. Cette décomposition n’est en principe pas unique puisque
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l’on peut rajouter à la fonction de Green toute fonction harmonique, c’est à dire satisfaisant
l’équation de Laplace ∆f = 0. Dans le cas où la variété est sans bord, c’est-à-dire pour un
univers fermé, et le cas où la variété est non compacte avec des fonctions qui décroissent suffi-
samment asymptotiquement, les seules solutions de l’équation de Laplace sont des constantes,
si bien que A(x) est défini à une constante près [Stewart 90]. Pour dériver ces expressions, nous
avons utilisé les relations de commutation données en appendice A. Il est crucial d’utiliser ces
formules afin d’extraire les quantités intervenant dans la décomposition (2.2). En effet on peut
constater assez fréquemment dans la littérature une mauvaise extraction même dans le cas sans
courbure, par exemple dans les équation (78) et (79) de [Finelli et al. 06], l’équation (3.12) de
[Malik & Wands 04], l’équation (3.9) de [Malik 05]. Enfin, afin de simplifier l’utilisation implicite
de fonctions de Green, on introduit un ensemble complet de modes propres du laplacien sous
réserve de montrer son existence [Stein & Weiss 71, Berger et al. 71, Lehoucq et al. 03]. Il s’agit
d’un ensemble de fonction Qk(x) satisfaisant l’équation de Helmholtz

∆Qk = −
(
k2 −K

)
Qk, (2.8)

et qui doivent satisfaire la relation de fermeture

∑

k

Qk(x)Q∗k(x′) = δ3
D(x− x′). (2.9)

On peut ensuite décomposer toute fonction f(x) selon

f(x) =
∑

k

f(k)Qk(x), (2.10)

et travailler sur les coefficients f(k) pour lesquels le laplacien correspond à une multiplication par
−k2 +K. Dans le cas d’un univers plat cette base est celles des exponentielles 1

(2π)3/2 exp(ik.x)

et la somme sur k est continue (
∫

dk). La décomposition correspond alors à la transformée de
Fourier que nous utiliserons au cours de cette thèse. Il s’agit donc de la convention qui équilibre
les facteurs 2π entre la transformée de Fourier et son inverse.

2.1.2 Perturbations de la métrique et du tenseur énergie-impulsion

La métrique (1.1), une fois perturbée, peut être paramétrée selon

gµν = a2(η)
{
−(1 + 2Φ)(dη)µ(dη)ν + 2Bi(dx

i)(µ(dη)ν) + [(1− 2Ψ)γij + 2Eij ] (dxi)µ(dxj)ν
}
,

(2.11)
où on rappelle que Di est la dérivée covariante associée à la métrique des sections spatiales,
c’est-à-dire telle que Diγjk = 0. Cette décomposition, qui n’est pas la plus générale possible,
correspond à un choix de jauge, celui de la jauge Newtonienne. Nous expliquerons plus en
détail le problème de la liberté de jauge dans la partie II au chapitre 5. Cette décomposition
fait apparâıtre des degrés de liberté scalaires, Φ et Ψ, des degrés de liberté vectoriels Bi, et des
degrés de liberté tensoriels Eij . On constate donc qu’il y a deux degrés de libertés scalaires,
deux degrés de liberté vectoriels et deux degrés de liberté tensoriels. Sur les 10 degrés de liberté
possibles de la perturbation de la métrique, 4 sont absorbés par le fait de fixer la jauge comme
nous le verrons dans la section 5.2, et il nous reste donc bien 6 degrés de liberté. On rappelle
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que les indices latins i, j, k . . . sont montés et descendus avec la métrique spatiale conforme de
fond γij . Cela signifie que les variables de perturbation vivent dans l’espace tangent des sections
spatiales de fond.

Quant à la matière, elle est décrite dans l’espace perturbé par la perturbation de sa densité
d’énergie, de sa pression et de sa quadrivitesse selon

ρ ≡ ρ̄+ δρ ≡ ρ̄(1 + δ), P = P̄ + δP, uµ = ūµ +
vµ

a
. (2.12)

Les quatre composantes de la variable de perturbation de vitesse vµ ne sont pas indépendantes
car les vecteurs de quadrivitesse sont soumis à la normalisation uµu

µ = ūµū
µ = −1. Il n’y a

donc que trois degrés de liberté que l’on choisit de décrire par les composantes spatiales vi, v0

étant déterminé par la condition de normalisation. On décompose ces trois degrés de liberté en
deux degrés de liberté vectoriel v̂i et un degré de liberté scalaire v selon

vi = v̂i +Div , avec Div̂
i = 0. (2.13)

Les perturbations de densité d’énergie et de pression ne sont pas indépendantes et sont reliées
dans le cas d’un fluide barotropique, puisque P est alors une fonction de ρ. On définit la vitesse
du son adiabatique cs selon

dP

dρ
= c2

s . (2.14)

L’équation de conservation (1.22) nous permet d’obtenir la relation suivante entre le paramètre
d’état w et la vitesse du son cs

w′ = −3H(1 + w)(c2
s − w). (2.15)

En toute généralité le tenseur énergie impulsion compatible avec l’espace perturbé admet
aussi un tenseur de pression anisotrope. On utilisera donc la décomposition

Tµν = T̄µν + δTµν = ρuµuν + P (gµν + uµuν) + a2P̄ πµν , (2.16)

dans le cas d’un fluide non parfait.
Toutes les quantités perturbées sont ensuite décomposées en ordre de perturbations se-

lon [Bruni et al. 97, Nakamura 07]

W =
∑

n

δ(n)W

n!
. (2.17)

La somme commence à n = 0 pour les quantités qui sont non nulles sur l’espace de fond, comme
par exemple ρ ou P , et nous utilisons alors la convention δ(0)ρ = ρ̄. La somme commence à
n = 1 pour les quantités nulles sur l’espace de fond, comme les perturbations de la métrique
intervenant dans la décomposition (2.11). Nous utilisons également la notation W (n) ≡ δ(n)W
pour la perturbation d’ordre n. Dans toute cette partie, nous nous restreignons aux perturbations
linéaires c’est-à-dire que nous ne considérons que δ(1)W et nous utiliserons même l’abus de
notation δW à la place de δ(1)W . Quant aux quantités qui sont nulles sur l’espace de fond, nous
utiliserons la notation W à la place de W (1). Dans la partie II nous détaillerons la théorie des
perturbations jusqu’au second ordre et restaurerons des notations sans ambigüıté.
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Les perturbations du tenseur d’Einstein et du tenseur énergie-impulsion correspondant à la
métrique (2.11) sont rapportées dans l’appendice B.

Nous allons maintenant effectuer une décomposition SVT des équations d’Einstein ainsi que
des équations de conservation des fluides. Cependant, cette décomposition n’a été définie que
pour des tenseurs vivant dans l’espace tangent aux sections spatiales de fond, puisque nous
l’avons définie pour des variétés tridimensionnelles. Nous pouvons néanmoins décomposer un
champ vectoriel Xµ vivant dans l’espace-temps de fond selon

Xµ = −ūµ [ūνXν ] + h̄ ν
µ Xν , (2.18)

où h̄µν = ḡµν + ūµūν est le projecteur sur les surfaces orthogonales à ūµ. ūνXν est un champ
scalaire et peut donc être considéré comme un champ scalaire sur les sections spatiales de fond.
h̄ ν
µ Xν est un champ vectoriel qui peut être considéré comme un champ vectoriel vivant dans

l’espace tangent des sections spatiales de fond puisqu’il est orthogonal à ūµ. On s’intéressera
donc plus précisément à h̄ ν

i Xν . De même, on peut décomposer un champ tensoriel symétrique
Xµν selon

Xµν = ūµūν

[
ūαūβXαβ

]
− 2ū(µh̄

β
ν)ū

αXαβ + h̄αµh̄
β
νXαβ. (2.19)

Par les mêmes arguments, ūαūβXαβ, h̄βiū
αXαβ et h̄αih̄

β
jXαβ sont respectivement un champ

scalaire, un champ vectoriel et un champ tensoriel de l’espace tangent associé au section spatiales
de fond, pour lesquels nous pouvons effectuer une décomposition SVT. Par la suite lorsque nous
noterons X00, X0i ou Xij , nous ferons référence à ces quantités.

Nous présentons ci dessous la décomposition SVT des équations d’Einstein sans constante
cosmologique Gµν = κTµν . Si les différents fluides n’ont pas d’interaction entre eux, les tenseurs
énergie impulsion de chaque fluide sont conservés indépendamment, c’est-à-dire qu’ils satisfont
∇µTµa ν = 0. Nous présentons également la décomposition SVT de ces équations d’évolution.
Dans le cas général, seul le tenseur énergie-impulsion total est conservé et chaque fluide est
soumis a une résultante des forces Qµa si bien que l’équation de conservation pour chaque fluide
se récrit

∇µTµνa = Qνa,
∑

a

Qνa = 0. (2.20)

2.1.3 Equations d’évolution des perturbations linéaires

Nous considérons le cas où l’univers est un mélange de plusieurs fluides parfaits et barotropes
(πµν = 0, P = P (ρ)) sans interactions entre eux. Nous utiliserons ensuite ces équations dans le
cas où l’univers n’est rempli que de radiation puis que de matière et enfin dans le cas où il s’agit
d’un mélange de radiation et de matière froide noire.

Modes scalaires

Les équations d’Einstein scalaires sont données par

– l’équation de Poisson donnée par (δG00 − κδT00) = 0,
– la trace de (δGij − κδTij) = 0,
– le mode scalaire de la partie sans trace de (δGij − κδTij) = 0,
– le mode scalaire de (δG0i − κδT0i) = 0,
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pour obtenir respectivement les équations

(∆ + 3K)Ψ− 3HΨ′ − 3H2Φ− 1

2

∑

e

κa2ρ̄eδe = 0 (2.21)

Ψ′′ +H2Φ +
1

3
∆(Φ−Ψ) +HΦ′ + 2HΨ′ −KΨ + 2H′Φ− 1

2
κa2

∑

e

c2
s,eρ̄eδe = 0 (2.22)

Ψ− Φ = 0 (2.23)

Ψ′ +HΦ +
1

2

∑

e

κa2ρ̄e(1 + we)ve = 0 . (2.24)

Nous obtenons deux équations scalaires d’évolution du fluide en considérant ∇µTµe 0 = 0 ainsi que
le mode scalaire de ∇µTµe i = 0. Il s’agit respectivement de l’équation de conservation ainsi que
de l’équation d’Euler de chaque fluide. Dans le cas où we est constant, et donc quand we = c2

s,e,
ces équations sont

δ′e + (1 + we)
(
∆ve − 3Ψ′

)
= 0 , (2.25)

v′e +H(1− 3c2
s,e)ve + Φ +

c2
s,e

1 + we
δe = 0 . (2.26)

Dans le cas ou w n’est pas constant c’est-à-dire pour w 6= c2
s, les équations de conservation sont

données en appendice D.1 tandis que les équations d’Einstein sont données en appendice D.2.
Si de plus les perturbations ne sont pas barotropiques, c’est-à-dire si la pression ne dépend
pas uniquement de ρ, alors il faut considérer une composante non-adiabatique dans les équation
précédentes. Ceci peut être le cas soit si les perturbations du fluide considéré sont intrinsèquement
non-adiabatiques, soit s’il s’agit d’un mélange de fluides barotropes pour lequel en général le
fluide résultant n’est pas barotrope 1. Dans ce dernier cas on contourne le problème en considérant
les différentes composantes fluides comme il a été fait dans les équations (2.21-2.24). Nous ne
considérerons dans ce manuscrit que le cas des perturbations adiabatiques.

Modes vectoriels

Les équations d’Einstein vectorielles sont données par

– le mode vectoriel de (δGij − κδTij) = 0,
– le mode vectoriel de (δG0i − κδT0i) = 0,

et sont respectivement

− (∆ + 2K)Bi + 2κa2
∑

a

(1 + wa)
(
v̂ia +Bi

)
= 0, (2.27)

B′i + 2HBi = 0. (2.28)

Nous obtenons également grâce à la partie vectorielle de ∇µTµa i = 0 l’équation d’Euler vectorielle
de chaque fluide (

v̂ia +Bi
)′

+H(1− 3c2
s)
(
v̂ia +Bi

)
= 0. (2.29)

1. Aux échelles super-Hubble, les perturbations du fluide total restent adiabatiques si elles le sont initialement
comme nous le verrons dans la section 2.2.
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Modes tensoriels

Les équations d’Einstein tensorielles sont données par le mode tensoriel de (δGij − κδTij) = 0

E′′ij + 2HE′ij + (2K −∆)Eij = 0. (2.30)

2.2 Dynamique au premier ordre

Nous allons résoudre ces équations en espace de Fourier dans le cas plat, c’est-à-dire que
nous allons utiliser ∆ → −k2 et les conditions de transversalité DiBi = DiEij = 0 s’écrivent
kiBi = kiEij = 0. Ce choix est justifié par la phase d’inflation primordiale et aussi par les
contraintes observationnelles données dans la section 1.3 . Afin d’obtenir des solutions exactes,
nous nous placerons dans les trois cas simples suivants. Tout d’abord nous étudierons le cas d’un
univers dominé par le rayonnement, puis le cas d’un univers dominé par la matière, et enfin
un cas plus général prenant en compte un mélange de matière noire et de rayonnement. Nous
utiliserons les équations de la section 2.1.3 afin d’étudier ce dernier cas. Puisque celles-ci ont
été dérivées en supposant que les différents fluides n’ont pas d’interaction, cela signifie que l’on
considère un fluide de matière noire mélangé à un fluide de radiation. Puisque l’essentiel de la
matière est sous forme de matière noire, la matière baryonique interagissant avec la radiation
étant minoritaire, cette approximation constitue une bonne description lorsque l’on s’intéresse à
la dynamique des variables de perturbation de la métrique. Enfin, nous étudierons la dynamique
des baryons dans l’approximation fluide.

En ce qui concerne les modes vectoriels, la solution de l’équation d’Euler vectorielle (2.29)
est de la forme

v̂i +Bi ∝ a−(1−3c2s), (2.31)

tandis que la solution de l’équation d’évolution (2.28) est

Bi ∝ a−2. (2.32)

Les perturbations de métrique vectorielles décroissent avec l’évolution du facteur d’échelle et ne
vont donc pas intervenir dans la formation des structures. De plus, dans le cas où la vitesse n’a
pas de composante vectorielle, c’est-à-dire si v̂i = 0, alors l’équation de contrainte (2.27) implique
que Bi = 0. Nous négligerons donc dans la suite les perturbations vectorielles au premier ordre.

2.2.1 Ère de radiation

Dans le cas plat, l’équation d’évolution (2.30) au premier ordre en perturbations est une
équation différentielle linéaire d’ordre deux. L’ensemble des solutions est donc un espace vectoriel
de dimension deux. La solution divergente quand kη � 1 n’est pas physique, ou plutôt correspond
au mode le plus décroissant qui devient négligeable quand kη crôıt. Nous ne retiendrons que la
solution non divergente quand kη � 1. Pendant l’ère de radiation, cette solution est

Eij ∝ j0(kη)εij =
sin(kη)

kη
εij , (2.33)

où εij est un tenseur transverse sans trace constant normé, c’est à dire tel que kiεij = εii =
0 , εijε

ij = 1. Les fonctions jn sont les fonctions de Bessel sphériques, reliées aux fonctions de
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Bessel du premier ordre Jn par

jν(z) =

√
π

2z
Jν+ 1

2
(z). (2.34)

En ce qui concerne les modes scalaires du premier ordre dans le cas plat, on peut récrire
l’équation (2.22) en utilisant le fait que l’équation (2.23), dérivée pour un mélange de fluides
parfaits, implique pour les variables de perturbation du premier ordre 2 Φ = Ψ. On obtient alors
dans le cas d’un univers plat dominé par la radiation

Φ′′ + 3HΦ′ +
(
H2 + 2H′

)
Φ− κa2

6
ρ̄rδr = 0 (2.35)

En combinant cette équation avec l’équation (2.21) afin d’éliminer δr, et en utilisant l’équa-
tion (1.32) nous obtenons

Φ′′ + 4HΦ′ − 1

3
∆Φ = 0, (2.36)

dont la solution la moins décroissante est (en espace de Fourier)

Ψ = Φ = A(k)3
√

3(kη)−1j1

(
kη/
√

3
)

= A(k)
9
√

3

(kη)3

[
sin
(
kη/
√

3
)
− kη√

3
cos
(
kη/
√

3
)]
. (2.37)

Les coefficients numériques ont été choisis de telle sorte pour que Φ → A(k) dans la limite
kη → 0. Nous pouvons ensuite obtenir v et δ à partir de l’équation (2.24) et l’équation (2.21).
Nous obtenons respectivement

v = − A(k)

2k3η2
3
√

3

[
2
√

3kη cos

(
kη√

3

)
+
(
k2η2 − 6

)
sin

(
kη√

3

)]
(2.38)

et

δ =
A(k)

(kη)3

[
12
√

3(3− k2η2) sin
(
kη/
√

3
)

+ 6kη(k2η2 − 6) cos
(
kη/
√

3
)]
. (2.39)

Pour des modes super-Hubble (kη � 1)

Φ = Ψ ' A(k), kv ' −A(k)

2
kη, δ ' −2A(k), (2.40)

les perturbations de métrique et de densité d’énergie sont donc gelées. En revanche pour des
modes sub-Hubble

Φ = Ψ ' A(k)
9

(kη)2
cos
(
kη/
√

3
)
, kv ' −3

√
3A(k)

2
sin
(
kη/
√

3
)
. (2.41)

On constate donc que les perturbations de métriques sont amorties lorsqu’elles rentrent sous
le rayon de Hubble et que les perturbations de densité d’énergie ne sont pas croissantes. Nous
verrons que ceci n’est plus le cas si le contenu matériel est dominé par la matière. L’intensité
des perturbations pour un mode rentré sous le rayon de Hubble pendant l’ère de radiation sera
donc atténuée d’autant plus que ce mode est devenu sub-Hubble tôt.

2. Si l’on considère la transition radiation-matière, on montre grâce à la théorie statistique détaillée dans la
section 3.3 que le tenseur de pression anisotrope de la radiation ne peut plus être négligé. De plus les neutrinos,
que nous ignorons totalement dans ce manuscrit, développent également un tenseur de pression anisotrope et ne
peuvent donc pas être décrit par un fluide parfait au premier ordre dans les perturbations.
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2.2.2 Ère de matière

Pendant l’ère de matière, la solution la moins décroissante de l’équation d’évolution (2.30)
est

Eij ∼ 3
j1(kη)

kη
εij = 3

sin(kη)− kη cos(kη)

(kη)3
εij . (2.42)

En ce qui concerne les modes scalaires du premier ordre dans le cas plat, en procédant de la
même manière que pour le cas d’un univers dominé par la radiation, on peut récrire l’équation
(2.22) sous la forme

Φ′′ + 3HΦ′ = 0. (2.43)

La solution la moins décroissante est constante et s’écrit donc

Ψ = Φ = A(k). (2.44)

Nous pouvons ensuite obtenir v et δ à partir de l’équation (2.24) et l’équation (2.21). Nous
obtenons respectivement

v = −1

3
A(k)η (2.45)

et

δ = −
[

1

6
(kη)2 + 2

]
A(k). (2.46)

Nous constatons que pour des modes sub-Hubble le contraste de densité est croissant comme
(kη)2 ∼ a. C’est donc pendant l’ère de matière que l’effondrement gravitationnel peut mener à
la formation des structures à partir de fluctuations primordiales.

2.2.3 Transition radiation-matière

L’ère dominée par la matière succède à l’ère dominée par la radiation, les solutions présentées
dans les deux cas ci-dessus ne sont donc pas valables partout. Afin de les raccorder, nous allons
étudier le cas d’un univers dominé par un mélange de matière et de rayonnement sans interaction.
La densité d’énergie et la pression sont additifs pour des fluides suffisamment dilués si bien que
la densité d’énergie totale ainsi que la pression totale sont données par

ρ = ρm + ρr, P = Pm + Pr. (2.47)

Nous déduisons tout d’abord que le paramètre d’état total est donné par

ρw = ρmwm + ρrwr =
1

3
ρr. (2.48)

De plus en dérivant cette relation et en utilisant l’équation (2.15) qui est satisfaite pour chaque
fluide ainsi que pour le fluide total, nous en déduisons que

ρ̄c2
s = ρ̄m

(
1 + wm
1 + w

)
c2
s,m + ρ̄r

(
1 + wr
1 + w

)
c2
s,r =

4w

3(1 + w)
ρ̄ . (2.49)

Plutôt que d’utiliser le temps conforme comme paramètre d’évolution des variables de pertur-
bation, nous allons utiliser le facteur d’échelle normalisé à l’équivalence

y ≡ a

aeq
=

1 + zeq

1 + z
. (2.50)
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Nous définissons de plus la longueur λeq = 2πdH(ηeq). Au facteur 2π près il s’agit du rayon de
Hubble à l’équivalence. Le mode associé, et qui devient donc sub-Hubble après l’équivalence, est
donné par

keq ≡ Heq ≡ H(ηeq). (2.51)

La fonction de Hubble et la première équation de Friedmann (1.20) dans le cas plat s’écrivent
respectivement

H =
y′

y
, H2 =

1 + y

2y2
Heq . (2.52)

Nous pouvons résoudre facilement ce système pour déduire l’évolution de y en fonction du temps
conforme. Tout d’abord nous déduisons facilement que y′′ = (keq/2)2, et nous obtenons

y =
keqη√

2
+

(keqη)2

8
, η =

2
√

2

keq

(
−1 +

√
1 + y

)
, (2.53)

ce qui interpole les solutions obtenues dans la section 1.32. De plus, comme ρ̄r ∝ a−4 et ρ̄m ∝ a−3,
nous déduisons que

y =
ρ̄m
ρ̄r

,
ρ̄r
ρ̄

=
1

1 + y
,

ρ̄m
ρ̄

=
y

1 + y
(2.54)

ainsi que

w =
1

3(1 + y)
, c2

s =
1

3

1(
1 + 3

4y
) . (2.55)

Afin de paramétrer l’évolution des perturbations scalaires par y, nous avons également besoin de
pouvoir passer des dérivées par rapport à η à des dérivées par rapport à y, grâce aux relations

X ′ =

√
1 + y

2
keq

dX

dy
, X ′′ =

1 + y

2
k2

eq

d2X

dy2
+
k2

eq

4

dX

dy
. (2.56)

L’équation (2.22), combinée à l’équation (2.21) peut être récrite en utilisant tous ces résultats
préliminaires selon

d2Φ

dy2
+

[
8 + 9y

2y(1 + y)

]
dΦ

dy
+

1

y(1 + y)
Φ +

2

3(1 + y)k2
eq

k2Φ +
1

2y(1 + y)
δm = 0. (2.57)

Dans la limite où y � 1, en utilisant l’équation de Poisson (2.21), cette équation est approximée
par l’équation

d2Φ

dy2
+

[
6 + 7y

2y(1 + y)

]
dΦ

dy
= 0, (2.58)

et on retrouve en utilisant les relations (2.56) l’équation d’évolution en ère de matière (2.43).
L’équation (2.57) d’évolution pour Φ fait intervenir le contraste de densité de la matière dont
il va falloir déterminer l’évolution. L’équation de conservation (2.25) ainsi que l’équation d’Eu-
ler (2.26) au premier ordre pour la matière s’écrivent en fonction de y

dδm
dy

=
k

keq

√
2

1 + y
vm + 3

dΦ

dy
, (2.59)

dvm
dy

= −vm
y
− k

keq

√
2

1 + y
Φ . (2.60)
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Ces équations peuvent être combinées pour obtenir un équation différentielle du second ordre
pour δm

d2δm
dy2

+
2 + 3y

2y(1 + y)

dδm
dy

= SΦ(y) ≡ +3
d2Φ

dy2
+

[
6 + 9y

2y(1 + y)

]
dΦ

dy
− 2k2

(1 + y)k2
eq

Φ. (2.61)

Avant de rechercher les solutions de ce système d’équations couplées (2.57-2.61), il nous faut
déterminer les conditions initiales du contraste de densité du fluide de matière. Le mélange de
fluides parfaits n’étant pas a priori parfait, on suppose de plus que le mélange du fluide de
radiation et du fluide de matière se comportent comme un seul fluide parfait, c’est-à-dire que le
fluide total dont les quantités thermodynamique sont données par les relations (2.47) satisfait
δP = c2

sδρ, où cs est donné dans les relations (2.55). Comme δρ = δρm + δρr on obtient que le
contraste de densité du fluide total est donné par

δ =
yδm + δr

1 + y
. (2.62)

Pour que le fluide total satisfasse δP = c2
sδρ il faut alors que les contrastes de densités satisfassent

la condition d’adiabaticité
δm = 3δr/4. (2.63)

On utilise donc cette condition si l’on suppose des conditions initiales adiabatiques. Une repré-
sentation des solutions de l’équation (2.61) peut être écrite sous forme intégrale en utilisant la
méthode de la fonction de Green. On obtient

δm(y) = C1 + C2 ln

(√
1 + y − 1√
1 + y + 1

)
+

∫ y

0
G(y, ỹ)SΦ(ỹ)dỹ, (2.64)

où

G(y, ỹ) = ỹ
√

1 + ỹ ln

[(√
1 + ỹ + 1

) (√
1 + y − 1

)
(√

1 + y + 1
) (√

1 + ỹ − 1
)
]
. (2.65)

Nous allons maintenant nous restreindre au domaine où la radiation domine le contenu éner-
gétique de l’univers, c’est-à-dire quand y � 1. D’après la relation (2.53), la solution particulière
multipliant C2 est de la forme ' ln(

√
1 + y − 1) ∝ ln(kη). Pour des conditions initiales adiaba-

tiques, en utilisant le fait que la solution (2.39) pour un univers dominé par la radiation possède
une valeur finie dans cette limite [3Φ(y = 0)/2], et comme la solution particulière de (2.64) tend
vers 0 dans cette limite, on obtient que C2 est nécessairement nul et C1 = 3Φ(y = 0)/2.

Nous cherchons de plus à décrire des modes qui rentrent sous le rayon de Hubble lorsque cette
limite y � 1 est encore valable. Un mode est sous le rayon de Hubble si kη =

√
2ky/keq � 1.

Comme l’essentiel de la variation de Φ et donc de SΦ se situe aux alentours de η = 1/k, c’est-
à-dire de y = keq/(

√
2k), la solution particulière peut être évaluée en menant l’intégrale jusqu’à

l’infini. Pour cela nous supposons que Φ est déterminé principalement par δr dans l’équation de
Poisson (2.21). Après intégration numérique, en utilisant pour Φ la solution obtenue dans un
univers dominé par la radiation (2.37), on obtient que cette solution est correctement approchée
par ∫ y

0
G(y, ỹ)SΦ(ỹ)dỹ ' −6 + 9 ln

(
k
√

2y

keq

)
. (2.66)
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Finalement, dans ce régime la croissance du contraste de densité de la matière est correctement
décrite par

δm(k, y) ' Φ(k, y = 0)

[
−4.5 + 9 ln

(
k
√

2y

keq

)]
. (2.67)

Nous constatons donc que pour des modes sub-Hubble dans l’ère dominée par la radiation,
δm ∝ ln y. Or d’après l’équation (2.39) pour ces modes

δr(k, y) ∼ 6Φ(k, y = 0) cos

[
k

keq

2
√

2√
3

(√
1 + y − 1

)]
, (2.68)

si bien qu’il va exister un temps correspondant à un facteur d’échelle réduit y? où la contribution à
l’équation de Poisson (2.21) du fluide de matière devient comparable à celle du fluide de radiation
(voir Figs. 2.1 et 2.2).
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Figure 2.1 – δρm = y
1+y δm (en trait plein) et δρr = 1

1+y δr (en tirets) pour k/keq = 1, 2, 5
respectivement en rouge vert et bleu. Pour des modes plus grands que keq il apparâıt que le
potentiel gravitationnel va être déterminé par les fluctuations dans le fluide de matière avant
l’équivalence.

Nous allons donc étudier le régime où pour ce mode sub-Hubble, le potentiel Φ est principa-
lement déterminé par δm plutôt que δr, c’est-à-dire pour y � y?(k). L’équation de Poisson dans
cette approximation s’écrit

Φ = −
3k2

eq

4yk2
δm. (2.69)

et le terme dominant de SΦ est alors

SΦ ' −
2k2

(1 + y)k2
eq

Φ. (2.70)

L’équation d’évolution de δm (2.61) prend donc la forme suivante

d2δm
dy2

+
2 + 3y

2y(1 + y)

dδm
dy
− 3

2y(1 + y)
δm = 0, (2.71)
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Figure 2.2 – y? en fonction du rapport k/keq

qui est l’équation de Mészáros [Mészáros 74]. Ses solutions sont de la forme

D+(y) = y + 2/3, D−(y) = −2
√

(1 + y) +D+(y) ln

(√
1 + y + 1√
1 + y − 1

)
. (2.72)

La solution est donc une combinaison linéaire de D+ et D− dont les coefficients doivent être
déterminés de telle sorte qu’elle se raccorde à la solution (2.67), dans la limite y � 1. Le potentiel
Φ est ensuite déduit de l’équation (2.69). Cependant, une intégration numérique donnera des
résultats plus précis, et les résultats sont présentés sur la figure 2.1.

On s’intéresse maintenant aux modes qui sont super-Hubble pendant toute la transition entre
l’ère de rayonnement et l’ère de matière, c’est-à-dire les modes tels que kη =

√
2ky/keq � 1.

Pour ces modes, l’équation de conservation (2.25) s’écrit respectivement pour la radiation et
pour la matière

δ′r − 4Ψ′ = 0, (2.73)

δ′m − 3Ψ′ = 0, (2.74)

ce qui implique que si nous avons des conditions initiales adiabatiques, alors cette condition reste
satisfaite pour les modes super-Hubble car

(
δm −

3

4
δr

)′
= 0. (2.75)

Nous pouvons en déduire que pour les modes super-Hubble avec des conditions initiales adiaba-
tiques

δm =
3(1 + y)

4(1 + 3
4y)

δ, δr =
(1 + y)

(1 + 3
4y)

δ. (2.76)

En utilisant ce résultat ainsi que l’équation de Poisson (2.21) pour les modes super-Hubble, on
obtient

δ = −2

(
Φ +

dΦ

dy
y

)
, (2.77)
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et on peut donc récrire l’équation d’évolution de Φ (2.57) sous la forme fermée

d2Φ

dy2
+

[
32 + 54y + 21y2

2y(1 + y)(4 + 3y)

]
dΦ

dy
+

1

y(1 + y)(4 + 3y)
Φ = 0. (2.78)

Les solutions de cette équation sont de la forme

Φ(y) = C1

√
1 + y

y3
+ C2

(
−16− 8y + 2y2 + 9y3

)

y3
. (2.79)

En imposant que la limite quand y � 1 est finie et vaut Φ(0) = A(k), on a nécessairement
C1 = 16C2 et C2 = Φ(0)/10 = A(k)/10. La solution s’écrit donc

Φ(y) =
A(k)

10y3

[
16
√

1 + y + 9y3 + 2y2 − 8y − 16
]
. (2.80)

On remarque qu’après la transition, Φ(y) tend vers une constante qui est donnée par

Φ(y � 1) =
9

10
Φ(y � 1). (2.81)

2.2.4 Loi de conservation

Dans le cas de modes super-Hubble, nous avons vu que les contrastes de densité du mélange
radiation matière froide peuvent être reliés au contraste de densité total par les équations (2.76)
si les conditions initiales des perturbations sont adiabatiques. On en déduit que le fluide total
est un fluide parfait pour les modes super-Hubble car δP − c2

sδρ = 0. On peut alors combiner
les équations (2.21-2.23) pour obtenir

Ψ′′ +HΦ′ +HΨ′(2 + 3c2
s) + 3Φ(c2

s − w)− c2
s∆Ψ = 0. (2.82)

En utilisant la contrainte (2.23) qui nous permet d’écrire Φ = Ψ, cette équation se récrit

Ψ′′ + Ψ′3H(1 + c2
s) + 3Ψ(c2

s − w)− c2
s∆Ψ = 0. (2.83)

Pour les modes super-Hubble cette équation prend la forme d’une loi de conservation

−H
2Q
R(1)′ ' 0, (2.84)

avec Q ≡ Hρ̄/ρ̄′ = − 1
3(1+w) et où R(1) est la perturbation de courbure en jauge comobile donnée

au premier ordre,

R(1) ≡ Ψ− 2Q

H
(
Ψ′ +HΦ

)
. (2.85)

Cette relation peut être utilisée pour établir un lien entre les variables de perturbation super-
Hubble avant et après la transition rayonnement-matière mais aussi pour établir un lien entre la
phase d’inflation primordiale et l’ère de radiation. Il s’agit de la version intégrale de l’équation
(2.83). La solution particulière correspond à la solution croissante de l’équation (2.83) tandis que
la solution de l’équation homogène, c’est-à-dire avec R(1) = 0 correspond au mode décroissant
de l’équation (2.83).
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Dans une ère dominée par un fluide de paramètre d’état w constant, c’est-à-dire tel que
w = c2

s, une fois le mode décroissant négligeable, on peut relier Ψ à R pour des modes super-
Hubble par

ΨI =
3(1 + w)

5 + 3w
R(1)
I , (2.86)

où l’indice I signifie qu’il s’agit une condition initiale pour les modes lorsqu’ils sont super-Hubble.
Cet indice est pratique car il signifie également que cette valeur est héritée de l’inflation. On
retrouve alors en évaluant cette relation en w = 1/3 et w = 0 la relation (2.81) entre le potentiel
super-Hubble pendant les ères de radiation et de matière.

Au cours des sections précédentes, nous avons donc vu que les perturbations vectorielles
étaient négligeables car amorties systématiquement, tandis que les perturbations tensorielles
sont amorties uniquement lorsqu’elles deviennent sub-Hubble. Quant aux perturbations de la
métrique, lorsqu’elles sont super-Hubble elles sont constantes et ne varient que d’un facteur
9/10 à la transition rayonnement matière. Les modes sub-Hubble sont eux amortis pendant l’ère
de radiation mais regagnent une légère croissance logarithmique au moment de la transition
radiation-matière, puis sont constants pendant l’ère de matière.

2.2.5 Intéractions baryons-photons

La description précédente qui supposait que toute la matière n’intéragissait pas avec la
radiation est adaptée quand il s’agit de déterminer le potentiel Φ. En revanche si l’on veut
déterminer correctement les fluctuations du fluide de radiation, il faut prendre en compte son
interaction avec les baryons, et ce d’autant plus que la densité d’énergie des photons diminue
pour devenir inférieure à celle des baryons. On introduit pour paramétrer ce moment le rapport

R =
3ρ̄b
4ρ̄r

, (2.87)

où on a divisé le contenu en matière entre matière noire froide ρc et matière baryonique ρb
(ρm = ρc + ρb). Si on introduit le rapport ε ≡ ρb/ρm ' 0.15, alors R = 3

4εy. Dans la limite
R� 1, et on s’attend à ce que les baryons perturbent peu les conclusions établies pour un univers
dominé par la radiation. Cependant, lorsque on approche l’équivalence, nous avons vu que la
matière n’intéragissait pas avec la radiation, c’est-à-dire la matière noire froide, va déterminer
le potentiel gravitationnel, tandis que parallèlement R crôıt et que les effets de l’interaction avec
les baryons vont se faire ressentir pour la radiation. La forme de l’équation (2.20) qui caractérise
l’interaction entre le fluide de radiation et le fluide de baryons doit être justifiée à partir de
l’étude cinétique et nous exposerons la démarche nécessaire pour cela dans la section 3.3.7. Dans
l’approximation fluide, on obtient donc l’équation de conservation et l’équation d’Euler sous la
forme

δ′r =
4

3
k2vr + 4Ψ′, v′r = −1

4
δr − Φ +

1

6
k2πr + τ ′(vb − vr) (2.88)

δ′b = k2vb + 3Ψ′, v′b = −Hvb − Φ− τ ′

R
(vb − vr), (2.89)

où τ ′ = an̄eσT, σT étant la section efficace de la diffusion Compton, n̄e la densité d’électrons
libres de fond et k2πr ≡ kikjπij . La pression anisotrope est la manifestation du fait que le
fluide de radiation soumis aux diffusions Compton sur les baryons ne va plus rester un fluide
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parfait. Par conséquence il faut déterminer, via la théorie cinétique, sa forme la mieux adaptée
a l’approximation fluide. Il peut être montré grâce à la théorie cinétique que si les intéractions
entre les photons et les baryons sont fortes, πr ' −96

45vr/τ
′. Il faut également faire la distinction

entre Φ et Ψ qui vont cesser d’être égaux à cause de la présence du ce tenseur de pression
anisotrope car ce tenseur intervient dans l’équation (2.23). Dans un premier temps nous allons
considérer des échelles telles que k/τ ′ � 1, c’est-à-dire que nous allons considérer le régime de
couplage fort 3 [Peebles & Yu 70, Sachs & Wolfe 67]. Plus précisément, nous allons considérer un
développement perturbatif des équations dans le paramètre k/τ ′ et travailler d’abord à l’ordre
dominant. Nous obtenons à partir de l’ordre dominant des équations d’Euler et de conservation

vb = vr +O(k/τ ′), δ′r =
4

3
δ′b +O(k/τ ′). (2.90)

Les équations d’Euler se récrivent donc

[(1 +R)vr]
′ = −1

4
δr − (1 +R)Φ +O(k/τ ′) , (2.91)

ce qui permet ensuite de fermer la dérivée de l’équation de conservation de la radiation

δ′′r +
R′

1 +R
δ′r +

k2

3(1 +R)
δr = 4

[
Φ′′ +

R′

1 +R
Φ′ − 1

3
k2Φ

]
+O(k/τ ′) ≡ F (Φ) +O(k/τ ′). (2.92)

Le membre de gauche est une équations d’oscillation harmonique amortie, dont l’amortissement
et le changement de fréquence sont dus à la proportion croissante R de baryons par rapport aux
photons. Alors que le potentiel est de plus en plus déterminé par le contraste de densité de la
matière noire qui s’effondre gravitationnellement, celui-ci agit comme un terme de forçage pour
cette équation harmonique qui décale la position moyenne des oscillations. Dans la limite où le
terme d’amortissement est faible devant la pulsation des oscillations, c’est-à-dire

ωs ≡
k√

3(1 +R)
� R′

1 +R
, (2.93)

on peut donner une solution en couplage fort dans l’approximation WKB (Wentzel-Kramers-
Brillouin) à l’équation homogène. Pour une équation différentielle du second ordre à coefficients
non constants du type

f ′′ +
B′

B
f ′ + ω2f = 0 , (2.94)

on peut estimer deux solutions linéairement indépendantes par les solutions approchées

f±WKB ≡
1√
Bω

exp

[
±i

∫ η

0
ω(η′)dη′

]
. (2.95)

Ces fonctions satisfont l’équation

f ′′WKB +
B′

B
f ′WKB +

(
ω2 −QWKB

)
fWKB = 0 , (2.96)

3. tight coupling en anglais.
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avec la différence par rapport à l’équation (2.94) donnée par

QWKB =
1

4

[(
B′

B

)2

+ 3

(
ω′

ω

)2
]
− 1

2

[
B′′

B
+
ω′′

ω

]
. (2.97)

Dans le cas où ce terme peut être négligé par rapport à ω2, ces solutions sont de bonnes approxi-
mations analytiques. Dans le cas de l’équation homogène associée à l’équation (2.92), ω = ωs et
B = 3(1 +R) = 1/ω2. La condition de validité de l’approximation WKB s’écrit donc

∣∣∣∣
QWKB

ω2

∣∣∣∣ =
3

4k2

[
R′′ − 1

4

(R′)2

(1 +R)

]
=

9ε

64

(
keq

k

)2 [
1 +

3

8
ε(y − 1)

]
� 1 (2.98)

Pour le mode k = keq au moment de l’équivalence (y = 1), cette quantité vaut approximative-
ment 0.02 et varie très peu jusqu’au découplage à yLSS = (1 + zeq)/(1 + zLSS) ' 3.3. L’approxi-
mation WKB constitue donc une très bonne estimation pour les modes k > keq. Les solutions
de l’équation homogène associée à l’équation (2.92) sont donc pour ces modes correctement
approchées par

δr,1(η) =
1

(1 +R)1/4
cos[krs(η)], δr,2(η) =

1

(1 +R)1/4
sin[krs(η)], (2.99)

avec

krs(η) ≡
∫ η

0
ωs(η

′)dη′ . (2.100)

On peut déterminer la solution génerale forcée par le terme F (Φ) grâce à la méthode de la
fonction de Green

δr(η) = C1δr,1 + C2δr,2 +

∫ η

0
G(η, η′)F (η′)dη′, (2.101)

où la fonction de Green est

G(η, η′) ≡ δr,1(η′)δr,2(η)− δr,1(η)δr,2(η′)
δr,1(η′)δ′r,2(η′)− δr,2(η′)δ′r,1(η′)

=

√
3[1 +R(η′)]3/4

k[1 +R(η)]1/4
sin[krs(η)− krs(η′)]. (2.102)

Dans le cas où les variations de R et Φ sont très lentes devant la période des oscillations, on peut
donner une solution approchée de cette solution générale. Nous allons donner une explications
intuitive de la forme que l’on obtient alors. L’équation (2.92) peut se récrire au premier ordre
dans le développement en k/τ ′ comme une équation pour la quantité Q ≡ δr

4 − Φ selon

[(1 +R)Q′]′ + k2

3
Q = −k

2

3
(2 +R)Φ. (2.103)

Dans le cas où R et Φ varient lentement, ce qui est le cas quand l’univers devient dominé
par la matière, cette équation est comme celle d’un oscillateur harmonique amorti de pulsation
ωs, forcé par une force lentement dérivante. Le système est analogique à celui d’un ressort
et d’une masse posés sur un plan incliné et soumis au frottement visqueux, pour lequel on
augmenterait lentement l’angle d’inclinaison du plan. Q va donc osciller autour de la position
moyenne −Φ(2 +R). En l’absence de frottement, l’amplitude est donnée par la différence entre
sa valeur initiale et la position moyenne, c’est-à-dire Q(0)+Φ(2+R). La présence du frottement



30 Théorie des perturbations linéaires

visqueux va ensuite atténuer cette amplitude comme vu précédemment d’un facteur 1/(1+R)1/4

et faire dériver lentement la pulsation des oscillations. On aura donc

Q(k, η) = −(2 +R)Φ +
[Q(0) + (2 +R)Φ]

(1 +R)1/4
cos[krs(η)] . (2.104)

Nous verrons dans la section (3.1) que la quantité ΘSW ≡ δr
4 + Φ = Q + 2Φ est reliée aux

fluctuations de température du CMB. On obtient donc pour cette variable

ΘSW(k, η) =
[ΘSW(0) +RΦ]

(1 +R)1/4
cos[krs(η)]−RΦ . (2.105)

Si nous souhaitons raffiner cette description, il faut prendre en compte les effets dans l’ordre
suivant en k/τ ′. Nous ne rentrerons pas dans le détail de ce calcul. La principale conclusion est
que le terme d’amortissement se trouve modifié, et qu’on peut en rendre compte en multipliant les
solutions (2.99) par une facteur d’amortissement exp[−(k/kD)2], dit amortissement Silk [Silk 68],
où l’échelle d’amortissement kD est donnée par [Hu 95]

k−2
D (η) =

1

6

∫ η

0

1

1 +R(η′)

[
16

15
+

R2(η′)
1 +R(η′)

]
dη′

τ ′(η′)
. (2.106)

En pratique nous utiliserons cette approche phénoménologique pour décrire l’état de la surface
de dernière diffusion et nous noterons alors kD = kD(ηLSS).

2.3 Le formalisme 1+3

2.3.1 Principe général

Jusqu’à présent, nous avons présenté une approche perturbative basée sur des coordonnées,
un espace de fond et des variables invariantes de jauge. Celle approche a été introduite par
Bardeen [Bardeen 80] et est majoritairement utilisée dans les publications de cosmologie. On
peut cependant adopter un point de vue tout à fait opposé et utiliser un formalisme covariant
qui ne se réfère pas aux coordonnées mais utilise des objets tensoriels ayant une existence propre
indépendante du choix de coordonnées. Nous allons résumer ce formalisme mais plus de détails
peuvent être trouvés dans [Ellis & van Elst 98]. Afin de donner une interprétation dynamique
aux équations, c’est-à-dire sous la forme d’évolution temporelle de quantités physiques, on réalise
un découpage local 1 + 3 de l’espace temps. Cela consiste à supposer qu’il existe un ensemble
d’observateurs de quadrivitesse uµ dont les lignes d’univers constituent une partition de l’espace-
temps et dont le temps propre τ sert de coordonnée temporelle. En se référant aux variations
de quantités physiques le long des trajectoires suivies par ces observateurs, on définira une
dérivée temporelle. De même, en se référant aux variation de quantités physiques le long des
surfaces localement orthogonales au flot de ces observateurs, on obtiendra une dérivée spatiale.
Formellement, ces observateurs permettent de définir un projection parallèle Uµν = −uµuν ainsi
qu’une projection orthogonal hµν = gµν + uµuν . On peut donc décomposer tout vecteur en sa
partie parallèle et sa partie orthogonale, et généraliser cette décomposition pour des tenseurs
quelconques. On décomposera ainsi le tenseur énergie impulsion comme dans l’équation (1.15),
ainsi que le tenseur de Ricci et le tenseur de Riemann, et si l’on s’intéresse à la théorie cinétique
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on décomposera l’espace tangent. On définit alors la dérivée directionnelle et la dérivée spatiale
d’un tenseur quelconque Tµν par

Ṫµν ≡ uα∇αTµν , DαT
µ
ν ≡ hβαhωνh µ

σ ∇βT σω ≡ Ph (∇αTµν) . (2.107)

On décompose la dérivée covariante de uµ selon

∇νuµ = −uνaµ +Dνuµ ≡ −uνaµ +
Θ

3
hµν + σµν + ωµν . (2.108)

aµ est l’accélération qui est non nulle si les observateurs ne suivent pas de géodésique, σµν est
le cisaillement 4 et ωµν est la vorticité. Dµ est compatible avec hµν , c’est-à-dire Dαhµν = 0,
mais n’est sans torsion que si ωµν = 0. Dans ce dernier cas, on peut définir des sections spatiales
globales orthogonales à l’ensemble des observateurs de quadrivitesse uµ. Dans ce cas on bénéficie
également d’une foliation de l’espace-temps c’est-à-dire d’un ensemble d’hypersurfaces de type
espace qui réalise une partition de l’espace-temps. Ce découpage en tranches d’espace est appelé
formalisme 3 + 1 (voir [Gourgoulhon 07] pour des notes de cours sur ce sujet). Lorsque l’on
exprime cette foliation en faisant référence explicitement aux coordonnées, ce formalisme est
plus connu sous le nom de formalisme ADM [Arnowitt et al. 62]. Les approches 1 + 3 et 3 + 1
sont donc différentes mais très liées. Dans le cas où il n’y a pas de vorticité, Dµuν = Dνuµ et on
définit le tenseur

Kµν ≡ D(µuν) =
Θ

3
hµν + σµν . (2.109)

Kµν est alors symétrique et orthogonal à uµ (Kµνu
µ = 0) et est appelé courbure extrinsèque des

sections spatiales. On peut alors relier le tenseur de Riemann associé à gµν à celui associé à hµν ,
en utilisant la relation de Gauss-Codazzi

Rαβγρ = 3Rαβγρ + 2Kα[γKρ]β + 4u[αaβ]a[ρuγ] + 4
(
D[αKβ][ρ

)
uγ] + 4u[βK

λ
α]Kλ[ρuγ]

+4u[βPh

(
K̇α][ρ

)
uγ] + 4

(
D[αKβ][ρ

)
uγ] + 4

(
D[γKβ][ρ

)
uα] + 4u[γDρ]a[βuα] .

Si la matière est sans vorticité alors elle peut servir à réaliser ce découpage, sinon il faut distinguer
le flot d’observateurs qui servent au découpage 1 + 3 du flot de matière. En projetant la relation
de commutation des dérivées covariantes selon les composantes parallèles et orthogonales ainsi
qu’en projetant les identités de Bianchi et en utilisant Gµν = κTµν , on obtient un ensemble
d’équations d’évolution et de contrainte [Ellis & van Elst 98].

Cette approche ne fait pas référence explicitement à une espace de fond si bien qu’il faut
trouver une procédure afin de donner un sens à la notion de perturbations. Une solution consiste
à prendre des gradients spatiaux (Dµ) des quantités physiques. Par exemple, dans ce formalisme,
l’équation de conservation s’écrit

ρ̇+ Θ(ρ+ P ) = 0. (2.110)

En appliquant l’opérateur Dµ, on obtient

Dµρ̇+ (ρ+ P )DµΘ + ΘDµ(ρ+ P ) = 0. (2.111)

4. shear en anglais.
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Afin de la mettre sous la forme d’une équation d’évolution pour Dµρ il faut commuter la dérivée
spatiale avec la dérivée temporelle. En notant Kµν ≡ Dνuµ = Θ

3 hµν + σµν + ωµν , on obtient

Dµρ̇ = (Dµρ). − uµaνDνρ− aµρ̇+KµνD
νρ

= Ph [(Dµρ).]− aµρ̇+KµνD
νρ. (2.112)

Des relations de commutations similaires pour des vecteurs et tenseurs d’ordre supérieur existent
et permettent de généraliser cette méthode au delà des scalaires. La différence fondamentale entre
le formalisme 1+3 et l’approche perturbative basée sur les coordonnées tient dans le fait que dans
le formalisme 1 + 3 on ne fait pas référence de façon explicite à un espace de fond. En revanche,
lorsque l’on choisit de résoudre les équations qui sont intrinsèquement non linéaires, on choisit
un procédure itérative de résolution. A la première itération on choisit les quantités qui sont
non nulles et cela spécifie la forme générale de l’espace temps. Par exemple pour rechercher des
solutions proches de la solution de Friedmann-Lemâıtre, on va choisir dans la première itération
Θ 6= 0 mais σµν = ωµν = 0. On choisit également DµZ = 0 pour Z un champ scalaire quelconque.
En ayant résolu les équations avec cette prescription, on réutilise les solutions obtenues afin
d’améliorer les solutions dans une second itération. Par exemple dans l’équation (2.111), on
utilisera les solutions pour Θ, ρ et P trouvées à la première itération afin de déterminer une
équation satisfaite par les DµZ. Les variables non nulles lors de la première itération sont donc
appelées variables de fond tandis que celle qui sont non nulles uniquement à partir de la seconde
itération sont appelées variables perturbées du premier ordre et ainsi de suite. L’approche 1 + 3
résout donc de manière perturbative des équations exactes, tandis que l’approche basée sur
l’utilisation de coordonnées résout de facons exacte des équations approchées. Il reste à montrer
que ces deux approches se rejoignent quand le nombre d’itérations tend vers l’infini, ce qui n’a
pas été fait. Nous ne détaillerons pas plus le formalisme 1 + 3 mais nous présenterons dans la
section 5.3 comment il peut être utilisé pour déterminer de façon algorithmique les perturbations
de l’approche en coordonnées dans une utilisation hybride.

2.3.2 Utilisation de la dérivée de Lie

Une amélioration possible du formalisme 1 + 3 consiste à utiliser la dérivée de Lie dans la
direction uµ, notée Lu, plutôt que la dérivée covariante directionnelle. En utilisant LuXµ =
Ẋµ +Xν∇µuν , on peut par exemple remettre l’équation (2.112) sous la forme

Dµ(ρ̇) = Lu(Dµρ)− aµρ̇. (2.113)

L’intérêt d’utiliser une dérivée de Lie réside dans le fait que cette quantité s’identifie à la dérivée
par rapport au temps cosmique t lorsque l’on considère une variable de perturbation du premier
ordre spatiale sur un espace de fond homogène, et pas seulement pour les scalaires comme c’est
le cas pour la dérivée directionnelle uµ∇µ. En effet, au premier ordre

LuXi = uν∂νXi +Xν∂iu
ν = uν∂νXi =

∂Xi

∂t
, (2.114)

où on a utilisé que nécessairement ∂iu
ν = 0 doit être pris à l’ordre le plus bas et est donc nul

pour un espace homogène 5. Cette formulation permet donc d’entrevoir l’unification des deux

5. Plus généralement, dans un système de coordonnées localement orthogonal et ayant une coordonnée tempo-
relle correspondant au temps propre des observateurs de quadrivitesse uµ, la dérivée de Lie s’identifie à la dérivée
partielle temporelle.
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formalismes. En définissant le facteur d’échelle moyen S par

S = ln

[
1

3

∫
dτΘ

]
≡ lnα, (2.115)

on peut montrer [Langlois & Vernizzi 05] qu’en utilisant seulement l’équation de conservation
(2.111)

LuRµ = − Θ

3(ρ+ P )

(
DµP −

Ṗ

ρ̇
Dµρ

)
, avec Rµ ≡ Dµα−

α̇

ρ̇
Dµρ . (2.116)

Pour des perturbations adiabatiques DµP −
(
Ṗ /ρ̇

)
Dµρ = 0, et cette loi est une loi de conserva-

tion. On montre alors qu’il s’agit d’une généralisation non perturbative de la loi de conservation
de la perturbation de courbure comobile, et on peut retrouver la loi de conservation de la per-
turbation de courbure comobile donnée par l’équation (2.84).

2.3.3 Comparaison des approches Bardeen et 1+3

On peut comparer les deux approches perturbatives en développant les quantités 1 + 3 en
perturbations autour de l’espace de fond à symétries maximales dans l’approche en coordonnées.
Les quantités 1 + 3 peuvent ainsi être exprimées en fonction des variables de perturbations. On
peut également développer en perturbations les équations satisfaites par les variables 1 + 3.
On obtient ainsi une comparaison immédiate des deux formalismes, cette comparaison pouvant
être étendue à tout ordre. On trouvera dans [Osano et al. 07] ainsi que dans [Bruni et al. 92] les
résultats d’un telle démarche. On retiendra que pour comparer l’appproche 1+3 à l’approche en
coordonnées, il faut exprimer cette première dans cette dernière, mais que la démarche inverse n’a
pas été établie et reste à explorer. Une différence fondamentale entre les deux formalismes réside
dans le fait que l’approche 1 + 3 définit les gradients dits spatiaux sur l’espace physique, avec les
notions de décomposition SV T et de laplacien associées, tandis que l’approche en coordonnées
fait référence pour tout ordre de perturbation à l’espace de fond pour définir la notion de
gradient spatial. Une conséquence pratique importante est qu’il semble difficile de construire
facilement une décomposition en modes dans l’approche 1 + 3, ce qui est utile si l’on souhaite
avoir des équations différentielles uniquement dans le temps, tandis qu’elle est automatique dans
l’approche en coordonnées. Bien que l’on puisse espérer que les deux démarches mènent aux
mêmes résultats et même prédictions, il apparâıt donc encore incertain lorsque l’on dépasse la
théorie linéaire que les formalismes soient équivalents. En particulier, la procédure de moyennage
qui est essentielle dans l’approche en coordonnées n’est pas explicitement construite, et même si
la liberté de jauge peut être interprétée comme un changement procédure de moyennage, celle
ci n’est pas acquise de façon systématique.
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Chapitre 3
Théorie cinétique et physique du fond diffus
cosmologique

3.1 Effet Sachs-Wolfe

Si lorsque la condition de couplage fort est vérifiée on peut décrire la radiation par un fluide
parfait puisque le tenseur de pression anisotrope y est effacé par les diffusions multiples, cela
n’est en revanche plus le cas après la recombinaison lorsque les photons n’intéragissent plus
avec la matière et suivent dans l’approximation de l’optique géométrique des géodésiques nulles.
Tout d’abord nous supposons que la surface de dernière diffusion est infiniment fine et que
l’on passe instantanément du couplage fort à la propagation libre 1 des photons. En étudiant
la propagation le long d’une géodésique nulle dans un espace perturbé, nous pouvons relier
les perturbations de la métrique et du fluide de radiation avant le découplage avec celles du
CMB observé aujourd’hui. Dans l’approximation de l’optique géométrique, nous pouvons définir
pour un photon une trajectoire paramétrée xµ(λ). Nous définissons le vecteur tangent à cette
trajectoire par kµ = dxµ

dλ qui satisfait la condition de norme nulle et l’équation géodésique

kµk
µ = 0, kµ∇µkν = kµ

(
∂kν

∂xµ
+ Γνµρk

ρ

)
= 0. (3.1)

On décompose le vecteur tangent selon kµ = k̄µ+δkµ, et ces conditions doivent être satisfaites à
la fois pour le vecteur de fond et le vecteur perturbé. Comme k̄µk̄

µ = 0 nous pouvons décomposer
ce vecteur de type lumière selon

k̄µ = Ē [ūµ + ēµ] , avec Ē = −k̄ν ūν , ēµ =
1

Ē
h̄µν k̄

ν . (3.2)

De même nous décomposons la perturbation δkµ selon

δkµ = Ē [δE ū
µ + δeµ] , avec δE = − 1

Ē
δkν ūν , δeµ =

1

Ē
h̄µνδk

ν , (3.3)

c’est-à-dire kµ = Ē [(1 + δE) ūµ + (ēµ + δeµ)]. La condition de normalisation implique γij ē
iēj = 1

et l’équation géodésique sur l’espace de fond (1.9) nous donne Ē ∼ 1/a. Toujours en négligeant

1. free-streaming en anglais.
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les modes vectoriels, nous déduisons finalement de l’équation géodésique au premier ordre pour
la composante d’indice ν = 0

dδE
dλ

= −Φ′ − 2ēi∂iΦ + Ψ′ − E′ij ēiēj . (3.4)

L’énergie d’un photon mesurée par un observateur comobile avec un fluide de quadrivecteur
vitesse uµ est donnée par E = −kµuµ. Il faut bien réaliser que δE est le contraste d’énergie tel
que mesuré par un observateur de quadrivitesse ūµ = (dt)µ qui n’est pas normalisé à −1 sur
l’espace perturbé. Si l’on prend en compte le fait que l’observateur doit satisfaire uµuµ = −1 sur
l’espace perturbé et que de plus on souhaite que celui ci soit comobile avec les baryons, uµ = uµb ,
alors on obtient (toujours au premier ordre dans les perturbations) en définissant E ≡ Ē (1 + δE)

δE =
[
δE + Φ− ēivib

]
. (3.5)

On peut donc relier le contraste d’énergie δEe mesurée à l’émission du photon en xie à ηe à celui
δE0 mesurée aujourd’hui en xi0 à η0. A l’ordre le plus bas, ces points de l’espace-temps sont reliés
par

xi0 − xie = ēi(η0 − ηe) (3.6)

et on a donc au premier ordre

δE0 = δEe +
[
δE + Φ− ēi(vib)

]0
e
. (3.7)

Il nous faut donc intégrer l’équation (3.4) afin de pouvoir expliciter cette expression. On obtient
finalement au premier ordre en négligeant les modes vectoriels

δE0 = δEe +
[
Φ + ēiv

i
b

]e
0

+

∫ 0

e

(
Φ′ + Ψ′ − E′ij ēiēj

)
dη. (3.8)

On peut montrer en utilisant la physique de la recombinaison que la surface de dernière diffusion
correspond à une surface de densité d’énergie de radiation constante, c’est-à-dire que les points
(η,x) de cette surface satisfont ρr(ηLSS,x) = ρ̄r(η̄LSS). Si on suppose qu’avant cette surface
les intéractions entre baryons et photons sont très fortes, alors la radiation est constamment
thermalisée et sa fonction de distribution est celle d’un corps noir. Elle est donc entièrement
caractérisée par sa température T (η,x) qui est reliée à la densité d’énergie selon

ρ = 4σBT
4, (3.9)

avec σB la constante de Stefan-Boltzmann dont la valeur dans les unités c = 1, ~ = 1 et
kB = 1, est sans dimension et vaut π2/60. On peut ainsi définir un contraste de température par
T (η,x) ≡ T̄ (η) [1 + Θ(η,x)]. On souhaite exprimer les quantités perturbées de l’équation (3.8)
qui sont évaluées sur la surface de dernière diffusion en fonction de leurs valeurs prises sur la
surface moyenne de dernière diffusion définie par η̄LSS. Dans cette hypothèse de couplage fort
avant la surface de dernière diffusion, on utilise le fait que la quantité qui intervient dans un
spectre de corps noir est E/T , et que par conséquent, une fois intégré sur toutes les énergies, les
conclusions de l’équation (3.8) tirées pour δE seront valables pour Θ, et on relie le contraste de
température à celui de densité de radiation en utilisant l’équation (3.9) par (1 + Θ)4 = 1 + δr.
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Au premier ordre on aura Θ(1)[ηLSS,x(ηLSS)] = δ
(1)
r [ηLSS,x(ηLSS)]/4 ' δ(1)

r [η̄LSS,x(η̄LSS)]/4. On
obtient donc que la température observée dans une direction −ēi est donnée par

Θ(η0,x0,−ēi) =
1

4
δr +

[
Φ + ēiv

i
b

]
(η̄LSS,xe) +

∫ 0

e

(
Φ′ + Ψ′ − E′ij ēiēj

)
dη + F (0), (3.10)

où F (0) est une fonction des variables de perturbations ici et aujourd’hui qui n’intervient pas
dans les différences directionnelles. Le terme ΘSW(k, η) ≡ [δr(k, η)/4 + Φ(k, η)] est appelé effet
Sachs-Wolfe propre, le terme faisant intervenir la vitesse des baryons à la dernière diffusion
est un effet Doppler ΘDop(k, η) ≡

[
ēiv

i
b(k, η)

]
, et le terme intégré est appelé effet Sachs-Wolfe

intégré.

3.2 Multipôles

3.2.1 Prédictions statistiques multipôlaires

Lorsque l’on établit des prédictions pour l’univers, nous n’avons accès qu’à des prédictions
statistiques sur un ensemble de réalisations d’univers. Nous détaillerons ce point plus particu-
lièrement dans le chapitre dédié à l’inflation. Les propriétés statistiques de Φ(1)(k) [Eq. (2.37)]
au début de l’ère de radiation sont données par celles de A(k) (voir l’équation 2.37 pour la
définition). Le corrélateur à deux points de cette quantité est donné en espace de Fourier par

〈A(k)A(k′)〉 = δ3
D(k + k′)PΦ(k). (3.11)

PΦ est le spectre de puissance des fluctuations et ne dépend que de la norme de k ce qui
traduit l’isotropie statistique. Quant à la fonction δ3

D, elle traduit l’hypothèse d’homogénéité des
propriétés statistiques des fluctuations. Le corrélateur à deux points contient toute l’information
sur la statistique d’un champ gaussien car tout corrélateur à n points peut être exprimé en
fonction du corrélateur à deux points (voir l’introduction de la partie II). Grâce à l’isotropie
statistique, on déduit que la corrélation de température du CMB venant de région différentes
du ciel ne dépend que de leur séparation angulaire et peut donc être décomposée sur la base des
polynômes de Legendre selon

〈Θ(e1)Θ(e2)〉 =
∞∑

`=0

2`+ 1

4π
C`P`(e1.e2). (3.12)

Cela revient à réaliser une décomposition de la température mesurée en harmoniques sphériques
selon

Θ(e) =
∑

`m

a`mY`m(e) , (3.13)

et à considérer les corrélations des a`m qui, à cause de l’isotropie statistique, satisfont

〈a`1m1a
∗
`2m2
〉 = C`1δ`1`2δm1m2 . (3.14)

En utilisant ces propriétés et en négligeant l’effet Sachs-Wolfe intégré, on peut montrer que

a`m = 4πi`
∫

d3k

(2π)3/2

[
ΘSW j`(k∆ηE) + vb(k)

j′`(k∆ηE)

k

]
Y ∗`m(k̂)

≡ 4πi`
∫

d3k

(2π)3/2
g`(k, ηLSS)Φ(1)(k)Y ∗`m(k̂) avec ∆ηE ≡ η0 − ηLSS (3.15)
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La fonction g`(k, η) contient à la fois le transfert des perturbations de métrique et de matière en
perturbations de température, ainsi que les effets de projections sur la sphère des observations.
En utilisant la propriété (3.11), on déduit que le spectre de puissance angulaire C` est donné au
premier ordre dans les perturbations par

C` =
2

π

∫
|g`(k, ηLSS)|2 PΦ(k)k2dk . (3.16)

C` est la variance des fluctuations de température sur une échelle angulaire de l’ordre de θ ∼ π/`.

3.2.2 Approximation du ciel plat

Le résultat précédent peut être simplifié si l’on se place dans l’approximation du ciel plat.
Si l’on regarde une direction du ciel e, c’est-à-dire telle que les photons nous parvenant de cette
zone soient approximativement parallèles entre eux et de direction −e, alors on peut décomposer
un mode k en une partie parallèle à e et une partie orthogonale selon

k = k⊥ + kr, avec kr = k.e . (3.17)

Dans ce cadre d’approximation, l’effet Sachs-Wolfe propre et l’effet Doppler s’écrivent respecti-
vement

Θ
(1)
SW(k, η) =

[
δ

(1)
r

4
(k, η) + Φ(1)(k, η)

]
, Θ

(1)
Dop(k, η) =

[
−ikrv

(1)
b (k, η)

]
, (3.18)

et on définit g(1)(k, η) ≡ 1
A(k)

[
Θ

(1)
SW(k, η) + Θ

(1)
Dop(k, η)

]
. On peut alors montrer que le spectre

angulaire s’écrit alors pour `� 1

C` '
1

2π (∆ηE)2

∫ ∞

−∞
dkrPΦ(k)|g(k, ηLSS)|2, (3.19)

où ∆ηE k⊥ = `. L’approximation du ciel plat n’est valable que pour ` � 1. Dans la limite
des grandes échelles, c’est-à-dire pour ` � 1, on obtient pour un spectre invariant d’échelle,
c’est-à-dire ayant un comportement proportionnel à k−3, une solution approchée du spectre de
puissance angulaire (3.16) donnée par

`(`+ 1)C` '
9

100π
PΦk

3 . (3.20)

Cette expression est ensuite utilisée pour normaliser le spectre de puissance par comparaison
aux observations.

3.2.3 Epaisseur de la surface de dernière diffusion

En pratique, la recombinaison n’est pas instantanée et la surface de dernière diffusion est en
fait un volume. Si l’on désigne par r = (η0 − η) la distance comobile à laquelle un photon a été
diffusé pour la dernière fois avant d’être observé aujourd’hui, alors on peut relier le nombre de
photons N(r) qui ont parcouru au moins une distance r au nombre de photons N(r + dr) qui
ont parcouru au moins une distance r + dr par

N(r + dr) = N(r)− σ̃drN(r), ⇒ dN(r)

dr
= −σ̃N(r) (3.21)
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où nous utilisons la notation σ̃ ≡ aneσT . On en déduit que N(r) = Ntot exp[−
∫ r

0 σ̃(r′)dr′]. On
définit ensuite la fonction de visibilité v(r) comme la probabilité pour qu’un photon qui nous
arrive ait été diffusé pour la dernière fois entre r et r + dr. En termes différentiels on obtient

v(r) = − 1

Ntot

dN

dr
, ⇒ v(r) = σ̃(r) exp

[
−
∫ r

0
σ̃(r′)dr′

]
. (3.22)

En posant dτ
dr ≡ σ̃, c’est-à-dire τ =

∫ r
0 σ̃(r′)dr′ 2, la fonction de visibilité se récrit

v(r) =
dτ

dr
e−τ . (3.23)

Néanmoins nous avons déjà utilisé la notation τ ′ ≡ dτ
dr ce qui implique τ ′ = dτ

d(η0−η) = −dτ
dη , le

signe résultant d’une convention historique.
Afin de tenir compte de cette épaisseur dans l’approximation du ciel plat, il faut remplacer

g(k, ηLSS) par

ĝ(k, ηLSS) ≡
∫
v(η)g(k, η)e(ikrη)dη. (3.24)

Cette méthode permet d’obtenir pour un spectre de puissance PΦ invariant d’échelle, les prédic-
tions du spectre de puissance angulaire apparaissant sur la figure 3.1, où l’épaisseur de la surface
de dernière diffusion ainsi que l’amortissement Silk ont été pris en compte [Seljak 94].
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Figure 3.1 – Spectre angulaire dans l’approximation fluide en ciel plat, obtenu par intégration
dans un code Mathematica des équations (2.88,2.89), avec le potentiel gravitationnel déterminé
par l’équation de Poisson (2.21) en prenant en compte la matière noire froide.

Nous verrons dans la section 3.3 qu’il est nécessaire d’aller au delà de l’approximation fluide
afin d’obtenir des prédictions précises pour le spectre angulaire. Il faut alors résoudre l’équation
de Boltzmann et les équations d’Einstein de façon numérique afin de générer les prédictions
pour tous les modèles d’univers envisageables et sélectionner celui qui est le plus compatible

2. τ est appelé profondeur optique.
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avec les observations [Spergel et al. 07]. Le meilleur ajustement 3 aux données récoltées par le
satellite consacré à la mesure du fond diffus WMAP est présenté sur la figure 3.2. Plusieurs
codes sont disponibles en libre accès afin de réaliser ces intégrations numériques, les plus utilisés
étant CMBFAST [Seljak & Zaldarriaga ] et CAMB [Lewis & Challinor ]. Une étude détaillée de
la dépendance des caractéristiques du spectre angulaire dans les paramètres cosmologiques est
exposée dans [Riazuelo 00].

Multipole moment l
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Figure 3.2 – Résultats de WMAP : Spectre de puissance angulaire de la température. En noir
sont reportés les points mesurés et en rouge le meilleur ajustement correspondant au modèle
concordant est tracé. Figure tirée de [Spergel et al. 07].

3.3 Théorie cinétique

3.3.1 Description statistique d’un ensemble de particules

Dans le cas général, et particulièrement pour la radiation, le contenu matériel de l’univers
ne peut pas être décrit par un fluide parfait, et il faut prendre en compte la présence du ten-
seur de pression anisotrope. L’évolution de ce tenseur ne peut pas être déterminée seulement à

3. best fit en anglais.
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partir de l’équation de conservation du tenseur énergie impulsion. De plus les forces entre les
différents fluides doivent êtres déterminées afin de pouvoir écrire les équations de conservation
couplées (2.20). Ces intéractions résultent principalement de diffusions entre particules dont les
sections efficaces nous sont connues d’après la microphysique. On adopte une description sta-
tistique qui va être caractérisée par la fonction de distribution dans l’espace des phases f(x,p)
[Hillery et al. 84]. Nous pourrons ensuite remonter à l’approximation fluide afin de déterminer
les forces entre les différents fluides. De plus, dans le régime de couplage fort, le tenseur de
pression anisotrope peut être déterminé ce qui justifie alors de se restreindre à la description
fluide. Lorsque l’on passe à la limite fluide, le paramètre d’équation d’état w peut être déterminé
à partir de la vitesse quadratique moyenne des particules et de leur masse. Avant de dériver ce
lien, il nous faut pouvoir utiliser les résultats de la physique locale dérivés dans un espace-temps
Minkowskien. On va donc se ramener localement à un espace temps Minkowskien en utilisant
une base de vecteurs orthonormés ea, a = 0, 1, 2, 3, appelée tétrade ou champ de tétrade, qui
satisfont

gµνe
µ
a e

ν
b = ηab , ηabe µa e

ν
b = gµν , (3.25)

où ηab est la métrique de Minkowski. On définit également une base de formes associées ea, a =
0, 1, 2, 3 satisfaisant

gµνeaµe
b
ν = ηab , ηabe

a
µe
b
ν = gµν . (3.26)

Les impulsions P des particules peuvent donc être écrites soit dans la base associée au système
de coordonnées ∂µ soit dans la base de la tétrade et on aura donc

P = pµ∂µ = πaea. (3.27)

Afin de pouvoir utiliser les résultats de la physique des particules, on préfèrera donc écrire la
fonction de distribution sous la forme f(x, πa), en sous entendant le champ de tétrade utilisé
dans la décomposition des impulsions. On utilise alors les notations standard de la relativité
restreinte

ni ≡ πi

π0
, β =

√
nini, n̂i = ni/β, γ =

(
1− β2

)−1/2
. (3.28)

Pour une particule massive πaπa = −m2 et donc π0 = γm, si bien que ni est la vitesse, n̂i son
vecteur unitaire direction, et β la norme de cette vitesse qui satisfait nécessairement β < 1. Pour
une particule non massive, β = 1 et n̂i = ni est le vecteur unitaire direction de cette particule.
Pour un ensemble de particules de masse m n’ayant pas de mouvement d’ensemble (〈πi〉 = 0),
la pression est donnée par

P ≡ 2N〈πini〉
6

=
1

3
mN〈γβ2〉. (3.29)

Cette formule a une explication intuitive. Si on effectue une intégrale sur toutes les impulsions
qui traversent une surface donnée, on montre que cela revient à considérer que seulement un
sixième des particules traversera la surface en ayant une incidence normale, ce qui explique le
facteur 1/6. Ensuite les particules qui touchent la surface rebondissent en y laissant deux fois
leur impulsion qui est πi. Ce nombre de particules qui touche la surface par unité de temps est
proportionnel à la vitesse ni = βn̂i et à la densité de particules N . L’énergie de cet ensemble
de particules est la moyenne des énergies ρ = N〈π0〉 = mN〈γ〉. On en conclut donc que le
paramètre d’état s’écrit

w =
〈γβ2〉
3〈γ〉 . (3.30)
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On en conclut donc que pour pouvoir décrire la matière avec un paramètre d’état nul il faut
que toutes les particules aient une vitesse nulle. En cosmologie, lorsque l’on parle d’un fluide
de pression nulle (w = 0) pour lequel il existe généralement une vitesse d’ensemble, on doit
donc comprendre qu’il s’agit d’un fluide pour lequel P � ρc2. Pour la radiation on trouve
P = 1

3N〈πini〉 = 1
3N〈π0〉 = ρ/3.

Une approche plus rigoureuse consiste à définir un tenseur énergie-impulsion à partir de la
fonction de distribution selon 4

T ab(xµ) ≡
∫
δD(πcπc −m2)f(xµ, πd)πaπbdπ0d3πi ,

=

∫
f(xµ, πi)π0(βπ0)2nanbd(βπ0)dΩ , (3.31)

où on note na = (1, ni) = (1, βn̂i) et dΩ = d2n̂i. Nous avons également utilisé l’abus de notation
f(xµ, πi) pour signifier f(xµ, πa) où la composante π0 est déterminée en résolvant la contrainte
du Dirac qui assure que les particules sont sur leur couche de masse. On utilisera également la
notation f(xµ, π0, n̂i) qui correspond à des coordonnées sphériques pour πi dans le cas de la ra-
diation. En revanche dans le cas de matière de masse non nulle, il faut comprendre cette notation
comme signifiant f

[
xµ, π0(πi), n̂i(πi)

]
. Pour passer d’une intégrale sur πa à une intégrale sur πi

dans la définition (3.31) nous avons effectué l’intégrale sur π0, puis nous avons remarqué que la

norme de πi, c’est-à-dire
√
πiπi, vérifie

√
πiπi = βπ0 =

√
(π0)2 −m2, et nous avons donc utilisé

des coordonnées sphériques. Nous pouvons effectuer un changement de variable dans l’intégrale
en utilisant d(βπ0) = dπ0/β, pour retrouver la forme standard dans la littérature

T ab(xµ) =

∫
f(xµ, πi)(π0)3βnanbdπ0dΩ. (3.32)

Cette formulation, plus pratique pour les calculs, a néanmoins l’inconvénient d’obscurcir la
signification de la fonction de distribution, puisqu’il s’agit de la densité de probabilité de trouver
en un point de l’espace-temps donné une particule d’impulsion πi. On définit alors la moyenne
d’une quantité physique tensorielle par

〈X〉 ≡
∫
f(xµ, πi)X(πi)d3πi =

∫
f(xµ, π0, n̂i)X(π0, n̂i)(βπ0)2d(βπ0)dΩ. (3.33)

Il s’agit ici d’une moyenne sur toutes les particules se situant en un point (t,x) de l’espace à ne
pas confondre avec les moyennes stochastiques introduites dans la section 3.2.1. Par définition,
le champ de tétrade ẽa correspond à un observateur comobile avec le fluide si les composantes du
tenseur énergie-impulsion dans cette tétrade satisfont T 0i = 0. La densité d’énergie, la pression

4. Nous utilisons la convention qui consiste à utiliser les deux hyperbolöıdes de masse, c’est-à-dire que
f(xµ,−π0, πi) = f(xµ, π0, πi), ce qui revient à considérer la moitié des photons normalement orientés vers le
futur comme étant orientés vers le passé, afin d’avoir une fonction de distribution plus “symétrique”.
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et la pression anisotrope mesurées par un tel observateur sont alors données par

ρ = T 00 =

∫
f(xµ, π0, n̂i)π0(βπ0)2d(βπ0)dΩ = 〈π0〉

P =
1

3
T ii =

1

3

∫
f(xµ, π0, n̂i)β2π0(βπ0)2d(βπ0)dΩ =

1

3
〈β2π0〉

Π̃ij = T ij − Pδij =

∫
f(xµ, π0, n̂i)β2π0n̂〈ij〉(βπ0)2d(βπ0)dΩ

= 〈β2π0n̂〈ij〉〉, (3.34)

avec n̂〈ij〉 ≡
(
n̂in̂j − 1

3δ
ij
)
. On retrouve bien la relation (3.30). c’est-à-dire que le tenseur énergie-

impulsion se décompose en toute généralité selon

T =
[
(P + ρ)δa0δ

b
0 + Pηab + δai δ

b
jΠ̃

ij
]
ẽaẽb . (3.35)

Dans une tétrade quelconque ea qui peut être obtenue à partir d’une transformation de Lorentz
ea = ẽbΛ

b
a , en définissant Ua = Λa0, le tenseur énergie-impulsion s’écrit grâce à la propriété

ΛacΛ
b
dη
cd = ηab

T =
[
(ρ+ P )UaU b + Pηab + Πab

]
eaeb avec Πab ≡ ΛaiΛ

b
jΠ̃

ij . (3.36)

En pratique on choisit cette tétrade telle que e0 ∼ dη. Nous détaillerons cette construction dans
la section 5.2.

3.3.2 Perturbations de tétrades

Lorsque l’on s’intéresse à un espace perturbé, on décompose les tétrades en perturbations
selon

ea = ēa + δea , (3.37)

de telle sorte que la relation de normalisation (3.25) soit satisfaite. Les perturbations de la
tétrade peuvent être exprimées en fonction de la tétrade de fond selon

ea = R b
a ēb, e

b = ēaS b
a , R c

a S b
c = S c

a R b
c = δba , (3.38)

c’est-à-dire en notant R b
a = R̄ b

a +R(1)b
a

δea = R(1)b
a ēb, δeb = ēaS(1)b

a . (3.39)

R et son inverse S représentent la transformation nécessaires pour passer de la tétrade perturbée,
à la tétrade de l’espace de fond. La condition de normalisation fixe nécessairement R(ab) et S(ab).
La partie antisymétrique peut être choisie si l’on se donne une prescription, car elle correspond
à la liberté de transformation de Lorentz dans le choix du champ de tétrades. La transformation
de Lorentz peut être choisie si nous fixons systématiquement le choix de la tétrade de telle sorte

que e0 ∼ dη, ce qui implique R(1)
i0 = S(1)

i0 = 0. Quant à la liberté de rotation, on la fixe en

choisissant R(1)
[ij] = S(1)

[ij] = 0. Plus de détails peuvent être trouvés dans [Durrer & Straumann 88,

Durrer 94, Pitrou 07].
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3.3.3 Equation des géodésiques

Une particule d’impulsion pµ∂µ = πaea (un photon si l’on s’intéresse à la fonction de dis-
tribution de la radiation) suit une géodésique. Sa trajectoire est donnée par dxµ

ds = pµ, où s est
un paramètre affine le long de la trajectoire. De plus, le long d’une trajectoire géodésique, le
vecteur tangent est transporté parallèlement, c’est-à-dire

pµ∇µpν =
dpν

ds
+ Γναβp

αpβ = 0, avec
dpν

ds
≡ pµ ∂p

ν

∂xµ
. (3.40)

Etant donné que nous avons choisi d’utiliser les impulsions dans une base orthonormée, il nous
faut transposer cette équation géodésique dans la base orthonormée. On peut montrer qu’elle se
récrit alors

dπa
ds

+ ωbacπ
cπb = 0, avec

dπa
ds
≡ πb∂ebπa , (3.41)

où les ωabc sont les connections affines dont les expressions sont détaillées dans l’appendice B.2.
On peut donc extraire les perturbations ordre par ordre de cette équation en utilisant les ex-
pressions de perturbation des connections. On a donc pour l’évolution de l’énergie π0 à l’ordre
le plus bas (

dπ0

ds

)(0)

= ω̄00iπ
0πi + ω̄i0jπ

iπj . (3.42)

Cependant nous souhaitons connâıtre l’évolution en fonction de η. Nous utilisons donc

dη

ds
= p0 = πae 0

a (3.43)

qui à l’ordre le plus bas implique ds
dη = a

π0 . Avec les valeurs données dans l’appendice B.2, on
obtient donc quelle que soit la masse de la particule

(
dπ0

dη

)(0)

= −Hπ0nini . (3.44)

L’expression générale pour une particule de masse m s’écrit dans la formulation de la relativité
restreinte (

dπ0

dη

)(0)

= −Hπ0β2 ⇔ dβ

dη
= −H β

γ2
⇔ dγ

dη
= −Hβ2γ. (3.45)

On retrouve donc que l’énergie π0 = γm d’une particule massive non relativiste, c’est-à-dire telle
que β � 1 ne varie pas au cours de l’évolution. Pour une particule massive on peut exprimer
les dérivées en fonction du temps conforme η en fonction du temps propre de la particule τ en
utilisant d

dτ = γ d
dη . Pour la radiation, β = 1 et on retrouve la loi du décalage vers le rouge

d(aπ0)
dη = 0. On montre aussi que

(
dπk

ds

)(0)

= −ω̄0kiπ
0πi − ω̄ikjπiπj = −Hπ

0πk

a
⇒

(
dnk

dη

)(0)

= −H
γ2
nk . (3.46)

Cette relation, une fois projetée sur nk redonne dβ
dη = −Hβ/γ2, et on en déduit également qu’il

n’y a pas de changement de direction à l’ordre le plus bas puisqu’elle implique également

(
dn̂k

dη

)(0)

= 0. (3.47)
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Pour les particules massives, l’impulsion s’aligne avec le flot de Hubble, tandis que ni est constant
pour les particules sans masse puisque γ = ∞, ce qui se comprend, puisque dans le cas des
photons ce vecteur est soumis à la contrainte nini = 1. En répétant cette procedure au premier
ordre, c’est-à-dire en utilisant

(
dπ0

ds

)(1)

= +ω
(1)
00iπ

0πi + ω
(1)
i0jπ

iπj , (3.48)

ainsi que la relation valable jusqu’au premier ordre entre η et le paramètre affine s

(
ds

dη

)
=

a

π0
(1 + Φ), (3.49)

on obtient (
dπ0

dη

)(1)

= π0
[
−ni∂iΦ + Ψ′nini − E′ijninj

]
. (3.50)

On peut récrire cette équation sous la forme

(
dπ0

dη

)(1)

= π0
[
−βn̂i∂iΦ + β2

(
Ψ′ − E′ijn̂in̂j

)]
. (3.51)

Cette équation d’évolution pour l’énergie implique que l’évolution de la norme de la vitesse
satisfait au premier ordre

(
dβ

dη

)(1)

=
1

π0βγ2

(
dπ0

dη

)(1)

=
1

γ2

[
−n̂i∂iΦ + β

(
Ψ′ − E′ijn̂in̂j

)]
. (3.52)

En ce qui concerne l’évolution de la direction n̂i, on la déduit de

(
dπk

ds

)(1)

= −ω(1)
0kiπ

iπ0 − ω(1)
ikjπ

iπj − ω(1)
ik0π

iπ0 − ω(1)
0k0π

0π0, (3.53)

et on obtient en utilisant la définition ⊥ij= δij − n̂in̂j ,
(

dn̂i

dη

)(1)

= − ⊥ij
(
β∂jΨ +

1

β
∂jΦ + E′jkn̂

k

)
− 2β∂[iEk]j ⊥jk . (3.54)

On a utilisé ci-dessus la définition X[ij] = 1
2 (Xij −Xji). Tout d’abord on remarque qu’en com-

binant cette équation d’évolution de la direction avec l’équation d’évolution de la norme de la
vitesse (3.52), on obtient pour une particule non relativiste (β � 1)

d
(
βn̂i
)

dη
= −∂iΦ . (3.55)

On reconnâıt l’équation obtenue en mécanique Newtonienne puisque la vitesse est ni = βn̂i

et Φ s’identifie au potentiel gravitationnel. On remarque également que pour le cas β = 1,
l’expansion H n’intervient pas car deux espaces reliés par une transformation conforme ont les
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mêmes géodésiques nulles et l’espace-temps de Friedmann-Lemâıtre est conforme à l’espace de
Minkowski.

Le cas de la radiation correspond à β = 1 et l’équation d’évolution de l’énergie (3.51) s’écrit
dans ce cas

d ln(aπ0)

dη
=

[
−dΦ

dη
+ Φ′ + Ψ′ − E′ijn̂in̂j

]
. (3.56)

Pour un observateur dont le quadrivecteur vitesse Ua correspond à une vitesse vi par rapport à
e0, c’est-à-dire Ua = δ0

a + δiavi, l’énergie du photon mesurée est πaUa. En définissant

(aπaUa) |0
(aπaUa) |e

≡ 1 + δE0
1 + δEe

, (3.57)

on obtient au premier ordre

δE0 − δEe = −[Φ + ēiv
i
b]

0
e +

∫ 0

e

(
Φ′ + Ψ′ − E′ijn̂in̂j

)
dη, (3.58)

ce qui a déjà été obtenu dans l’équation (3.7) sans passer par l’utilisation de tétrades. De plus,
si on néglige l’effet des ondes gravitationnelles, l’équation de déviation prend la forme

(
dn̂i

dη

)(1)

= − ⊥ij ∂j (Ψ + Φ) , (3.59)

qui est le résultat standard des effets de lentille gravitationnelle sur la radiation, utilisé par
exemple pour les effets de lentilles faibles [Hoekstra et al. 06].

3.3.4 Terme de Liouville

L’équation d’évolution de la fonction de distribution est donnée par l’équation de Boltzmann

L[f ] = C[f ] (3.60)

où L[f ] est l’opérateur de Liouville relativiste qui décrit l’évolution dans l’espace des phases, et
C[f ] est le terme de collision qui intervient lors d’un description multifluide en intéraction. En
utilisant le champ de tétrades comme base de l’espace tangent, le terme de Liouville s’écrit

L[f ] ≡ df

dη
=

∂f

∂xµ
dxµ

dη
+

∂f

∂πa
dπa

dη
, (3.61)

=
∂f

∂η
+
∂f

∂xi
dxi

dη
+

∂f

∂π0

dπ0

dη
+
∂f

∂n̂i
dn̂i

dη
. (3.62)

Plus rigoureusement l’équation précédente est satisfaite par δD(πaπa−m2)f mais comme d’après
l’équation des géodésiques (3.41) dπa

ds πa = 0, ce terme se factorise dans l’équation de Boltzmann.
En utilisant les résultats de la section précédente ainsi que la propriété f̄ = f̄(η, π0), on en
déduit que cette équation s’écrit pour l’espace de fond

L̄[f ] =
∂f̄

∂η
−Hπ0β2 ∂f̄

∂π0
. (3.63)
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Au premier ordre, nous n’avons besoin de l’équation donnant dni

dη que sur l’espace de fond car f

ne dépend de ni qu’à partir du premier ordre. On obtient alors

L(1)[f ] =
∂δ(1)f

∂η
+ βn̂j∂jδ

(1)f −Hπ0β2∂δ
(1)f

∂π0

+
[
−βn̂j∂jΦ + β2

(
Ψ′ − E′ijn̂in̂j

)]
π0 ∂f̄

∂π0
. (3.64)

Le cas de la radiation auquel nous nous intéressons plus particulièrement s’écrit en prenant β = 1

L̄[f ] =
∂f̄

∂η
−Hπ0 ∂f̄

∂π0
(3.65)

L(1)[f ] =
∂δ(1)f

∂η
+ n̂j∂jδ

(1)f −Hπ0∂δ
(1)f

∂π0
+
[
−n̂j∂jΦ +

(
Ψ′ − E′ijn̂in̂j

)]
π0 ∂f̄

∂π0
.

(3.66)

3.3.5 Terme de collision pour la radiation

Le terme de collision est de la forme

C[f ] =
df+

dη
− df−

dη
, (3.67)

où df+

dη et df−
dη sont respectivement le taux entrant et le taux sortant résultant des intéractions

baryons-photons par diffusion Compton. Pour le terme de collision de la radiation, ces expressions
sont plus facilement exprimées dans le référentiel où les baryons sont au repos qui correspond à
la tétrade ẽa = ebΛ

b
a, où Λba est la transformée de Lorentz permettant de passer du réferentiel

des observateurs comobiles au réferentiel des baryons. On relie la fonction de distribution dans
ces deux bases par f̃(xµ, π̃a) = f(xµ, πa), et donc

f̃(xµ, πa) = exp

[
πd (Λcd − δcd)

∂

∂πc

]
f(xµ, πa), (3.68)

où dans le développement en puissance de l’exponentielle, les dérivées partielles doivent être

ordonnées à droite afin de n’agir que sur f . Au niveau de l’espace de fond on a
¯̃
f(xµ, π0) =

f̄(xµ, π0). Au premier ordre on a

δ(1)f̃(xµ, πa) = δ(1)f(xµ, πa) + πiv
i(1)
b

∂

∂π0
f̄(xµ, π0). (3.69)

La limite à basse énergie de la diffusion Compton, pour laquelle l’énergie des baryons est assi-
milable à leur énergie au repos, est la diffusion Thomson. Le terme de collision au premier ordre
[Itzykson & Zuber 80, Peskin & Schroeder 95], dans les bases ẽa et ea respectivement, s’écrit

C̃(1)[f̃(π)] = τ̃ ′
∫ [

δ(1)f̃(π0, ni
′
)− δ(1)f̃(π0, ni)

](
1 +

3

4
n〈ij〉n′〈ij〉

)
d2Ω′

4π
, (3.70)

C(1)[f(π)] = τ ′
∫ [

δ(1)f(π0, ni
′
)− δ(1)f(π0, ni)− π0niv

i(1)
b

∂

∂π0
f̄(xµ, π0)

](
1 +

3

4
n〈ij〉n′〈ij〉

)
d2Ω′

4π
.
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3.3.6 Hiérarchie de Boltzmann et lien avec les observations du fond diffus

Dans le cas de la radiation, on mesure l’énergie bolométrique, c’est-à-dire l’énergie dans
toutes les longueurs d’onde. On définit donc la brillance bolométrique par

Ī(xµ, ni) ≡ 4π

∫
f̄(xµ, π0, ni)(π0)3dπ0 (3.71)

I(1)(xµ, ni) ≡ 4π

∫
δ(1)f(xµ, π0, ni)(π0)3dπ0.

En intégrant l’équation de Boltzmann sur π0, on en déduit que la brillance satisfait les équations
d’évolution ordre par ordre [Ma & Bertschinger 95]

∂Ī
∂η
− 4HĪ = 0 (3.72)

(
∂

∂η
+ ni∂i

) I(1)

4
+HI(1) +

(
ni∂iΦ

(1) −Ψ(1)′ + E′ijn
inj
)
Ī =

1

4
C(1)[I], (3.73)

avec

C(1)[I] = τ ′
[∫
I(1) d2Ω

4π
− I(1) + 4v

i(1)
b ni +

3

4
ninj

∫
I(1)n〈ij〉

d2Ω

4π

]
. (3.74)

On peut définir un contraste de température directionnelle Θ comme dans la section 3.1 qui sera
relié à la brillance par

Θ =
I(1)

4Ī . (3.75)

Le terme de collision au premier ordre dérivé ci-dessus n’introduit pas de distorsion spectrale si
bien que le spectre de corps noir n’est pas modifié par les intéractions baryons-photons. Or nous
avons vu que la libre propagation des photons n’introduit pas non plus de distorsion spectrale
si bien que le spectre de corps noir est conservé, et la température suffit à caractériser de façon
unique la fonction de distribution. Ceci justifie donc qu’on puisse parler de température pour
décrire la fonction de distribution. Au second ordre dans les perturbations ce résultat ne sera
plus valable, même dans la limite basse énergie de la diffusion Thomson [Bartolo et al. 06]. On
peut décomposer la dépendance directionnelle de la brillance et similairement du contraste de
température en multipôles selon

I(1)(xµ, ni) ≡
∑

p

M(1)
i1..ip

(xµ)n̂i1 ..n̂ip , (3.76)

où les moments de ce développements sont symétriques et sans trace. Les trois premiers moments
peuvent être reliés au tenseur énergie impulsion

T 00(1) = M(1)

T 0i(1) = Mi(1)

T ij(1) = Mij(1). (3.77)

Après être passé en espace de Fourier

M(1)
i1···p(η,x) ≡

∫
d3k

(2π)3/2
M(1)

i1···p(η,k) exp (ik.x) , (3.78)
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on peut extraire successivement les multipôles de l’équation de Boltzmann. Pour l’équation du
premier ordre, on obtient une succession d’équations différentielles qui couplent l’évolution de

M(1)
i1..ip

àM(1)
i1..ip−1

etM(1)
i1..ip+1

. En utilisant les relations (3.77), les deux premiers multipôles de

l’équation d’évolution (3.73) permettent d’obtenir pour la radiation l’équation de conservation et
l’équation d’Euler (2.88). Par la même méthode on retrouve ces mêmes équations de conservation
et d’Euler (2.89) pour la matière baryonique. Si on néglige les termes de collision, il s’agit
des équations (2.25) et (2.26) dérivées dans l’approximation fluide. Inversement, ces termes de
collision permettent de donner la forme des forces entre les différents fluides définies par les
relations (2.20). Nous verrons dans la section suivante pourquoi la description fluide peut être
retrouvée à partir de l’approche cinétique. Une autre possibilité pour extraire la dépendance
directionnelle consiste à considérer une décomposition sur la base des harmoniques sphériques
qui a une relation bijective avec la décomposition en tenseurs symétriques sans trace [Thorne 80].
On définit alors

I(1)(η,x,n) ≡
∫

d3k

(2π)3/2

∑

`m

I(1)
lm (η, k)(−i)`

√
4π

2`+ 1
exp (ik.x)Y`m(n), (3.79)

et on emploie une définition similaire pour le contraste de température en définissant les

Θ
(1)
lm(η, k). On obtient alors une série infinie d’équations différentielles couplées indexées par

` et m. On peut montrer que seuls les multipôles satisfaisant |m| = 0, 1, 2 seront non nuls. Il

est ensuite possible de déduire les C` des propriétés statistiques des Θ
(1)
lm(η, k). Une résolution

correcte des équations donnant la dynamique de ces quantités nécessite de considérer la polari-
sation de la radiation. Plus de détails peuvent être trouvés dans [Riazuelo 00, Hu & White 97a,
Peter & Uzan 05]. De plus, une fois ces équations établies, il faut pouvoir les intégrer numérique-
ment. Une solution efficace algorithmiquement a été développée dans [Seljak & Zaldarriaga 96].

3.3.7 La limite fluide de l’équation de Boltzmann

Nous suivons essentiellement [Ehlers 71] pour montrer que l’équation de Boltzmann implique
l’équation de conservation du tenseur énergie-impulsion. En multipliant l’équation de Boltz-
mann (3.61) par δD(πaπa − m2), puis en multipliant encore par dη

dsπ
b et en intégrant sur les

quadri-impulsions πd, on obtient
∫ [

∂f

∂xµ
∂xµ

∂s
+

∂f

∂πa
∂πa

∂s
− C[f ]

]
πbδD(πdπ

d −m2)d4π = 0 ,

∫ [
∂f

∂xµ
pµ − ∂f

∂πa
ωeafπ

eπf − C[f ]

]
πbδD(πdπ

d −m2)d4π = 0 ,

∫ [
∂eafπ

a + fωaafπ
f + fωebfπ

eπf − C[f ]
]
πbδD(πdπ

d −m2)d4π = 0 .

Nous avons utilisé l’équation géodésique (3.41) pour passer de la première à la seconde ligne,
puis pour passer de la seconde à la troisième nous avons intégré par parties et utilisé le fait que

d

ds
δD(πdπ

d −m2) = 0. (3.80)

On reconnâıt alors l’équation de conservation

∂eaT
ab + ωaadT

db + ω b
a dT

ad = ∇aT ab = Qb avec Qb ≡
∫
C[f ]πbδD(πdπ

d −m2)d4π. (3.81)
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Si b = 0 cela correspond au moment le plus bas et on retrouve l’équation de conservation
tandis que pour b = i on retrouve l’équation d’Euler. Il faut cependant veiller au fait que cet
indice b correspond à la base de tétrade et donc lorsque l’on souhaite retrouver l’équation de
conservation (2.25) et l’équation d’Euler (2.26) qui sont exprimées dans la base associées aux
coordonnées, il faudra utiliser le champ de tétrade pour effectuer la conversion, c’est-à-dire
projeter avec (eb)

µ. Ceci est expliqué en détails dans l’approximation fluide effectuée dans la
section 5.2.

3.3.8 Conclusion

Nous avons résumé au cours de ces trois derniers chapitres le modèle standard du big-bang
chaud pour l’espace de fond, la croissance des perturbations de métrique ainsi que les per-
turbations du fond diffus cosmologique. Evidemment ces aspects sont imbriqués puisque pour
déterminer la croissance des perturbations de métrique il faut connâıtre le tenseur énergie impul-
sion des différentes espèces remplissant l’univers. Si pour certaines espèces, une approximation
fluide suffit amplement (matière noire) une description statistique est requise pour la radiation
et la matière baryonique ainsi que les neutrinos. Comme nous l’avons déjà évoqué à la fin de
la section 3.2.2, la résolution de cet ensemble d’équations est nécessairement numérique. Ce-
pendant, elle nécessite d’abord de connâıtre les conditions initiales loin dans l’ère de radiation.
Inversement, on peut déterminer ces conditions initiales en recherchant le meilleur ajustement
aux observations, mais alors elle restent inexpliquées par le modèle. Le mécanisme de l’infla-
tion, dont nous allons donner les grandes lignes dans le chapitre suivant, permet d’apporter
une réponse au problème des conditions initiales tout en résolvant les problèmes de platitude et
d’isotropie du big-bang chaud.
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Les problèmes du big-bang chaud trouvent une résolution élégante si l’on suppose que celui-ci
a été précédé par une ère d’expansion accélérée. La conséquence de cette phase est d’étendre
la zone en contact causal avant le découplage de telle sorte que tout l’univers observable soit
bien plus petit qu’une telle zone. Le problème de la platitude est alors résolu car la matière
permettant une telle phase accélérée satisfait nécessairement w < −1/3 et donc sa densité
d’énergie diminue moins vite que 1/a2. Le terme de courbure ΩK dans l’équation de Friedmann
décrôıt alors plus rapidement que celui du contenu matériel et son importance relative décrôıt.
Si l’inflation est soutenue par une matière dont la densité d’énergie ne se dilue quasiment pas,
c’est-à-dire w ' −1, alors l’importance relative de la courbure par rapport au contenu matériel
va comme ' a−2. Même si dans l’ère de radiation et l’ère de matière ce comportement s’est
inversé, avec une phase d’inflation suffisamment longue on explique la valeur encore très basse
de la courbure. Basé sur ces motivations, le premier modèle d’inflation avec une interprétation
physique claire a été proposé dans [Guth 81] afin de résoudre le problème de la platitude et
de l’horizon. La théorie des perturbations pendant l’inflation a ensuite été développée presque
aussitôt [Mukhanov & Chibisov 81] et a permis de donner une explication simple aux condi-
tions initiales des perturbations du big-bang chaud en plaçant leur origine dans les fluctuations
quantiques. Les premiers modèles d’inflation supposaient tout de même que l’univers était dans
un état d’équilibre thermique préexistant, et suffisamment homogène sur de grandes échelles
pour survivre jusqu’au déclenchement de la phase d’inflation. Ce problème a été résolu avec la
théorie de l’inflation chaotique selon laquelle l’inflation peut débuter même si l’univers n’est pas
en équilibre thermique. Dans ce cas, l’univers observable est alors issu d’une cellule de taille
sub-Planckienne et ses conditions globales aujourd’hui sont issues des conditions locales quan-
tiques d’alors. Le modèle le plus simple d’inflation chaotique est celui de l’inflation à un champ
en roulement lent. Nous allons décrire rapidement ce modèle ainsi que ses prédictions pour le
spectre des anisotropies primordiales.
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4.1 Phénoménologie

La période d’inflation peut être décrite dans les modèles les plus simples avec un contenu
matériel qui se réduit à un champ scalaire évoluant sur un potentiel V (ϕ). L’action d’Hilbert-
Einstein associée est alors

S =

∫ (
1

2κ
R− 1

2
∂µϕ∂

µϕ− V (ϕ)

)√−gd4x

=

∫
Ld4x . (4.1)

En variant cette action par rapport à la métrique, on obtient l’équation d’Einstein avec un
tenseur énergie-impulsion donné par

Tµν = ∂µϕ∂νϕ− gµν
(

1

2
∂αϕ∂

α + V (ϕ)

)
. (4.2)

Si on sépare le champ scalaire en une partie de fond ϕ̄ et une partie pérturbée δϕ, alors on
obtient sur le fond

ρ̄ =
1

2
˙̄ϕ2 + V (ϕ̄), P̄ =

1

2
˙̄ϕ2 − V (ϕ̄). (4.3)

Ces quantités doivent ensuite être utilisées dans les équations de Friedmann-Lemâıtre (1.17).
L’équation de conservation est alors l’équation de Klein-Gordon

¨̄ϕ+ 3H ˙̄ϕ+ V,ϕ = 0, (4.4)

où V,ϕ ≡ dV
dϕ̄ . Au niveau de l’espace de fond on remarque que pour un terme potentiel plus grand

que le terme cinétique, on peut obtenir une pression négative, c’est-à-dire un type de matière
dont la densité d’énergie se dilue moins vite que la matière froide. De plus si ˙̄ϕ2 < V (ϕ̄), alors
ρ̄+ 3P̄ < 0 et donc on obtient une phase accélérée, ä > 0.

La dynamique du champ scalaire de fond possède un attracteur [Uzan & Lehoucq 01]. Sur cet
attracteur le champ est en roulement lent le long de son potentiel si bien que ˙̄ϕ2 � V et ¨̄ϕ� 3H ˙̄ϕ.
On obtient alors P̄ ' −ρ̄ et on a donc quasiment affaire à une constante cosmologique. Afin de
quantifier plus précisément ces rapports, on introduit les paramètres de roulement lent

ε ≡ − Ḣ

H2
=

3
2

˙̄ϕ2

1
2

˙̄ϕ2 + V
, (4.5)

δ ≡ −
¨̄ϕ

H ˙̄ϕ
, (4.6)

qui permettent ainsi de ne pas avoir à décrire explicitement la forme du potentiel et qui sont
infinitésimaux sur l’attracteur. Les prédictions des modèles d’inflation seront données en fonction
de ces paramètres de roulement lent. L’intérêt de ne pas utiliser une pure constante cosmologique
réside dans le fait que la sortie du régime d’inflation se fait lorsque la condition de roulement
lent n’est plus satisfaite et que le champ est dans la partie basse de son potentiel. L’avantage
de lui donner une structure dynamique à travers un champ réside aussi dans le fait qu’on va
s’intéresser à la dynamique des perturbations δϕ. Nous allons maintenant voir comment évoluent
ces perturbations mais aussi par quel moyen nous pouvons obtenir des prédictions en fixant des
conditions initiales adéquates pour la perturbation du champ scalaire.
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4.2 Quantification de l’inflaton et spectre primordial

Dans ce qui suit on ne travaille qu’au premier ordre en perturbations. Nous avons déjà vu
qu’il y avait quatre degrés de liberté de perturbations scalaires de la métrique, auxquels s’ajoute
un degré de liberté scalaire du champ lui même. Deux de ces cinq degrés sont des degrés de liberté
de jauge et ne sont pas physiques tandis que deux autres sont déterminés par des équations de
contraintes, c’est-à-dire des équations non dynamiques qui sont les équations (2.21) et (2.24).
Nous n’avons au final qu’un degré de liberté dynamique scalaire et nous cherchons à l’isoler. On
introduit la perturbation du champ en jauge plate

Q ≡ δϕ+
˙̄ϕ

H
Ψ = δϕ+

ϕ̄′

HΨ , (4.7)

ainsi que la perturbation de courbure comobile

R ≡ Ψ +
H
ϕ̄′
δϕ =

H
ϕ̄′
Q . (4.8)

En introduisant les variables

u ≡ 2aΦ

κϕ̄′
, z = a

ϕ̄′

H , θ ≡ 1

z
, (4.9)

et en utilisant les équations de fond, on peut récrire la perturbation de courbure comobile selon
R = θu′ − θ′u. Si on définit la variable

v ≡ zR = aQ , (4.10)

alors cette relation se réduit à la relation simple entre u et v

zv = (uz)′ . (4.11)

v (ou v/a) est appelée variable de Mukhanov-Sasaki [Mukhanov 85, Sasaki 86]. En utilisant
l’équation (2.22) avec l’équation de Poisson (2.21) pour fermer l’équation en Φ, on montre que
l’introduction de toutes ces quantités permet de reformuler le résultat selon

R′ = θ∆u⇒ u′′ −
(

∆ +
θ′′

θ

)
u = 0. (4.12)

Cette équation est une équation de type oscillateur harmonique, mais avec un terme de masse
variable. La relation (4.11) permet également de déduire l’équation dynamique de type oscillateur
harmonique pour v

v′′ −
(

∆ +
z′′

z

)
v = 0. (4.13)

En ce qui concerne les modes tensoriels, nous avons deux degrés de liberté dynamiques à identi-
fier. Dans l’espace de Fourier 1, on introduit deux vecteurs unitaires e1

i et e2
i de l’espace orthogonal

1. Les fonctions exp[ik.x] sont fonctions propres du laplacien et constituent une base orthogonale complète
pour décomposer toutes les fonctions. Une base de fonctions orthogonales à valeurs vectorielles et tensorielles peut
être construite à partir de cette base en la multipliant par les vecteurs et tenseurs de polarisation appropriés.
Cependant cette décomposition suppose que la topologie de l’univers est triviale, c’est-à-dire que l’univers est plat
et infini. Pour un univers plat mais fermé seuls certains modes interviennent dans la décomposition en modes.
Pour le cas non plat, il faudra travailler avec une autre base de fonctions propres du Laplacien.
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à ki (kie1
i = kie2

i = 0). On définit ensuite les tenseurs de polarisation

ε+
ij ≡

e1
i e

1
j − e2

i e
2
j√

2
, ε×ij ≡

e1
i e

2
j + e2

i e
1
j√

2
, (4.14)

qui sont sans trace (εijγ
ij = 0) et transverses (εijk

i = 0). On peut alors décomposer Eij selon
cette base

Eij = E+ε
+
ij + E×ε

×
ij . (4.15)

En introduisant
µ+ =

a√
κ
E+ , µ× =

a√
κ
E× , (4.16)

l’équation dynamique pour Eij implique l’équation dynamique

µ′′ −
(

∆ +
a′′

a

)
µ = 0 (4.17)

qui est satisfaite pour µ+ et µ×.
Nous avons donc identifié des degrés de liberté dynamiques (u et v) pour les perturbations

scalaires, ainsi que la relation pour passer de l’un à l’autre mais rien ne permet de privilé-
gier l’un sur l’autre ou même éventuellement sur les éventuelles combinaisons linéaires qu’on
pourrait construire, si l’on souhaite ensuite bâtir une théorie quantique [Deruelle et al. 92]. De
même nous avons identifié facilement les degrés de liberté dynamiques correspondant aux ondes
gravitationnelles et toute combinaison linéaire possède la même dynamique. Cependant si l’on
souhaite hiérarchiser les degrés de liberté scalaires, il faut s’intéresser directement à l’action
plutôt qu’aux équations d’Einstein qui en résultent. On peut alors identifier les degrés de liberté
dits canoniques.

En effet, en perturbant l’action (4.1) au second ordre dans les perturbations, on peut la
récrire à des dérivées totales près sous la forme[Mukhanov et al. 92]

S(2) =
1

2

∫
dηd3x

[
(v′)2 +

z′′

z
v2 − ∂iv∂iv

]
(4.18)

+
1

2

∫
dηd3x

[(
µ′+
)2

+
a′′

a
µ2

+ − ∂iµ+∂
iµ+ +

(
µ′×
)2

+
a′′

a
µ2
× − ∂iµ×∂iµ×

]
.

On définit à partir du développement ci-dessus le lagrangien

L(2) =
1

2

[
(v′)2 +

z′′

z
v2 − ∂iv∂iv +

(
µ′+
)2

+
a′′

a
µ2

+ − ∂iµ+∂
iµ+ +

(
µ′×
)2

+
a′′

a
µ2
× − ∂iµ×∂iµ×

]
.

(4.19)
La perturbation de l’action à l’ordre deux fait donc intervenir l’action de trois champ scalaires
libres avec masses variables. Dans le régime où z′′/z � k2 cette équation s’identifie à celle de trois
champs scalaires libres dans un espace de Minkowski. Nous allons donc appliquer la procédure
standard de quantification en s’assurant de retrouver cette limite. Nous promouvons v au rang
d’opérateur 2 selon

v̂(η,x) =

∫
d3k

[
âkvk(η) exp(ik.x) + â†kv

∗
k(η) exp(−ik.x)

]
(4.20)

2. Nous travaillons en représentation de Heisenberg.
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où les fonctions vk(η) satisfont

vk +

(
k2 − z′′

z

)
vk = 0 . (4.21)

Le champ conjugué à v(η,x) est π(η,x) = δL(2)

δv = v′(η,x), et il est aussi promu au rang
d’opérateur de manière similaire. On impose donc les relations de commutation

[v̂(η,x), π̂(η,x′)] = iδ3
D(x− x′). (4.22)

En imposant les relations standards sur les opérateurs de création et d’annihilation

[âk, â
†
k] = δ3

D(k− k′) , (4.23)

cela implique que les fonctions vk(η) doivent être normalisées selon

vk(η)v∗
′

k (η)− v∗k(η)v′k(η) = i . (4.24)

Puisque l’on souhaite retrouver la limite du vide d’un espace de Minkowski lorsque z′′/z � k2,
qui est équivalente à kη → −∞, alors on impose dans cette limite 3

vk(η)→ 1√
2k

exp (−ikη) . (4.25)

En définissant le Hamiltonien 4 par une transformation de Legendre selon

H(η) ≡
∫
Hd3x ≡

∫ (
v′π − L

)
d3x , (4.26)

ainsi queH(2) associé, alors l’équation d’évolution (4.21) des modes vk prend la forme d’équations
d’Heisenberg

v̂′ = i[Ĥ(2)(η), v̂], π̂′ = i[Ĥ(2)(η), π̂]. (4.27)

On applique une procédure similaire pour quantifier µ+ et µ× et les évolutions de modes µ+,k

et µ×,k doivent satisfaire

µk +

(
k2 − a′′

a

)
µk = 0 . (4.28)

Une fois sur l’attracteur de roulement lent, on peut montrer que ε′/H = O(ε2, δ2, εδ) et δ′/H =
O(ε2, δ2, δε) si bien qu’au premier ordre dans ces paramètres de roulement lent [Lidsey et al. 97]

z′′

z
=

2 + 6ε− 3δ

η2
,

a′′

a
=

2 + 3ε

η2
, z = a

√
2ε√
κ
, H = aH = −(1 + ε)

η
. (4.29)

Toujours au premier ordre dans les paramètres de roulement lent, la solution de l’équation (4.21)
qui satisfait à la condition (4.25) est

vk(η) =

√−πη
2

H(1)
νS

(−kη), avec νS = 3/2 + 2ε− δ . (4.30)

3. Ceci est équivalent à un choix du vide, c’est-à-dire un état |0〉 tel que âk|0〉 = 0, ∀k, dit vide de Bunch-Davies.
4. Nous utilisons la même lettre que pour la fonction de Hubble et il ne devrait pas y avoir de confusion

possible d’après le contexte
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De même pour les degrés de liberté tensoriels, la solution de l’équation (4.28) qui satisfait à la
condition (4.25) est

µk(η) =

√−πη
2

H(1)
νT

(−kη), avec νT = 3/2 + ε . (4.31)

LesH
(1)
ν sont les fonctions de Hankel de première espèce. On remarque que la limite asymptotique

des ces fonctions quand kη → −∞ implique que

Q̂(η,x) ≡ v̂(η,x)

a
∼
∫

d3k
[
âk + â†−k

]
exp (ik.x)

1

kνS
. (4.32)

Dans la limite super-Hubble, les observables que l’on pourra construire à partir de la perturbation
du champ en jauge plate (Q) vont commuter entre-elles et vont donc être interprétables comme
des variables stochastiques. De plus, le fait que l’on ait quantifié la théorie libre implique que leur
statistique est gaussienne, et il suffit de calculer le corrélateur à deux points pour la caractériser.
On définit ainsi

〈0|Q̂kQ̂k′ |0〉 ≡ δ3
D

(
k + k′

) 2π2

k3
PQ(k) ≡ δ3

D

(
k + k′

)
PQ(k) (4.33)

〈0|R̂kR̂k′ |0〉 ≡ δ3
D

(
k + k′

) 2π2

k3
PR(k) ≡ δ3

D

(
k + k′

)
PR(k).

On obtient plus précisément

PR(k) =
κH2

8π2ε

(
k

aH

)2δ−4ε

, (4.34)

c’est-à-dire

PR(k) =
κH2

4εk3

(
k

aH

)2δ−4ε

. (4.35)

La procédure de quantification pour les modes tensoriels amènera les mêmes conclusions avec
E+/
√
κ et E×/

√
κ à la place de Q et νT à la place νS . On définira donc

〈0|Ê+,kÊ+,k′ |0〉 = 〈0|Ê×,kÊ×,k′ |0〉 ≡ δ3
D

(
k + k′

) 2π2

k3
PE(k) . (4.36)

On déduit de (4.29) qu’à l’ordre le plus bas dans les paramètres de roulement lent PR(k) =
κ
2εPQ(k), et donc

PE = 2εPR . (4.37)

Cependant la quantité qui caractérise les ondes gravitationnelles est non pas E, mais 2E. On
définira donc

PT = 8PE , (4.38)

un facteur 2 supplémentaire venant du fait que l’on veut rendre compte de la puissance dans
les deux polarisations. On aura donc au final une relation entre les spectres de puissance des
perturbations scalaires et tensorielles donnée par

PT = 16εPR. (4.39)
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De plus, on déduit des expressions de νS et νT en fonction des paramètres de roulement lent que
l’indice spectral est donné par

nS − 1 ≡ dPR
d ln(k)

= 2δ − 4ε

nT ≡ dPT
d ln(k)

= −2ε .

L’amplitude globale des fluctuations est dépendante de l’échelle d’inflation c’est-à-dire de la
valeur de H pendant l’inflation, mais le rapport des amplitudes tensorielles et scalaires est
directement lié au paramètre de roulement lent ε. On considérera ensuite que les fluctuations
sont remplacées par des fluctuations classiques d’un champ stochastique dont les moyennes
d’ensembles 〈. . .〉 sont égales au moyennes des opérateurs correspondants dans le vides 〈0| . . . |0〉.
On utilisera le fait que la perturbation de courbure en jauge comobile R est constante pour
en déduire ses propriétés statistiques comme nous avons fait dans le chapitre 2. De plus, ce
mécanisme prédit un spectre quasiment invariant d’échelle (si on néglige les paramètres de
roulement lent) car P (k) ∼ k−3, ce qui est favorisé expérimentalement.

4.3 La variable de Mukhanov-Sasaki en formalisme 1+3 (article)

Jusqu’à présent, nous avons utilisé le formalisme basé sur les coordonnées afin de traiter
les perturbations pendant l’inflation. On peut néanmoins s’interroger sur son équivalent dans le
formalisme 1+3. Un premier problème apparent vient du fait que les perturbations des quantités
scalaires X dans le formalisme en coordonnées sont remplacées par des gradients spatiaux DµX.
De plus, le formalisme 1 + 3 ne fait pas référence explicitement à un espace de fond. Ces deux
différences essentielles font qu’il n’apparâıt pas de méthode simple pour donner un sens à une
perturbation de l’action. L’action n’est pas un champ scalaire et en considérer le gradient spatial
n’a pas de sens. On peut cependant tenter d’isoler les degrés de libertés canoniques dans le
formalisme 1 + 3 afin d’obtenir des prédictions quantitatives. On calquera alors la procédure de
quantification sur l’approche en coordonnées. Ceci est l’objet de l’article qui suit.
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The theory of cosmological perturbations is a corner-
stone of the modern cosmological model. It contains two
distinct features. First, it describes the growth of density
perturbations from an initial state in an expanding universe
filled with matter and radiation, taking into account the
evolution from the super-Hubble to the sub-Hubble regime.
Second, it finds the origin of the initial power spectrum of
density perturbations in the amplification of vacuum quan-
tum fluctuations of a scalar field during inflation.

Two formalisms are used to describe the evolution of
perturbations. The first relies on the parametrization of the
most general spacetime close to a Friedmann-Lemaı̂tre
(FL) universe and on the construction of gauge invariant
variables [1]. The second is based on a general 1� 3
decomposition of the Einstein equation [2]. The philoso-
phies and advantages of these two formalisms are different.

The Bardeen formalism is restricted to perturbations
around a FL universe (with metric �g��) and expands the
spacetime metric as g�� � �g�� � ���. The metric pertur-
bation is then decomposed as

 ���dx�dx� � 2a2�����Ad�2 � �DiB� �Bi�dx
id�

� �C�ij �DiDjE�D�i �Ej� � �Eij�dxidxj�

(1)

and the 10 degrees of freedom are decomposed in 4 scalars
(A, C, B, E), 4 vectors ( �Ei; �Bi with Di

�Bi � 0; . . . ), and 2
tensors ( �Eij with �Eii � Di

�Eij � 0). During inflation, it was
shown that the Mukhanov-Sasaki (MS) variable v, a gauge
invariant variable that mixes matter and metric perturba-
tions, must be quantized [3–5]. This approach is thus
completely predictive (initial conditions and perturbations
evolution) for an almost flat FL spacetime. It is not
straightforward to extend it to less symmetrical inflationary
models [6,7], for which the quantization procedure has not
been investigated (see, however, Ref. [8] for nonflat FL
universes and Ref. [9] for non-FL spacetimes).

The 1� 3 covariant description assumes the existence
of a preferred congruence of worldlines representing the
average motion of matter. The central object is the 4-
velocity ua of these worldlines together with the kinemati-

cal quantities arising from the decomposition

 raub � �ua _ub �
1
3�hab � �ab �!ab; (2)

where hab � gab � uaub. � � raua is the expansion rate,
�ab the shear (symmetric trace-free with �abua � 0), !ab
the vorticity (antisymmetric with !abu

a � 0), and _ua �
ubrbua). A fully orthogonally projected covariant deriva-
tive Da, referred to as a spatial gradient, is defined and a
complete set of evolution equations can be obtained for
these quantities (together with the electric and magnetic
parts of the Weyl tensor, Eab and Hab and the matter
variables) without needing to specify the spacetime ge-
ometry (see e.g. Ref. [10] for details). The formalism can
then be used to study the evolution of perturbations in
various spacetimes (see e.g. Ref. [11] for Bianchi uni-
verses) and beyond the linear order in the case of almost
FL universes [12,13]). In this case, the perturbation varia-
bles have a clear interpretation and have been related to the
Bardeen variables both for fluids [14] and scalar fields [15].
On the other hand, the scalar-vector-tensor decomposition
is not straightforward [16] and the analogue of the
Mukhanov-Sasaki variable v has not been derived so that
it is difficult to argue which quantity must be quantized in
this formalism.

The goal of this article is to identify this variable in the
1� 3 covariant formalism. In Sec. I, we recall the con-
struction of the Mukhanov-Sasaki variable. We then iden-
tify in Sec. II its counterpart in the 1� 3 covariant
formalism for an almost FL spacetime. Section III ad-
dresses the question of gravitational waves. Finally, we
conclude on the use and possible extensions of these
variables in Sec. IV.

I. QUANTIZATION OF THE MUKHANOV-SASAKI
VARIABLE

Focusing on scalar modes of the decomposition (1), one
defines the two gauge invariant potentials, � �
A�H �B� E0� � �B� E0�0 and � � �C�H �B�
E0�, where H � a0=a. For a universe filled by a single
scalar field ’, one can define the gauge invariant field
fluctuation Q � �’� ’0C=H . The curvature perturba-
tion in the comoving gauge is then given by
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 R � �C�H
�’
’0
�

H

’0
Q; (3)

when assuming a background FL universe with flat spatial
sections. Introducing the two variables

 u �
2a�

�’0
; � �

1

z
�

H

a’0
�

H
a _’

; (4)

with � � 8	G, R takes the simple form R � �u0 � �0u,
where use has been made of the background equation �0 �
��a�’00 �H 0 �H 2�=a’0 � ��’00=’0 � �’0=2a. If
we define

 v � zR � aQ; (5)

it reduces to the simple relation zv � �uz�0. Thus, R0 takes
the simple form R0 � �u00 � �00u. Additionally, the per-
turbed Einstein equations imply that R0 � ��u. Provided
’0 � 0, i.e. we are not in a strictly de Sitter phase, this
leads to

 u00 �
�
��

�00

�

�
u � 0 (6)

which can also be written as

 z2R0 � �
�Z

Rz2d�
�
: (7)

This form is strictly equivalent to R00 � �R�
2�z0=z�R0 � 0, that is to

 v00 �
�
��

z00

z

�
v � 0: (8)

This is the equation of a harmonic oscillator with time
varying mass m2 � z00=z. To show that v is indeed the
canonical variable to be quantized (contrary to u which
satisfies a similar equation with z replaced by �), one needs
to expand the action of the scalar field coupled to gravity
up to second order [5]. The standard procedure is then to
promote v to the status of an operator and set the initial
conditions by requiring that it is in its vacuum state on sub-
Hubble scales (in Fourier space, that is when k�! �1).
At the end of inflation, all cosmologically relevant scales
are super-Hubble (k�	 1) and the conservation of R on
these scales is used to propagate the large scale perturba-
tions generated during inflation to the postinflationary eras.

II. QUANTIZATION IN THE 1� 3 FORMALISM

A. Generalities

Let us first stress an important point concerning time
derivative. In the coordinate based approach, the dot refers
to a derivative with respect to the cosmic time. In the
covariant formalism, a natural time derivative is introduced
as uara which is a derivative along the worldline of the
observer. For an almost FL spacetime, it is clear that, for
any order 1 scalar quantity X, uaraX � @tX since ua has

to be evaluated at the background level. It is indeed not the
case anymore for vector or tensor quantities, or at second
order in the perturbations. Another time derivative can be
constructed from the Lie derivative along ua, Lu. This
derivative exactly matches the derivative with respect to
cosmic time for any type of perturbations [17]. For in-
stance, LuXa � ubrbXa � Xbrau

b, and it is easily
checked that the second term exactly compensates the
term arising from the divergence of ua. We recall that the
Lie derivative satisfies

 Da� _X� � Lu�DaX� � _ua _X: (9)

In the 1� 3 covariant formalism, the main equations for
a spacetime with vanishing vorticity (!ab � 0 in the de-
composition (2)) are the Raychaudhuri equation

 

_��
1

3
�2 � Da _ua �

�
2
�
� 3P� � 2�2; (10)

the Gauss-Codacci equation

 K � 2
�
�

�2

3
� �
� �2

�
; (11)

together with the conservation equations

 _
���
� P� � 0; DaP � ��
� P� _ua; (12)

where 2�2 � �ab�ab. For a scalar field 
 �  2=2� V
and P �  2=2� V with  � _�. We define the scale factor
S by the relation _S=S � H � �=3. The previous equations
imply that

 

_H � �
�
2
 2 � �2 �

1

6
K�Da _ua (13)

and the Gauss equation leads to

 

_K � �2
3��K� 2Da _ua� � 2��2�: � 2��2 (14)

and

 DaK � �4
3�Da�� 2� Da � 2Da��2�: (15)

Let us now introduce the central quantity in our discus-
sion:

 R a �
1

3

�Z
L
�Da��d��Da

�Z
L

�d�
��
�
va
z
; (16)

where � is the proper time along the fluid flow lines. It
follows from the identity (9) that

 L uRa � �H _ua � H�Da �= ; (17)

which is a useful relation in order to close the equations in
Ra. The conservation equation implies that Lu� Da � �
� Da�� � which, combined with Eq. (15), gives

 

1

4
S2Da�K� 2�2� � Ua �

2�

3� 2

�
LuUa �

1

3
�Ua

�

(18)
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with Ua � �S2 Da =2. Now, introducing

 Va � zS2

�
1

4
Da�K� 2�2� �

�
�2 �

1

6
K�Db _ub

�
Da 
 

�

(19)

and developing Lu�zUa� with the help of Eqs. (13) and
(18), it can be shown that

 L uRa �
1

Sz2

Z zVa
S

d�: (20)

Whatever the values taken by the shear and the spatial
curvature, this intermediary result is exact, that is valid
for any order of perturbation. Note its similarity with
Eq. (7).

B. Flat FL spacetimes

Let us now focus on homogeneous spacetimes with flat
spatial sections; this includes the FL spacetimes for which
the shear vanishes and Bianchi I spacetimes. Homogeneity
implies that the spatial gradient of any scalar function
vanishes (Daf � 0, 8f) and in particular DaP � 0 so
that _ua � 0. Flatness implies that K � 0 and that the
3D-Ricci tensor vanishes, �3�Rab � 0, which leads to the
simplified equation for the shear:

 _�ab ���ab � 0) ��2�: ���2 � 0: (21)

This means that the only nonvanishing quantities are �,�,
 , and �. At first order in the perturbations, we have to
consider the gradients of these quantities but also terms
like _ua and K. FL spacetimes are also isotropic. This
implies that � � 0 and S � a for the background.
Consequently, we can discard gradients of �2 which are
second order. Thus, the only remaining term in the expres-
sion (19) of Va is 1

4 zS
2DaK.

In order to get a closed equation for Ra, we need to
express Va in terms of Ra in Eq. (20). Taking the spatial
gradient of Eq. (14) and using Eq. (9) for handling the time
derivative, we obtain the first order relation:

 L u

�
S2DaK

4

�
�
S2H
 

Da�DbD
b � � S2HDbD

b
�
Da 
 

�
;

where the last equality follows from the flat background
assumption. Equation (17) and the commutation relation
S2DbDbLuXa � Lu�S2DbDbXa�, valid at first order, im-
ply Lu�

S2DaK
4 � � Lu�S2DbDbRa� which once integrated

leads to

 

S2DaK

4
� S2DbD

bRa � �Ra (22)

up to a constant Fa satisfying LuFa � 0 which can be
absorbed in the integration initial boundary surface of
Eq. (16). Thus Eq. (20) reads

 L uRa �
1

Sz2

Z z2

S
�Rad�: (23)

At this stage, it is useful to introduce a vector field wa �
Sua, and the conformal proper time �̂ defined by Sd�̂ �
d�. It is easily seen that for a spatial vector (i.e. uaXa � 0)
LwXa � SLuXa. The Lie derivative along wa matches at
first order the derivative with respect to the conformal time
�, as the Lie derivative along ua was matching the deriva-
tive with respect to the cosmic time. For scalars we thus use
the notation X0 � LwX. With this definition, Eq. (23) can
be recast as

 z2LwRa �
Z
z2�Rad�̂; (24)

which is similar to Eq. (7). By the same token, we deduce
that va defined in Eq. (16) satisfies Eq. (8). It can be
checked that its spatial components are linked to the MS
variable at first order in perturbations by vi � @iv, and
consequently the initial conditions obtained from the quan-
tization of v can be used to set the initial conditions for va
and then Ra. va is thus the analogue in the 1� 3 formal-
ism of the MS variable v in the Bardeen formalism and it
satisfies

 L 2
w�va� �

�
��

z00

z

�
va � 0: (25)

III. GRAVITATIONAL WAVES

It can be shown that the magnetic part of the Weyl tensor
Hab is a good variable to describe the gravitational waves
[16,18], and it satisfies at first order for flat FL spacetimes

 L 2
wHab � 2Lw�HHab� ��Hab � 0: (26)

Eab defined by LwEab � Hab satisfies

 L 2
wEab � 2HLw�Eab� � �Eab � 0; (27)

where the integration constant is set to 0 as for the scalar
case. This is exactly the equation satisfied by the gravita-
tional waves �Eij. Indeed, these variables are linked at first
order by Eab � cd<a@c �Eb>d [18], where abc is a com-
pletely antisymmetric tensor normalized such that 12

3 �
1. With �ab �

S�������
8	G
p Eab, Eq. (27) leads at first order to

 L 2
w��ab� �

�
��

S00

S

�
�ab � 0 (28)

which is the equation for a harmonic oscillator with a time
varying mass S00=S. Just as for the scalar perturbations
case, the quantization of the gravitational waves in pertur-
bation theory can be used to set the initial conditions for
�ab and thus for Eab and Hab.
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IV. CONCLUSIONS

We have identified the scalar and tensor variables that
map to the Mukhanov-Sasaki variables when considering
an almost FL universe with Euclidean spatial sections in
the 1� 3 covariant formalism. Let us stress that in
Ref. [12], Ra � �Da� (where � � 1

3

R
L �d� is the in-

tegrated volume expansion along ua) was proposed. But
clearly, this maps at linear order to @a�R�

1
3 
R

��V � E0�d��, where V is the scalar part of the pertur-
bation of the velocity. The additional term in our definition
(16) cancels this discrepancy as it can be seen from the
constraint 2

3Da� � Db�
b
a which implies that at first order

Da� � 1
a @a�V. Alternatively, this can be seen directly on

the expression of � in terms of perturbation variables by
use of the (0� i) Einstein equation. The two variables
agree at leading order on super-Hubble scales.

Two generalizations with less restrictive backgrounds
can be considered: flat but anisotropic spatial sections
(K � S2K

6 � 0,� � 0), and isotropic but nonflat FL space-
times (K � 0,� � 0). The cornerstone of the derivation of
Sec. II is the possibility of expressing Va only in terms of
Ra to get a closed equation from Eq. (20). In the first case,
two other terms in Eq. (19) contribute at first order.
zS2�2 Da 

 changes the definition of the effective varying

mass, but the term zS2

2 Da��2� acts as a source on the right-
hand side of Eq. (8). This term represents a coupling of the
gravitational waves (�ab at first order) with the shear of the

background spacetime. As for Eab, Eq. (27) will be sup-
plemented with an integral nontrivial source term which
couples the background shear to the electric part of the
Weyl tensor [18]. Thus both equations are mixed with these
new source terms, which are of the same order of magni-
tude as the quantized variables. Note that this is not sur-
prising since at second order in the perturbations around a
FL spacetime the scalar and tensor degrees of freedom are
coupled [18,19]. In the second case (K � 0, � � 0),

 Va � z
�
S2

4
DaK� K

Da 
 

�
�
z
4

~Ca: (29)

The spatial gradient of Eq. (14) leads at first order to

 L u
~Ca �

S2H
 

Da�DbD
b � � 3KLu�a; (30)

where �a � Da��
Da 
3 is a possible nonlinear general-

ization of the curvature perturbation on uniform density
hypersurfaces. From the conservation equation (12), it can
be shown [13,17] that �a is conserved (in the sense of the
Lie derivative) on large scales for adiabatic perturbations,
and thus ~Ca is also conserved in the same sense on super-
Hubble scales for adiabatic perturbations [20]. Because of
this term, ~Ca cannot be expressed solely in terms of Ra as
has been done with Eq. (22). Indeed, it contains an addi-
tional term involving �a [12].
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La théorie des perturbations linéaires cesse d’être pertinente lorsque les perturbations ne
sont plus infinitésimales, c’est-à-dire pour δ ∼ 1, puisqu’alors la dynamique non-linéaire do-
mine. L’étude de la formation des structures nécessite donc d’aller au delà de la théorie linéaire.
Cependant dans le cadre de la relativité générale ceci est très rapidement difficile. En effet la
nature intrinsèquement non-linéaire émerge dès que nous étudions les perturbations au second
ordre. Une solution consiste à tirer parti du fait que nous n’avons besoin du régime non-linéaire
que lorsque les structures se forment, c’est-à-dire pour de modes sub-Hubble. Or dans cette li-
mite la théorie de Newton est une très bonne approximation de la relativité générale. On utilise
donc cette théorie simplifiée afin de pousser la résolution des équations plus loin. En étudiant
systématiquement la dynamique des modes croissants on peut développer un formalisme inspiré
des diagrammes de Feynmann permettant de décrire de manière statistique les perturbations
de densité et de vitesse. Ce formalisme est expliqué exhaustivement dans [Bernardeau et al. 02].
Observationnellement ces statistiques sont réalisées sur les catalogues de galaxies. Cependant ce
formalisme cesse d’être pertinent lorsque l’on souhaite étudier les perturbation du fond diffus au
delà de l’ordre linéaire. Tout d’abord il est inadapté car les modes d’intérêt pour le fond diffus
ne sont pas nécessairement sub-Hubble au moment du découplage et donc on ne peut utiliser
l’approximation Newtonienne. En étudiant plutôt la relativité générale au premier ordre non-
linéaire, c’est-à-dire au second ordre on capturera donc sa nature non-linéaire tout en limitant au
plus les complications analytiques. Dans le chapitre 5 nous détaillerons comment la théorie des
perturbations linéaires peut être étendue au second ordre. La compréhension des phénomènes
non-linéaires permettra donc soit de valider la relativité générale au delà de son approximation
linéaire ou bien de remonter aux condition initiales non-linéaires loin dans l’ère de radiation.
L’un ne s’envisage pas sans l’autre sauf si l’on montre que ces deux aspects correspondent à
des échelles bien distinctes. Nous avons vu dans le chapitre 4 que les prédictions de l’inflation à
l’ordre linéaire sont relativement génériques. Les différents modèles doivent prédire un spectre
quasiment invariant d’échelle car celui-ci est favorisé observationnellement et ne vont se distin-
guer essentiellement que dans la déviation légère à ce spectre (l’indice spectral). On ne dispose
donc que de très peu de marge pour éliminer ou valider les différents modèles. Cependant si l’on
s’intéresse à la dynamique non-linéaire, alors des différences notoires vont émerger. On caracté-
rise essentiellement les conditions initiales non-linéaire à la fin de l’inflation par un paramètre
noté fNL (voir la section 7.8 pour la définition mathématique). Ce paramètre permet de carac-
tériser le caractère non-gaussien des perturbations de courbure comobile à la fin de l’inflation.
D’après le théorème de Wick, un champ est gaussien R(x) si les moyennes stochastiques des
corrélations de ce champ en un ensemble de points x1 . . .xn satisfont

〈R(x1) . . .R(x2p+1)〉 = 0 ,

〈R(x1) . . .R(x2p)〉 =
∑

partitions
par paires

∏

paires
(i,j)

〈R(xi)R(xj)〉 . (4.40)

Nous constatons donc qu’un champ gaussien est caractérisé par les corrélations à deux points,
c’est-à-dire en espace de Fourier par le spectre de puissance. La déviation la plus immédiate est
donc donnée par les corrélations à trois points, appelée bispectre en espace de Fourier, et nous
verrons comment le paramètre fNL y est relié. Nous avons vu qu’au premier ordre les champs
étaient gaussiens, et l’évolution linéaire n’altère pas cette propriété. Seuls des effets non-linéaires
permettent de générer un bispectre non-nul. Ces effets peuvent avoir lieu pendant l’inflation ou
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après. On parlera alors soit de non-gaussiannité primordiale ou alors de non-gaussianité générée
par l’évolution. On montre que l’inflation chaotique à un champ présentée au chapitre 4 prédit
un taux très faible de non-gaussianité, c’est-à-dire fNL � 1. Les modèles d’inflation prédisant
des taux plus significatifs de non-gaussianité font donc en général intervenir plusieurs champs
et ne prédisent pas alors des conditions initiales adiabatiques au début de l’ère de radiation.
Quant à la non-gaussianité due à l’évolution, elle provient à la fois de la dynamique non-linéaire
de la perturbation de courbure comobile et du fait que les observables (la température du
fond diffus essentiellement) y sont reliées non-linéairement. Nous aborderons les prédictions de
non-gaussianité de l’inflation à un champ dans le chapitre 7.

Un autre problème du modèle standard réside dans le principe cosmologique. En effet, celui-
ci est postulé mais nullement démontré. En principe le mécanisme de l’inflation donne une
explication satisfaisante puisqu’on peut montrer que pendant la phase d’inflation toutes les
anisotropies sont effacées et que l’univers a été homogénéisé pendant cette période. Néanmoins,
nous avons dû considérer que l’univers était asymptotiquement (t → 0) isotrope et homogène
afin de pouvoir quantifier les perturbations. Une autre voie pour étendre le modèle standard
consiste non pas à raffiner les perturbations en dépassant la théorie des perturbations linéaires,
mais plutôt à étudier des espaces de fond plus généraux ainsi que la cosmologie qui s’en suit
afin d’obtenir des contraintes expérimentales sur le principe cosmologique. Nous avons pour cela
étudié les espaces anisotropes et nous présenterons les résultats obtenus dans la partie III.
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Chapitre 5
La théorie des perturbations dans le régime
non-linéaire

Sommaire
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5.2 La théorie des perturbations : tenseurs et fonction de distribution
(article) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.3 Traitement informatique des perturbations . . . . . . . . . . . . . . . 103

5.3.1 xAct . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.3.2 Algorithme de perturbation . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.3.3 Un exemple simple : la perturbation au premier ordre du scalaire de Ricci108

5.1 Problématique

Lorsque nous avons perturbé la métrique (2.11), nous avons utilisé seulement six des dix
degrés de liberté. Ceci se justifie par la notion de choix de jauge. Pour pouvoir parler de pertur-
bation, il faut établir une relation entre espace de fond et espace perturbé. Cette relation entre
espace physique et espace de fond correspond à un choix de jauge. Pour cela, on plonge l’espace
physique Mphys et l’espace de fond M0 dans un juxtaposition d’espace-temps. Mathématique-
ment on considère un espace produit

N ≡M× [0, 1] avec (M, 0) =M0 (M, 1) =Mphys. (5.1)

Comme [0, 1] possède une structure de variété différentielle canonique, N est une variété dif-
férentielle à cinq dimensions. On utilise alors un champ de vecteur X (sur N ) normal à tous
les espace-temps quadridimensionnels (M, λ), c’est-à-dire tel que la cinquième coordonnée soit
non-nulle, afin d’identifier les points de l’espace physique et de l’espace de fond ainsi que de
tous les espaces intermédiaires de cette construction. En effet ce champ de vecteur définit des
courbes intégrales et chaque courbe intégrale passe par un point et un seul pour chaque (M, λ).
Si de plus X4 = 1, alors les courbes intégrales de X permettent de mettre en relation tous les
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espace-temps entre eux, notamment l’espace de fond et l’espace physique. On parle alors d’un
choix de jauge. Un champ vectoriel satisfaisant ces propriétés n’est pas unique si bien que l’on a
une liberté dans l’identification des points des différents espace-temps. Il s’agit de la liberté de
jauge. Un changement de jauge, c’est-à-dire le choix d’un champ Y plutôt que X pour identifier
les points des espace-temps est intrinsèquement différent d’un changement de coordonnées. En
effet sa signification est géométrique et ne dépend donc pas du choix des coordonnées. On pré-
sente sur la figure 5.1 deux choix de jauge possibles pour identifier les points d’un espace-temps
de fond et ceux de l’espace-temps physique, représentés en une dimension pour les besoins du
schéma. Les deux jeux de coordonnées résultants sont également mentionnés et il va donc falloir
savoir comment passer de l’un à l’autre. On remarque graphiquement que cela consiste à changer
les coordonnées sur l’espace de fond tout en les maintenant sur l’espace physique. Ce change-
ment de coordonnées va être construit à partir du champ ξ = Y −X. Il est très important de
comprendre que cette situation est très différente d’un simple changement de coordonnées dans
une même jauge. En effet, nous présentons sur la figure 5.2 un changement de coordonnées qui
préserve le choix d’une jauge pour identifier les points, et nous voyons que les coordonnées sont
changées sur tous les espaces de façon simultanée, ce qui n’est pas le cas pour un changement
de jauge. Les quantités tensorielles vivant sur les espace-temps se transforment donc différem-
ment selon que l’on change simplement les coordonnées ou que l’on change la jauge utilisée pour
identifier les points d’espace-temps différents. Bien que le problème de la jauge soit plus général
en physique, il revêt un caractère particulier en relativité générale du fait de l’absence d’espace
de fond absolu.

Espace physique

Espace de fond

x=0 x=2 x=3

x=1 x=2 x=3

x=−1

y=0 y=1 y=2 y=3

y=−1 y=0 y=2

x=1

y=−1 x=−1 x=0

y=1 y=3

Figure 5.1 – Représentation schématique d’un changement de jauge. Deux champs de jauge
(trait plein et tirets) sont représentés avec leur système de coordonnées correspondant ({x} et
{y}). On observe que le changement de jauge peut être interprété comme un changement de
coordonnées uniquement sur l’espace de fond.

La jauge étant libre a priori, nous pouvons soit choisir une jauge en s’assurant qu’elle est
fixée sans ambigüıté, soit travailler avec des variables invariantes de jauges. Nous allons voir
que la méthode générale pour construire des variables invariantes de jauge implique qu’elles
se réduisent dans une jauge donnée aux variables de perturbations que l’on aurait choisies en
fixant initialement la jauge. Les équations satisfaites étant invariantes de jauge comme nous
allons le voir, on est assuré que seules des quantités invariantes de jauge doivent intervenir. On
peut donc travailler dans une jauge donnée et promouvoir dans les équations les variables de
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x=−1 x=0

y=−1

x=1

y=0

x=2

y=1

x=3

y=2y=−2

x=−1 x=0 x=1 x=2 x=3

y=−2 y=−1 y=0 y=1 y=2

Espace de fond

Espace physique

Figure 5.2 – Représentation schématique d’un changement de coordonnées. On change les
coordonnées en même temps sur l’espace physique et sur l’espace de fond afin de conserver le
choix du champ de jauge

perturbations dans une jauge donnée au rang de variables invariantes de jauge. C’est la démarche
que nous avons adoptée. Les équations présentées dans la partie précédente (équation d’Einstein
et équation de Boltzmann) ont été dérivées dans la jauge Newtonienne et sont en fait satisfaites
par des variables invariantes de jauge qui se réduisent aux variables de perturbation en jauge
Newtonienne. En effet la décomposition générale de la perturbation de la métrique n’est pas
donnée par la décomposition (2.11) mais par

gµν = a2(η)
{
−(1 + 2Φ)(dη)µ(dη)ν + (DiB +Bi)(dx

i)µ(dη)ν + (DiB +Bi)(dx
i)ν(dη)µ

+
[
(1− 2Ψ)γij + 2DiDjE + 2D(iEj) + 2Eij

]
(dxi)µ(dxj)ν

}
. (5.2)

Lors d’un changement de jauge du premier ordre, si on décompose le champ ξ générant la
transformation de coordonnées sur l’espace de fond en ξµ = (T, Li +DiL) avec DiL

i = 0, alors
les variables de perturbation de la métrique se transforment selon

Φ → Φ + T ′ +HT ,
Ψ → Ψ−HT ,
B → B − T + L′ ,

E → E + L ,

Bi → Bi + (Li)′ ,

Ei → Ei + Li ,

Eij → Eij . (5.3)

On remarque alors que les quantités

Φ̂ ≡ Φ +H(B − E′) + (B − E′)′ ,
Ψ̂ ≡ Ψ−H(B − E′) ,
Φ̂i ≡ Bi − (Ei)′ ,

Eij , (5.4)
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sont invariantes sous une transformation de jauge. Elles sont alors appelées variables invariantes
de jauge. Si on dérive les équations d’Einstein en incluant toutes les variables de perturbation,
on doit pouvoir faire disparâıtre les variables B Ei et E en introduisant Φ̂ Ψ̂ et Φ̂i, car le
résultat doit être invariant de jauge. Dans le but de simplifier l’algèbre, on peut alors omettre
dès le début les variables E B et Ei (fixer la jauge) puis identifier Ψ Φ et Bi avec Ψ̂ Φ̂ et
Φ̂i afin d’obtenir des équations invariantes de jauge. Nous présentons donc dans l’article qui
suit la notion de jauge au delà de la théorie des perturbations linéaires, puis nous expliquons
comment construire des variables invariantes de jauge, à la fois pour les tenseurs et pour les
fonctions de distribution. La notion de jauge au delà de l’ordre linéaire a été explicitée dans
[Bruni et al. 97] et la construction de variables invariantes de jauge pour les tenseurs à été
complètement justifiée mathématiquement dans [Nakamura 07]. La construction d’une fonction
de distribution invariante de jauge à l’ordre linéaire a été effectuée dans [Durrer & Straumann 88,
Durrer 94]. Le travail pour les fonctions de distribution au delà de l’ordre linéaire constitue donc
un travail entièrement nouveau. Il permet d’appliquer la même technique que pour les équations
d’Einstein, c’est-à-dire de calculer dans une jauge donnée pour ensuite interpréter les équations
de la théorie cinétique obtenues à l’ordre non-linéaire en termes de variables invariantes de jauge.
Afin de faire le lien avec la description fluide, nous présentons également comment obtenir cette
limite au delà de l’ordre linéaire.

5.2 La théorie des perturbations : tenseurs et fonction de dis-
tribution (article)
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Abstract
This paper investigates the collisionless Boltzmann equation up to second
order in the cosmological perturbations. It describes the gauge dependence of
the distribution function and the construction of a gauge-invariant distribution
function and brightness, and then derives the gauge-invariant fluid limit.

1. Introduction

The origin of the large-scale structure is nowadays understood from the gravitational collapse of
initial density perturbations, which were produced by amplification of the quantum fluctuations
in the inflaton field [1]. The properties of the large-scale structure depend both on the initial
conditions at the end of inflation and on the growth of perturbations in a universe filled
with non-relativistic matter and radiation. The theory of cosmological perturbations is thus
a cornerstone of our understanding of the large-scale structure. The evolution of radiation
(photons and neutrinos) needs to be described by a Boltzmann equation [2–4]. Two types
of perturbative schemes have extensively been used in the literature in order to describe
the evolution of the cosmological perturbations. The first is a 1 + 3 covariant splitting of
spacetime [5–7] and the second is a more pedestrian-coordinate-based approach. In the first
approach, exact equations on the physical spacetime are derived and perturbative solutions
around a background solution are then calculated. In the second approach, an averaging
procedure is implicitly assumed and, starting from a background spacetime, perturbation
variables satisfying the equations of motion order by order are constructed. In the 1 + 3
approach, the variables used are readily covariant, but the absence of background spacetime
can be a problem to simplify the resolution by performing a mode expansion, since the
Helmholtz function is in general not defined on the physical spacetime. In the coordinate-
based approach, all perturbation variables live on the background spacetime and enjoy the
advantages of its highly symmetric properties. However, this extra mathematical structure is
at the origin of the gauge issue through the identification mapping that needs to be defined
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between the background spacetime and the physical spacetime. Thus, the gauge dependence
needs to be understood. An elegant solution is to construct gauge-invariant variables à la
Bardeen both for the metric perturbation variables [8] and for the distribution function [9, 10].
Since the Boltzmann and Einstein equations are covariant, they can be expressed solely in
terms of gauge-invariant variables provided we have a full set at hand. A full comparison of
these two formalisms has been performed at first order in [11] and for gravitational waves at
second order in [12].

In the coordinate-based approach, the true degrees of freedom identified from the
Lagrangian formalism are quantized. They transfer to classical perturbations which inherit
a nearly scale invariant power spectrum and Gaussian statistics, when their wavelength
stretches outside the horizon, thus providing initial conditions for the standard big-bang
model. Conserved quantities [13, 14] enable us to ignore the details of the transition between
the inflation and the standard big-bang model (see, however, [15]), and the evolution details
only need to be known when the wavelength re-enters the horizon. A first step to extend this
procedure in the 1 + 3 formalism has been taken in [16], where conserved quantities were
defined. As for the degrees of freedom which need to be quantized, the first proposal was
made in [17], in order to identify them, but it has not yet been motivated by a Lagrangian
formulation.

The properties of the observed cosmic microwave background (CMB) anisotropies have
confirmed the validity of the linear perturbation theory around a spatially homogeneous and
isotropic universe and have set strong constraints on the origin of structures, as predicted by
inflation. It now becomes necessary, with the forthcoming increasing precision of data that may
allow us to detect deviation from Gaussianity [18], to study the second-order approximation,
in order to discuss the accuracy of these first-order results. These non-Gaussian features are
also of first importance, since they can help discriminate between different inflation theories.
Indeed, one-field driven inflation leads to very small levels of primordial non-Gaussianity
[19], whereas multifield inflation can present significant non-Gaussian features [20, 21].
However, since nonlinear effects also appear through nonlinear evolution, that is from the
second-order approximation and beyond of the evolution equations, the study of second-order
evolution equations is necessary in order to distinguish between primordial and evolutionary
non-Gaussianities (see [22] for a review on non-Gaussianity). Second-order Einstein and
Boltzmann equations have been written in the 1 + 3 formalism [23, 24], but not integrated
numerically, partly because the mode expansion is not defined on the physical spacetime, and
this would then require a four-dimensional numerical integration. However, the promising
formalism of [25], which builds a bridge between the 1+3 formalism and the coordinate-based
approach, might shed some light on these issues. Similarly, in the coordinate-based approach,
the second-order Einstein equations have been written in terms of gauge-invariant variables
[26], and a first attempt has been made to write the Boltzmann equation in a given gauge for
the different species filling the universe and to solve them analytically [27, 28].

The goal of this paper is to provide the full mathematical framework for handling
distribution functions at second order in the coordinate-based approach taking into account
the gauge issue. This will clarify the existing literature and point out some existing mistakes.
In section 2 we first briefly review the gauge transformations and the procedure to build
gauge-invariant variables. We then present in section 3 the transformation properties of the
distribution function, and express them up to second order. In section 4 we define the gauge-
invariant distribution function and the gauge-invariant brightness up to second order in the
particular case of radiation (but this is readily extendable to cold dark matter). We then deduce
in section 5, from the Boltzmann equation, the evolution of the gauge-invariant brightness in

nonGaussian
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its simplest collisionless form, at first and second orders. To finish, in section 6 we express
the fluid limit as a consistency check of our results.

2. Overview on gauge transformations and gauge-invariant variables

2.1. First- and second-order perturbations

We assume that, at lowest order, the universe is well described by a Friedmann–Lemaître
spacetime (FL) with flat spatial sections. The most general form of the metric for an almost
FL universe is

ds2 = gµν dxµ dxν

= a(η)2{−(1 + 2�) dη2 + 2ωi dxi dη + [(1 − 2�)δij + hij ]dxi dxj }, (1)

where η is the conformal time and a is the scale factor. We perform a scalar–vector–tensor
decomposition as

ωi = ∂iB + Bi, (2)

hij = 2Eij + ∂iEj + ∂jEi + 2∂i∂jE, (3)

where Bi,Ei and Eij are transverse (∂iEi = ∂iBi = ∂iEij = 0), and Eij is traceless
(
Ei

i = 0
)
.

There are four scalar degrees of freedom (�,�,B,E), four vector degrees of freedom (Bi, Ei)

and two tensor degrees of freedom (Eij ). Each of these perturbation variables can be split into
first- and second-order parts as

W = W(1) + 1
2W(2). (4)

This expansion scheme will refer, as we shall see, to the way gauge transformations and gauge-
invariant (GI) variables are defined. First-order variables are solutions of first-order equations
which have been extensively studied (see [29] for a review). Second-order equations will
involve purely second-order terms, e.g. W(2) and terms quadratic in the first-order variables,
e.g. [W(1)]2. There will thus never be any ambiguity about the order of perturbation variables
involved as long as the order of the equation considered is known. Consequently, we will
often omit to specify the order superscript when there is no risk of confusion.

At first order, 4 of the 10 metric perturbations are gauge degrees of freedom and the 6
remaining degrees of freedom reduce to 2 scalars, 2 vectors and 2 tensors. The three types
of perturbations decouple and can thus be treated separately. As long as no vector source
terms are present, which is generally the case when no magnetic field or topological defect is
taken into account, the vector modes decay as a−2. Thus, we can safely discard them and set
E

(1)
i = B

(1)
i = 0. In the following, we shall not include vector modes for the sake of clarity.

We checked that our arguments and derivation can trivially (but at the expense of much lengthy
expressions) take them into account.

In the fluid description, we assume that the matter content of the universe can be described
by a mixture of fluids. The 4-velocity of each fluid is decomposed as

uµ = 1

a

(
δ

µ

0 + vµ
)
. (5)

The perturbation vµ has only three independent degrees of freedom since uµ must satisfy
uµuµ = −1. The spatial components can be decomposed as

vi = ∂iv + v̄i , (6)
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v̄i being the vector degree of freedom and v the scalar degree of freedom. The stress–energy
tensor of this fluid is of the form

Tµν = ρuµuν + P(gµν + uµuν), (7)

where the density and pressure are expanded as follows:

ρ = ρ̄ + δρ, P = P̄ + δP . (8)

At the background level, the form of the stress–energy tensor is completely fixed by the
symmetry properties of the FL spacetime. However, at the perturbation level, one must
consider an anisotropic stress component, πµν with πµ

µ = uµπµν = 0. The pressure and
density of the fluid are related by an equation of state, P = ρ/3, in the case of radiation.

At first order, the formalism developed by the seminal work of [8] provides a full set
of gauge-invariant variables (GIV). Thanks to the general covariance of the equations at
hand (Einstein equations, conservation equations, Boltzmann equation), it was shown that it
was possible to get first-order equations involving only these gauge-invariant variables. In
addition, if these gauge-invariant variables reduce, in a particular gauge, to the perturbation
variables that we use in this particular gauge, then the computation of the equation can be
simplified. Actually, we only need to compute the equations in this particular gauge, as long
as it is completely fixed, and then to promote by identification our perturbation variables to the
gauge-invariant variables. Thus, provided we know this full set of gauge-invariant variables,
the apparent loss of generality by fixing the gauge in a calculation is in fact just a way to
simplify computations. Eventually, we will reinterpret the equations as being satisfied by
gauge-invariant variables. The full set of first-order gauge-invariant variables is well known
and is reviewed in [29] and [30]. As gauge transformations up to any order were developed, it
remained uncertain [31], whether or not a full set of gauge-invariant variables could be built
for second and higher orders. This has been recently clarified [26], and the autosimilarity of
the transformation rules for different orders can be used as a guide to build the gauge-invariant
variables at any order. We present a summary of the ideas presented in [31] about gauge
transformations and the construction of gauge-invariant variables [26].

2.2. Points identification on manifolds

When working with perturbations, we consider two manifolds: a background manifold, M0,
with associated metric ḡ, which in our case is the FL spacetime, and the physical spacetime M1

with the metric g. We consider that the variation of metric boils down to a comparison between
tensor fields on distinct manifolds. Thus, in order to give a sense to ‘δg(P ) = g(P ) − ḡ(P̄ )’,
we need to identify the points P and P̄ between these two manifolds and also to set up a
procedure for comparing tensors. This will also be necessary for the comparison of any tensor
field.

One solution to this problem [31] is to consider an embedding (4+1)-dimensional manifold
N = M × [0, 1], endowed with the trivial differential structure induced, and the projections
Pλ on submanifolds with P0(N ) = M × {0} = M0 and P1(N ) = M × {1} = M1. The
collection of Mλ ≡ Pλ(N ) is a foliation of N , and each element is diffeomorphic to the
physical spacetime M1 and the background spacetime M0. The gauge choice on this stack of
spacetimes is defined as a vector field X on N which satisfies X4 = 1 (the component along
the spacetime slicing R). A vector field defines integral curves that are always tangent to
the vector field itself, hence inducing a one-parameter group of diffeomorphisms φ(λ, .), also
noted φλ(.), a flow, leading in our case from φ(0, p ∈ P0(N )) = p ∈ P0(N ) along the integral
curves to φ (1, p ∈ P0(N )) = q ∈ P1(N ). Due to the never-vanishing last component of X,
the integral curves will always be transverse to the stack of spacetimes and the points lying on
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the same integral curve, belonging to distinct spacetimes, will be identified. Additionally, the
property X4 = 1 ensures that φλ,X(P0(N )) = Pλ(N ), i.e. the flow carries a spacetime slice
to another. This points’ identification is necessary when comparing tensors, but we already
see that the arbitrariness in the choice of a gauge vector field X should not have a physical
meaning, and this is the well-known gauge freedom.

2.3. Tensors’ comparison and perturbations

The induced transport, along the flow, of tensors living on the tangent bundle, is determined
by the push-forward φ�λ and the pull-back φ�

λ [32] associated with an element φλ of the group
of diffeomorphisms. These two functions encapsulate the transformation properties of the
tangent and co-tangent spaces at each point and its image. Indeed, the pull-back can be linked
to the local differential properties of the vector field embedded by the Lie derivatives along
the vector field in a Taylor-like fashion (see [32] or [31]):

��
X,λ(T ) =

k=∞∑
k=0

λk

k!
Lk

XT , (9)

for any tensor T.
A remark about coordinate changes is in order here. When the tensor T is a coordinate

xµ (once µ is fixed, it is a scalar field), the previous definition reduces to the standard finite
coordinates transformation

x ′µ ≡ ��
λ,ξ (xµ) = xµ + λξµ +

λ2

2
ξµ
,νξ

ν + · · · . (10)

This is the standard way of defining an active transformation on the manifold, by transporting a
point of coordinates xµ to a point of coordinates x ′µ. This transformation, when performed on
the coordinate system—considering the coordinates as a grid on the manifold that one would
displace according to the active transformation—induces a passive coordinates transformation,
if we decide that the new coordinates of a point q are the coordinates of the point p such that
φλ(p) = q. When considering a transformation induced by a field ξ , we will refer to the
passive coordinates transformation induced by the active transportation of the coordinates
system.

The expansion of equation (9) on P0(N ) provides a way to compare a tensor field on
Pλ(N ) to the corresponding one on the background spacetime P0(N ). The background value
being T0 ≡ L0

XT
∣∣
P0(N )

, we obtain a natural definition for the tensor perturbation

�XTλ ≡
k=∞∑
k=1

λk

k!
Lk

XT

∣∣∣∣∣
P0(N )

= ��
X,λ(T ) − T0. (11)

The subscript X reminds the gauge dependence. We can read the nth order perturbation as

δ
(n)
X T ≡ Ln

XT
∣∣
P0(N )

, (12)

which is consistent with the expansion of perturbation variables of the physical metric in
equation (4), since the physical spacetime is labeled by λ = 1. However, the fact that the
intermediate spacetime slices Pλ(N ) are labeled by λ removes the absolute meaning of order-
by-order perturbations, as it can be seen from equation (11). The entire structure embedded
by N is more than just a convenient construction, and this will have important consequences
in gauge changes as we will now detail.
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2.4. Gauge transformations and gauge invariance

If we consider two gauge choices X and Y, a gauge transformation from X to Y is defined as
the diffeomorphism

φX→Y,λ = (φX,λ)
−1(φY,λ), (13)

and it induces a pull-back which carries the tensor �XTλ, which is the perturbation in the
gauge X, to �Y Tλ, which is the perturbation in gauge Y since

φ�
X→Y,λ(�XTλ + T0) = [(φX,λ)

−1(φY,λ)]
�φ�

X,λ(T )

= φ�
Y,λ(φ

�
X,λ)

−1φ�
X,λ(T )

= φ�
Y,λ(T )

= �Y Tλ + T0. (14)

As demonstrated in [31], this family (indexed by λ) of gauge transformations fails to be a
one-parameter group due to the lack of the composition rule. It should be Taylor-expanded
using the so-called knight diffeomorphism along a sequence of vector fields ξi . For the three
first orders, the expression of this knight diffeomorphism is

�Y Tλ = φ�
X→Y,λ�XTλ

= �XTλ + λLξ1�XTλ +
λ2

2!

(
Lξ2 + L2

ξ1

)
�XTλ +

λ3

6

(
Lξ3 + 3Lξ1Lξ2 + L3

ξ1

)
�XTλ. (15)

The vector fields ξ1, ξ2 and ξ3 are related to the gauge vector fields X and Y by ξ1 = Y −X, ξ2 =
[X, Y ] and ξ3 = [2X − Y, [X, Y ]]. By substitution of the perturbation by its expression
in equation (11), we identify order by order in λ, and obtain the transformation rules for
perturbations order by order. The first and second order transformation rules, on which we
will focus our attention, are

δ
(1)
Y T − δ

(1)
X T = Lξ1T0, δ

(2)
Y T − δ

(2)
X T = 2Lξ1δ

(1)
X T +

(
Lξ2 + L2

ξ1

)
T0. (16)

The fact that we had to follow n integral curves of n distinct vector fields for nth order
perturbations is a characteristic of knight diffeomorphisms. It arises from the fact that,
for the whole differential structure of N to hold, gauge changes are a more general type
of transformation than simple vector-field-induced flows. Consequently, the Taylor-like
expansion must be of a more general type. Indeed, for a given gauge change between X
and Y, the family of gauge changes φX→Y,λ labeled by λ is not always a group in λ, and this
happens for instance if [X, Y ] �= 0 (see [31] for a graphic intuition). Although we could, for
a fixed λ = λ0, find ξ such that equation (16) takes a form like equation (11) up to a given
order, for instance by fixing λ0 = 1, and choosing

ξ ≡ ξ1 + 1
2ξ2 + 1

3!

(
ξ3 + 3

2 [ξ1, ξ2]
)
, (17)

this would mean that intermediate spacetimes are useless, and we would then ask Einstein
equations to hold only for P0(N ) and Pλ0(N ). This would lead to equations in the perturbation
variables that mix different orders. The resulting solution, for second order and above, would
be very difficult to find.

2.5. Perturbed Einstein equations

Instead, we prefer to use this more complicated but cleaner knight diffeomorphism
(equation (16)) to change gauge. It keeps the differential structure built on N and we
additionally demand Einstein equations to be satisfied on each Pλ(N ). This can be used to
differentiate Einstein equations to first order w.r.t λ and take the limit λ → 0 in order to get a
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set of equations that formally take the form E1[δ(1)g, δ(1)T ] = 0. Once solved for the solutions
of the first-order Einstein equation, we can differentiate twice the Einstein equation w.r.t λ and
get an equation of the type

E2[δ(2)g, δ(2)T ] = S[δ(1)g, δ(1)T ], (18)

where S stands for a source term quadratic in the first-order variables (see [12] for a concrete
example).

We see that the decomposition of perturbation variables in the form given by equation (4)
will trigger a similarity between the equations, i.e. E1 and E2 have the same form. Purely
second-order perturbation variables satisfy the same equation as first-order perturbation
variables do, but with a source term. With known sources and known solutions to the
homogenous equation, the Green function method enables us to solve, at least formally, the
second-order equations, and by recursion at any order. To summarize, the Taylor expansion
‘Taylorizes’ the process for solving the equations by dividing tasks among orders, since
Einstein equations are satisfied order by order.

2.6. Gauge-invariant variables

General covariance, i.e. the fact that physics should not depend on a particular choice of
coordinates, is an incentive to work with gauge-invariant quantities. As we note from
equation (16), a tensor T is gauge invariant up to the nth order if it satisfies Lξ δ

(r)
X T = 0

for any vector field ξ and any r � n, as can be deduced by recursion. A consequence of this
strong condition is that a tensor is gauge invariant up to order n if and only if T0 and all its
perturbations of order lower than n either vanish or are constant scalars or are combinations of
Kronecker deltas with constant coefficients. The Einstein equation is of the form G − T = 0,
and for this reason it is totally gauge invariant. However, we cannot find non-trivial tensorial
quantities (that is, different from G − T ) gauge invariant up to the order we intend to study
perturbations, with which we could express the perturbed set of Einstein equations.

Consequently, we will lower our goal and we will build, by combinations of perturbed
tensorial quantities, gauge-invariant variables. These combinations will not be the perturbation
of an underlying tensor. This method will prove to be very conclusive since a general
procedure exists for perturbations around FL. Eventually, we shall identify observables among
these gauge-invariant variables and the fact that they are not the perturbation of a tensor
will not matter. It has to be emphasized that the transformation rules of these combinations
are not intrinsic and cannot be deduced directly from the knight diffeomorphism since they
are not tensorial quantities. Instead, we have to form the combination before and after the
gauge change in order to deduce their transformation rules.

We now summarize the standard way to build gauge-invariant variables. For simplicity
we consider only the scalar part of the gauge transformations, since we will not consider vector
modes in the metric and fluid perturbation variables (again, this could be done, but would just
obfuscate the explanations). In the following, we split ξ

µ
r as

ξ 0
r = T (r), ξ i

r = ∂iL(r), with r = 1, 2. (19)

2.7. First-order gauge-invariant variables

In the subsequent work, we present the transformation rules of perturbed quantities in a
simplified notation. Instead of writing W

(r)
Y = W

(r)
X + f (ξ1, . . . , ξr ), in order to state that

the difference between the expression of the rth order perturbed variable W in gauge Y
and in gauge X is a function f of the knight-diffeomorphism fields ξ1, . . . , ξr , we prefer to
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write W(r) → W(r) + f (ξ1, . . . , ξr ). We recall that the expressions of the fields (ξi)1�i�r

necessary for the knight diffeomorphism are expressed in function of the gauge fields X and
Y (see equation (16)). From the transformation rules (16), we deduce that the first-order
perturbations of the metric tensor (1) transform as

�(1) → �(1) + T (1)′ + HT (1) (20)

B(1) → B(1) − T (1) + L(1)′ (21)

�(1) → �(1) − HT (1) (22)

E(1) → E(1) + L(1) (23)

E
(1)
ij → E

(1)
ij , (24)

while the scalar quantities related to matter transform as

δ(1)ρ → δ(1)ρ + ρ̄ ′T (1)

δ(1)P → δ(1)P + P̄ ′T (1)

v(1) → v(1) − L(1)′
(25)

δ(1)π ij → δ(1)π ij , (26)

where a prime denotes a derivative w.r.t the conformal time η and where H ≡ a′/a.
From now on, we shall refer to these first-order transformation rules defined by ξ1 as

Tξ1(�
(1)), Tξ1(B

(1)), . . . or simply T (�(1)), T (B(1)), . . . . For instance T (�(1)) = �(1) +
T (1)′ + HT (1).

We first note that the first-order tensorial modes and the first-order anisotropic stress are
automatically gauge invariant. For the other perturbation variables, which are not automatically
gauge invariant, they are two ways to understand the procedure to build gauge-invariant
combinations. The first point of view in building gauge-invariant variables consists in finding
a way to get rid of the undesired transformation rule. To do so, we remark that the combinations
B(1) − E(1)′ and −E(1)′ transform under a gauge change as B(1) − E(1)′ → B(1) − E(1)′ − T (1)

and −E(1) → −E(1) − L(1) respectively. We can use these combinations to add ad hoc
compensating terms to �(1) and �(1) by defining

�̂(1) ≡ �(1) + (B(1) − E(1)′)′ + H(B(1) − E(1)′) (27)

�̂(1) ≡ �(1) − H(B(1) − E(1)′). (28)

�̂(1) and �̂(1) are now gauge invariant, by construction. This can also be understood, from a
second point of view, as a gauge transformation for �(1) and �(1) toward the Newtonian gauge
(NG) [1], defined by ξ

(1)
→ NG, decomposed in T

(1)
→ NG = B(1) − E(1)′ , L

(1)
→ NG = −E(1), which

transform the perturbation variables as

B(1) → 0 (29)

E(1) → 0 (30)

�(1) → �̂(1) ≡ �
(1)
NG = �(1) + H(B(1) − E(1)′) + (B(1) − E(1)′)′ (31)

�(1) → �̂(1) ≡ �
(1)
NG = �(1) − H(B(1) − E(1)′). (32)
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Similarly, the gauge-invariant variables that would reduce to δρ, δP and v are

δ(1)ρ̂ ≡ δ
(1)
NGρ = δ(1)ρ + ρ̄ ′(B(1) − E(1))′

δ(1)P̂ ≡ δ
(1)
NGP = δ(1)P + P̄ ′(B(1) − E(1)′)

v̂(1) ≡ v
(1)
NG = v(1) + E(1)′

π̂ ij (1) ≡ δ
(1)
NGπij = δ(1)π ij .

(33)

Since we have ignored the vector gauge degrees of freedom, B(1) and E(1) are the two
gauge-variant variables of the metric perturbation while �̂(1) and �̂(1) are the gauge-invariant
parts. As mentioned before, we then force the gauge-invariant variables in the perturbed
metric by replacing �(1) with �̂(1) − H(B(1) − E(1)′) + (B(1) − E(1)′)′ and applying similar
procedures for �(1), δ(1)ρ and δ(1)P . When developing Einstein equations, we know that
general covariance will eventually keep only gauge-invariant terms. Thus, we can either do a
full calculation and witness the terms involving the degrees of freedom B(1) and E(1) disappear
or perform the calculations with B(1) and E(1) set to zero and obtain the perturbed Einstein
equations only in function of gauge-invariant variables. The latter simplifies the computation,
which is useful when going to higher orders. The advantage of the second point of view
is that the addition of the compensating terms of the first point of view can be seen as a
first-order gauge change toward the Newtonian gauge with ξ

(1)
→ NG (decomposed as T

(1)
→ NG and

L
(1)
→ NG). These enable us to decompose the perturbed metric in a gauge-invariant part and a

gauge-variant part as

δ(1)g ≡ δ(1)g̃ + L−ξ
(1)
→ NG

ḡ, (34)

as can be seen from the transformation rules under a gauge change characterized by ξ1

δ(1)g̃ → δ(1)g̃, −ξ
(1)
→ NG → −ξ

(1)
→ NG + ξ1. (35)

This property, which is not general, but happens to hold in the case of cosmological
perturbation (i.e. around FL metric) is the key to extending this construction to second order.

It should be noted that this procedure, although achieved by defining gauge-invariant
variables which reduce to the perturbation variables in the Newtonian gauge, can be
extended to other types of gauge-invariant variables which reduce to perturbation variables
in another gauge. For instance, we can use the transformation properties of �(1) and E(1)

to add the compensating terms to �(1), B(1) and other variables. The transformation rules
�(1)/H → �(1)/H − T (1) and −E(1) → −E(1) − L(1) make it straightforward to build
these compensating terms. We need to define ξ

(1)
→ FG decomposed with T

(1)
→ FG = �(1)/H and

L
(1)
→ FG = −E(1). The gauge-invariant variables defined with this procedure reduce to the

perturbation variables in the flat gauge (E(1) = 0, �(1) = 0), and are

B̃ ≡ BFG = B(1) − �(1)

H − E(1)′ , �̃(1) ≡ �
(1)
FG = �(1) + �(1) +

(
�(1)

H

)′
. (36)

2.8. Second-order gauge-invariant variables

For second-order perturbations, equation (16) gives the following transformation rules:

�(2) → �(2) + T ′(2) + HT (2) + S�

B(2) → B(2) − T (2) + L′(2) + SB

�(2) → �(2) − HT (2) + S�

E(2) → E(2) + L(2) + SE
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E
(2)
ij → E

(2)
ij + SEij

δ(2)ρ → δ(2)ρ + ρ̄ ′T (2) + Sρ

δ(2)P → δ(2)P + P̄ ′T (2) + SP

v(2) → v(2) − L(2)′ + Sv

πij (2) → πij (2) + 2T (1)(πij (1))′ + 2∂kL(1)∂kπ
ij (1) − 2πik(1)∂k∂

jL(1) − 2πjk(1)∂k∂
iL(1),

(37)

where the source terms are quadratic in the first-order variables T (1), L(1), �(1), �(1). We
collect the expressions of these terms in appendix A. In the rest of this paper, we shall
refer to these second-order transformation rules associated with (ξ) ≡ (ξ1, ξ2) as T(ξ)(�

(2)),

T(ξ)(B
(2)), . . . or simply T (�(2)), T (B(2)), . . . . These transformation rules are much more

complicated than their first-order counterparts. However, the combination defined by F ≡
δ(2)g + 2L

ξ
(1)
→ NG

δ(1)g + L2
ξ

(1)
→ NG

ḡ enjoys the simple transformation rule F → F + L
ξ2+[ξ (1)

→ NG,ξ1]ḡ

under a gauge change defined by ξ2 and ξ1 (see [26]). As a result, its transformation rule mimics
that of first-order perturbations under a gauge change. This means that if we decompose F in
the same way as we did for the metric with

�F ≡ �(2) + S�

(
ξ

(1)
→ NG

)
�F ≡ �(2) + S�

(
ξ

(1)
→ NG

)
BF ≡ B(2) + SB

(
ξ

(1)
→ NG

)
EF ≡ E(2) + SE

(
ξ

(1)
→ NG

)
EFij ≡ E

(2)
ij + SEij

(
ξ

(1)
→ NG

)
,

(38)

then the transformation rules for these quantities will be similar to those of equation (29),
but with the vector ξ2 + [ξ→ NG, ξ1] instead of ξ1. Consequently, we shall use the same
combinations in order to construct gauge-invariant variables which are

�̂(2) ≡ �F + (BF − E′
F )′ + H(BF − E′

F )

�̂(2) ≡ �F − H(BF − E′
F )

Ê
(2)
ij ≡ EFij .

(39)

As for the first order, this addition of compensating terms can be understood, from the
second point of view, as defining the gauge-invariant variables as the perturbation variables in
a given gauge. In our case, it is the Newtonian gauge since it transforms B and E into a null
value. This transformation is defined by ξ

(2)
→ NG that we decompose in

T
(2)
→ NG = B(2) − E

′(2) + S
(2)
B

(
ξ

(1)
→ NG

) − S
′(2)
E

(
ξ

(1)
→ NG

)
L

(2)
→ NG = −E(2) − S

(2)
E

(
ξ

(1)
→ NG

)
.

(40)

The second-order gauge-invariant variables can be seen as

�̂(2) ≡ δ
(2)
NG�

�̂(2) ≡ δ
(2)
NG�

Ê
(2)
ij ≡ δ

(2)
NGEij

(41)

δ(2)ρ̂ ≡ δ
(2)
NGρ

δ(2)P̂ ≡ δ
(2)
NGP

v̂(2) ≡ v
(2)
NG

π̂ ij (2) ≡ δ
(2)
NGπij ,

(42)



Gauge-invariant Boltzmann equation and the fluid limit 6137

where the index NG indicates that we transformed the quantity with formula (16), with the
vector fields ξ

(1)
→ NG and ξ

(2)
→ NG defined above. This means that we have split the second-order

metric according to

δ(2)g = δ(2)g̃ + L−ξ
(2)
→ NG

ḡ + 2L−ξ
(1)
→ NG

δ(1)g − L2
−ξ

(1)
→ NG

ḡ, (43)

where δ(2)g̃ is the gauge-invariant part and −ξ
(2)
→ NG is the gauge-variant part, as can be seen

from the transformation rules under a gauge change characterized by (ξ1, ξ2):

δ(2)g̃ → δ(2)g̃, −ξ
(2)
→ NG → −ξ

(2)
→ NG + ξ2 +

[
ξ

(1)
→ NG, ξ1

]
. (44)

As for the first order, we can choose other types of combinations, for instance those which
are equivalent to setting the gauge as being flat, by using this procedure. In this case, the
vector field ξ

(2)
→ FG is decomposed in

T
(2)
→ FG = �(2)

H +
1

HS
(2)
�

(
ξ

(1)
→ FG

)
, L

(2)
→ FG = −E(2) − S

(2)
E

(
ξ

(1)
→ FG

)
. (45)

It should also be mentioned that the existence of an inverse Laplacian �−1 of the
background spacetime, i.e. a corresponding Green function with boundary conditions, is
required for the entirety of this procedure. In other words, when working in Fourier space, all
our conclusions will be valid only for modes which do not belong to the kernel of �.

3. Gauge transformation of the distribution function

3.1. Pre-Riemannian distribution function

So far, we have set up the mathematical framework to identify points between the background
spacetime and the perturbed spacetimes through a gauge field X. This enabled us to define
the perturbation of tensors and to calculate their transformation properties under a gauge
transformation. However, this only allows us to perform a fluid treatment of the radiation.
In the statistical description for a set of particles, we assume that each particle has a given
impulsion pµ and is located at a given position [33]. The equations then have to describe the
phase-space distribution of the particles. If the number of particles is high enough, we can
define a probability density, the distribution function, of finding a particle in an infinitesimal
volume of the phase space. Now, let us focus our attention on this distribution function. The
distribution function is a function of the point considered (i.e. its coordinates xµ) and also a
function of the tangent space at this point whose coordinate we label by pν∂ν . There is no
special reason for this function to be linear in pν∂ν , but we can expand it, without any loss of
generality, in power series of tensors according to

f (xν, pν) =
∑

k

Fµ1...µk
(xν)pµ1 . . . pµk . (46)

The distribution function is then decomposed as the sum of all the multipoles Fµ1...µk

evaluated in a particular point of the tangent space. From the previous section, we know
the transformation rules for these tensorial quantities; thus f transforms according to

T(ξ)[f (xν, pν)] ≡
∑

k

T(ξ)[Fµ1...µk
(xν)]pµ1 . . . pµk , (47)

where T(ξ) refers to the knight diffeomorphism with the set of vectors (ξ1, ξ2, . . .).
As we do not necessarily want to refer explicitly to the decomposition in multipoles, we

use the fact that for any vector ξ = ξµ∂µ, which defines a flow on the background spacetime
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P0(N ), we can define an induced flow (a natural lift) on the vector tangent bundle T P0(N )

directed by the vector field T ξ = [
ξµ∂µ, pν(∂νξ

µ) ∂
∂pµ

]
. This implies the useful property

Lξ (Fµ1...µp
)pµ1 . . . pµp = LT ξ (Fµ1...µp

pµ1 . . . pµp ). (48)

With this definition, we can rewrite the transformation rule for f as

T(ξ)[f (xν, pν)] = T(T ξ)[f (xν, pν)], (49)

where now T(T ξ) refers to the knight diffeomorphism with the set of vectors (T ξ1, T ξ2, . . .).
The evolution of the distribution function is dictated by the Boltzmann equation

df

dη
= C[f ], where the rhs is the collision term which encodes the local physics. This

collision term can be easily expressed in the local Minkowskian frame defined by a tetrad field
ea , from known particles physics. For this reason, the framework developed to define gauge
transformations for a general manifold has to be extended to the case of Riemannian manifold.
Instead of using the coordinates basis ∂µ to express a vector of tangent space as V = pµ∂µ,
we prefer to use the tetrads basis ea and write V = πaea . In terms of coordinates, this means
that the distribution function is a function of xµ and πa . When expressing the physics with the
tetrad fields, the metric is not just one of the many tensors of the theory whose properties under
a gauge transformation we need to know, but rather a central feature of the manifold, since
it determines the tetrads (up to a Lorentz transformation) required to express the distribution
function. As the metric is a tensor, and as the tetrads are defined according to the metric, the
extension is inherited from the previous section.

3.2. Tetrads

3.2.1. Definitions. On each slice Pλ(N ), we should have four vector fields1 (and their
associated 1-form fields) labeled by a = 0, 1, 2, 3, which satisfy the normalization conditions

eµ
a eν

bgµν = ηab, ea
µeb

νg
µν = ηab. (50)

With these notations, the indices a, b, c . . . are raised and lowered with ηab.
With the formalism developed for tensors, we carry this tetrad field onto the background

spacetime using a gauge field X with

e
µ

a,X ≡ φ�
λ,X(ea) =

k=∞∑
k=0

λk

k!
Lk

Xea

δ
(n)
X ea ≡ Ln

Xea

∣∣
P0(N )

, ēa ≡ δ
(0)
X ea,

(51)

and similar formulae for ea .
As ēa is a basis of the tangent space on the background spacetime (and ēa a basis of its

dual space), e
µ

a,X and ea
µ,X can be expressed in the generic form

ea,X = Rb
a,Xēb, eb

X = ēaSb
a,X, Rc

a,XSb
c,X = Sc

a,XRb
c,X = δb

a, (52)

where

Rab,X ≡
∑

k

λk

k!
R

(k)
ab,X Sab,X ≡

∑
k

λk

k!
S

(k)
ab,X. (53)

Order by order, this reads

δ
(n)
X ea = R

(n)b
a,X ēb, δ

(n)
X eb = ēaS

(n)b
a,X . (54)

1 The fifth direction which arises from the extension of the manifold from M to N is ignored as the component of
any tensor is required to vanish in this direction. We thus consider the tangent space at each point of N as being four
dimensional.
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3.2.2. Normalization condition. Tetrads are four vector fields which satisfy equation (50)
and are thus related to the metric. Consequently, the perturbations of the tetrad defined above
are partly related to the perturbations of the metric. When pulled back to the background
spacetime, equation (50) implies

φ�
λ,X(ηab) = ηab = φ�

λ,X

(
eµ
a eν

bgµν

)
= φ�

λ,X

(
eµ
a

)
φ�

λ,X

(
eν
b

)
φ�

λ,X(gµν). (55)

Identifying order by order (in terms of λ), we get in particular for the first and second orders

ēb.δ
(1)
X ea + ēa.δ

(1)
X eb + δ

(1)
X g(ēa, ēb) = 0

ēb.δ
(2)
X ea + ēa.δ

(2)
X eb + δ

(2)
X g(ēa, ēb) + δ

(1)
X eb.δ

(1)
X ea + δ

(1)
X g

(
δ

(1)
X ea, ēb

)
+ δ

(1)
X g

(
ēa, δ

(1)
X eb

) = 0,
(56)

where a dot product stands for ḡ( , ). From the constraints (56), we can determine the
symmetric part of R

(n)
ab as

R
(1)

(ab),X = − 1
2δ

(1)
X g(ēa, ēb) (57)

R
(2)

(ab),X = − 1
2δ

(2)
X g(ēa, ēb) − δ

(1)
X g

(
R

(1)
ac,Xēc, ēb

) − δ
(1)
X g

(
ēa, R

(1)
bc,Xēc

) − R
(1)c
a,X R

(1)
bc,X, (58)

which are related to the components of the inverse by

S
(1)
ab,X = −R

(1)
ab,X (59)

S
(2)
ab,X = −R

(2)
ab,X + 2R

(1)c
a,X R

(1)
cb,X. (60)

The antisymmetric part, R[ab],X, still remains to be chosen as it corresponds to the Lorentz
transformation freedom (boost and rotation), which is allowed by definition (50). A first and
easy choice would be R

(n)
[ab],X = 0 for any n. However, as mentioned above, we eventually

want to decompose a vector pµ∂µ on tangent space as

pµ∂µ = πaea = πaeµ
a ∂µ, (61)

and identify π0 with the energy and πi with the momentum (although conserved quantities
are generally ill defined in general relativity, energy and momentum can be defined when
performing perturbations around a maximally symmetric background [35] as is the case here).
When working with coordinates, we want to express physical quantities, as measured by
comoving observers, i.e. observers of constant spatial coordinates, whose motion is defined
by the 1-form (dη)µ [36]. We thus require (e0)µ ∼ (dη)µ, which is equivalent to choosing
S

(n)
ai0,X = 0 for any n, where ai = 1, 2, 3. This choice allows us to fix the boost in S(n) by

imposing the condition S
(n)
[ai0],X = −S

(n)
[0ai ],X

= −S
(n)

(ai0),X. As equation (52) implies that for
any n

S(n)
ac + R(n)

ac +
∏

{p+q=n,

p�1,q�1}

S(p)b
a R

(q)

bc

n!

p!q!
= 0, (62)

it can be checked by recursion that this implies

R
(n)
[ai0],X = −R

(n)
[0ai ],X

= −R
(n)

(ai0),X. (63)

We also fix the rotation by requiring S
(n)
[aiaj ],X = 0, and it can be checked similarly, by recursion

on equation (62), that this implies R
(n)
[aiaj ],X = 0.
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3.3. Gauge transformation of tetrads

Under a gauge transformation, we can deduce the transformation properties of the tetrad from
those of the perturbed metric. For simplicity, we restrict to scalar and tensor perturbations, but
this is completely general and can be easily extended to include vectors. In the FL case, we use
a natural background tetrad associated with Cartesian coordinates ē0 = (∂η)/a, ēbi

= (∂i)/a,
in order to evaluate equation (57). The notation bi refers to Lorentz (SO(1,3)) indices running
from 1 to 3, whereas i is a coordinate index running from 1 to 3. When uselessly obfuscating
the explanation, we will not make the distinction and change bi for i. We report the detailed
expressions for the transformation of the tetrads for the first and second orders in appendix B.

4. Distribution function

Now that the transformation properties of the tetrads are known, we turn to the general
transformation of a distribution function f (xµ, πa).

4.1. Multipolar expansion

Any function f (xµ, πa) can be expanded in symmetric trace-free multipoles as [37]

f (xµ, πa) =
∑

p

Fp(xµ, πa) (64)

with

Fp(xν, πa) ≡ Fµ1...µp
(xν)pµ1 . . . pµp

= [
Fµ1...µp

(xν)eµ1
a1

. . . e
µp

ap

]
πa1 . . . πap

≡ Fa1...ap
(xν)πa1 . . . πap . (65)

We do not need any additional identification procedure for the tangent spaces through a
gauge field, in order to identify points of the tangent space of the slices T Pλ(N ). Indeed,
once the metric and a gauge field X are chosen, there exists a natural identification with the
tetrad fields. First, and as mentioned before, we identify the points of N which lie on the same
integral curves of X, that is, we identify a point P ∈ P0(N ) and �λ,X(P ) ∈ Pλ(N ). Then, we
identify vectors of their respective tangent spaces, if the coordinates of these vectors in their
respective local tetrad frames ēa and ea are the same. To be short, we identify πaea and πaēa .
As a consequence, for any given set {a1, . . . , ap}, the function Fa1...ap

(xν) is a scalar field.
Fa1...ap

(xν) is then pulled back on the background spacetime using the gauge field X, and we
define in this way perturbations

��
λ,X[Fa1...ap

(xν)] ≡ FX,a1...ap
(xν) ≡

∑
λ

λn

n!
δ

(n)
X Fa1...ap

(xν) (66)

and

Fp,X(xν, πa) ≡ FX,a1...ap
(xν)πa1 . . . πap . (67)

This perturbation scheme induces a perturbation procedure for the distribution function f as

fX(xν, πa) ≡
∑

n

λn

n!
δ

(n)
X f (xν, πa),

δ
(n)
X f (xµ, πa) ≡

∑
p

δ
(n)
X Fa1...ap

(xν)πa1 . . . πap .
(68)
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It is essential to stress that πa is not a perturbed quantity; it is a coordinate of the locally
Minkowskian tangent space. However, the tetrad field allows us to see pµ as a perturbed
vector since pµ(πa) = e

µ
a πa . In other words, for a given πa , there is an associated vector

whose order-by-order perturbation in a given gauge X is given by p
µ(n)

X ≡ e
µ(n)

a,X πa .

4.2. Gauge transformation: general case

We can deduce the transformation rule under a gauge change directly on the form (65), pulled
back to the background spacetime,

T [fX(xν, πa)] ≡
∑

p

T
[
FX,µ1...µp

(xν)
]
T

(
e
µ1
a1,X

)
. . . T

(
e
µp

ap,X

)
πa1 . . . πap . (69)

The first factor in this expression is tensorial. Exactly as for the pre-Riemannian case,
its transformation rule is dictated by the knight diffeomorphism, whereas we get the
transformation rules of the tetrads from equations (B.2) and (B.4). As we do not necessarily
want to refer explicitly to the multipole expansion, the first factor is rewritten by considering f

as a function of pµ using πa = ea
ν,Xpν , and applying equation (49). We then have to consider

the resulting distribution function as a function of πa , knowing that the inversion is now given
by pµ(πa) = T

(
e
µ
a

)
πa . This will account for T

(
e
µ1
a1,X

)
in equation (69). In a compact form,

it reads

T [fX(xν, πa)] = T(T ξ)

{
fX

[
xν, ea

µpµ
]}∣∣

pµ=T (e
µ

b )πb . (70)

To obtain an order-by-order formula, we explicitly define these three steps using a Taylor
expansion. First, we use that

fX(xν, πa) =
[

exp

(
ēb
µpµSa

b,X

∂

∂πa

)
fX

] (
xν, ēb

µpµ
) ≡ gX(xν, pµ), (71)

in order to consider f as a function of pµ. We then Taylor-expand back the result of the knight
diffeomorphism in order to read the result as a function of πa ,

T [fX(xν, πa)] =
[

exp

(
ē
µ

b πaT
(
Rb

a,X

) ∂

∂pµ

)
T(T ξ)(gX)

] (
xν, ēµ

a πa
)
. (72)

The derivatives in the previous expressions have to be ordered on the right in each term of
the expansion in power series of the exponential. When identifying order by order, we need
to take into account the expansion in Rab and Sab, in the exponentials and also in the knight
diffeomorphism.

We have provided the general transformation rules for the distribution function and we will
now specify the transformation properties of the first- and second-order distribution functions.

4.3. The mass shell

The transformation properties of δ
(n)
X e

µ
a have been chosen so that, in the special case of

f ≡ gµνp
µpν = gµνe

µ
a eν

bπ
aπb = πaπ

a , it remains unchanged under a gauge transformation,
i.e. T (πaπa) = πaπa . Since the tetrads must satisfy equation (50), then δ

(n)
X f = 0 for

n � 1, and it implies this property trivially. As a consequence, any function of the form
δ(πaπ

a − m2)f (xµ, πa) transforms as δ(πaπ
a − m2)T [f (xµ, πa)], where m2 is the mass

of the particles described by the distribution function. In other words, the transformation of
the distribution function remains on the mass shell, as has already been mentioned in [9]. We
will make use of this property when computing the transformation rules of the distribution
function.
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5. Application to the perturbation of the Boltzmann equation for radiation

The formalism developed in the previous section is general. We will now apply it to the
particular FL case, and from now on we will also focus on the radiation case, that is the case
where m2 = 0. For the first and the second orders, we will present the transformation rules
of the distribution function for radiation and build a gauge-invariant distribution function as
well as a gauge-invariant brightness. We will then write the evolution equation of this gauge-
invariant brightness in the case where the photon travels freely through spacetime without
being affected by diffusion processes. This is obtained using the collisionless Boltzmann
equation

df

dη
= ∂f

∂η
+

∂f

∂xi

∂xi

∂η
+

∂f

∂π0

∂π0

∂η
+

∂f

∂ni

∂ni

∂η
= 0, (73)

where ni ≡ πi/π0, from which we will extract the background, the first- and the second-order
equations after having pulled it back to the background spacetime. In order to do so, we need
to know ∂π0

∂η
and ∂πi

∂η
. By considering pµ as a perturbed vector, as mentioned in section (4.1),

these can be expressed from the geodesic equation

p0 dpµ

dη
= −�µ

νσpνpσ (74)

that we pull back to the background spacetime in order to extract order-by-order equations.
Similarly, ∂xi

∂η
is given by the order-by-order expressions of p0 ∂xi

∂η
= pi , when pulled back to

the background spacetime.
At the background level, the space is homogeneous and isotropic. Consequently, the

distribution function depends neither on the direction ni of the photon nor on the position
in space xi . It only depends on π0 and η, which implies that ∂f̄

∂ni = ∂f̄

∂xi = 0. Since the

background geodesic deviation equation implies ∂π0

∂η
= −Hπ0, the collisionless Boltzmann

equation reads at the background level

∂f̄

∂η

∣∣∣∣
π

− Hπ0 ∂f̄

∂π0
= 0. (75)

5.1. Gauge transformation at first order

In order to better understand the seemingly heavy but powerful formalism of section 4.2, let
us apply it to the first-order gauge transformation of the photon distribution function f in the
Boltzmann equation. In this case, equation (70) for ξ1 = (T , L) leads to

T
[
δ(πcπ

c)δ
(1)
X f

] = δ(πcπ
c)

{
LT ξ1 [f̄ (xν, apµ)] +

[
T

(
R

(1)b
a,X

)
+ S

(1)b
a,X

]
πa ∂f̄

∂πb

}
. (76)

The expressions of Rb
a,X and Sb

a,X, and their transformation rules for the FL case, are given
in appendix B. Using the fact that f̄ is only a function of π0 due to the term δ(πcπ

c),

LT ξ1 [f̄ (xν, apµ)] = T
∂

∂η

∣∣∣∣∣
p

f̄ (xν, apµ) +
∂f̄

∂π0
π0(T ′ + ni∂iT ) (77)

[
T

(
R

(1)0
0,X

)
+ S

(1)0
0,X

]
π0 ∂f̄

∂π0
= − ∂f̄

∂π0
π0(T ′ + HT ). (78)

Note that there is no term involving
[
T

(
R

(1)0
i,X

)
+ S

(1)0
i,X

]
πi ∂f̄

∂π0 , thanks to the prescription in the
choice of the tetrad in section 3.2.2.
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We then express the derivatives as

∂f̄ (xν, apµ)

∂η

∣∣∣∣∣
p

= ∂f̄

∂η

∣∣∣∣∣
π

+
∂f̄

∂π0
Hπ0. (79)

Putting all the pieces together, we finally get that

T
[
δ(πcπ

c)δ
(1)
X f

] = δ(πcπc)

(
∂f̄

∂π0
π0ni∂iT + T

∂f̄

∂η

∣∣∣
π

)

= δ(πcπc)
∂f̄

∂π0
π0(HT + ni∂iT ), (80)

where in the last step we have made use of the background Boltzmann equation (75).
It can be checked that by considering f as a function of

√
πiπi instead of π0, as allowed

by the factor δ(πcπc), we recover the same result as performed in [9]. However this is slightly
more intricate, as it now apparently depends on the three variables πi which are in fact not
independent at the background level.

Although the mathematical framework can seem to be heavy, we did not need to define
an extension of the distribution function outside the mass shell nor a gauge transformation
field parallel to the mass shell as in [9]. We have first built the distribution function using the
tetrad field (it is a function of πa and not an explicit function of pµ). Then, as explained in
section 4.3, the normalization condition (50), when expressed at each order in equations (56),
ensures that it remains on the mass shell during a gauge transformation that we perform using
the rules derived for tensors.

5.2. First-order gauge-invariant distribution function for radiation

Now that transformation properties of the first-order distribution function are known, we can
use the results of section 2 to define a gauge-invariant distribution function by

f̂ (1) ≡ δ
(1)
NGf = δ

(1)
X f + T

ξ
(1)
→ NG

(
δ

(1)
X f

)
= δ

(1)
X f +

∂f̄

∂π0
π0[H(B(1) − E(1)′) + ni∂i(B

(1) − E(1)′)]. (81)

As for tensorial quantities, we can choose for instance ξ
(1)
→ FG in the above expression, in

order to define another gauge-invariant distribution function. Its expression is given by

f̃ (1) ≡ δ
(1)
FGf = δ

(1)
X f + T

ξ
(1)
→ FG

(
δ

(1)
X f

)
= δ

(1)
X f +

∂f̄

∂π0
π0

[
�(1) +

ni∂i�
(1)

H

]
. (82)

These two first-order gauge-invariant distribution functions are related by

f̃ (1) − f̂ (1) = ∂f̄

∂π0
π0

[
�̂(1) +

ni∂i�̂
(1)

H

]
. (83)

It is worth remarking that in the previous literature [9], another gauge-invariant distribution
is defined, namely

F (1) ≡ δ
(1)
X f +

∂f̄

∂π0
π0[�(1) + ni∂i(B

(1) − E(1)′)]

= f̂ (1) +
∂f̄

∂π0
π0�̂(1). (84)
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Though it cannot be interpreted as the perturbation of the distribution function in a given gauge
since it mixes ξ→ NG and ξ→ FG, this is a better variable to highlight the conformal invariance
of the photons propagation and to compare with the null cone integration method [34].

This first-order analysis illustrates the power of this formalism which can be generalized
to higher orders in perturbations.

5.3. First-order collisionless Boltzmann equation for radiation

Integrating the gauge-invariant distribution function of radiation over π0, we define the gauge-
invariant brightness, which is the energy perturbation per unit solid angle in a given direction

Î(1)(xµ, ni) ≡ 4π

∫
f̂ (1)(xµ, π0, ni)(π0)3 dπ0. (85)

We choose the normalization of the background distribution function such that the
background brightness reduces to the energy density (see section 6 for the fluid approximation)

Ī(η) ≡ 4π

∫
f̄ (η, π0)(π0)3 dπ0 = ρ̄. (86)

We can associate gauge-invariant symmetric trace-free moments, F̂i1...in , to this brightness by
using the decomposition

Î(1)(xµ, ni) ≡
∑

p

F̂ (1)
i1...ip

(xµ)ni1 . . . nip . (87)

With these definitions, the integral
∫
(π0)3dπ0 on the first-order Boltzmann equation leads to

the evolution equation for Î(1) [38]:(
∂

∂η
+ ni∂i

) Î(1)

4
+ HÎ(1) + (ni∂i�̂

(1) − �̂(1)′)Ī = 0, (88)

where we have ignored the tensor terms for simplicity. Similarly, a gauge-invariant brightness
Ĩ(1), associated with f̃ (1), and a gauge-invariant brightness M(1), [9] associated with F (1), can
be defined. They are related to Î(1) by

Ĩ(1) = Î(1) − 4Ī
(

�̂(1) +
ni∂i�̂

(1)

H

)
M(1) = Î(1) − 4Ī�̂(1). (89)

5.4. Gauge transformation at second order

At second order, the general gauge transformation of the distribution function (70) for
(ξ) = (ξ1, ξ2), (T ξ) = (T ξ1, T ξ2) is given in detail in appendix C. After simplifications,
it reads

T
(
δ

(2)
X f

)
= ∂f̄

∂η
(T (2) + T T ′ + ∂iT ∂iL)

+
∂f̄

∂π0
π0{ni∂iT

(2) − 2nj [(∂i∂jE + Eij + ∂i∂jL)∂iT − �∂jT ]

+ ∂iT ∂iT + (T ni∂iT )′ + ni∂i(∂
jL∂jT ) + 2�ni∂iT }

+
∂2f̄

∂(π0)2
(π0)2(ni∂iT nj∂jT ) + 2

∂2f̄

∂η∂π0
T ni∂iT +

∂2f̄

∂η2
T 2

+ 2
∂δ

(1)
X f

∂π0
π0nj∂jT + 2

∂δ
(1)
X f

∂πi
π0∂iT + 2∂iL∂iδ

(1)
X f + 2T

∂δ
(1)
X f

∂η
. (90)
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This is a cornerstone expression in our study of the second-order distribution function. As
for the fluid quantities, knowing the transformation rules under a second-order gauge change
is enough to define a second-order gauge-invariant distribution function which is required to
write the second-order Boltzmann equation only in terms of gauge-invariant variables. As for
tensors, several gauge-invariant distribution functions can be defined, and this relation is also
required to express how the different gauge-invariant distribution functions are related.

5.5. Second-order gauge-invariant distribution function for radiation

Again, we can use the results of section 2.8 to define a gauge-invariant distribution function as

f̂ (2) ≡ δ
(2)
NGf = δ

(2)
X f + T

(ξ
(1)
→ NG,ξ

(2)
→ NG)

[
δ

(2)
X f

]
. (91)

As for tensorial quantities, we can choose for instance
(
ξ

(1)
→ FG, ξ

(2)
→ FG

)
, in order to build

another second-order gauge-invariant distribution function

f̃ (2) ≡ δ
(2)
FGf = δ

(2)
X f + T

(ξ
(1)
→ FG,ξ

(2)
→ FG)

[
δ

(2)
X f

]
. (92)

The difference between these two gauge-invariant distribution functions is also gauge
invariant and is consequently expressed only in terms of gauge-invariant quantities. For the
sake of completeness, we give the form of the relation between these two gauge-invariant
distribution functions,

f̃ (2) − f̂ (2) = 1

H2

∂f̄

∂π0
π0

{
nk∂k[H�̂(2) + �̂(1)�̂(1)′ + 2H�̂(1)2] + ∂i�̂

(1)∂i�̂(1)

+ nk∂k

[
−�−1

2H (��̂(1))2 +
�−1

2H (∂i∂j �̂
(1)∂j ∂i�̂

(1))

]

− 2HnjEij ∂
i�̂(1) + (�̂(1)ni∂i�̂

(1))′ + 2H(�̂(1) + �̂(1))ni∂i�̂
(1)

}

+
1

H2

∂2f̄

∂(π0)2
(π0)2[ni∂i�̂

(1)nj ∂j �̂
(1)] +

2

H2

∂2f̄

∂η∂π0
�̂(1)ni∂i�̂

(1)

+
1

H2

∂f̄

∂η

[
H�̂(2) + �̂(1)�̂(1)′ + 2H�̂(1)2 + H�̂(1)

(
�̂(1)

H

)′

− �−1

2H (��̂(1))2 +
�−1

2H (∂i∂j �̂
(1)∂j ∂i�̂

(1))

]
+

2

H
∂f̂ (1)

∂π0
π0nj∂j �̂

(1)

+
2

H
∂f̂ (1)

∂πi
π0∂i�̂(1) + 2

�̂(1)

H
∂f̂ (1)

∂η
+

1

H2

∂2f̄

∂η2
(�̂(1))2. (93)

This clearly demonstrates the power of our formalism since, in contrast to the first order, this
relation cannot be guessed intuitively. Also note that this is non-local as it is generally the
case for second-order gauge-invariant quantities.

5.6. The second-order gauge-invariant collisionless Boltzmann equation for radiation

Similarly to the first-order case, we define the second-order brightness as

Î(2)(xµ, ni) ≡ 4π

∫
f̂ (2)(xµ, π0, ni)(π0)3 dπ0. (94)

We also define the second-order gauge-invariant moments associated with this gauge-invariant
brightness by the second-order version of equation (87). The derivation of the collisionless
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Boltzmann equation in the Newtonian gauge is detailed in [27, 28]. Once the integral∫
(π0)3dπ0 is performed, it leads to an evolution equation for the brightness. As this is

a scalar equation, it is gauge invariant and scan be expressed only in terms of the gauge-
invariant quantities that we have defined and which reduce to the perturbation variables in the
Newtonian gauge. Explicitly, it reads(

∂

∂η
+ ni∂i

) Î(2)

4
+ HÎ(2) + Īni∂i�̂

(2) + 2Ī(�(1) − �(1))ni∂i�
(1)

+
1

2
[∂j (�̂

(1) + �̂(1))ninj − ∂i(�̂(1) + �̂(1))]
∂ Î(1)

∂ni

− 2Î(1)(�̂(1)′ − nj∂j �̂
(1)) − Ī(�̂(2)′ + 4�̂(1)�̂(1)′)

+
1

2
(�̂(1) + �̂(1))ni∂i Î(1) = 0. (95)

Up to this stage, we agree with the expressions of [27, 28].

6. Fluid approximation

If we want to recover the transformation rule and the gauge-invariant variables for the energy
density, the pressure and the velocity of radiation, we need to define a stress–energy tensor
from the distribution function of radiation. We already know from special relativity how to
define such a tensor. We generalize it by using the local Minkowskian frame

T ab(xµ) =
∫

dπ0d3πiδ(πcπc)f (xµ, πd)πaπb

=
∫

(π0)3f (xµ, πd)nanb dπ0 d2ni, (96)

where na ≡ ni = πi/π0, if a = 1, 2, 3 and na = 1 if a = 0. In order to evaluate the stress–
energy tensor, we have performed one of the integrals which removes the Dirac contribution
δ(πaπa): ∫

δ(πaπa)G(x, πa) dπ0d3πi =
∫

G(x, π0, ni)π0 dπ0 d2ni. (97)

Several useful relations for handling integrals of the background distribution function are
reported in appendix D. If we are dealing with several species, we can still define a stress–
energy tensor for each component, as long as we are dealing with weakly interacting gases.
This is the standard kinetic approach in which the interaction between two species is encoded
in the collision term of the Boltzmann equation [2].

We define ρ, P , the velocity Ua and the anisotropic stress �ab,

T ab = ρUaUb + P ⊥ab +�ab, (98)

with ⊥ab≡ ηab + UaUb, and the properties UaUa = −1,�ab ⊥ab= 0, Ua�
ab = 0. However,

fluid quantities are usually expressed using the canonical basis associated with coordinates
∂µ and not the tetrad field. We thus define uµ = Uae

µ
a as the coordinates of the velocity

in this canonical basis, and we decompose it as in equation (5). Similarly, we define the
anisotropic stress expressed in the canonical basis by πµν = e

µ
a eν

b�
ab. Some confusion can

arise from the fact that physicists often design a vector by its coordinates. With this symbolic
convention, Ua and uµ are mathematically the same vector, but expressed in a different basis
since Uaea = uµ∂µ. The relations between Ua and uµ up to second order are

Ū 0 = aū0 = 1 Ū i = aūi = 0, (99)
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and

δ
(1)
X U 0 = 0

δ
(1)
X Ui = ∂i(v(1) + B(1)),

(100)

δ
(2)
X U 0 = ∂i(v + B)∂i(v + B)

δ
(2)
X Ui = ∂i(v(2) + B(2)) − 2�∂iB + 2�∂i(B − v) + 2∂j (v − B)

(
∂i∂jE + Ei

j

)
.

(101)

Similarly, the relations between the spatial components of πµν and �ab are

δ
(1)
X πij = 1

a2
δ

(1)
X �ij

δ
(2)
X πij = 1

a2

[
δ

(2)
X �ij + 2δ

(1)
X �ik

(
�(1)δ

j

k − ∂k∂
jE(1) − E

(1)j

k

)
+ 2δ

(1)
X �jk

(
�(1)δi

k − ∂k∂
iE(1) − E

(1)i
k

)]
. (102)

The fluid quantities can be extracted from equation (98) as follows:

ρ = T abUaUb, (103)

3P = T ab ⊥ab, (104)

�ab = T cd
(⊥ca⊥db − 1

3 ⊥cd⊥ab

)
, (105)

(ρ + P)U 0Ui = T 0i . (106)

It is easy to see that the factor δ (πaπ
a) in the integral of definition (96) of the stress–energy

tensor implies that P = ρ/3.
The system of definitions (103)–(106) determines the fluid quantities. Indeed, these

quantities can now be calculated iteratively at any order once equation (96) is pulled back to
the background spacetime. Since Ū 0 = 1 and Ū i = 0, ρ̄P̄ and �̄ab are given by

ρ̄ = 3P̄ = T̄ 00Ū0Ū0, �̄ab = 0, (107)

as expected from the background symmetries for a fluid of radiation. Then, since
U 0 =

√
UiUi + 1, and using equation (106), we can determine the first-order expression

of the velocity

δ
(1)
X U 0 = 0 δ

(1)
X Ui = 3

4ρ̄
δ

(1)
X T 0i . (108)

Repeating this procedure, we obtain from equations (103)–(106)

δ
(1)
X ρ = 3δ

(1)
X P = δ

(1)
X T 00Ū0Ū0

δ
(1)
X �ij = δ

(1)
X T ij − δij

3
δ

(1)
X T k

k ,
(109)

and the condition Ua�
ab = 0 implies

δ
(1)
X �i0 = δ

(1)
X �00 = 0

δ
(2)
X �00 = 0

δ
(2)
X �0i = 2δ

(1)
X �ij δ

(1)
X Uj .

(110)

Again, using equation (106), we determine the second-order perturbation of the velocity
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δ
(2)
X U 0 = δ

(1)
X Uiδ

(1)
X Ui (111)

δ
(2)
X Ui = 3

4ρ̄

(
δ

(2)
X T 0i − δ

(2)
X �0j

) − 2
δ

(1)
X ρ

ρ̄
δ

(1)
X Ui. (112)

Iterating, we obtain from equations (103)–(106)

δ
(2)
X ρ = 3δ

(2)
X P = δ

(2)
X T 00Ū0Ū0 + 2T̄ 00Ū0δ

(2)
X U0

δ
(2)
X �ij = δ

(2)
X T ij − δij

3
δ

(2)
X T k

k − 8

3
ρ̄

(
δ

(1)
X Uiδ

(1)
X Uj − δij

3
δ

(1)
X Ukδ

(1)
X Uk

)
.

(113)

This shows that, by iterating this procedure, the fluid quantities can be determined up to
order n if f , that is T ab, is known up to order n. This means that, by knowing the transformation
rule of f under a gauge transformation, we can deduce the transformation rules of the fluid
quantities built out of it (ρ, P,Ua,�ab). Eventually, we are interested in their expressions
in the canonical basis in order to compare with the results of section 2, and we need to use
equations (99)–(101) and (102).

6.1. First-order fluid quantities transformation

At first order, from relations (109) and (100), and the transformation rule for f , equation (80),
we deduce after some algebra that δ

(1)
X ρ transforms as in equation (25). Similarly, from

equation (108), relation (100) and the transformation rule for f , equation (80), we deduce
that v(1) transforms as in equation (25). By the same method, we easily recover that δ(1)π ij is
gauge invariant.

6.2. First-order fluid equations

In order to recover the gauge-invariant conservation equation and the Euler equation of the
fluid approximation at first order, we define the first-order gauge-invariant stress–energy tensor
by

T̂ ab(1)(xµ) ≡
∫

(π0)3f̂ (1)(xµ, πc)nanb dπ0 d2� =
∫

Î(1)nanb d2�

4π
, (114)

and its associated first-order gauge-invariant fluid quantities, ρ̂(1), P̂ (1), v̂(1) and π̂ ij (1), built
from the same types of relation as in the set of equations (103)–(106) and expressed in the
canonical basis with equations (100) and (102). Because of the comparison performed in the
previous section, these quantities match those defined in equation (33), and this justifies
the fact that we use the same notation. We need the useful relations between the first moments
and the fluid quantities

F̂ (1) =
∫

Î(1) d�

4π
= δ(1)ρ̂, (115)

F̂ i(1) =
∫

Î(1)ni d�

4π
= 4

3
ρ̄∂i v̂(1), (116)

F̂ ij (1) =
∫

Î(1)

(
ninj − δij

3

)
d�

4π
= �̂ij (1). (117)

Performing
∫

d� on the brightness evolution equation (88), we recover the first-order
conservation equation. However, performing

∫
ni d�, we recover the first-order Euler equation
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as expressed in appendix E, only if we neglect the first-order anisotropic pressure. This comes
from the fact that the statistical description of radiation leads to an infinite hierarchy of
equations coupling moments of orders p − 1, p and p + 1 [39], whereas the fluid description
keeps only the equations involving the monopole and the dipole.

6.3. Second-order fluid quantities transformation

In order to establish the second-order comparison with the fluid description, we need to know

how to perform an integral involving δ
(1)
X f , for instance on 2 ∂δ

(1)
X f

∂π0 π0nj∂jT + 2 ∂δ
(1)
X f

∂πi π0∂iT .
We will thus make use of the multipolar expansion

δ
(1)
X f = f̄

δ
(1)
X ρ

ρ̄
+ 4f̄ ∂i(v

(1) + B(1))ni +
15f̄

2ρ̄
δ

(1)
X �ijn

inj + · · · , (118)

from which it can be checked that we recover the correct fluid quantities when used to compute
δ

(1)
X T ab in equation (96).

Using the same method as for the first order, with relations (113) and (101), and the
transformation rule for the second-order distribution function, equation (90), we deduce that
δ(2)ρ transforms as in equation (37). Additionally, from relations (111), (112), (101) and
(110), we deduce that v(2) transforms as in equation (37).

We also note that from definition (113), relations (111), (112) and the transformation rule
for f , equation (90), we deduce that δ(2)�ij transforms according to

δ(2)�ij → δ(2)�ij + 2T (δ(1)�ij )′ + 2∂kL∂k(δ
(1)�ij ). (119)

When expressed in the canonical basis
(
πµν ≡ e

µ
a eν

b�
ab

)
, we recover exactly the

transformation rule of the anisotropic stress given in equation (37).
This is one of the major results of this paper. We recover the perfect fluid transformation

rules for the energy density, the pressure, the velocity and the anisotropic stress given in [40]
up to second order, when starting from the statistical description.

6.4. Second-order fluid equations

In order to recover the gauge-invariant conservation equation and the Euler equation of the
fluid approximation at the second order, we follow the same procedure as for the first-order
case. We thus define the second-order gauge-invariant stress–energy tensor by

T̂ ab(2)(xµ) ≡
∫

(π0)3f̂ (2)(xµ, π)nanb dπ0 d2� =
∫

Î(2)nanb d2�

4π
, (120)

and its associated second-order gauge-invariant fluid quantities, ρ̂(2)P̂ (2)v̂(2) and π̂ ij (2), built
from the same types of relations as in the set of equations (103)–(106) and expressed in the
canonical basis with equations (101) and (102). Because of the comparison performed in the
previous section, these quantities match those defined in equation (42), thus justifying the fact
that we use the same notation.

In order to recover the conservation and Euler equations of the fluid approximation we
perform the integral

∫
d�
4π

and
∫

d�
4π

ni on this equation. However, at the second order this has
to be done with care since the link between the second-order gauge-invariant brightness and
the second-order fluid quantities is given by

F̂ (2) =
∫

Î(2) d�

4π
= δ(2)ρ̂ +

8

3
ρ̄∂i v̂

(1)∂i v̂(1), (121)
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F̂ i(2) =
∫

Î(2)ni d�

4π
= 4

3
ρ̄(∂i v̂(2) − 2�̂(1)∂i v̂(1)) +

8

3
δ(1)ρ̂∂i v̂(1), (122)

F̂ ij (2) =
∫

Î(2)

(
ninj − δij

3

)
d�

4π

= �̂ij (2) +
8

3
ρ̄

[
∂i v̂

(1)∂j v̂
(1) − δij

3
(∂kv̂

(1)∂kv̂(1))

]
. (123)

This clearly differs from expressions (5.10) and (6.33) of [27] where the term quadratic in v in
F̂ (2), the term quadratic in � and v in F̂ i(2) are not there. The difference in the energy density
perturbation as extracted from F̂ (2) comes from the fact that the fractional energy density
�(2) for the radiation is defined as seen by the observer of velocity e0

µ ∼ (dη)µ, whereas
we define it in the fluid frame. The fractional energy density that they define is related to
our quantities by ρ̄�(2) = δ

(2)
NGT 00Ū0Ū0. The difference in the expressions for the fractional

energy density can be traced using equations (113) with equation (111). However, this is
only a matter of definition and it is consistent with equation (7.2) of [27]. Implicitly, the
authors of [27] do also use a tetrad basis in their section 3 in order to identify coordinates
of the tangent space between the background and the perturbed spacetime, in the same way
as explained below equation (65). Their p is equal to our π0, and the unit vectors ni match
when restricting to the Newtonian gauge. Equations (3.6) and (3.7) of [27] are equivalent to
equation (61) when expressed in the Newtonian gauge with the use of equations (52), (B.1)
and (B.3). As for the difference in the velocity perturbation as defined from F̂ i(2), it comes
from the fact that their definition for vi(2)

γ has to be interpreted in the tetrad basis, and therefore

it matches δ
(2)
NGUi . However, the difference between the tetrad basis and the canonical basis is

not computed as in equation (112), and it explains the discrepancy. This can also be checked on
the second-order extraction of equation (7.3) in [27]. Indeed, there is an extra term quadratic
in � and vi when compared to equation (2.15) of [41], as a trace of the difference between
our perturbed velocity, which matches the definition in the canonical basis usually given by
equations (5) and (4), and their perturbed velocity. However, the equations involving vi(2)

γ

in [27, 28] such as equation (4.6) are consistent with this difference, though the physical
interpretation vi(2)

γ as being the perturbed velocity of photons in the canonical basis is not
correct.

The computation of a term like ∂f̂ (1)

∂ni is easily performed using the multipolar expansion

f̂ (1) = f̄
δ(1)ρ̂

ρ̄
+ 4f̄ ∂i v̂

(1)ni +
15f̄

2ρ̄
�̂

(1)
ij ninj + · · · . (124)

Applying this method, we recover the second-order conservation equation detailed in
appendix E. As for the Euler equation, we recover it at second order only if we neglect
the anisotropic stress up to second order (beware that the anisotropic stress is different from
the second moment of the distribution as can be seen in equation (123)) and use the first-order
Euler equation.

This is also a major result of this paper. We recover the fluid gauge-invariant equations
up to second order, only if we can neglect the anisotropic stress up to second order. It remains
to be shown that this is extended up to any order, as we expect.

Let us also stress that in [28], the term ∂f̂ (1)

∂ni is evaluated using ∂f̂ (1)

∂ni = ∂f̂

∂xj
∂xj

∂ni , in
order to derive equations (4.1) and (4.6). However, this is not correct since f̂ is a function
of the independent variables η, xi, π0, ni . Even though they are related on a photon
geodesic, they are independent in the analytic expression of f̂ . Additionally this method
is not fruitful because ∂xj

∂ni �= δ
j

i (η − ηi), since ni does not parametrize a photon geodesic.
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Consequently, the subsequent analytic expressions of this reference solving the conservation
and Euler equation are not correct (for both radiation and cold dark matter) though the
Boltzmann equation is correct. This can also be seen directly from the fact that these
equations do not match fluid approximation equations of appendix E. Once corrected for
this mistake and taking into account the differences mentioned before, we can check that the
collisionless part of the conservation and Euler equations (4.1) and (4.6) of [27] match our
equations.

6.5. Validity of the fluid approximation in the literature

In this paper, we have considered so far the fluid approximation as a theoretical framework
in which we restrict the description of a species to its energy density and its velocity. The
computations involved for the distribution function at second order were rather long, and
it was used as a consistency check for the gauge transformation rules and the collisionless
Boltzmann equation. Since the fluid approximation is built out of the kinetic theory, it was
indeed expected that all the conclusions made in this statistical description could find their
fluid approximation counterpart.

It is now necessary to determine under which conditions this can be done, that is when the
anisotropic stress can be neglected. This requires us to work on the physics of coupled species,
baryons and photons, in the cosmological context. The collision term as well as its physical
implications has been studied in [28], and it is very likely that the extraction of its quadrupole
in equation (4.18) is not affected by the previous considerations. Indeed, in the tight coupling
limit (which requires only the collision term) for a system of photons and electrons highly
coupled through the Compton diffusion, the authors of [28] find that the quadrupole satisfies

F̂ ij (2) 
 8

3
ρ̄

[
∂i v̂(1)∂j v̂(1) − δij

3
(∂kv̂

(1)∂kv̂(1))

]
. (125)

This result is necessary to determine in which case the fluid approximation can be used.
Comparing it with equation (123), we immediately see that the physical interpretation of this
result is that the second-order anisotropic stress of radiation �̂ij (2) is suppressed in the tight
coupling limit. As a consequence, the fluid approximation can be used in the tight coupling
limit also at second order in perturbations.

7. Conclusion

In this paper, we have performed a general investigation of the gauge invariance of the
distribution function. This allows us to recover very easily the standard results at the first
order and to extend them at the second order. We derived the fluid approximation at first
and second orders. This required us to carefully define the stress–energy tensor in the local
Minkowskian frame. At the second order, our results differ from those previously derived in
the literature [27, 28]. We have tackled down the origin of the differences and shown that it was
lying in an incorrect identification between the tetrad and the canonical basis. Our analysis,
restricted to the collisionless case, puts the second-order Boltzmann equation, needed if we
intend to study non-Gaussianities in the CMB, on firm ground.
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Appendix A. Source terms in second-order transformations

The perturbation variables in the decomposition (1) are extracted as follows:

� = − 1

2a2
δg00,

� = − 1

4a2
(δij − �−1∂i∂j )δgij ,

B = 1

a2
�−1∂iδg0i ,

E = 1

4a2
(��)−1(3∂i∂j − �δij )δgij ,

Epq = 1

2a2

(
δr
p − �−1∂p∂r

)(
δs
q − �−1∂q∂

s
) (

δi
rδ

j
s − 1

3
δrsδ

ij

)
δgij .

(A.1)

Using this method we can read the source terms defined in equation (37), which are quadratic
in the gauge change variables T ,L and the perturbation variables �,�,B,E,Eij , in equation
(16):

S� = T (T ′′ + 5HT ′ + (H′ + 2H2)T + 4H� + 2�′) + T ′(2T ′ + 4�) + ∂iL∂i(T ′ + HT + 2�)

+ ∂iL
′∂i

(
T − 2B − L′) , (A.2)

S� = −T (HT ′ + (H′ + 2H2)T − 2� ′ − 4H�) − ∂i (HT − 2�) ∂iL − 1
2 (δij − �−1∂i∂j )

×
[
∂j (2B + L′ − T )∂iT + ∂i∂

kL(2∂k∂jL ∂k∂jE Ekj + (2HT − �)δkj )

+ T ∂i∂j (L
′ + 2HL) + T (2E′

ij + 2∂i∂jE
′ + 4HEij + 4H∂i∂jE)

+ ∂kL∂k(∂i∂jL + 2Eij + 2∂i∂jE)

]
. (A.3)

S� is slightly different from [13, 44] since, in these works, the extraction of metric perturbation
variables is not performed according to equation (A.1). However, this mistake does not matter
for their study that focused on the long wavelength limit

SB = �−1∂i{T ′∂i(2B + L′ − T ) + ∂jL′[2∂i∂jL + 2(HT − 2�)δij + 4(Eij + ∂i∂jE)]

+ ∂j ∂iL∂j (2B + L′ − T ) + ∂jL∂j∂i(2B + L′ − T )

+ ∂iT (−4� − 2T ′ − 2HT ) + T ∂i(2B + L′′ − T ′)
+ 2HT ∂i(2B + L′ − T )}, (A.4)

SE = (��)−1

(
3

2
∂i∂j − 1

2
�δij

)
{∂j (2B + L′ − T )∂iT

+ ∂i∂
kL[2∂k∂jL ∂k∂jE Ekj + (2HT − �)δkj ]

+ T ∂i∂j (L
′ + 2HL) + T (2E′

ij + 2∂i∂jE
′ + 4HEij + 4H∂i∂jE)

+ ∂kL∂k(∂i∂jL + 2Eij + 2∂i∂jE)}, (A.5)

4+4+4

4+4+4
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SEpq = (
δr
p − �−1∂p∂r

)(
δs
q − �−1∂q∂

s
) (

δi
rδ

j
s − δrs

3
δij

)
×{∂i∂

kL[2∂k∂jL ∂k∂jE Ekj + (2HT − �)δkj ]

+ T ∂i∂j (L
′ + 2HL) + ∂j (2B + L′ − T )∂iT

+ T (2E′
ij + 2∂i∂jE

′ + 4HEij + 4H∂i∂jE)

+ ∂kL∂k(∂i∂jL + 2Eij + 2∂i∂jE)}, (A.6)

Sρ = T (ρ̄ ′′T + ρ̄ ′T ′ + 2δρ ′) + ∂iL∂i(2δρ + ρ̄ ′T ), (A.7)

SP = T (P̄ ′′T + P̄ ′T ′ + 2δP ′) + ∂iL∂i(2δP + P̄ ′T ), (A.8)

Sv = �−1∂i[HT ∂i(L′ − 2v) + T ∂i(2v′ − L′′)
+ Lj∂j∂

i(2v − L′) + ∂iL′(HT + T ′ + 2�) + ∂j (L′ − 2v)∂j ∂
iL]. (A.9)

Appendix B. Transformation rules of the tetrad fields

Rab and Sab are defined in equation (52). The perturbation variables of the metric are defined
in equation (1).

B.1. First order

R
(1)
00,X = −S

(1)
00,X = �(1)

R
(1)
0ai ,X

= −S
(1)
0ai ,X

= −∂ai
B(1)

R
(1)
ai0,X = −S

(1)
ai0,X = 0

R
(1)
aiak,X

= −S
(1)
aiak,X

= �(1)δaiak
− ∂ak

∂ai
E(1) − E(1)

aiak
.

(B.1)

We can read directly from these expressions the transformation rules for the tetrad

δ
(1)
Y e

µ

0 = T
(
δ

(1)
X e

µ

0

) = −T (�(1))ē
µ

0 − ēµ
ai
∂ai T (B(1))

δ
(1)
Y eµ

ai
= T

(
δ

(1)
X eµ

ai

) = T (�(1))ēµ
ai

− ēµ
ak

∂ak ∂ai
T (E(1)).

(B.2)

B.2. Second order

R
(2)
00,X = �(2) − 3�2 + ∂iB∂iB

R
(2)
0ai ,X

= −∂ai
B(2) + (2� − 4�)∂ai

B + 4∂aj B
(
∂ai

∂aj
E + Eaiaj

)
R

(2)
ai0,X = −S

(2)
ai0,X = 0

R
(2)
aiak,X

= −S
(2)
aiak,X

= �(2)δaiak
− (

∂ak
∂ai

E(2) + E(2)
akai

)
�2δaiak

+ 3
(
∂ai

∂alE + Eal

ai

)(
∂al

∂ak
E + Ealak

)
− 6�(∂ai

∂ak
E + Eaiak

)

−S
(2)
00,X = �(2) − �2 + ∂iB∂iB

−S
(2)
0ai ,X

= −∂ai
B(2) − 2�∂ai

B + 2∂aj B
(
∂ai

∂aj
E + Eaiaj

)
. (B.3)

In these formulae, we have omitted the first-order superscript as there is no possible confusion.
In the following, we will also omit the first-order superscript. The transformation rules for the

+3

4+4 +4
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tetrads can be read, as we did for the first-order case:

T
(
δ

(2)
X e

µ

0

) = −[T (�(2)) − 3T (�)2 + ∂iT (B)∂iT (B)]ēµ

0

+
{−∂ai T (B(2)) + [2T (�) − 4T (�)]∂ai T (B)

+ 4∂aj T (B)
[
∂ai ∂aj

T (E) + Eai

aj

]}
ēµ
ai

T
(
δ

(2)
X eµ

ai

) = [T (�(2)) T (�)2]ēµ
ai

+
{−∂ak ∂ai

T (E(2)) + 3
[
∂ai

∂aj T (E) + E
aj

ai

][
∂ak ∂aj

T (E) + Eak

aj

]
− 6T (�)

[
∂ak ∂ai

T (E) + Eak

ai

]}
ēµ
ak

. (B.4)

Appendix C. Transformation of δ(2)f

T
(
δ

(2)
X f

) =
{(

LT ξ2 + L2
T ξ1

)
[f̄ (xν, apµ)] + 2LT ξ1

[
δ

(1)
X f (xν, apµ)

]

+
[
T

(
R

(2)c
a,X

)
+ S

(2)c
a,X + 2S

(1)d
a,X T

(
R

(1)c
d,X

)]
πa ∂f̄

∂πc

+
[
T

(
R

(1)b
a,X

)
T

(
R

(1)d
c,X

)
+ S

(1)b
a,X S

(1)d
c,X + 2S

(1)b
a,X T

(
R

(1)d
c,X

)]
πaπc ∂2f̄

∂πb∂πd

+ 2T
(
R

(1)b
a,X

)
πa ∂

∂πb
LT ξ1 [f̄ (xν, apµ)] + 2LT ξ1

[
S

(1)b
a,X πa ∂

∂πb
f̄ (xν, apµ)

]

+ 2
[
T

(
R

(1)b
a,X

)
+ S

(1)b
a,X

]
πa ∂

∂πb
δ

(1)
X f (xν, apµ)

}
. (C.1)

These individual terms are explicitly given by

[
T

(
R

(2)0
0,X

)
+ S

(2)0
0,X + 2S

(1)0
0,X T

(
R

(1)0
0,X

)]
π0 ∂f̄

∂π0

= [−(T (2)′ + HT (2) + S�(T , L)) + 4�(T ′ + HT ) + 3(T ′ + HT )2

− 2∂iB∂i(−T + L′) − ∂i(−T + L′)∂i(−T + L′)]π0 ∂f̄

∂π0
, (C.2)

[
T

(
R

(1)0
0,X

)
T

(
R

(1)0
0,X

)
+ S

(1)0
0,X S

(1)0
0,X + 2S

(1)0
0,X T

(
R

(1)0
0,X

)]
π0π0 ∂2f̄

∂π0∂π0
= ∂2f̄

∂(π0)2
(π0)2(T ′ + HT )2,

(C.3)

2
[
T

(
R

(1)b
a,X

)
+ S

(1)b
a,X

]
πa ∂

∂πb
δ

(1)
X f (xν, apµ)

= −2
∂δ

(1)
X f

∂π0
π0(T ′ + HT ) − 2

∂δ
(1)
X f

∂πi
π0(−∂iT + ∂iL′)

− 2
∂δ

(1)
X f

∂πi
(πj∂i∂jL + HπiT ), (C.4)

2T
(
R

(1)b
a,X

)
πa ∂

∂πb
LT ξ1 [f̄ (xν, apµ)]

= −2

[
∂2f̄

∂(π0)2
(π0)2 +

∂f̄

∂π0
π0

]
(T ′ + HT )(� + T ′ + HT )

+3
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− 2
∂2f̄

∂(π0)2
(π0)2(ni∂iT )(� + T ′ + HT ) − 2T

∂2f̄

∂η∂π0
(� + T ′ + HT )

− 2
∂f̄

∂π0
π0(Bi − ∂iT + ∂iL′)∂iT

−2
∂f̄

∂π0
π0

[
nj∂i∂j (E + L) + njEi

j + ni(−� + HT )
]
∂iT , (C.5)

2LT ξ1

[
S

(1)b
c,X aπc ∂

∂πb
f̄ (xν, apµ)

] = 2
∂2f̄

∂η∂π0
π0�T + 2

∂f̄

∂π0
π0 (

�′T + ∂i�∂iL
)

+ 2

[
∂2f̄

∂
(
π0

)2 (π0)2 +
∂f̄

∂π0
π0

]
�

(
T ′ + HT + ni∂iT

)
, (C.6)

(
LT ξ2 + L2

T ξ1

)
[f̄ (xν, apµ)] = T (2) ∂f̄

∂η
+

∂f̄

∂π0
π0(T (2)′ + HT (2) + ni∂iT

(2))

+
∂2f̄

∂η2
T 2 +

∂f̄

∂η
(T T ′ + ∂iT ∂iL) +

∂2f̄

∂π0∂η
π02T (T ′ + HT + ni∂iT )

+
∂2f̄

∂(π0)2
(π0)2[2ni∂iT (HT +T ′)+ (ni∂iT )(nj ∂jT )+H2T 2 + 2HT T ′ + (T ′)2]

+
∂f̄

∂π0
π0[T T ′′ + H′T 2 + 3HT T ′ + T ni∂iT

′ + T ′ni∂iT + H2T 2 + 2HT ni∂iT

+ ∂jT
′∂jL + ∂jT ∂jL′ + H∂jT ∂jL + ∂jLni∂i∂jT + ∂jT ni∂i∂jL + (T ′)2],

(C.7)

2LT ξ1

[
δ

(1)
X f (xν, apµ)

] = 2(π0T ′ + πj∂jT )
∂δ

(1)
X f

∂π0
+ 2(π0∂iL′ + πj∂i∂jL)

∂δ
(1)
X f

∂πi

+ 2∂iL
∂δ

(1)
X f

∂xi
+ 2T

(
∂δ

(1)
X f

∂η
+

∂δ
(1)
X f

∂π0
Hπ0 +

∂δ
(1)
X f

∂πi
Hπi

)
. (C.8)

In the above formulae, we have omitted to write the fact that the derivatives with respect
to η or xi are taken at fixed πa .

Appendix D. Integral relations necessary to derive the fluid limit

The integrations on angular directions can be handled with the general formulae (see [43])∫
ni1 . . . nik

d2�

4π
= 0 if k = 2p + 1 (D.1)

∫
ni1 . . . nik

d2�

4π
= 1

k + 1
(δ(i1i2 . . . δi(k−1)ik)) if k = 2p. (D.2)

By successive integration by parts, we also obtain the following useful results:∫
f̄ (xµ, π0)(π0)3 dπ0 d2� = ρ̄(xµ),∫
∂f̄ (xµ, π0)

∂π0
(π0)4 dπ0 d2� = −4ρ̄(xµ),∫

∂2f̄ (xµ, π0)

∂2π0
(π0)5 dπ0 d2� = 20ρ̄(xµ).

(D.3)
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Appendix E. The fluid limit for radiation

As explained in section 2.1, second-order quantities involve either purely second-order
perturbation variables or terms quadratic in first-order perturbation variables. As long as
the order of the quantity is known, we can omit the order superscript in order to simplify
notations.

E.1. Geometric quantities

In the Newtonian gauge, ignoring vector perturbations for simplicity, the non-vanishing
Christoffel symbols associated with the metric (1) are for the background

(0)�0
00 = H, (0)�0

jk = Hδjk,
(0)�i

0j = Hδi
j . (E.1)

At the first order, we get

(1)�0
00 = �′, (1)�0

0j = ∂j�, (1)�i
00 = ∂i�, (E.2)

(1)�0
jk = 2HEjk + E′

jk − (2H� + � ′ + 2H�)δjk, (E.3)

(1)�i
0j = E′i

j − � ′δi
j , (E.4)

(1)�i
jk = 2∂(k

[
Ei

j) − �δi
j)

] − ∂i(Ejk − �δjk), (E.5)

where A(ij) ≡ (Aij + Aji)/2. At the second order, we obtain

(2)�0
00 = �′ − 4��′, (2)�0

0j = ∂j� − 4�∂j�, (E.6)

(2)�i
00 = ∂i� − 4Eij ∂j� + 4�∂i�, (E.7)

(2)�0
jk = [−2H� − � ′ + 4�� ′ − 2H� + 8H�(� + �)]δjk

+ 2HEjk − 8�HEjk + E′
jk − 4�E′

jk, (E.8)

(2)�i
0j = Ei ′

j + 4� ′Ei
j − � ′δi

j − 4�� ′δi
j − 4EikE′

kj + 4�Ei
j

′
, (E.9)

(2)�i
jk = 2∂(k

[
Ei

j) − �δi
j)

] − ∂i(Ejk − �δjk)

+ 4(Eil − �δil)
{[

∂l(Ejk − �δjk) + ∂j

(
Ei

k − �δi
k

)]
− [l → kk → jj → l] − [l → jk → lj → k]

}
. (E.10)

E.2. The radiation fluid equations

The conservation equation ∇µT µν for the stress–energy tensor (7) with a radiation equation
of state P = ρ/3 and where we assume πµν = 0 are the conservation equation

(δ(1)ρ)′ + 4Hδ(1)ρ + 4
3 ρ̄(�v(1) − 3�(1)′) = 0,

(δ(2)ρ)′ + 4Hδ(2)ρ + 4
3 ρ̄(�v(2) − 3�(2)′) = Sc,

(E.11)

and the Euler equation

v(1)′ + �(1) +
δ(1)ρ

4ρ̄
= 0, v(2)′ + �(2) +

δ(2)ρ

4ρ̄
= Se, (E.12)
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where the source terms in the second-order equations, which are quadratic in the first-order
perturbation variables, are given by

Sc = 8

3
{δρ� ′ + 6ρ̄�� ′ − (� + δ)ρ̄�v + ∂iv[−∂iδρ − 2ρ̄∂iv′ − 2ρ̄∂i� + 3ρ̄∂i�]}, (E.13)

∂iSe = −2

(
δρ

ρ̄
∂iv

)′
+ 10� ′∂iv + 4�∂iv

′ − 2∂j (∂
j v∂iv) + 2�∂iv

′ − 2
δρ

ρ
∂i� + 4�∂i�.

(E.14)
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5.3 Traitement informatique des perturbations

5.3.1 xAct

Nous utilisons le paquet xAct [Mart̀ın-Garc̀ıa 04] spécialisé dans le calcul tensoriel formel.
Ce package est une librairie à rajouter dans Mathematica. L’objectif ici n’est pas de décrire la
syntaxe d’un tel paquet. Une documentation de plusieurs centaines de pages peut être trouvée
sur le site où le package peut être téléchargé. Nous avons ici besoin de savoir qu’un tenseur de
type Xa

b est représenté par X[a,-b], et que l’on dispose d’une fonction appelée ToCanonical qui
permet de simplifier les expressions tensorielles équivalentes. Par exemple les expressions AµBµ
et AµB

µ sont équivalentes et il ne faut garder qu’un représentant de cette classe d’équivalence. La
fonction ToCanonical remplacera donc AµBµ +AµB

µ par 2AµBµ. Pour commencer à travailler
sur des quantités tensorielles, il faut commencer par définir une variété (M4) et sa métrique de
signature négative (gbar) ainsi que la dérivée covariante associée (CD). Il s’agit pour nous de
l’espace de fond et de la métrique de fond puisque toutes les quantités que nous allons définir
(les variables de perturbations) vivent sur l’espace de fond. On définit également le jeu d’indices
(a,b,c,d) utilisé pour les tenseurs.

DefManifold [M4, 4 ,{ a , b , c , d} , ind ] ;
DefMetric [−1 , gbar [−a,−b ] ,CD] ;

Automatiquement les tenseurs de Riemann (RiemannCD) de Ricci (RicciCD) le scalaire de Ricci
(RicciScalarCD), le tenseur d’Einstein (EinsteinCD) et les symboles de Christoffel (Christof-
felCD) sont créés, ceci de façon formelle puisque la métrique n’est pas explicitée.

5.3.2 Algorithme de perturbation

On réalise ensuite les perturbations des tenseurs de Riemann, de Ricci et d’Einstein par la
méthode de Palatini [Wald 84]. Nous suivons ici les méthodes exposées dans [Brizuela et al. 06].
On relie ces tenseurs associés à ḡµν à ceux associés à gµν ≡ ḡµν + δgµν en utilisant

δΓρνσ =
gρα

2

(
∇̄νδgασ + ∇̄σδgνα − ∇̄αδgνσ

)

δRµν = ∇̄αδΓαµν − ∇̄νδΓααµ − δΓβµλδΓλβν + δΓββλδΓ
λ
µν . (5.5)

Puisque [ḡµα + δ (gµα)] [ḡαν + δgαν ] = δµν , on peut relier la perturbation de l’inverse de la mé-
trique δ (gµα) à la perturbation de la métrique δgµν par

δ (gµν) = −δgµα

[ ∞∑

k=0

[
(−δg)k

]α
β

]
ḡβν , où

[
− (δg)k

]α
β
≡ (−1)kδgαλ1

δgλ1
λ2
. . . δg

λk−1

β . (5.6)

On rappelle que (δg)µν 6= δ (gµν) car les indices sont baissés et levés avec la métrique de fond
ḡµν ainsi que son inverse ḡµν . Dans les développements en perturbation d’une quantité X, on
adopte comme évoqué dans la section 5.2, un développement ordre par ordre de la forme

δX =

∞∑

k=1

lk
δ(k)X

k!
. (5.7)
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Le paramètre l n’est là que pour pouvoir identifier l’ordre n à une puissance n de l. On prendra
ensuite l = 1. On peut écrire des formules de perturbation générales en utilisant le concept de
partition arrangée. Cela est particulièrement fructueux si l’on souhaite organiser le calcul de
perturbations de manière recursive. L’ensemble des partition arrangées 1 {ki}m,n est l’ensemble
des 2n−1 combinaisons d’indices k1 . . . km positifs tels que k1 + · · ·+ km = n. Avec cette outil on
peut récrire la perturbation à un ordre n de l’inverse de la métrique comme

δ(n) (gµν) =
∑

{ki}m,n

n! (−1)m

k1! . . . km!
δ(km)gµα δ(km−1)gαβ . . . δ

(k2)gτρ δ(k1)gρν ,

δ(n)Γαµν =
∑

{ki}m,n

n! (−1)m+1

k1! . . . km!
δ(km)gαβ δ(km−1)gβγ . . . δ

(k2)gτρ δ(k1)Cρµν ,

δ(n)Cρµν =
1

2

(
∇̄µδ(n)gρν + ∇̄νδ(n)gµρ − ∇̄ρδ(n)gµν

)
. (5.8)

La perturbation des symboles de Christoffel peut ensuite être utilisée dans l’équation (5.5) et

δ(n)Rµν = ∇̄αδ(n)Γαµν − ∇̄νδ(n)Γααµ +
n−1∑

k=1

n!

(n− k)!k!

(
−δ(k)Γβµλδ

(n−k)Γλβν + δ(k)Γββλδ
(n−k)Γλµν

)
.

(5.9)
On construit ensuite en utilisant l’expression précédente les perturbations du tenseur d’Einstein.
La mise en place de cette méthode se fait en utilisant la librairie xPert qui s’ajoute à xAct. Une
fois chargée, on définit la perturbation de la métrique en définissant un paramètre de perturbation
(l) qui servira à collecter les différents ordres de perturbation, puis on définit la perturbation de
la métrique δg (dg).

DefParameter [ l ]
DefMetr icPerturbat ion [ gbar , dg , l ]

Ceci crée automatiquement les différents ordres de perturbation de la métrique définis par la
décomposition (5.7), c’est à dire un ensemble de tenseurs dg[1,-a,-b] dg[2,-a,-b]. . .Cela crée
également de façon similaire les perturbations à chaque ordre des tenseurs de Riemann de Ricci
et d’Einstein ainsi que ceux associés aux symboles de Christoffels, puis les met en relation avec
la perturbation de la métrique en suivant les relations (5.8-5.9).

Une fois ces développements obtenus, il nous faut séparer les coordonnées d’espace des co-
ordonnées de temps. Nous utilisons pour cela le formalisme 1 + 3 sur l’espace de fond. Les
observateurs comobiles de quadrivitesse ūµ ≡ (dt)µ suivent des géodésiques de l’espace de fond,
c’est-à-dire que āµ = 0. De plus, afin de pouvoir définir des surfaces orthogonales aux observa-
teurs, ce flot est nécessairement irrotationnel, c’est-à-dire ω̄µν = 0. On obtient donc

∇̄µūν = ∇̄ν ūµ = K̄µν . (5.10)

On définit le champ de vecteur ūµ sur la variété M4, que l’on normalise par ūµūµ = −1 en créant
une règle automatique, ainsi que la métrique induite h̄µν (mspat) par

DefTensor [ u [ a ] ,{M4} ]
AutomaticRules [ u , MakeRule [{u [ a ] u[−a , −1} ] ]
DefMetric [ 1 , mspat[−a,−b ] , cd , InducedFrom −> {gbar , u } ]

1. Ceci n’a rien a voir avec les arrangements sur une partition.
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Cela génère tous les tenseurs associés comme pour la métrique globale gbar mais avec les suffixes
CD remplacés par cd. De plus cela génère automatiquement la courbure extrinsèque associée
(ExtrinsicKmspat) et suppose implicitement que la vorticité est nulle ce qui fait que nous
pouvons parler de sections spatiales. Cela génère également l’accélération aµ (Accelerationu)
et comme nous souhaitons que les observateurs de fond de quadrivitesse ūµ soient en chute libre
nous demandons

Acce l e ra t i onu [ a ?TangentM4 ‘pmQ]=0;

D’après la définition de Kµν (2.109), et la relation de Gauss-Codazzi (2.110), il suffit de choisir Θ
et σµν ainsi que le tenseur de Riemann associé à h̄µν afin de caractériser l’espace-temps de fond.
La méthode est pour l’instant générale et permet de considérer des espaces-temps plus généraux
que des espaces de Friedmann-Lemâıtre sans coubure. Afin de simplifier les explications, nous
nous restreignons pourtant à ce cas. Nous définissons donc le facteur d’échelle (a), le champ de
Hubble H = Θ/3 (H) et explicitons l’expression de la courbure extrinsèque par Kµν = Hh̄µν
ainsi que le tenseur de Riemann des sections spatiales, c’est-à-dire associé à h̄µν .

DefTensor [ a [ ] , {M4} ]
DefTensor [H[ ] , {M4} ]
ExtrinsicKmspat [ a ?TangentM4 ‘pmQ, b ?TangentM4 ‘pmQ] = H [ ] mspat [ a , b ]
Riemanncd [ a ?TangentM4 ‘pmQ, b ?TangentM4 ‘pmQ, c ?TangentM4 ‘pmQ,

d ?TangentM4 ‘pmQ]=0

On relie ensuite le tenseur de Riemann associé à ḡµν au tenseur de Riemann associé à h̄µν en
utilisant la relation de Gauss-Codazzi (2.110).

RuleRiemann = Flatten [{
MakeRule [{
RiemannCD [ a ?TangentM4 ‘pmQ, b ?TangentM4 ‘pmQ, c ?TangentM4 ‘pmQ,

d ?TangentM4 ‘pmQ]=Riemanncd [ a , b , c , d ] + . . . } ] ,
MakeRule [{
RicciCD [ a ?TangentM4 ‘pmQ, b ?TangentM4 ‘pmQ]= Ricc i cd [ a , b ] + . . . } ] ,
MakeRule [{RicciCD [ ]= Ricc i cd [ ] + . . . } ] ,
} ]

Il nous faut décomposer en 1+3 tous les tenseurs dont nous souhaitons calculer les perturbations.
Nous nous intéresserons ainsi par exemple à la perturbation jusqu’au premier ordre de G00 ou
bien la perturbation jusqu’au second ordre de Gij , c’est-à-dire

(
Ḡµν + δ(1)Gµν

)
ūµūν

(
Ḡαβ + δ(1)Gαβ +

1

2
δ(2)Gαβ

)
h̄αµh̄

β
ν . (5.11)

Gdd00 [ ]= ToGeneral [ Perturbed [ EinsteinCD[−a,−b , 1 ] ] u [ a ] u [ b ]// ToCanonical ;
Gddij [−a ?TangentM4 ‘pmQ, −b ?TangentM4 ‘pmQ]=ToGeneral [ Perturbed [

EinsteinCD[−c , −d ] , 2 ] ] mspat [ c , −a ] ] mspat [ d , −b ] // ToCanonical ;

La fonction ToCanonical a ordonné dans les expressions précédentes les dérivées covariantes
doubles et fait apparâıtre pour cela le tenseur de Riemann en utilisant les relations de commu-
tation des dérivées covariantes. C’est la raison pour laquelle nous avons eu besoin de spécifier
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l’expression du tenseur de Riemann. Il nous reste à spécifier explicitement la forme de la per-
turbation de la métrique à tout ordre afin d’obtenir le développement perturbatif recherché. En
toute généralité on peut décomposer la métrique perturbée en suivant la décomposition (5.2)

δgµν ≡ −2Φūµūν + 2a
(
D̄αB +Bα − 2K̄αλD̄

λE
)
ū(ν h̄

α
µ)

−2Ψ
K̄µν

H
+ 2a2D̄µD̄νE + 2a2D̄(µEν) + 2a2Eµν , (5.12)

avec

D̄µa = 0, D̄µEµν = 0, Eµµ = 0, D̄µEµ = 0, D̄µBµ=0. (5.13)

Nous justifierons dans le chapitre 8 pourquoi cette décomposition est très générale en expliquant
en détail son intérêt. On rappelle que les indices sont levés et baissés avec la métrique ḡµν . Si l’on
souhaite travailler dans la jauge Newtonienne en négligeant de plus les quantités vectorielles,
alors on suppose de plus que B = E = 0 et Bµ = Eµ = 0. C’est le choix que nous faisons ici et
nous définissons donc les champs de perturbations scalaires Ψ (Psi), Φ (Phi) et Eij (Et) avec
leurs propriétés. Nous les utilisons ensuite pour expliciter l’expression de la perturbation de la
métrique, en nous restreignant ici par soucis de simplicité au premier ordre.

DefTensor [ Ps i [ ] , {M4} ]
DefTensor [ Phi [ ] , {M4} ]
DefTensor [ Et[−a,−b ] ,{M4} , Symmetric [{−a,−b } ] , OrthogonalTo −> {u [ a ] , u [ b ]} ,
ProjectedWith −> {mspat [ a,−c ] , mspat [ b,−c ] } ]

dg [ LI [ 1 ] , a ?TangentM4 ‘pmQ, b ?TangentM4 ‘pmQ] :=
−2 Phi [ ] u [ a ] u [ b ] −2 Psi [ ] ExtrinsicKmspat [ a , b ] /H [ ] +2 a [ ] ˆ 2 Et [ a , b ]

D’après les expressions (5.8,5.9), les perturbations des tenseurs de Ricci, d’Einstein, et des sym-
boles de Christoffel ne font intervenir au final que des dérivées covariantes de fond des per-
turbations de métrique. D’après l’expression (5.12), on constate qu’il va falloir connâıtre les
dérivées covariantes des variables de perturbations Φ, Ψ et Eµν ainsi que celles de ūµ et h̄µν .
Comme h̄µν = ḡµν + ūµūν et ∇̄αḡµν = 0, il suffit de connâıtre la dérivée covariant de ūµ pour
connâıtre celles de h̄µν . Or ceci est donné par la courbure extrinsèque K̄µν = Hh̄µν grâce à la
relation (5.10). On définit donc la règle suivante qui permet de faire apparâıtre uµ plutôt que
hµν .

Rulemspattogbar = Makerule [{
mspat [ a ?TangentM4 ‘pmQ, b ?TangentM4 ‘pmQ] , gbar [ a , b]+u [ a ] u [ b ]
} ]

A ce stade du calcul nous avons des expressions faisant intervenir des dérivées covariantes (∇̄µ)
de Φ, Ψ et Eab ainsi que de a et H. En utilisant le fait que a et H sont constants sur les
sections spatiales, on transforme les dérivées covariantes de a et H en dérivées directionnelles
puisque ∇̄µa = −aHūµ et ∇̄µH = −ūµḢ. En ce qui concerne Φ Ψ et Eab il nous faut séparer les
variations spatiales des variations temporelles des variables de perturbations, on réalisera une
projection 1 + 3 des dérivées covariantes. On utilisera donc les formules de projections 1 + 3
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suivantes qui sont restreintes au cas ω̄µν = 0 āµ = 0

∇̄αS = −uαṠ + D̄αS

∇̄αD̄βS = D̄αD̄βS − ūαD̄βṠ + 2K̄γ(αūβ)D̄
γS

∇̄α∇̄βS = uαuβS̈ + D̄αD̄βS + 2K̄γ(αūβ)D̄
γS − 2ū(αD̄β)Ṡ − K̄αβṠ

∇̄αTµν = −uαṪµν + D̄αTµν + 2K̄αλT
λ
(ν ūµ)

∇̄αD̄βTµν = D̄αD̄βTµν − ūαD̄βṪµν + 2K̄γ(αūβ)D̄
γTµν + 2K̄ γ

α D̄βTγ(µūν) . (5.14)

On créera donc des champs de tenseurs correspondant à Ḣ, Ψ̇, Ψ̈, Φ̇, et Φ̈ puis une règle de
remplacement qui permettra de mettre en place les décomposition 1 + 3 précédentes. De plus,
le facteur d’échelle et le paramètre de Hubble sont constants sur les sections spatiales. Nous
utiliserons donc le fait que D̄µa = D̄µH = 0.

DefTensor [Hp [ ] , {M4} ]
DefTensor [ Psip [ ] , {M4} ]
DefTensor [ Psip2 [ ] , {M4} ]
DefTensor [ Phip [ ] , {M4} ]
DefTensor [ Phip2 [ ] , {M4} ]

RuleNabla = Flatten [{
MakeRule [{CD[ b ] [ a [ ] ] , −a [ ] H [ ] u [ b ] } ] ,
MakeRule [{CD[ b ] [ H [ ] ] , −Hp [ ] u [ b ] } ] ,
MakeRule [{CD[ b ] [ Ps i [ ] ] , −Psip [ ] u [ b ] +cd [ b ] [ Ps i [ ] ] } ] ,
MakeRule [{CD[ b ] [ Phi [ ] ] , −Phip [ ] u [ b ] +cd [ b ] [ Phi [ ] ] } ] ,
MakeRule [{CD[ a ]CD[ b ] [ Ps i [ ] ] , Psip2 [ ] u [ a ] u [ b ] +cd [ a ] [ cd [ b ] [ Ps i [ ] ] ]
−ExtrinsicKmspat [ ab ] Psip [ ] + . . . } ] ,

. . .
} ]

Nous souhaitons ensuite pouvoir interpréter les résultats en termes de dérivées ordinaires.
Les dérivées spatiales (D̄µ) vont correspondre à des dérivées ordinaires spatiales dans le cas
plat. En revanche la dérivée directionnelle ūµ∇̄µ ne correspond pas à une dérivée par rapport à
la coordonnée de temps si la quantité dérivée n’est pas un scalaire. Il faudra alors utiliser une
dérivée de Lie, afin d’utiliser la propriété (2.114). On utilisera donc les relations

Ṫµν = LūTµν − 2Kα(µT
α
ν) (5.15)

T̈µν = L2
ūTµν − 4LūTα(µK̄

α
ν) + 2TαβK̄αµK̄βν + 2Tα(µK̄ν)βK̄

αβ − 2Tα(µ
˙̄Kν)α, (5.16)

et on définira une liste de règles de remplacement correspondante pour Eab puisqu’il s’agit de la
seule quantité tensorielle.

RuleToLie = Flat ten [{
MakeRule [{u [ a ]CD[−a ] [ Et[−b,−c ] ] , LieD [ u [ ind ] ] [ Et[−b,−c ] ]
−ExtrinsicKmspat [−d,−b ] Et [ d,−c ]−ExtrinsicKmspat [−d,−c ] Et [ d,−b ] } ] ,
. . . . .

]}

Une fois appliquées ces règles, toutes les dérivées covariantes auront été projetées en 1 + 3
si bien que l’on obtiendra les perturbations des quantités recherchées en termes de dérivées
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spatiales (D̄µ) sur les variables de perturbation de la métrique, ainsi qu’en termes de dérivées
directionnelles selon ūµ pour les scalaires a H Φ et Ψ, ou de dérivées de Lie selon ūµ pour
le tenseur Eab. Toutes ces dérivées correspondent à des dérivées ordinaires, et l’on obtient le
résultat recherché.

Si l’on ne souhaite pas que les sections spatiales soient plates, alors il faudra utiliser l’équa-
tion (1.2) pour spécifier le tenseur de Riemann des sections spatiales. Les dérivées spatiales
(D̄µ) correspondront alors à des dérivées covariantes associées à h̄µν . Si on souhaite de plus que
l’espace puisse être anisotrope alors il faudra tenir compte de σ̄µν dans l’expression du tenseur
de courbure extrinsèque. Pour un espace de Bianchi de type I (voir partie III) le tenseur de
Riemann des sections spatiales est nul, tandis qu’il faudra l’exprimer en fonction des constantes
de structures de l’espace de Bianchi considéré [Ellis & MacCallum 69] pour le cas général. En
appliquant la méthode décrite précédemment, la seule différence sera l’expression de la courbure
extrinsèque, et ses dérivées directionnelles feront apparâıtre en plus des dérivées directionnelles
selon ūµ du cisaillement σ̄µν . On utilisera alors a profit la relation

˙̄σµν = Lūσ̄µν , (5.17)

pour pouvoir interpréter les résultats en termes de dérivées ordinaires par rapport à la coordonnée
temporelle. Nous avons utilisé cette méthode afin de calculer tous les développements au second
ordre de cette thèse dans le cas homogène et isotrope ainsi que dans le cas d’un espace de
Bianchi I dans le partie III.

5.3.3 Un exemple simple : la perturbation au premier ordre du scalaire de
Ricci

Jusqu’à présent nous n’avons présenté que la mise en place de l’algorithme en définissant les
quantités tensorielles nécessaires, ainsi que des règles de remplacement permettant de mettre en
forme les quantités perturbées recherchées. Afin de rendre l’explication plus visuelle, nous allons
décrire les étapes principales de l’algorithme pour le cas le plus simple, celui de R(1) pour le cas
de perturbations scalaires. On suppose que toutes les champs nécessaires ont été définis ainsi
que les règles de remplacement nécessaires, mais que la forme de la métrique perturbée n’a pas
été explicitée. On commence par définir la quantité que l’on souhaite perturber et qui va être
exprimée en fonction de la perturbation de la métrique.

R1 [ ] = ToGeneral [ Perturbed [ RicciScalarCD [ 1 ] ] / / ToCanonical

Il est possible de préciser pour toutes les quantités une forme affichée qui sera lisible. On de-
mandera donc que CD soit formaté en ∇̄, Psi en Ψ, et ainsi de suite. Le résultat de l’affectation
précédente renvoie donc un résultat de la forme suivante.

R̄+ l
(
−δg(1)

ab R̄
ab + ∇̄b∇̄aδg(1)

ab − ∇̄b∇̄bδg(1)a
a

)

On spécifie ensuite la métrique perturbée en nous restreignant à des perturbations scalaires.

dg [ LI [ 1 ] , a ?TangentM4 ‘pmQ, b ?TangentM4 ‘pmQ] :=
−2 Phi [ ] u [ a ] u [ b ] −2 Psi [ ] ExtrinsicKmspat [ a , b ] /H [ ]
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−2uaubΦ− 2Ψ(gab + uaub)

Une fois le tenseur de Ricci et le scalaire de Ricci remplacés, la quantité recherchée prend alors
une forme développée qu’il faudra simplifier.

C o l l e c t [ ContractMetr ic [ R1 [ ] / . RuleRiemann ] / . Rulemspattogbar // ToCanonical , l ]

12H2 + 6Ḣ

+l
[
−6ḢΦ− 6H2Φ + 18H2Ψ + 6ḢΨ− 2∇̄a∇̄aΦ + 4∇̄a∇̄aΨ
−2Φua∇̄a∇̄bub − 2Ψua∇̄a∇̄bub − 2Φ(∇̄aua)∇̄bub − 2Ψ(∇̄aua)∇̄bub
−4ua(∇̄aub)∇̄bΨ− 4ua(∇̄aub)∇̄bΦ− 2Φua∇̄b∇̄aub − 2Ψua∇̄b∇̄aub − 4ua(∇̄aΨ)∇̄bub
−2uaub∇̄b∇̄aΨ− 2uaub∇̄b∇̄aΦ− 2Φ(∇̄aub)∇̄bua − 2Ψ(∇̄aub)∇̄bua − 4ua(∇̄aΦ)∇̄bub

]

On transforme les termes du type ∇̄aub en utilisant le fait qu’ils sont égaux à la courbure
extrinsèque. Ceci est réalisé grâce à la fonction GradNormalToExtrinsicK qui est fournie par
xAct.

ContractMetr ic [%//GradNormalToExtrinsicK ]
/ . Rulemspattogbar // GradNormalToExtrinsicK ;
C o l l e c t [% // ToCanonical , l ]

12H2 + 6Ḣ

+l
[
−6ḢΦ− 6H2Φ + 18H2Ψ + 6ḢΨ− 2∇̄a∇̄aΦ + 4∇̄a∇̄aΨ− 6HΦub∇̄bH
−6HΨub∇̄bH + 12Hua∇̄aΦ + 12Hua∇̄aΨ− 2uaub∇̄b∇̄aΨ− 2uaub∇̄b∇̄aΦ

]

Il ne reste plus qu’à réaliser la projection en 1 + 3 des dérivées covariantes grâce à la fonction
RuleNabla.

C o l l e c t [%//. RuleNabla // ToCanonical , l ]

12H2 + 6Ḣ + l
[
−12ḢΦ− 24H2Φ− 6HΨ̇− 24HΨ̇− 6Ψ̈− 2D̄aD̄

aΦ + 4D̄aD̄
aΨ
]

Comme nous n’avons pas de quantité tensorielle, ceci parce que nous ne les avons pas considérées
dans cet exemple mais aussi parce qu’on montre qu’elles n’interviennent pas dans R(1) si on les
prend en compte, toutes les dérivées directionnelles s’identifient à des dérivées par rapport au
temps cosmique. On peut ensuite, si on le désire, exprimer le résultat en temps conforme, ce
qui revient à considérer des dérivées dans la direction du quadrivecteur auµ plutôt que uµ
[Pitrou & Uzan 07].
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Chapitre 6
Dynamique au second ordre
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6.1 État des lieux

Lors que j’ai débuté ma thèse en 2005, l’étude de la dynamique des perturbations au se-
cond ordre était essentiellement réalisée pour des échelles super-Hubble [Bartolo et al. 04b],
dans l’approximation fluide, pour un univers dominé soit par la matière soit par la radia-
tion, ou pour des échelles sub-Hubble dans le régime Newtonien [Bernardeau et al. 02]. La
construction de quantités conservées ainsi que leur utilisation venait d’être réalisée en gé-
néralisant les résultats du premier ordre [Malik & Wands 04, Vernizzi 05] de manière per-
turbative, puis cette procédure a éte étendue à tous les ordres au cours de ma thèse
[Rigopoulos & Shellard 03, Lyth et al. 05, Langlois & Vernizzi 05, Enqvist et al. 07]. Je me suis
donc intéressé à la dynamique lorsque les modes deviennent sub-Hubble, pendant l’ère de ra-
diation puis pendant l’ère de matière. Ensuite je me suis concentré plus particulièrement sur
la transition entre les deux, toujours dans l’approximation fluide, en étudiant plus précisément
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les oscillations baryoniques au second ordre dans le but de comprendre les effets non-linéaires
sur la surface de dernière diffusion . Par ailleurs la théorie cinétique, qui permet de décrire cor-
rectement la radiation et les baryons et de justifier rigoureusement le terme de collision entre
les baryons et les photons, n’avait pas été étudiée au second ordre. Des travaux on été réalisés
sur ce sujet au cours de ma thèse [Bartolo et al. 06, Bartolo et al. 07], et je me suis basé sur
cette étude pour en approfondir les fondements théoriques. Une fois décomposée en multipôles,
l’équation de Boltzmann fait intervenir une infinité (pour chaque `) d’équations toutes couplées
entre elles. La résolution numérique n’est donc pas aisée et ceci justifie l’utilisation de l’approxi-
mation fluide que nous exposons dans ce chapitre, dont le but est d’extraire le comportement
dominant des solutions. Cette étude permet d’entrevoir les sources de non-gaussianité dues à
l’évolution non-linéaire des perturbations, qui viennent s’ajouter à la non-gaussianité primor-
diale déterminant les conditions initiales. Dans le chapitre suivant, nous nous intéresserons alors
plus particulièrement à la non-gaussianité primordiale dans le cas de l’inflation à un champ.

6.2 Approximation fluide

6.2.1 Équations d’évolution des perturbations

Comme nous l’avons déjà indiqué, toutes les quantités perturbées sont décomposées en ordre
de perturbation selon la relation (2.17). Les perturbations du tenseur d’Einstein et du tenseur
énergie-impulsion correspondant à la métrique (2.11) sont rapportées dans l’appendice B. Les
équations peuvent être écrites ordre par ordre, et nous utiliserons la notation compacte

E [δg, δT ] = S[δg, δT ]. (6.1)

Cela signifie que ordre par ordre, elle se lit

E [δ(1)g, δ(1)T ] = 0, E [δ(2)g, δ(2)T ] = S[δ(1)g, δ(1)T ], (6.2)

car les variables de second ordre satisfont les mêmes équations linéaires E que les variables du
premier ordre, mais avec un terme de source S quadratique dans les variables de premier ordre.

Dans les équations présentées ci-dessous, nous ne considérons que les modes scalaires dans les
termes de source des équation du second ordre. Nous avons vu en effet que les modes vectoriels et
tensoriels sont décroissants au premier ordre et qu’il est par conséquent justifié de les négliger 1.
Nous reportons néanmoins dans l’appendice B les termes de source en incluant les perturbation
tensorielles. Nous allons également nous restreindre au cas simplifié d’un mélange de matière
noire et de radiation.

Modes scalaires

Les équations d’Einstein scalaires sont données par

– (δG00 − κδT00) = 0,
– la trace de (δGij − κδTij) = 0
– le mode scalaire de la partie sans trace de (δGij − κδTij) = 0

1. Les modes tensoriels ne sont décroissants que lorsqu’ils sont sub-Hubble. Lorsqu’ils sont super-Hubble, ils
sont constants et il est justifié de les négliger dans les termes de source car ils n’interviennent qu’avec une dérivée.
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– le mode scalaire de (δG0i − κδT0i) = 0
pour obtenir respectivement les équations

(∆ + 3K)Ψ− 3HΨ′ − 3H2Φ− 1

2

∑

e=r,m

κρ̄eδe = S1 (6.3)

Ψ′′ +H2Φ +
1

3
∆(Φ−Ψ) +HΦ′ + 2HΨ′ −KΨ + 2H′Φ− 1

6
κρ̄rδr = S2 (6.4)

Ψ− Φ = S3 (6.5)

Ψ′ +HΦ +
1

2

∑

e=r,m

κρ̄e(1 + we)ve = S4. (6.6)

Les termes de source sont donnés par

S1 = −8Ψ∆Ψ− 3DiΨD
iΨ− 3Ψ′2 +

∑

e=r,m

κρ̄e(1 + we)DiveD
ive − 12H2Ψ2 (6.7)

S2 = 4H2Ψ2 +
7

3
DiΨD

iΨ +
8

3
Ψ∆Ψ + 8HΨΨ′ + 8H′Ψ2 + Ψ′2

+
1

3

∑

e=r,m

κρ̄e(1 + we)DiveD
ive , (6.8)

S3 = −4Ψ2 −∆−1

[
2DiΨD

iΨ +
∑

e=r,m

κρ̄e(1 + we)DiveD
ive

]

+3(∆∆)−1DiDj

[
2DiΨDjΨ +

∑

e=r,m

κρ̄e(1 + we)D
iveD

jve

]
, (6.9)

S4 = 2HΨ2 − 4ΨΨ′ + 2D−1
i (Ψ′DiΨ)

+
∑

e=r,m

κρ̄eD
−1
i

[
(1 + we)ΨDive − (1 + c2

s,e)δeDive)
]
. (6.10)

Pour des fluides sans intéraction, ce qui est le cas si on traite uniquement un mélange de radiation
et de matière noire, nous obtenons deux équations scalaires d’évolution du fluide en considérant
∇̄µTµe 0 = 0 ainsi que le mode scalaire de ∇µTµe i = 0. Il s’agit respectivement de l’équation de
conservation de chaque fluide ainsi que de l’équation d’Euler de chaque fluide. Dans le cas où w
est constant et donc w = c2

s ces équations sont

δ′e + (1 + we)
(
∆ve − 3Ψ′

)
= Sc,e , (6.11)

v′e +H(1− 3c2
s,e)ve + Φ +

c2
s,e

1 + we
δe = Se,e. (6.12)

Les termes de source de ces équations sont donnés par

Sc,e = 2(1 + we)
{

3δeΨ
′ + 6ΨΨ′ − (Φ + δe)∆ve

+Dive
[
−Diδe − (1− 3we)HDive − 2Div′e − 2DiΦ + 3DiΨ

]}
, (6.13)

DiSe,e = −2(δeDive)
′ − 2H(1− 3c2

s,e)δeDive + 2H(1− 3c2
s,e)(Φ + 2Ψ)Dive + 10Ψ′Dive

+4ΨDiv
′
e − 2Dj

(
DjveDive

)
+ 2ΦDiv

′
e − 2δDiΦ + 4ΦDiΦ . (6.14)
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Dans le cas ou w n’est pas constant c’est-à-dire pour w 6= c2
s, les équations de conservation sont

données en appendice D.1 tandis que les équations d’Einstein sont données en appendice D.2.
Si de plus les perturbations ne sont pas adiabatiques, c’est-à-dire si la pression ne dépend pas
uniquement de ρ, alors il faut considérer une composante non-adiabatique dans les équation pré-
cédentes. Nous ne considérerons pas cette situation et nous restreindrons dans ce qui suit à des
perturbations adiabatiques. Si de plus on souhaite inclure les baryons dans les équations précé-
dentes, il faudra considérer la force qu’exercent les baryons sur les photons (et réciproquement)
au second ordre. Celle-ci ne peut être justifiée qu’à partir de la théorie cinétique et sa forme est
donnée dans [Bartolo et al. 06]. Tout comme au premier ordre, nous étudierons la dynamique
des perturbations gravitationnelles sans considérer cet aspect étant donné que la matière noire
froide est dominante.

Modes tensoriels

Les équations d’Einstein tensorielles sont données par le mode tensoriel de (δGij − κδTij) = 0

E′′ij + 2HE′ij + (2K −∆)Eij = STTij , (6.15)

où
STTij = PklT,ij [4DkΦDlΦ + 2κρ̄(1 + w)DkvDlv] . (6.16)

Dans l’expression précédente, nous avons utilisé qu’au premier ordre Φ = Ψ pour un fluide
parfait d’après l’équation (6.5).

Nous utiliserons les solutions trouvées pour les équations homogènes satisfaites par les va-
riables de perturbation de premier ordre afin de résoudre les équations du second ordre avec la
méthode de la fonction de Green.

6.2.2 Loi de conservation

En suivant la même procédure qu’au premier ordre, on peut montrer (voir section 7.5.2) que
pour des modes super-Hubble, la condition d’adiabaticité du mélange radiation-matière noire
froide est encore satisfaite au second ordre, et on peut exprimer les contrastes de densité au
second ordre en fonction du contraste de densité du fluide total par la version au second ordre
de l’équation (2.76). Le fluide total à ces échelles peut être considéré comme un fluide parfait de
paramètre d’état variable. De façon plus générale, pour un fluide parfait, on montre en suivant
la même procédure qu’au premier ordre à partir des équations d’Einstein de l’appendice D.2,
que l’équation d’évolution pour Ψ(2) s’écrit

Ψ′′+ Ψ′3H(1 + c2
s) + 3Ψ(c2

s −w)− c2
s∆Ψ = S2− c2

sS1 +
1

3
∆S3 + 3S3(c2

s −w) +HS′3 ≡ S. (6.17)

De façon équivalente, cette équation s’écrit en fonction de Φ(2) et Ψ(2)

Ψ′′ +HΦ′ +HΨ′(2 + 3c2
s) + 3Φ(c2

s − w)− c2
s∆Ψ = S2 − c2

sS1 +
1

3
∆S3 . (6.18)

On peut montrer alors (voir l’appendice E) qu’en utilisant la perturbation de courbure en jauge
comobile au second ordre dans sa limite super-Hubble

R(2) = Ψ(2) − 2Q

H

(
Ψ′(2) +HΦ(2) − 4HΨ2 − Ψ′2

H

)
+
(
1 + 3c2

s

)
(Qδ)2 − 4QδΨ , (6.19)
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où on rappelle queQ = −1/[3(1+w)], on peut récrire cette équation pour les modes super-Hubble
sous la forme

−H
2Q
R(2)′ ' 0. (6.20)

Nous utiliserons donc cette loi de conservation pour établir les liens entre les variables de per-
turbations du second ordre avant et après un changement d’ère pour des modes super-Hubble,
et en particulier pour fixer les conditions initiales dans l’ère de radiation à partir des prédictions
inflationnaires.

6.2.3 Ère de radiation

En suivant la même méthode qu’au premier ordre, mais en gardant tous les termes de source
quadratiques dans les variables de premier ordre, nous pouvons dériver l’équation d’évolution
pour les perturbations scalaires du second ordre dans le cas où l’univers est dominé par la
radiation

Ψ′′ + 4HΨ′ − 1

3
∆Ψ = S2 −

1

3
S1 +

1

3
∆S3 +HS′3 ≡ Sr . (6.21)

Cette équation peut être convertie en une équation satisfaite pour Φ en utilisant la contrainte
Ψ−Φ = S3. Afin que l’équation (6.21) soit une équation différentielle uniquement sur le temps,
nous passons en espace de Fourier. Les termes de source ne font intervenir que des termes
quadratiques dans les variables de perturbation du premier ordre. On relie la transformée de
Fourier d’un produit XY à celle de X et Y par

[XY ](k) =
1

(2π)3/2

∫
d3k1d3k2δ

3
D(k1 + k2 − k)X(k1)Y (k2) . (6.22)

Afin de simplifier la notation nous n’utilisons pas de notation différente pour une variable et sa
transformée de Fourier. Nous omettrons également de spécifier la dépendance en k là où aucune
confusion ne peut être faite. On utilisera également dorénavant la notation compacte

C(k1,k2) ≡ 1

(2π)3/2

∫
d3k1d

3k2δ
3
D(k1 + k2 − k). (6.23)

Cette expression fait intervenir nécessairement toutes les valeurs de k1 et k2 ce qui entrera en
contradiction avec la notion de limite super-Hubble ou sub-Hubble pour lesquelles on souhaite
comparer k à 1/η, mais aussi k1 et k2 à 1/η. Cependant le but sous-jacent à nos calculs au
second ordre est d’obtenir une expression pour le bispectre et nous verrons alors que l’intégrale
représentée par C(k1,k2) n’est jamais réalisée, et dans ce cas, il y a bien un sens pour les limites
sub-Hubble et super-Hubble. Nous présenterons donc les résultats au second ordre dans les
limites super-Hubble et sub-Hubble avec C(k1,k2) en facteur en nous souvenant que cela à un
sens uniquement lorsque l’on utilise ces expressions dans le calcul d’un bispectre. Nous notons
Ψ1 et Ψ2 les solutions de l’équation homogène associée à l’équation (6.21) que nous souhaitons
résoudre. On définit alors la fonction de Green par

Gr(η, η
′) =

Ψ
(1)
1 (η′)Ψ(1)

2 (η)−Ψ
(1)
1 (η)Ψ

(1)
2 (η′)

Ψ
(1)
1 (η′)Ψ

′(1)
2 (η′)−Ψ

(1)
2 (η′)Ψ

′(1)
1 (η′)

. (6.24)
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La solution générale est alors de la forme

Ψ(η) = C1Ψ1(η) + C2Ψ2(η) +

∫ η

0
Gr(η, η

′)Sr(η′)dη′. (6.25)

La fonction de Green associée à l’équation (6.21) s’écrit explicitement

Gr
(
η, η′

)
=

√
3η′

k3η3

{(
ηη′k2 + 3

)
sin

[
k(η − η′)√

3

]
−
√

3k(η − η′) cos

[
k(η − η′)√

3

]}
. (6.26)

Modes super-Hubble

Pour les modes super-Hubble, nous pouvons soit utiliser la limite super-Hubble du résultat
précédent, c’est-à-dire en ne gardant dans Sr que les termes dominant dans cette limite qui sont

Sr ' 8HΨΨ′ + Ψ′2 + 3wΨ′2 +HS′3 , (6.27)

soit utiliser la conservation de R(2). Cette dernière méthode est une intégrale première d’une
équation du second ordre et est donc une équation du premier ordre comme on peut le voir

directement sur l’expression de R(2). Si à la fin de l’inflation la valeur de R(2) est R(2)
I , alors on

peut utiliser cette valeur comme condition initiale au début de l’ère dominée par la radiation.

L’évolution de Ψ(2) est ensuite obtenue en résolvant R(2)(η) = R(2)
I , c’est-à-dire

Ψ(2) − 2Q

H
(

Ψ′(2) +HΦ(2)
)

= R(2)
I −

(
1 + 3c2

s

)
(Qδ)2 + 4QδΨ− 2Q

H

(
4HΨ2 +

Ψ′2

H

)
. (6.28)

Nous avons vu au premier ordre que pour des modes super-Hubble dans une ère dominée par un
fluide de paramètre d’état w constant, une fois la solution décroissante négligeable, c’est-à-dire
quand Ψ(1)′ � HΨ(1), nous pouvons relier Ψ(1) à R(1) par la relation (2.86). Dans ce cas nous
pouvons également relier v à Ψ d’après l’équation (2.24) par

v(1) =
−2Ψ(1)

3H(1 + w)
, (6.29)

et négliger δ devant Ψ. On applique la même méthode au second ordre. Une fois la solution dé-
croissante négligeable, c’est-à-dire la solution de l’équation homogène associée à l’équation (6.28),

et donc que Ψ(2)′ � HΨ(2), nous pouvons déduire une relation entre Ψ(2) et R(2)
I . En utilisant

l’équation (6.29) et en exprimant Φ(2) en fonction de Ψ(2) grâce à la contrainte (6.5), cette
relation qui correspond à la solution particulière de l’équation (6.28) s’écrit

Ψ
(2)
I (w) =

1

5 + 3w

{
3(1 + w)R(2)

I + 4
5 + 3w

3(1 + w)
Ψ

(1)2
I − 2∆−1

[
10 + 6w

3(1 + w)
∂iΨ

(1)
I ∂iΨ

(1)
I

]

+6∆−2∂j∂i

[
10 + 6w

3(1 + w)
∂jΨ

(1)
I ∂iΨ

(1)
I

]}
. (6.30)

Dans le cas de l’ère dominée par la radiation

Ψ
(2)
I,r =

2

3
R(2)
I,r + Ψ

(1)2
I,r −∆−1

[
∂iΨ

(1)
I,r∂

iΨ
(1)
I,r

]
+ 3∆−2∂j∂i

[
∂jΨ

(1)
I,r∂

iΨ
(1)
I,r

]
, (6.31)
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où nous rappelons que Ψ
(1)
I,r = 2R(1)

I /3. Il faut remarquer qu’au second ordre Φ(2) 6= Ψ(2) et donc
d’après l’équation 6.5), on les relie dans le cas super-Hubble par

Φ
(2)
I = Ψ

(2)
I +4Ψ

(1)2
I +∆−1

[
10 + 6w

3(1 + w)
∂iΨ

(1)
I ∂iΨ

(1)
I

]
−3∆−2∂j∂i

[
10 + 6w

3(1 + w)
∂jΨ

(1)
I ∂iΨ

(1)
I

]
. (6.32)

Modes sub-Hubble

Lorsque nous souhaitons étudier la rentrée d’un mode sous l’horizon, il n’est plus possible
d’utiliser la méthode intégrale précédente et nous utiliserons donc la méthode générale de la

fonction de Green. La solution dominante de l’équation homogène, notée Ψ
(2)
h a la forme donnée

par la fonction (2.37) avec une valeur limite quand kη � 1 donnée par Ψ
(2)
I,r

Ψ
(2)
h = Ψ

(2)
I,r

9
√

3

(kη)3

[
sin
(
kη/
√

3
)
− kη√

3
cos
(
kη/
√

3
)]
. (6.33)

Quant à la solution particulière, ou solution sourcée Ψ
(2)
S , nous pouvons nous intéresser dans un

but de simplification à son ordre dominant en kη qui est

Ψ
(2)
S (k, η) ' C(k1,k2)F (k1,k2,k)Ψ

(1)
I (k1)Ψ

(1)
I (k2)

∫ η

0
I
(
k1,k2,k, η, η

′) dη′ , (6.34)

où

F (k1,k2,k, η) =
27
√

3k1k2

k3η2

[
1 + 2

(
1

k2
1

+
1

k2
2

)
k1.k2 + 3

(
k1.k2

k1k2

)2
]
, (6.35)

I(k1,k2,k, η, η
′) = sin

(
k1η
′

√
3

)
sin

(
k2η
′

√
3

)
sin

[
k(η′ − η)√

3

]
. (6.36)

Afin de dériver ce résultat, nous avons utilisé le fait que dans le terme de source Sr, les termes
dominants sont les termes quadratiques en v qui sont tous du type ∼ H2∂iv∂iv ∼ η−2, tandis
que les autres termes se comportent asymptotiquement au mieux comme k−2η−4.

On peut calculer l’intégrale sur I, et on obtient alors pour les modes sub-Hubble (k1η �
1, k2η � 1, kη � 1), en notant µ = k1.k2/(k1k2)

Ψ
(2)
S (k, η) ' C(k1,k2)

81Ψ
(1)
I (k1)Ψ

(1)
I (k2)

2k2η2(1− µ2)

[
1 + 2

(
1

k2
1

+
1

k2
2

)
k1.k2 + 3

(
k1.k2

k1k2

)2
]

[
µ sin

(
k1η√

3

)
sin

(
k2η√

3

)
+ cos

(
kη√

3

)
− cos

(
k1η√

3

)
cos

(
k2η√

3

)]
. (6.37)

La solution totale Ψ
(2)
r est la somme de Ψ

(2)
S , qui vient de l’évolution, et de Ψ

(2)
h , qui porte une

information sur la perturbation de courbure à la fin de l’inflation R(2)
I . Outre la dépendance

dans la configuration de k1, k2 et µ ainsi que le comportement oscillant, on remarque que
l’amplitude des perturbations du second ordre décrôıt comme (kη)−2. On conlut donc que le
premier ordre comme le second ordre est amorti lorsqu’il rentre sous l’horizon dans l’ère dominée
par la radiation. On peut ensuite en déduire le comportement asymptotique du contraste de



118 Dynamique au second ordre

densité grâce à l’équation de Poisson (6.3). Comme les termes dominants dans le terme de
source sont de l’ordre de k2Ψ(1)2/(kη)4, on peut les négliger devant ∆Ψ(2) et ρ̄δ(2). On en déduit
qu’asymptotiquement l’équation de Poisson s’écrit dans l’ère de radiation

δ(2)
r = −2

3
(kη)2Ψ(2)

r . (6.38)

6.2.4 Ère de matière

Dans le cas où l’univers est dominé par la matière,

Ψ′′ + 3HΨ′ = S2 +
1

3
∆S3 +HS′3 ≡ Sm . (6.39)

La fonction de Green associée est

Gm
(
η, η′

)
=

1

5

(
η′ − η′6

η5

)
. (6.40)

Modes super-Hubble

Pour les modes super-Hubble, on suit la même démarche que pour l’ère de radiation. Une

fois la solution décroissante négligeable, Ψ(2) converge vers Ψ
(2)
I (w = 0), c’est-à-dire

Ψ
(2)
I,m =

[
3

5
R(2)
I +

4

3
Ψ

(1)2
I,m −∆−1

(
4

3
∂iΨ

(1)
I,m∂

iΨ
(1)
I,m

)
+ ∆−2∂j∂i

(
4∂jΨ

(1)
I,m∂

iΨ
(1)
I,m

)]
, (6.41)

avec Ψ
(1)
I,m = 3R(1)

I /5. On relie cette valeur à Φ
(2)
I,m en utilisant l ’équation (6.32) évaluée en

w = 0.

Modes devenant sub-Hubble pendant l’ère de matière

Dans la limite kη � 1, k1η � 1, k2η � 1, une fois le mode décroissant du premier ordre
négligeable, Ψ(1) est constant et le terme de source Sm s’écrit

Sm = C(k1,k2)Ψ
(1)
I,m(k1)Ψ

(1)
I,m(k2)

14k2
1k

2
2

3k2

[
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7
+
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(
1

k2
1

+
1

k2
2

)
+
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(k1.k2)2

k2
1k

2
2

]
, (6.42)

où nous avons utilisé la relation (6.29) valable quand Ψ est constant. On en déduit en utilisant
l’expression (6.40) de la fonction de Green pour l’ère de matière que

Ψ
(2)
S = −C(k1,k2)Ψ

(1)
I,m(k1)Ψ

(1)
I,m(k2)

k2
1k

2
2η

2

3k2

[
5

7
+

1

2
k1.k2

(
1

k2
1

+
1

k2
2

)
+

2

7

(k1.k2)2

k2
1k

2
2

]
. (6.43)

Quant à la solution de l’équation homogène Ψ
(2)
h , elle est égale à Ψ

(2)
I,m puisque l’équation homo-

gène ne dépend pas de cette approximation. La solution totale Ψ
(2)
m est la somme de Ψ

(2)
h et Ψ

(2)
I,m,

mais asymptotiquement cette dernière va devenir négligeable. On procède de même que pour
l’ère de radiation afin de déduire le comportement asymptotique de δ(2). Nous pouvons négliger
le terme de source de l’équation de Poisson (6.3), qui est de l’ordre de k2Ψ(1)2, devant ∆Ψ(2) et
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ρ̄δ(2) qui sont de l’ordre de k2(kη)2Ψ(1)2. On en déduit alors le comportement asymptotique du
contraste de densité par

δm = −1

6
(kη)2Ψm (6.44)

valable à la fois pour le premier et le second ordre. Ceci nous permet alors de retrouver le résultat
standard de l’effondrement gravitationnel en régime Newtonien [Bernardeau et al. 02]

1

2
δ(2)
m = C(k1,k2)

[
5

7
+

1

2
k1.k2

(
1

k2
1

+
1

k2
2

)
+

2

7

(k1.k2)2

k2
1k

2
2

]
δ(1)
m (k1)δ(1)

m (k2). (6.45)

6.2.5 Transition radiation-matière

Nous décrivons la transition radiation-matière comme nous l’avons fait au premier ordre en
la paramétrant par le facteur d’échelle normalisé à l’unité à l’égalité y. L’équation (2.57) au
second ordre s’écrit

d2Ψ(2)

dy2
+

6 + 7y

2y(1 + y)

dΨ(2)

dy
+

1

y

dΦ(2)

dy
+

2

3(1 + y)k2
eq

k2Ψ(2) +
Ωm

2y2
δ(2)
m +

1

y(1 + y)
Φ(2) = Srm, (6.46)

avec

Srm =
2

1 + y

(
S2 −

S1

3
− k2S3

3

)
, (6.47)

où Φ(2) est relié à Ψ(2) grâce à l’équation (6.5). Comme au premier ordre, il faut déterminer
le contraste de densité afin de pouvoir intégrer cette équation. L’équation de conservation et
l’équation d’Euler au second ordre peuvent être combinées afin de donner

d2δ
(2)
m

dy2
+

2 + 3y

2y(1 + y)

dδ
(2)
m

dy
− 3

d2Ψ(2)

dy2
−
[

6 + 9y

2y(1 + y)

]
dΨ(2)

dy
+

2k2

(1 + y)k2
eq

Φ(2) = Sδm , (6.48)

avec

Sδm ≡
√

2

keq
√

1 + y

(
dSc
dy

+
Sc
y

)
+

2k2

k2
eq(1 + y)

Se . (6.49)

De façon similaire au premier ordre nous avons un système d’équations différentielles couplées.

De plus, il nous faut déterminer des conditions initiales pour δ
(2)
m . Le mélange de fluides parfaits

n’étant pas a priori parfait, on suppose de plus que le mélange du fluide de radiation et du fluide
de matière se comportent comme un seul fluide parfait jusqu’au second ordre, c’est-à-dire que le
fluide total dont les quantités thermodynamiques sont données par les relations (2.47) satisfait

δP =
dP

dρ
δρ+

1

2

d2P

dρ2
(δρ)2

= c2
sδρ+

1

2

dc2
s

dρ
(δρ)2 , (6.50)

où cs est donné dans les relations (2.55). On obtient alors que les contrastes de densité doivent
satisfaire la condition d’adiabaticité donnée par

δ
(1)
r

4
=
δ

(1)
m

3
,

δ
(2)
r

4
=
δ

(2)
m

3
+

(
δ

(1)
r

4

)2

. (6.51)
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On utilisera donc cette condition car on supposera des conditions initiales adiabatiques. On
peut montrer en utilisant l’équation de conservation (6.11) que cette condition adiabatique est
conservée aux échelles super-Hubble.
Nous allons étudier plus particulièrement des modes rentrés sous l’horizon suffisamment avant
l’égalité pour que le potentiel Ψ(2) créé par le contraste de densité dû à la radiation soit devenu
plus faible que celui dû à la matière froide. Il s’agit donc d’établir l’effet Mészáros au second
ordre. Dans ce cadre d’approximation, l’équation de Poisson se réduit à

k2Φ(2) ' k2Ψ(2) ' − 3

4y
k2

eqδ
(2)
m . (6.52)

On a négligé S1 dans cette relation car les termes dominants de S1/k
2
eq sont de l’ordre de

(keq/k)2 � 1. Quant aux contributions dominantes de Sδm , elles proviennent de

Sc ' −2∂i
(
δ∂iv

)
, ∂iSe ' −2

(
∂jv∂

j∂iv
)
, (6.53)

et contribuent de l’ordre de (keq/k)0 à Sδm . Finalement l’équation de Mészáros au second ordre
s’écrit

d2δ
(2)
m
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+

2 + 3y

2y(1 + y)
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(2)
m

dy
− 3

2y(1 + y)
δ(2)
m = SM , (6.54)

avec (en notant δ ≡ δ(1)
m et δ̇ ≡ dδ

dy pour simplifier)

SM = C(k1,k2)
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(6.55)
L’équation de Green associée à l’équation (6.54) est
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(6.56)
La limite asymptotique quand y � 1, y′ � 1 de la fonction de Green est

G(y, y′) ' 2

5
y

[
1−

(
y′

y

)5/2
]
, (6.57)

tandis que la limite asymptotique de SM s’obtient en utilisant δδ̈ � δ̇2 et δ̇ ∼ δ/y

SM ' C(k1,k2)7
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. (6.58)

On retrouve bien à partir de ces deux limites le comportement asymptotique sous l’horizon en
ère de matière donné par l’équation (6.45). Proche de l’équivalence cette limite asympotique
n’est évidemment pas valable.
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6.2.6 Intéractions baryons-photons

Nous venons donc de voir qu’au second ordre pour des modes sub-Hubble, le potentiel Ψ(2) '
Φ(2) est croissant à cause de l’effondrement de la matière noire froide, et de plus se nourrit des
perturbations du premier ordre qui ont subi une croissance logarithmique à la fin de l’ère de
radiation. Dans les termes du second ordre, on s’attend donc à ce que les termes quadratiques
dans les variables de perturbation du premier ordre soient de magnitude inférieure au potentiel
du second ordre. Nous allons donc étudier de plus près le système couplé baryons-photons pour
les modes tels que k/keq � 1, en supposant que les caractéristiques dominantes du potentiel du
second ordre sont dues à l’effondrement de la matière noire froide. Les baryons étant minoritaires
dans la matière totale, cette approximation est justifiée si l’on désire comprendre la forme des
solutions numériques de ce problème. Nous allons donc négliger tous les termes quadratiques dans
les variables de perturbation du premier ordre dans les équations de conservations et d’Euler.

On pose de même qu’au premier ordre Q(2) = δ
(2)
r
4 −Ψ(2), dont l’équation d’évolution est donnée

d’après l’approximation faite par

[(1 +R)Q(2)′ ]′ +
k2

3
Q(2) ' −k

2

3
(2 +R)Φ(2) . (6.59)

La différence essentielle par rapport au premier ordre réside dans le fait que Ψ(2) ne peut plus
être supposé constant mais est au contraire croissant comme (kη)2. Le système possède donc la
même analogie qu’au premier ordre sauf qu’une solution WKB ne va plus être possible dans le
cas où l’amplitude de Q(2) est de l’ordre de celle de Φ(2). Il s’agit d’un système largement forcé
dont le comportement est approximativement

Q(2) ' −(2 +R)Φ(2) +
6(1 +R)(2 +R)

(kη)2
Ψ(2) +O[1/(kη)4]. (6.60)

De même, la version au second ordre de l’équation (2.91) est dans ce cadre d’approximation à
l’ordre le plus bas dans le paramètre de couplage fort

[
(1 +R)v(2)

r

]′
= −Q

(2)

4
− (2 +R)Φ(2). (6.61)

On en déduit l’ordre de grandeur de v
(2)
r

kv(2)
r (y) ' −3(2 +R)keq

k
√

2y
Ψ(2). (6.62)

On rappelle que cette solution n’est valable que lorsque le potentiel au second ordre dirige les
oscillations baryoniques. En pratique, l’intervalle de temps entre l’équivalence et la recombinaison
(yLSS ' 3.3) n’est pas assez grand pour que ce régime soit atteint, même en considérant la
pression anisotrope, sauf pour des modes plus grands que kD.

6.2.7 Physique du fond diffus cosmologique

Nous suivons la même démarche qu’à l’ordre linéaire. La perturbation de l’énergie d’un

photon se définit alors jusqu’au second ordre par E ≡ Ē (1 + δE) ≡ Ē
(

1 + δ
(1)
E + 1

2δ
(2)
E

)
. On

obtient par le même type de raisonnement qu’au premier ordre [Mollerach & Matarrese 97]

δ
(2)
E =

[
δ

(2)
E + Φ(2) − ēivi(2)

b − 2Φ2 + 2viv
i − 2viδe

i − 4Eijv
j ēi + 4Ψviē

i
]
. (6.63)
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Tout d’abord la perturbation de température sera définie de la même façon que pour la théorie
linéaire en utilisant la loi (3.9). Au second ordre on obtient donc que la température est définie
à partir du contraste de densité d’énergie selon

Θ(2)[ηLSS,x(ηLSS)] = δ(2)
r [ηLSS,x(ηLSS)]/4− 3

16
δ(1)2
r [ηLSS,x(ηLSS)], (6.64)

même si la distribution des fréquences ne suit pas nécessairement celle d’un corps noir. Afin de

relier δ
(2)
E à l’émission avec sa valeur à la réception, il faudra suivre la même démarche mais en

tenant compte des difficultés suivantes. Tout d’abord le point d’intersection entre la géodésique
suivie par un photon et la surface de dernière diffusion, de coordonnées [ηLSS,x(ηLSS)] n’est
pas confondu avec le point d’intersection de la géodésique avec la surface de dernière diffusion
moyenne de coordonnées [η̄LSS,x(η̄LSS)]. Il faut le prendre en compte si l’on souhaite se ramener
à la surface définie par η̄LSS. De plus il faudra tenir compte du fait que la géodésique au premier
ordre se distingue de la géodésique obtenue à l’ordre le plus bas dans l’équation (3.6), ce qui en
plus d’affecter le point d’intersection avec la surface de dernière diffusion va modifier l’intégration
de la version au second ordre de l’équation (3.4). En effet, les variables du premier ordre seront à
évaluer sur la trajectoire du premier ordre. De plus, si on intègre le long des géodésiques avec le
paramètre affine λ, il faudra tenir compte du ∆λ nécessaire pour partir de la surface de dernière
diffusion jusqu’à arriver à l’observateur. Ceci peut être contourné en paramétrant la géodésique
par η. Enfin cette méthode repose sur le fait que le spectre de corps noir n’est pas modifié, c’est-
à-dire que les intéractions fortes avec les baryons ainsi que le libre parcours sur une géodésique
affecte de la même manière des photons ayant des énergies différentes (le rapport de leurs énergies
reste constant). Ceci est vérifié pour ce qui concerne le parcours sur des géodésiques nulles mais
n’est pas a priori vérifié en ce qui concerne les intéractions avec les baryons. Au premier ordre,
les diffusion Compton avec les électrons ne changent pas l’énergie des photons et il est justifié de
caractériser la distribution des photons par une température de corps noir. En revanche ce n’est
plus le cas au second ordre où il y a une distorsion spectrale même dans la limite de la diffusion
Thomson, qui pourtant n’induit pas de distorsion spectrale dans le référentiel des baryons, mais
induit tout de même une distorsion spectrale une fois ramené au référentiel des observateurs
comobiles [Dodelson & Jubas 95, Bartolo et al. 06]. Parler de température n’a de sens que via
l’énergie totale et l’équation (3.9) qui constitue alors une définition de la température, sans
qu’elle puisse être associée à un corps noir. Cette approche, essentiellement Lagrangienne, qui
consiste à intégrer selon les cônes de lumière est donc complexe, tandis que la théorie cinétique,
qui consiste à regarder un point de l’espace l’évolution de la fonction de distribution, ce qui
est une approche Eulerienne me semble plus prometteuse au second ordre, et permet de décrire
correctement la recombinaison.
Cependant aux grandes échelles (super-Hubble) on peut négliger la vitesse des baryons et donc
la distorsion spectrale. De plus la variation du contraste de densité d’énergie lorsque la radiation
peut être traitée comme un fluide pendant un temps ∆η est jusqu’au second ordre donnée par
δ′∆η. Or toujours dans la limite super-Hubble, la variation du contraste de température pendant
ce même temps le long d’une géodésique est jusqu’au second ordre−Ψ′∆η d’après l’équation (3.8)
évaluée pendant le temps ∆η. On en déduit que pour une distribution de corps noir, le contraste
de densité d’énergie lorsque les photons sont en propagation libre évolue pendant un temps ∆η
selon −4Ψ′∆η (jusqu’au second ordre). Comme on sait que δ′ − 4Ψ′ ' 0 aux échelles super-
Hubble d’après l’équation de conservation (2.25), peu importe qu’on ne sache pas exactement où
se situe la surface de dernière diffusion ni son épaisseur au premier ordre dans les perturbations
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de la coordonnée temps, puisque le fluide de radiation ou l’ensemble des photons en propagation
libre donnent la même évolution du contraste de densité d’énergie. On peut donc considérer
pour des échelles super-Hubble que la surface de dernière diffusion n’est pas perturbée 2 et
correspond partout au temps η̄LSS. Ceci n’est évidemment plus valable si on ne considère plus
des échelles super-Hubble et l’équation (6) de [Bartolo et al. 04c] n’a donc de sens que pour
des modes super-Hubble. Étant données ces considérations, le contraste de température aux
grandes échelles en ne prenant en compte aucun effet intégré 3 est donné par [Bartolo et al. 04c,
Mollerach & Matarrese 97, Pyne & Carroll 96]

Θ(2) = Φ(2) − Φ(1)2 +
1

4
δ(2)
r −

3

16
δ(1)2
r +

1

2
Φ(1)δ(1)

r , (6.65)

où le membre de droite est à évaluée sur la surface de dernière diffusion de l’espace de fond.
Nous utiliserons ce résultat dans la section 7.5.2, lorsque nous chercherons à caractériser la
non-gaussianité dans le CMB aux grandes échelles.

6.3 Théorie cinétique au second ordre

Nous suivons la même démarche qu’au premier ordre et l’étendons au second ordre. Nous
étudions donc l’équation géodésique au second ordre puis le terme de Liouville de l’équation de
Boltzmann. Cette approche est nouvelle puisqu’elle est basée sur l’utilisation de tétrades tout
au long du calcul, et correspond au calcul détaillé de la dérivation de l’équation de Boltzmann
que nous avons présenté dans la section 5.2. Nous considérons le cas général où les particules
peuvent éventuellement être massives sans être pour autant non-relativistes.

6.3.1 Équation des géodésiques

On obtient d’après l’équation géodésique (3.41), en utilisant les expression données dans
l’appendice B.2 pour les connections affines,

(
dπ0

dη

)(2)

= π0
[
− ni∂iΦ(2) + Ψ(2)′nini +

(
∂iB

(2)
j − E

(2)′

ij

)
ninj

+2(Φ−Ψ)ni∂iΦ + 2niEik∂
kΦ

+4ninj
(
E′k(iE

k
j) −ΨE′ij −Ψ′Eij + ΨΨ′δij

) ]
. (6.66)

2. Nous l’avons expliqué jusqu’au second ordre mais on s’attend à ce que ce résultat soit valable à tout ordre.
En effet dans le formalisme 1+3, l’évolution du fluide de radiation est donnée par ρ̇+ 4

3
Θρ = 0 tandis que pour un

photons de direction eµ la variation de son énergie dans la direction uµ + eµ est donnée par 1
E

(uµ + eµ)∇µE =
−Θ

3
− σµνeµeν . Pour des échelles super-Hubble on négligera le terme eµ∇µ. Alors, on en déduira les propriétés

de la densité d’énergie correspondante en utilisant ρ =
∫
f(E, e)E3dEd2e (voir la section suivante). Pour une

fonction de distribution de corps noir (vue dans le référentiel comobile avec uµ), on en déduira que la densité
d’énergie correspondante évolue de la même façon que le fluide de radiation, puisque par isotropie des directions
des photons, la moyenne sur toutes les directions de σµνe

µeν va être nulle.
3. On s’attend à ce que les effets intégrés contribuent aux petites échelles sauf pour le cas de l’effet Sachs-

Wolfe tardif dû à la présence d’une constante cosmologique. Nous négligeons donc ces effets intégrés, mais il reste
à montrer rigoureusement que cela est correct.
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On rappelle que le développement utilisé est

(
dπ0

dη

)
=

(
dπ0

dη

)(0)

+

(
dπ0

dη

)(1)

+
1

2

(
dπ0

dη

)(2)

+ . . . (6.67)

Nous précisons les variables qui sont du second ordre en perturbations mais pas celles qui sont
du premier ordre en perturbations afin de simplifier les notations. Les variables du premier ordre
apparaissent uniquement sous forme quadratique et il n’y a donc pas de confusion possible.

On peut récrire l’équation (6.66) sous la forme

(
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= π0β
[
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[
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)
+ 4βΨΨ′

]
, (6.68)

le cas de la radiation correspondant à β = 1. L’évolution de la norme de la vitesse se déduit de
la même manière que pour l’équation (3.52). On remarque que pour les particules complètement
froides, c’est-à-dire sans impulsion (β = 0), l’énergie est conservée à tout ordre comme on
peut le constater sur l’expression générale de l’équation géodésique (3.41) évaluée pour une
particule satisfaisant πi = 0. Dans ce cas, l’énergie se réduisant à l’énergie de masse, cela traduit
uniquement le fait que la masse de la particule est conservée, ce qui était une hypothèse.

6.3.2 Terme de Liouville

L’équation de déviation au premier ordre (3.54) est suffisante car la fonction de distribution de
fond ne dépend pas des directions des particules mais seulement du module de leurs impulsions.
On utilise également (

dxi

dη

)(1)

=

(
pi

p0

)(1)

= ni(Φ + Ψ)− Eijnj , (6.69)

pour obtenir dans le cas général
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[
⊥ij

(
β∂jΨ +

1

β
∂jΦ + E′jkn̂

k

)
+ 2β∂[iEk]j ⊥jk

]
∂δ(1)f

∂n̂i

+
[
2(Φ−Ψ)n̂i∂iΦ + 2n̂iEik∂

kΦ + 4βn̂in̂j
(
E′k(iE

k
j) −ΨE′ij −Ψ′Eij

)
+ 4βΨΨ′

]
βπ0 ∂f̄

∂π0
.

Cette formulation présente l’avantage de séparer clairement la dépendance dans la direction
n̂i des particules et celle dans leur énergie π0. On relie ensuite la dépendance en énergie à la
dépendance dans la norme de l’impulsion (βπ0) en utilisant dπ0

d(βπ0)
= β. Si enfin on souhaite
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exprimer les dérivées partielles en fonction de l’impulsion πi = βπ0n̂i, on utilisera ∂f
∂n̂i

= ∂f
∂πi

βπ0

et ∂f
∂(βπ0)

= ∂f
∂πi

n̂i. On peut alors mettre l’équation de Boltzmann sous la forme

L(2)[f ] =
∂δ(2)f

∂η
+ βn̂j∂jδ

(2)f −Hπi∂δ
(2)f

∂πi
(6.71)

+

{
− 1

β
n̂j∂jΦ

(2) +
[
Ψ(2)′ +

(
∂iB

(2)
j − E

(2)′

ij

)
n̂in̂j

]}
πk

∂f̄

∂πk

+2β
[
n̂i(Φ + Ψ)− Eijn̂j

]
∂iδ

(1)f + 2
∂δ(1)f

∂πi
πiΨ′

−2
[
β2 ⊥ij ∂jΨ + ∂iΦ + βE′ikn̂

k + 2β2∂[iEk]j ⊥jk
] ∂δ(1)f

∂πi
π0

+

[
2

β
(Φ−Ψ)n̂i∂iΦ +

2

β
n̂iEik∂

kΦ + 4n̂in̂j
(
E′k(iE

k
j) −ΨE′ij −Ψ′Eij

)
+ 4ΨΨ′

]
πi
∂f̄

∂πi
.

Cette formulation est plus pratique lorsque l’on veut intégrer l’équation de Boltzmann sur d3πi,
car il suffit alors de faire de simples intégrations par parties.
Le cas de la radiation auquel nous nous intéressons plus particulièrement s’écrit en prenant β = 1

L(2)[f ] =
∂δ(2)f

∂η
+ n̂j∂jδ

(2)f −Hπ0∂δ
(2)f

∂π0

+
{
−n̂j∂jΦ(2) +

[
Ψ(2)′ +

(
∂iB

(2)
j − E

(2)′

ij

)
n̂in̂j

]}
π0 ∂f̄

∂π0
(6.72)

+2
[
n̂i(Φ + Ψ)− Eijn̂j

]
∂iδ

(1)f + 2
∂δ(1)f

∂π0
π0
[
−n̂i∂iΦ +

(
Ψ′ − E′ijn̂in̂j

)]

−2
[
⊥ij

(
∂jΨ + ∂jΦ + E′jkn̂

k
)

+ 2∂[iEk]j ⊥jk
] ∂δ(1)f

∂n̂i

+
[
2(Φ−Ψ)n̂i∂iΦ + 2n̂iEik∂

kΦ + 4n̂in̂j
(
E′k(iE

k
j) −ΨE′ij −Ψ′Eij

)
+ 4ΨΨ′

]
π0 ∂f̄

∂π0
.

6.3.3 Hiérarchie de Boltzmann et lien avec les observations

Dans le cas de la radiation, on mesure l’énergie intégrée dans toutes les longueurs d’onde.
On définit donc la brillance ordre par ordre par

I(n)(xµ, ni) ≡ 4π

∫
δ(n)f(xµ, π0, ni)β(π0)3dπ0. (6.73)

Pour le second ordre on obtient
(
∂

∂η
+ ni∂i

) I(2)

4
+HI(2) + Īni∂iΦ(2) − Ī

[
Ψ(2)′ +

(
∂iB

(2)
j − E

(2)′

ij

)
n̂in̂j

]

−1

2

[
⊥ij

(
∂jΨ + ∂jΦ + E′jkn̂

k
)

+ 2∂[iEk]j ⊥jk
] ∂I(1)

∂ni

−Ī
[
2(Φ−Ψ)n̂i∂iΦ + 2n̂iEik∂

kΦ + 4n̂in̂j
(
E′k(iE

k
j) −ΨE′ij −Ψ′Eij

)
+ 4ΨΨ′

]

−2I(1)
(

Ψ
′ − E′ijn̂in̂j − nj∂jΦ

)
+

1

2

[
(Φ + Ψ)ni − Eijn̂j

]
∂iI(1) =

1

4
C(2)[I]. (6.74)



126 Dynamique au second ordre

Nous n’avons pas encore déterminé le terme de collision au second ordre. Une étude a déjà
été réalisée dans [Bartolo et al. 06]. L’étape suivante consiste à trouver des méthodes efficaces
numériquement pour intégrer l’équation de Boltzmann au second ordre une fois décomposée en
multipôles. Une étape intermédiaire permettant de capturer l’essentiel de la physique consistera
à d’abord en considérer la limite fluide.

6.3.4 Limite fluide de l’équation de Boltzmann

En négligeant la pression anisotrope, et en définissant une approximation de fluide parfait
à partir du tenseur énergie-impulsion, on retrouve l’équation de conservation puis l’équation
d’Euler, depuis les deux moments les plus bas de l’équation de Boltzmann, ce qui est attendu
puisque nous avons montré dans la section 3.3.7 que la théorie cinétique impliquait la conserva-
tion du tenseur énergie-impulsion. Cependant une telle méthode fera apparâıtre la vitesse dans
la base de tétrades Uaea, et si l’on souhaite retrouver les équations (6.11-6.12), il faudra effectuer
le changement de base. Cette démarche est détaillée dans [Pitrou 07]. Quant aux conséquences
observationnelles sur la surface de dernière diffusion qui peuvent être tirées de cette approxi-
mation, nous les aborderons au chapitre suivant. Auparavant, tout comme au premier ordre, il
nous faut déterminer les conditions initiales loin dans l’ère de radiation. Celles-ci résultant de la
phase d’inflation primordiale, nous devons étudier les effets non-linéaires pendant l’inflation et
ceci est également traité dans le chapitre suivant.
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Chapitre 7
L’inflation au delà de l’ordre linéaire et
signature à grande échelle

Sommaire
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7.1 Généralités

Dans le modèle le plus simple d’inflation à un champ en roulement lent, on ne peut avoir
que de très faibles niveaux de non-gaussianité. En effet, afin d’avoir un roulement lent le poten-
tiel doit être suffisamment plat ce qui limite considérablement l’amplitude des termes quadra-
tiques. On montre ainsi [Bernardeau & Uzan 02, Maldacena 03] que le paramètre caractérisant
la non-gaussianité, fNL, est nécessairement de l’ordre des paramètres de roulement lent. Les
modèles d’inflation pouvant générer des taux significatifs de non-gaussianité font nécessairement
intervenir un contenu matériel plus sophistiqué, par exemple avec plusieurs champs couplés,
un terme cinétique non standard, ou bien permettant de ne pas être toujours en roulement
lent grâce à un potentiel bien spécifique. Nous avons vu que pour des perturbations adiaba-
tiques, la perturbation de courbure comobile était conservée ce qui revient à établir une loi de
conservation pour l’ordre de grandeur des non-gaussianités. Lorsqu’il y a plusieurs champs, il
existe un degré de liberté qui n’est pas adiabatique, dit isocourbure, si bien que cela relache
cette contrainte sur le taux de non-gaussianité. On peut ainsi construire un modèle d’inflation
à deux champs exploitant ce degré de liberté isocourbure avant de revenir à des perturbations
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adiabatiques [Bernardeau & Uzan 02]. Dans ce cas on peut obtenir de façon générique une non-
gaussianité très forte, souvent non paramétrisable par le paramètre fNL. Une autre source de
non-gaussianité primordiale se situe pendant le réchauffement, c’est-à-dire lors de la transition
entre la fin de l’inflation et l’ère dominée par la radiation [Bartolo et al. 04a]. En effet, le ou
les champs présents pendant l’inflation doivent se désintégrer en d’autres champs, éventuelle-
ment ceux du modèle standard des particules. Ce processus, appelé réchauffement, peut éven-
tuellement générer des non-gaussianités via une désintégration inhomogène du champ scalaire
[Kofman 03, Bernardeau et al. 04b]. Il existe deux manières de traiter les effets non-linéaires
pendant l’inflation. Soit on traite quantiquement les perturbations linéaires comme dans le mo-
dèle standard de l’inflation, pour ensuite considérer les effets non-linéaires dans les équations
d’Einstein, en remplaçant les variables de premier ordre par des variables stochastiques. Soit
on traite les termes non-linéaires quantiquement dès le début afin d’être plus cohérent dans la
démarche, et alors les termes non-linéaires sont pris en compte en utilisant la représentation
en intéraction de la théorie quantique. La première approche est celle qui a été considérée dans
[Rigopoulos et al. 06a, Rigopoulos et al. 06b], tandis que la seconde approche est considérée dans
[Maldacena 03, Seery & Lidsey 05b, Seery & Lidsey 05a, Chen et al. 06, Chen et al. 08]. Dans le
cas d’un champ test, on peut montrer que ces deux approches donnent le même résultats pour
les échelles super-Hubble [Bernardeau et al. 04a].

7.2 Ondes gravitationnelles générées par des effets de second-
ordre pendant l’inflation (article)

Nous allons présenter dans l’article qui suit les résultats obtenus à propos des ondes gravi-
tationnelles générées au second ordre lorsque l’on traite l’interaction au second ordre de façon
classique. Nous montrerons alors que la dépendance en ki est différente du traitement complè-
tement quantique, tandis que l’ordre de grandeur en fonction des paramètres de roulement lent
ainsi qu’en fonction de l’échelle d’inflation H est le même. Ce résultat était déjà connu pour
les perturbations scalaires [Rigopoulos et al. 05, Acquaviva et al. 03]. On montre ainsi que le
bispectre avec un degré de liberté tensoriel et deux degrés de libertés scalaires, 〈ERR〉 est de
même amplitude que le bispectre à trois scalaires 〈RRR〉. Nous effectuons également une com-
paraison du formalisme en coordonnées avec le formalisme 1+3. Nous montrons que lorsque l’on
développe le formalisme 1+3 autour d’un espace homogène et isotrope, on retrouve les résultats
de l’approche en coordonnées. Cependant nous montrons que la notion d’onde gravitationnelle
est dépendante de l’approche, selon qu’on la définit à partir d’observateurs de l’espace physique
ou à partir d’observateurs (fictifs) de l’espace de fond. Ceci peut avoir une importance pour
montrer la correspondance formelle entre les deux formalismes.
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1. Introduction

The generation of gravitational waves (GW) is a general prediction of an early inflationary
phase [1]. Their amplitude is related to the energy scale of inflation and they are
potentially detectable via observations of B-mode polarization in the cosmic microwave
background (CMB) if the energy scale of inflation is larger than ∼3 × 1015 GeV [2]–[6].
Such a detection would be of primary importance for testing inflationary models.

Among the generic predictions of one field inflation [7] are the existence of (adiabatic)
scalar and tensor perturbations of quantum origin with an almost scale invariant
power spectrum and Gaussian statistics. Even if non-linear effects in the evolution
of perturbations are expected, a simple calculation [8], confirmed by more detailed
analysis [9], shows that it is not possible to produce large non-Gaussianity within

Journal of Cosmology and Astroparticle Physics 04 (2007) 003 (stacks.iop.org/JCAP/2007/i=04/a=003) 2
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single field inflation as long as the slow-roll conditions are preserved throughout the
inflationary stage. Deviations from Gaussianity can be larger in, e.g., multi-field inflation
scenarios [8, 10] and are thus expected to give details on the inflationary era.

As far as scalar modes are concerned, the deviation from Gaussianity has been
parametrized by a (scale-dependent) parameter, fNL. Various constraints have been
set on this parameter, mainly from CMB analysis [12] (see [13] for a review on both
theoretical and observational issues). Deviation from Gaussianity in the CMB can arise
from primordial non-Gaussianity, i.e. generated during inflation, post-inflation dynamics
or radiation transfer [14]. It is important to understand them all in order to track down
the origin of non-Gaussianity, if detected.

Among the other signatures of non-linear dynamics is the fact that the scalar–vector
and tensor (SVT) modes of the perturbations are no longer decoupled. This implies in
particular that scalar modes can generate gravity waves. Also, vector modes, that are
usually washed out by the evolution, can be generated. In particular, second order scalar
perturbations in the post-inflation era will also contribute to B-mode polarization [15]
or to multipole coupling in the CMB [16], and it is thus important to understand this
coupling in detail.

In this paper, we focus on the gravitational waves generated from scalar modes via
second order dynamics. Second order perturbation theory has been investigated in various
works [17]–[25] and a fully gauge invariant approach to the problem was recently given
in [25]. Second order perturbations during inflation have also been considered in [9, 26],
providing the prediction of the bispectrum of perturbations from inflation.

Two main formalisms have been developed to study perturbations, and hence second
order effects: the 1 + 3 covariant formalism [27] in which exact gauge invariant variables
describing the physics of interest are first identified and exact equations describing their
time and space evolution are then derived and approximated with respect to the symmetry
of the background to obtain results at the desired order, and the coordinate based approach
of Bardeen [28] in which gauge invariants are identified by combining the metric and
matter perturbations and then equations are found for them at the appropriate order of
the calculation. In this paper we carry out a detailed comparison of the two approaches
up to second order, highlighting the advantages and disadvantages of each method, thus
extending earlier work on the linear theory [29]. Our paper also extends the work of [22], in
which the relation between the two formalisms on super-Hubble scales is investigated. In
particular, we show that the degree of success of one formalism over the other depends on
the problem being addressed. This is the first time a complete and transparent matching
of tensor perturbations in the two formalisms at first and second order is presented. We
also show, using an analytical argument, that the power spectrum of gravitational waves
from second order effects is much smaller than the first order on super-Hubble scales.
This is in contrast to the fact that during the radiation era the generation of GW from
primordial density fluctuations can be large enough to be detected in principle, though
this requires the inflationary background of GW to be sufficiently small [23].

This paper is organized as follows. We begin by reviewing scalar field dynamics in
section 2 within the 1 + 3 covariant approach. In section 3, we formulate the problem
within the covariant approach followed by a reformulation in the coordinate approach in
section 4. A detailed comparison of the two formalisms is then presented in section 5. In
section 6, we study gravitational waves that are generated during the slow-roll period of
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inflation. In particular, we introduce a generalization of the fNL parameter to take into
account gravity waves and we compute the three point correlator involving one graviton
and two scalars. Among all three point functions involving scalar and tensor modes, this
correlator and the one involving three scalars are the dominant [9]. Finally, we conclude
in section 7.

2. Scalar field dynamics

Let us consider a minimally coupled scalar field with Lagrangian density5

Lφ = −√−g
[

1
2
∇aφ∇aφ + V (φ)

]
, (1)

where V (φ) is a general (effective) potential expressing the self interaction of the scalar
field. The equation of motion for the field φ following from Lφ is the Klein–Gordon
equation

∇a∇aφ − V ′(φ) = 0, (2)

where the prime indicates a derivative with respect to φ. The energy–momentum tensor
of φ is of the form

Tab = ∇aφ∇bφ − gab

[
1
2
∇cφ∇cφ + V (φ)

]
; (3)

provided φ,a �= 0, equation (2) follows from the conservation equation

∇bT
ab = 0. (4)

We shall now assume that in the open region U of space–time that we consider, the
momentum density ∇aφ is timelike:

∇aφ∇aφ < 0. (5)

This requirement implies two features: first, φ is not constant in U , and so {φ = constant}
specifies well-defined surfaces in space–time. When this is not true (i.e., φ is constant in
U), then by (3),

∇aφ = 0 ⇔ Tab = −gabV (φ) ⇒ V = constant, (6)

in U , (the last being necessarily true due to the conservation law (4)) and we have an
effective cosmological constant in U rather than a dynamical scalar field.

5 We use conventions of [30]. Units in which � = c = kB = 1 are used throughout this paper, Latin indices
a, b, c . . . run from 0 to 3, whereas Latin indices i, j, k . . . run from 1 to 3. The symbol ∇ represents the usual
covariant derivative and ∂ corresponds to partial differentiation. Finally the Hilbert–Einstein action in presence
of matter is defined by

A =

∫
dx4 √−g

[
1

16πG
R + Lφ

]
.
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2.1. Kinematical quantities

Our aim is to give a formal description of the scalar field in terms of fluid quantities;
therefore, we assign a 4-velocity vector ua to the scalar field itself. This will allow
us to define the dot derivative, i.e. the proper time derivative along the flow lines:
Ṫ a···b

c···d ≡ ue∇eT
a···b

c···d. Now, given the assumption (5), we can choose the 4-velocity
field ua as the unique timelike vector with unit magnitude (uaua = −1) parallel to the
normals of the hypersurfaces {φ = constant} [31]6,

ua ≡ −ψ−1∇aφ, (7)

where we have defined the field ψ = φ̇ = (−∇aφ∇aφ)1/2 to denote the magnitude of the
momentum density (simply momentum from now on). The choice (7) defines ua as the
unique timelike eigenvector of the energy–momentum tensor (3).7

The kinematical quantities associated with the ‘flow vector’ ua can be obtained by
a standard method [33, 34]. We can define a projection tensor into the tangent 3-spaces
orthogonal to the flow vector:

hab ≡ gab + uaub ⇒ ha
bh

b
c = ha

c, habu
b = 0; (8)

with this we decompose the tensor ∇bua as

∇bua = ∇̃bua − u̇aub, ∇̃bua = 1
3
Θhab + σab, (9)

where ∇̃a is the spatially totally projected covariant derivative operator orthogonal to ua

(e.g., ∇̃af = ha
b∇bf ; see the appendix of [35] for details), u̇a is the acceleration (u̇bu

b = 0),
and σab the shear (σa

a = σabu
b = 0). Then the expansion, shear and acceleration are given

in terms of the scalar field by

Θ = −∇a(ψ
−1∇aφ) = −ψ−1

[
V ′(φ) + ψ̇

]
, (10)

σab = −ψ−1 h〈a
chb〉

d∇c [∇dφ] , (11)

aa = −ψ−1 ∇̃aψ = −ψ−1(∇aψ + uaψ̇), (12)

where the last equality in equation (10) follows on using the Klein–Gordon equation (2).
We can see from equation (12) that ψ is an acceleration potential for the fluid flow [36].
Note also that the vorticity vanishes:

ωab = −ha
chb

d∇[d

(
ψ−1∇c]φ

)
= 0, (13)

6 In the case of more than one scalar field, this choice can still be made for each scalar field 4-velocity, but not
for the 4-velocity of the total fluid. A number of frame choices exist for the 4-velocity of the total fluid, the most
common being the energy frame, where the total energy flux vanishes (see [32] for a detailed description of this
case.
7 The quantity ψ will be positive or negative depending on the initial conditions and the potential V ; in general φ
could oscillate and change sign even in an expanding phase, and the determination of ua by (7) will be ill-defined
on those surfaces where ∇aφ = 0 ⇒ ψ = 0 (including the surfaces of maximum expansion in an oscillating
Universe). This will not cause us a problem however, as we assume the solution is differentiable and (5) holds
almost everywhere, so determination of ua almost everywhere by this equation will extend (by continuity) to
determination of ua everywhere in U .
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an obvious result with the choice (7), so that ∇̃a is the covariant derivative operator in
the 3-spaces orthogonal to ua, i.e. in the surfaces {φ = constant}. As usual, it is useful
to introduce a scale factor a (which has dimensions of length) along each flow line by

ȧ

a
≡ 1

3
Θ = H, (14)

where H is the usual Hubble parameter if the Universe is homogeneous and isotropic.
Finally, it is important to stress that

∇̃aφ = 0 (15)

which follows from our choice of ua via equation (7), a result that will be important for
the choice of gauge invariant (GI) variables and for the perturbations equations.

2.2. Fluid description of a scalar field

It follows from our choice of the 4-velocity (7) that we can represent a minimally coupled
scalar field as a perfect fluid; the energy–momentum tensor (3) takes the usual form for
perfect fluids

Tab = μuaub + phab, (16)

where the energy density μ and pressure p of the scalar field ‘fluid’ are given by

μ = 1
2
ψ2 + V (φ), (17)

p = 1
2
ψ2 − V (φ). (18)

If the scalar field is not minimally coupled this simple representation is no longer valid, but
it is still possible to have an imperfect fluid form for the energy–momentum tensor [31].

Using the perfect fluid energy–momentum tensor (16) in (4) one obtains the energy
and momentum conservation equations

μ̇ + ψ2Θ = 0, (19)

ψ2u̇a + ∇̃ap = 0. (20)

If we now substitute μ and p from equations (17) and (18) into equation (19) we obtain
the 1 + 3 form of the Klein–Gordon equation (2):

φ̈ + Θφ̇ + V ′(φ) = 0, (21)

an exact ordinary differential equation for φ in any space–time with the choice (7) for
the 4-velocity. With the same substitution, equation (20) becomes an identity for the
acceleration potential ψ. It is convenient to relate p and μ by the index γ defined by

p = (γ − 1)μ ⇔ γ =
p + μ

μ
=

ψ2

μ
. (22)

This index would be constant in the case of a simple one component fluid, but in general
will vary with time in the case of a scalar field:

γ̇

γ
= Θ(γ − 2) − 2

V ′

ψ
. (23)

Finally, it is standard to define a speed of sound as

c2
s ≡ ṗ

μ̇
= γ − 1 − γ̇

Θγ
. (24)
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2.3. Background equations

The previous equations assume nothing on the symmetry of the space–time. We now
specify it further and assume that it is close to a flat Friedmann–Lemâıtre space–time
(FL), which we consider as our background space–time. The homogeneity and isotropy
assumptions imply that

σ2 ≡ 1
2
σabσ

ab = 0, ωab = 0, ∇̃af = 0, (25)

where f is any scalar quantity; in particular

∇̃aμ = ∇̃ap = 0 ⇒ ∇̃aψ = 0, aa = 0. (26)

The background (zero order) equations are given by [37]:

3Ḣ + 3H2 = 8πG
[
V (φ) − ψ2

]
, (27)

3H2 = 8πG

[
1

2
ψ2 + V (φ)

]
, (28)

ψ̇ + 3Hψ + V ′(φ) = 0 ⇔ μ̇ + 3Hψ2 = 0, (29)

where all variables are a function of cosmic time t only.

3. Gravitational waves from density perturbations: covariant formalism

3.1. First order equations

The study of linear perturbations of a FL background are relatively straightforward.
Let us begin by defining the first order gauge invariant (FOGI) variables corresponding
respectively to the spatial fluctuations in the energy density, expansion rate and spatial
curvature:

Xa = ∇̃aμ,

Za = ∇̃aΘ,

Ca = a3∇̃aR̃.

(30)

The quantities are FOGI because they vanish exactly in the background FL space–
time [38, 40]. It turns out that a more suitable quantity for describing density fluctuations
is the comoving gradient of the energy density:

Da =
a

μ
Xa, (31)

where the ratio Xa/μ allows one to evaluate the magnitude of the energy density
perturbation relative to its background value and the scale factor a guarantees that it
is dimensionless and comoving.

These quantities exactly characterize the inhomogeneity of any fluid; however we
specifically want to characterize the inhomogeneity of the scalar field: this cannot be done

using the spatial gradient ∇̃aφ because it identically vanishes in any space–time by virtue
of our choice of 4-velocity field ua. It follows that in our approach the inhomogeneities
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in the matter field are completely incorporated in the spatial variation of the momentum

density: ∇̃aψ, so it makes sense to define the dimensionless gradient

Ψa ≡ a

ψ
∇̃aψ, (32)

which is related to Da by

Da =
ψ2

μ
Ψa = γΨa, (33)

where we have used equation (17) and γ is given by equation (22); comparing
equations (32) and (12) we see that Ψa is proportional to the acceleration: it is a gauge
invariant measure of the spatial variation of proper time along the flow lines of ua between
two surfaces φ = constant (see [33]). The set of linearized equations satisfied by the FOGI
variables consists of the evolution equations

Ẋa = −4HXa − ψ2Za, (34)

Ża = −3HZa − 4πGXa + ∇̃adiv u̇, (35)

σ̇ab − ∇̃〈au̇b〉 = −2Hσab − Eab, (36)

Ėab − curl Hab = −4πGψ2σab − ΘEab, (37)

Ḣab + curl Eab = −3HHab; (38)

and the constraints

0 =
8πG

3
Xa − div Ea, (39)

0 = 2
3
Za − div σa, (40)

0 = div Ha, (41)

0 = Hab − curl σab, (42)

0 = curl Xa, (43)

0 = curl Za. (44)

The curl operator is defined by curl ψab = (curl ψ)ab = εcd〈a∇̃cψd
b〉 where εabc is the

completely antisymmetric tensor with respect to the spatial section defined by εbcd =
εabcdu

a, εabcd being the volume antisymmetric tensor such that ε0123 =
√−g. The

divergence div of a rank n tensor is a rank n−1 tensor defined by (div ψ)i1...in−1 ≡ ∇̃inψi1...in .
Because the background is homogeneous and isotropic, each FOGI vector may be

uniquely split into a curl-free and divergence-free part, usually referred to as scalar and
vector parts respectively, which we write as

Va = VSa + VVa, (45)
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where curl VSa = 0 and div VV = 0. Similarly, any tensor may be invariantly split into
scalar, vector and tensor parts:

Tab = TSab + TVab + TTab (46)

where curl TSab = 0, div div TV = 0 and div TTa = 0. It follows therefore that in the above
equations we can separately equate scalar, vector and tensor parts and obtain equations
that independently characterize the evolution of each type of perturbation. In the case
of a scalar field, the vorticity is exactly zero, so there is no vector contribution to the
perturbations.

Let us now concentrate on scalar perturbations at linear order. It is clear from the
above discussion that pure scalar modes are characterized by the vanishing of the magnetic
part of the Weyl tensor: Hab = 0, so the above set of equations reduce to a set of two
coupled differential equations for Xa and Za:

Ẋa + 4HXa = −ψ2Za, (47)

Ża + 3HZa = −4πGXa − ψ−2∇̃2Xa, (48)

and a set of coupled evolution and constraint equations that determine the other variables

σ̇ab = −ψ−2∇̃〈aXb〉 − 2Hσab − Eab, (49)

Ėab = −4πG ψ2 σab − 3HEab, (50)

div σa =
2

3
Za, (51)

curl σab = 0, (52)

div Ea =
8πG

3
Xa. (53)

3.2. Gravitational waves from density perturbations

The preceding discussion deals with first order variables and their behaviour at linear
order. It is important to keep in mind that we were able to set Hab = 0 only because pure
scalar perturbations in the absence of vorticity implies that curl σab = 0 at first order.
The vanishing of the magnetic part then follows from equation (42). However, at second
order curl σab �= 0. We denote the non-vanishing contribution at second order by [21]

Σab = curl σab.

The new variable is second order and gauge invariant (SOGI), as it vanishes at all lower
orders [38]. It should be noted that the new variable is just the magnetic part of the Weyl
tensor subject to the conditions mentioned above i.e.

Σab = Hab|ω=0. (54)

We are interested in the properties inherited by the new variable from the magnetic part
of the Weyl tensor. In particular, it can be shown that the new variable is transverse
and traceless at this order and is thus a description of gravitational waves. It should be
stressed that in full generality, there are tensorial modes even at first order. By assuming
that there are none, we explore a particular subset in the space of solutions. From the
‘iterative resolution’ point of view, this means that we constrain the equations in order to
focus on second order GW sourced by terms quadratic in scalar perturbations. In doing
so, we artificially switch off GW perturbations at first order.
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3.3. Propagation equation

The propagation of the new second order variable now needs to be investigated using a
covariant set of equations that are linearized to second order about FL. We make use of
equations (19), (20) and the following evolution equations which are up to second order
in magnitude;

Ėab = −ΘEab + curl Σab − 4πGψ2σab + 3σc〈aEb〉
c, (55)

Σ̇ab = −ΘΣab − curl Eab − 2εcd〈au̇
cEb〉

d, (56)

together with the constraint

u̇a = −ψ−2∇̃ap = − 3

8πGψ2
div Ea. (57)

Unlike at first order, where the splitting of tensors into their scalar, vector and tensor
parts is possible, at second order this can only be achieved for SOGI variables.

We may isolate the tensorial part of the equations by decoupling Σab: since it is
divergence free it is already a pure tensor mode, whereas Eab is not. The wave equation
for the gravitational wave contribution can be found by first taking the time derivative
of (56) and making appropriate substitutions using the evolution equations and keeping
terms up to second order. The wave equation for Σab then reads:

Σ̈ab − ∇̃2Σab + 7HΣ̇ab + (12H2 − 16πGψ2)Σab = Sab (58)

where the source is given by the cross-product of the electric Weyl curvature and its
divergence (or acceleration):

Sab = −[2ue∇e + 16H − 15Hc2
s]

(
1

4πGψ2
εcd〈aEb〉

ddiv Ec

)
. (59)

To obtain this, we have used the fact that with a flat background space–time

curl curl Tab = −∇̃2Tab + 3
2
∇̃〈adiv Tb〉

and used the commutation relation

(curl Tab)
. = curl Ṫab − 1

3
Θcurl Tab − εcd〈aσ

ecD|e|Tb〉
d + εcd〈a[u̇

cṪ d
b + 1

3
Θu̇cTb〉

d].

We have also used equations (23) and (24) to eliminate ψ̇/ψ from the source term. It
can also be shown that Sab is transverse, illustrating that equation (58) represents the
gravitational wave contribution at second order. Note that this is a local description of
gravitational waves, in contrast to the non-local extraction of tensor modes by projection
in Fourier space. Since Σab contains exactly the correct number of degrees of freedom
possible in GW, any other variable we may choose to describe GW must be related by
quadrature, making this a suitable master variable. The situation is analogous to the
description of electromagnetic waves: should we use the vector potential, the electric field,
or the magnetic field for their description? Mathematically it does not matter of course—
each variable obeys a wave equation and the others are related by quadrature. Physically,
however, it is the electric and magnetic fields which drive charged particles through the
Lorentz force equation—the electromagnetic analogue of the geodesic deviation equation.
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In order to express the gravitational wave equation in Fourier space, we define our
normalized tensor harmonics as

Qab =
ξab

(2π)3/2
eik·x, (60)

where ξab is the polarization tensor, which satisfies the (background) tensor Helmholtz
equation: ∇̃2Qab = −(q2/a2)Qab. As qa is required to satisfy qau

a = 0 in the background,
it can thus be identified with a 3-vector and will subsequently written in bold when
necessary. We denote harmonics of the opposite polarization with an overbar. Amplitudes
of Σab may be extracted via

Σ(k, t) =

∫
d3k

[
Σab(x, t)Q∗ab(k, x)

]
, (61)

with an analogous formula for the opposite parity. This implies that our original variable
may be reconstructed from

Σab =

∫
d3k

[
Σ(k, t)Qab(k, x) + Σ̄(k, t)Q̄ab(k, x)

]
. (62)

The same relations hold for any transverse tensor. Hence, our wave equation in Fourier
space is

Σ′′(k, η) + 6HΣ′(k, η) + [k2 + 12H2 − 16πGψ2]Σ(k, η) = S(k, η), (63)

with an identical equation for the opposite polarization. We have converted to conformal
time η, where a prime denotes derivatives with respect to η, and we have defined the
conformal Hubble parameter as H = a′/a. The source term is composed of a cross-
product of the electric part of the Weyl tensor and its divergence. At first order, the
electric Weyl tensor is a pure scalar mode, and can therefore be expanded in terms
of scalar harmonics. To define these, let Q(s) = eiq·x/(2π)3/2, be a solution to the
Helmholtz equation: ∇̃2Q(s) = −(q2/a2)Q(s). Beginning with this basis, it is possible to
derive vectorial and (PSTF) tensorial harmonics by taking successive spatial derivatives
as follows:

Q(s)
a = ∇̃aQ

(s) = i
qa

a
Q(s), (64)

Q
(s)
ab = ∇̃〈a∇̃b〉Q

(s) = −a−2
(
qaqb − 1

3
habq

2
)
Q(s). (65)

This symmetric tensor has the additional property qaqbQ
(s)
ab = −(2q4/3a2)Q(s). Using this

representation we can express our source in equation (63) in terms of a convolution in
Fourier space, by expanding the electric Weyl tensor as

E(q, η) =

∫
d3x EabQ

∗ab
(S)(q, x). (66)

Then, the right-hand side of equation (59) expressed in conformal time, accompanied
by appropriate Fourier decomposition of each term and making use of the normalization
condition for orthonormal basis, yields:

S(k, η) =

∫
d3q A(q, k)

{
2 [E(q, η)E(k − q, η)]′ + (16 − 15c2

s)H E(q, η)E(k − q, η)
}

(67)
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where

A(q, k) =
i

6πGa3ψ2
εcd〈aqb〉q

d(kc − qc)|k − q|2ξab(k), (68)

with a similar expression for the other polarization.

In principle we can now solve for the gravitational wave contribution Σab, and calculate
the power spectrum of gravitational waves today. For this however, we need initial
conditions for the electric Weyl tensor (or, alternatively Ψa).

4. Gravitational waves from density perturbations: coordinate based approach

In this formalism, we consider perturbations around a FL universe with Euclidean spatial
sections and expand the metric as

ds2 = a2(η)
{
−(1 + 2A) dη2 + 2ωi dxi dη + [(1 + 2C)δij + hij] dxi dxj

}
, (69)

where η is the conformal time and a the scale factor. We perform a scalar–vector–tensor
decomposition as

ωi = DiB + B̄i, (70)

and

hij = 2Ēij + DiĒj + DjĒi + 2DiDjE , (71)

where B̄i, Ēi are transverse (DiĒ i = DiB̄
i), and Ēij is traceless and transverse (Ē i

i = DiĒ i
j =

0). Latin indices i, j, k . . . are lowered by use of the spatial metric, e.g. Bi = γijBj. We fix
the gauge and work in the Newtonian gauge defined by Bi = E = B = 0 so that Φ = A
and Ψ = −C are the two Bardeen potentials. As in the previous sections, we assume that
the matter content is a scalar field φ that can be split into background and perturbation
contributions: φ = φ(η) + δφ(η, x). The gauge invariant scalar field perturbation can be
defined by

Q ≡ δφ − φ′ C

H , (72)

where H ≡ a′/a ≡ aH . We denote the field perturbation in Newtonian gauge by χ so
that Q = χ + (φ′/H)Ψ. Introducing

ε =
3

2

φ′2

μ
, (73)

the equation of state (22) takes the form γ = w+1 = 2ε/3. We thus have two expansions:
one concerning the perturbation of the metric and the other in the slow-roll parameter ε.
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4.1. Scalar modes

Focusing on scalar modes at first order in the perturbation, it is convenient to introduce

v = aQ (74)

and

z ≡ a
φ′

H , (75)

in terms of which the action (displayed equation in footnote 5) takes the form

Sscal =
1

2

∫
d3x dη

[
(v′)2 − (∂iv)2 +

z′′

z
v2

]
, (76)

when expanded to second order in the perturbations. It is the action of a canonical scalar
field with effective square mass m2

v = −z′′/z. v is the canonical variable that must be
quantized [41]. It is decomposed as follows

v̂(x, η) =

∫
d3k

(2π)3/2

[
vk(η)eik·xâk + v∗

k(η)e−ik·xâ†
k

]
. (77)

Here vk is solution of the Klein–Gordon equation

v′′
k +

(
k2 − z′′

z

)
vk = 0 (78)

and the annihilation and creation operators satisfy the commutation relation, [âk, â†
k′] =

δ(k − k′). We define the free vacuum state by the requirement âk|0〉 = 0 for all k.
From the Einstein equation, one can get the expression for the Bardeen potential

(recalling that Ψ = Φ)

ΔΦ = 4πG
φ′2

H
(v

z

)′
,

(
a2Φ

H

)′
= 4πGzv (79)

and for the curvature perturbation in comoving gauge

R = −v/z. (80)

Once the initial conditions are set, solving equation (78) will give the evolution of
vk(η) during inflation, from which Φk(η) and Rk(η) can be deduced, using the previous
expressions.

Defining the power spectrum as

〈RkR∗
k′〉 =

2π2

k3
PR(k)δ(3)(k − k′), (81)

one easily finds that

PR(k) =
k3

2π2

∣∣∣vk

z

∣∣∣
2

. (82)

Note also that z and ε are related by the simple relation√
4πGz = a

√
ε, (83)

so that

χ = Q − z

a
Φ = Q −

√
ε

4πG
Φ. (84)
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4.2. Gravitational waves at linear order

At first order, the tensor modes are gauge invariant and their propagation equation is
given by

Ē ′′
ij + 2HĒ ′

ij − ΔĒij = 0 (85)

since a minimally coupled scalar field has no anisotropic stress. Defining the reduced
variable

μij =
a√
8πG

Ēij, (86)

the action (displayed equation in footnote 5) takes the form

Stens =
1

2

∫
d3x dη

[
(μ′

ij)
2 − (∂kμij)

2 +
a′′

a
(μij)

2

]
(87)

when expanded to second order. Developing Ēij, and similarly μij, in Fourier space:

Ēij =
∑

λ=+,×

∫
d3k

(2π)3/2
Eλε

λ
ij(k)eik.x, (88)

where ελ
ij is the polarization tensor, the action (87) takes the form of the action for two

canonical scalar fields with effective square mass m2
μ = −a′′/a

Stens =
1

2

∑

λ

∫
d3x dη

[
(μ′

λ)
2 − (∂kμλ)

2 +
a′′

a
μ2

λ

]
. (89)

If one considers the basis (e1, e2) of the two dimensional space orthogonal to k then
ελ

ij = (e1
i e

1
j − e2

i e
2
j )δ

λ
+ + (e1

i e
2
j + e2

i e
1
j )δ

λ
×.

μλ are the two degrees of freedom that must be quantized [41] and we expand them
as

μ̂ij(x, η) =
∑

λ

∫
d3k

(2π)3/2

[
μk,λ(η)eik·xb̂k,λ + μ∗

k,λ(η)e−ik·xb̂†
k,λ

]
ελ

ij(k). (90)

μk is solution of the Klein–Gordon equation

μ′′
k +

(
k2 − a′′

a

)
μk = 0, (91)

where we have dropped the polarization subscript. The annihilation and creation
operators satisfy the commutation relations, [̂bk,λ, b̂

†
k′,λ′] = δ(k−k′)δλλ′ and [âk, b̂†

k′,λ] = 0.

We define the free vacuum state by the requirement b̂k,λ|0〉 = 0 for all k and λ.
Defining the power spectrum as

〈Ek,λE∗
k′,λ′〉 =

2π2

k3
PT (k)δ(3)(k − k′)δλλ′ , (92)

one easily finds that

PT (k) = 16πG
k3

2π2

∣∣∣μk

a

∣∣∣
2

, (93)

where the two polarizations have the same contribution.
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4.3. Gravitational waves from density perturbations

At second order, we split the tensor perturbation as Ēij = Ē (1)
ij + Ē (2)

ij /2. The evolution

equations of Ē (2)
ij is similar to equation (85), but inherits a source term quadratic in the

first order perturbation variables and from the transverse trace-free (TT) part of the stress
energy tensor

a2
[
T i

j

]TT
= γip [∂jχ∂pχ]TT . (94)

It follows that the propagation equation is

Ē (2)′′
ij + 2HĒ (2)′

ij − ΔĒ (2)
ij = STT

ij , (95)

where STT
ij is a TT tensor that is quadratic in the first order perturbation variables.

Working in Fourier space, the TT part of any tensor can easily be extracted by means
of the projection operator

⊥ij (k̂) = δij − k̂ik̂j , (96)

where k̂i = ki/k (note that ⊥ij (k̂) is not analytic in k and is a non-local operator) from
which we get

STT
ij (k, η) =

[
⊥a

i ⊥b
j −1

2
⊥ij⊥ab

]
Sab(k, η)

≡ P ab
ij (k)Sab(k, η). (97)

The source term is now obtained as the TT projection of the second order Einstein tensor
quadratic in the first order variables and of the stress energy tensor

Sab = S
(2)
ab,SS + S

(2)
ab,ST + S

(2)
ab,TT. (98)

The three terms respectively indicate terms involving products of first order scalar
quantities, first order scalar and tensor quantities and first order tensor quantities. The
explicit form of the first term is

STT
ij = 4 [∂iΦ∂jΦ + 4πG ∂iχ∂jχ]TT . (99)

The first term was considered in [43] and the second term was shown to be the dominant
contribution for the production of gravitational waves during preheating [42]. In Fourier
space, it is given by

S
(2)
ab,SS = −4

[∫
d3q qbqaΦ(q, η)Φ(k − q, η) + 4πG

∫
d3q qbqaχ(q, η)χ(k − q, η)

]
. (100)

μ
(2)
ij (x, η) can be decomposed as in equation (88), using the same definition (86) at any

order. The two polarizations evolve according to

μ
(2)′′
λ +

(
k2 − a′′

a

)
μ

(2)
λ = − 2a√

8πG
P ab

ij S
(2)
ab,SSε

ij
λ . (101)
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Since the polarization tensor is a TT tensor, it is obvious that P ab
ij εij

λ = εab
λ , so that

μ
(2)′′
λ +

(
k2 − a′′

a

)
μ

(2)
λ = − 4a√

8πG
εij

λ

×
∫

d3q qiqj [Φ(q, η)Φ(q − k, η) + 4πG χ(q, η)χ(q − k, η)] . (102)

From the equation (101), we deduce that the source term derives from an interaction
Lagrangian of the form

Sint =

∫
dη d3x

4a√
8πG

[∂iΦ∂jΦ + 4πG ∂iχ∂jχ] μij . (103)

It describes a two scalar–one graviton interaction. In full generality the interaction term
would also include, at lowest order, cubic terms of three scalars, two scalar gravitons
and three gravitons. They respectively correspond to second order scalar–scalar modes
generated from gravitational waves and second order tensor modes. As emphasized
previously, we do not consider these interactions here.

5. Comparison of the two formalisms

Before going further it is instructive to compare the two formalisms and understand how
they relate to each other. Note that we go beyond [35], where a comparison of the variables
was made at linear order. Here we investigate how the equations map to each other and
extend the discussion to second order for the tensor sector. At the background level the
scale factors a and expansion rates H introduced in each formalism agree, which explains
why we made use of the same notation.

The perturbations of the metric around FL space–time has been split into a first order
and a second order part according to

X = X(1) + 1
2
X(2). (104)

We make a similar decomposition for the quantities used in the 1+3 covariant formalism.
As long as we are interested in the gravitational wave sector, we only need to consider
the 4-velocity of the perfect fluid describing the matter content of the universe which we
decompose as

uμ =
1

a
(δμ

0 + V μ). (105)

Its spatial components are decomposed as

V i = ∂iV + V̄ i, (106)

V̄ i being the vector degree of freedom and V the scalar degree of freedom. As V μ has
only three independent degrees of freedom since uμ satisfies uμu

μ = −1, its temporal
component is linked to other perturbation variables. We assume that the fluid has no
vorticity (V̄ i = 0), as it is the case for the scalar fluid we have in mind and consequently
we will also drop the vectorial perturbations (Ēi = 0).
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5.1. Matching at linear order

At first order, the spatial components of the shear, acceleration and expansion are
respectively given by

σ
(1)
ij = a

(
∂〈i∂j〉V

(1) + Ē (1)′
ij

)
, (107)

u̇
(1)
i = ∂i

(
Φ(1) + HV (1) + V (1)′) , (108)

δΘ(1) =
1

a

(
−3Ψ(1)′ − 3HΦ(1) + ΔV (1)

)
. (109)

The electric and magnetic part of the Weyl tensor take the form

E
(1)
ij = ∂〈i∂j〉Φ

(1) − 1
2

(
Ē ′′

ij + ΔĒij

)
, (110)

H
(1)
ij = ηkl〈i∂

kĒ (1)′ l
j〉 ≡ ( ˆcurl Ē (1)′)ij . (111)

Note that ηkli is the completely antisymmetric tensor normalized such that η123 = 1, which
differs from εabc. We deduce from the last expression that

(
curl E(1)

)
ij

= − 1

2a

[(
ˆcurl Ē (1)′′

)
ij

+
(

ˆcurl ΔĒ (1)
)

ij

]
, (112)

where we have used simpler notation by writing ( ˆcurl Ē)ij as ˆcurl Ēij. We also note that
the derivative along uμ of a tensor T of rank (n, m), vanishing in the background, takes
the form

Ṫ i1...in
j1...jm

= ∂tT
i1...in
j1...jm

+ (n − m)HT i1...in
j1...jm

(113)

at first order, or alternatively
(
am−nT i1...in

j1...jm

).

am−n
= ∂tT

i1...in
j1...jm

. (114)

Again, recall that a dot refers to a derivative along uμ. Indeed at first order, it reduces to
a derivative with respect to the cosmic time but this does not generalize to second order.

Now, equation (38) can be recast as

a−2
(
a2Hij

).
+ curl Eij + H Hij = 0. (115)

Using the expressions (110) and (111) for the geometric quantities, this equation takes
the form

ˆcurl

[
1

2a

(
Ē ′′

ij + 2HĒ ′
ij − ΔĒij

)]
= 0. (116)

Similarly equation (58) can be recast as

(a2Hab)
..

a2
+ 3H

(a2Hab)
.

a2
+ 2(H2 + Ḣ)Hab − ∇̃2Hab = 0, (117)

so that it reduces at first order to

ˆcurl

[
1

2a2

(
Ē (1)′′

ij + 2HĒ (1)′
ij − ΔĒ (1)

ij

)′
]

= 0. (118)
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Thus, equation (118) maps to equation (85) with the identification (111), if there is
no vector modes. This can be understood from the fact that in the Bardeen formalism,

equation (85) is obtained from the Einstein equation as ˆcurl
−1

[ ˆcurl Gij] = 0.
In the case where there are vector modes, equation (111) has to be replaced by

H
(1)
ij = ( ˆcurl Ē (1)′)ij + 1

2
ηkl〈i∂

k∂j〉Ē (1)′ l

and Hab is no longer a description of the GW, i.e. directly related to the TT part of the
space–time metric and the matching is not valid anymore.

5.2. Matching at second order

At second order, the matching is much more intricate mainly because the derivative along
uμ does not match with the derivative respect to cosmic time any more.

Let us introduce the shorthand notation

(X × Y )ij ≡ ηkl〈iX
kY l

j〉 (119)

for any tensors Xk and Y lm. If Y lm = ∂l∂mZ, or Xk = ∂kW , we also use the shorthand
notation Y = ∂∂ZX = ∂W .

Among the terms quadratic in first order perturbations, those involving a first order
tensorial perturbation can be omitted, as we are only interested in second order effects
sourced by scalar contributions. At second order, the geometric quantities of interest read

H
(2)
ij =

(
ˆcurl Ē (2)′

)
ij

− 4
(
∂V (1) × ∂∂Φ(1)

)
ij

(120)

(
curl E(2)

)
ij

= − 1

2a

[(
ˆcurl Ē (2)′′

)
ij

+
(

ˆcurl ΔĒ (2)
)

ij

]

− 2

a

[(
∂Φ(1) × ∂∂Φ(1)

)
ij

+ H
(
∂V (1) × ∂∂Φ(1)

)
ij

−
(
∂V (1) × ∂∂Φ(1)′)

ij

]
. (121)

From the latter expression, we remark that H
(2)
ij has a term quadratic in first order

perturbations involving V (1) and Φ(1). This terms arise from a difference between the
two formalisms related to the fact that geometric quantities, such as HijEij etc, live on
the physical space–time, whereas in perturbation theory, any perturbation variable at any

order, such as V (1), E (2)
ij etc, are fields propagating on the background space–time.

It follows that the splitting into tensor, vector and scalar modes is different. In the
covariant formalism, the splitting refers to the fluid on the physical space–time, whereas
in perturbation theory it refers to the comoving fluid of the background solution. Indeed,
this difference only shows up at second order as the magnetic Weyl tensor vanishes in
the background. The one to one correspondence at first order between equations of both
formalisms disappears, as the second order equations of the covariant formalism contain
the dynamics of the first order quantities.

When keeping terms contributing to the second order, equation (38) has an additional
source term and reads

Ḣab + curl Eab + 3HHab = −2εcd〈au̇
cE d

b〉 . (122)
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If first order tensorial perturbations are neglected then Hab vanishes at first order and
equation (113) still holds when applied to Hab. Thus equation (122) can be recast as

(a2Hab)
.

a2
+ curl Eab +

H
a

Hab = −2εcd〈au̇
cE d

b〉 . (123)

Substituting the geometric quantities for their expressions at second order, and
making use of equation (114) to handle the derivatives, equation (115) reads at second
order

ˆcurl

[
1

2a

(
Ē (2)′′

ij + 2HĒ (2)′
ij − ΔĒ (2)

ij

)]
= −2

a

[(
∂Φ(1) × ∂∂Φ(1)

)
ij

−
(
∂V (1) × ∂∂Φ(1)′)

ij
− H

(
∂V (1) × ∂∂Φ(1)

)
ij

]
. (124)

Using the momentum and constraint equation (40) at first order

Φ(1)′ + HΦ(1) =
(
H′ − H2

)
V (1) (125)

and the background equation H′ − H2 = −4πGμ(1 + w)a2, that we deduce from the
Raychaudhuri equation and the Gauss–Codacci equation at first order, we can link it to
equation (95) as it then reads

1

a
ˆcurl

[
1

2

(
Ē (2)′′

ij + 2HĒ (2)′
ij − ΔĒ (2)

ij

)]
=

1

a
ˆcurl

[
2∂iΦ

(1)∂jΦ
(1)

+ 8πGa2(μ + P )∂iV
(1)∂jV

(1)
]
. (126)

When applied to a scalar field, this is exactly the gravitational wave propagation
equation (95) with the source term (99).

5.3. Discussion

In conclusion, we have matched both the perturbation variables and equations at first
and second order in the perturbations. This extends the work of [35] which considered
the linear case, and has not been previously investigated.

Even though we restrict to the tensor sector, this comparison is instructive and
illustrates the difference of approach between the two formalisms, in a clearer way than at
first order. In the Bardeen approach, all perturbation variables live on the unperturbed
space–time. At each order, we write exact equations for an approximate space–time. In
particular, this implies that the time derivatives are derivative with respect to the cosmic
time of the background space–time. In the covariant approach, one derives an exact set of
equations (assuming no perturbation to start with). These exact equations are then solved
iteratively starting from a background solution which assumes some symmetries. The time
derivative is defined in terms of the flow vector as ua∇a. Indeed, at first order for scalars,
this derivative matches exactly with the derivative with respect to the background cosmic
time. At second order, this is no longer the case. First the flow vector at first order does
not coincide with its background value. This implies a (first order) difference between the
two time derivatives which must be taken into account. Then, the geometric quantities,
such as HijEij etc, ‘live’ on the physical space–time, whereas in perturbation theory,

any perturbation variable at any order, such as V (1), E (2)
ij etc, live on the background
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space–time. This explains why e.g. H
(2)
ij has a term quadratic in first order perturbations

involving V (1) and Φ(1).
The master variables and corresponding wave equations in both formalisms are also

different in nature. In the metric approach the wave equation with source is defined
non-locally in Fourier space; in the covariant approach, we are able to derive a local
tensorial wave equation which, because it is divergence free, represents the gravitational
wave contribution. Of course, we can make a non-local decomposition in Fourier space
as required. Furthermore, on one hand the TT part of the metric in a particular gauge
is a perturbative approach used to describe GW, and this tells us the shear of spatial
lengths with respect to a homogeneous and isotropic background, referring implicitly to
a hypothetical set of averaged observers. On the other hand, the covariant description
using Hab which is built out of the Weyl tensor and the comoving observer’s velocity,
directly describes the dynamically free part of the gravitational field [39] (up to second
order when rotation is zero) as seen by the true comoving observers. This is part of the
dynamic space–time curvature which directly induces the motion of test particles through
the geodesic deviation equation, and it accounts for effects due to the non-homogeneous
comoving fluid velocity.

There is one more difference between the two formalisms, concerning the initial
conditions. In the Bardeen approach, as we recalled in section 4, there is a natural way to
set up the initial conditions on sub-Hubble scales by identifying canonical variables, both
for the scalar and tensor modes, and promoting them to the status of quantum operators.
In the covariant formalism such variables have not been constructed in full generality (see
however [44] for a proposal). Consequently this sets limitations to this formalism since it
cannot account for both the evolution and the initial conditions at the same time.

6. Illustration: slow-roll inflation

6.1. Slow-roll inflation

In this section, we focus on the case of a single slow-rolling scalar field and we introduce
the slow-roll parameters

ε =
3

2

ψ2

μ
, δ = − ψ̇

Hψ
. (127)

Using the Friedmann equations (27)–(28), these parameters can be expressed in terms of
the Hubble parameter as

ε = − 1

4πG

[
H ′(φ)

H(φ)

]2

, δ =
1

4πG

H ′′(φ)

H(φ)
. (128)

Interestingly equation (27) takes the form

H2

(
1 − 1

3
ε

)
=

κ

2
V (φ), (129)

which implies

ä

a
= (1 − ε)H2. (130)
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The equation of state and the sound speed of the equivalent scalar field are thus given by

w = −1 +
2

3
ε, c2

s = −1 +
2

3
δ. (131)

The evolution equations for ε and δ show that ε̇ and δ̇ are of order 2 in the slow-roll
parameters so that at first order in the slow-roll parameters, they can be considered
constant. Using the definition of the conformal time and integrating it by parts, one gets

a(η) = − 1

Hη

1

1 − ε
, (132)

assuming ε is constant, from which it follows that

H ≡ aH = −1

η
(1 + ε) + O(2), (133)

where η varies between −∞ and 0. This implies that

a′′

a
=

2 + 3ε

η2
,

z′′

z
=

2 + 6ε − 3δ

η2
. (134)

The general solution of equation (78) is

vk =
√

−πη/4
[
c1H

(1)
ν (−kη) + c2H

(2)
ν (−kη)

]
, (135)

with |c1|2 − |c2|2 = 1, where H
(1)
ν and H

(2)
ν are Hankel functions of first and second kind

and ν = 3/2 + 2ε − δ. Among this family of solutions, it is natural to choose the one
with c2 = 0 which contains only positive frequencies [41]. It follows that the solution with
these initial conditions is

vk(η) =

√
π

2

√−ηH(1)
ν (−kη). (136)

On super-Hubble scales, |kη|  1, we have

vk → 2ν−3/2Γ(ν)/Γ(3/2)(2k)−1/2(−kη)−ν+1/2.

Now, using equation (132) to express η and equation (83) to replace z in expression (82),
we find that

PR(k) =
1

π

H2

M2
p ε

[
2ν−3/2 Γ(ν)

Γ(3/2)

]2 (
ν − 1

2

)−2ν+1 (
k

aH

)−2ν+3

, (137)

where we have set M2
p = G−1. At lowest order in the slow-roll parameter, it reduces to

PR(k) =
1

π

H2

M2
p ε

(
k

aH

)2δ−4ε

. (138)

The evolution of the gravitational waves at linear order are dictated by the same
equation but with νT = 3/2 + ε, so that

μ
(1)
k (η) =

√
π

2

√−ηH(1)
νT

(−kη). (139)

Similarly as for the scalar mode, we obtain

PT (k) =
16

π

H2

M2
p

(
k

aH

)−2ε

. (140)

Journal of Cosmology and Astroparticle Physics 04 (2007) 003 (stacks.iop.org/JCAP/2007/i=04/a=003) 21



JC
A

P
04(2007)003

Gravitational waves generated by second order effects during inflation

6.2. Gravitational waves at second order

The couplings between scalar and tensor modes at second order imply that the second
order variables can be expanded as

R = R(1) + 1
2

(
R(2)

RR + R(2)
EE + R(2)

RE

)

and a similar expansion for E , where, e.g., R(2)
RE stands for the second order scalar modes

induced by the coupling of first order scalar and tensor modes etc. The deviation from
Gaussianity at the time η of the end of inflation can be characterized by a series of
coefficients fa,bc

NL defined for example as

1

2
R(2)

EE (k, η) =
1

(2π)3/2

∫
δ3(k1 + k2 − k)E(k1, η)E(k2, η)fR,EE

NL (k, k1, k2, η)d3k1d
3k2.

(141)

These six coefficients appear in different combinations in the connected part of the three
point correlation function of R and E . For instance

〈Ek1Rk2Rk3〉c =
[
2fE,RR

NL (k1, k2, k3)PR(k3)PR(k2) + fR,ER
NL (k1, k2, k3)PR(k3)PE(k1)

]

× δ3(k1 + k2 + k3) (142)

and fR,RR
NL is the standard fNL parameter. One can easily check that 〈Rk1Rk2Rk3〉c

involves fR,RR
NL , 〈Ek1Ek2Rk3〉c involves fE,ER

NL and fR,EE
NL , and 〈Ek1Ek2Ek3〉c involves fE,EE

NL .

6.3. Expression for fE,RR
NL

From our analysis, we can give the expression of fE,RR
NL . Starting from the fact that

−εR = Φ(1 + ε) + Φ′/H and from the expression (84), we get that Φ ∼ −εR − Φ′/H or

Φ = −εη
∫

(R/η2)dη, and
√

4πGχ ∼ −√
ε [R − Φ′/H]. It follows that the source term (99)

reduces at lowest order in the slow-roll parameter to

STT
ij = 4 [ε∂iR∂jR]TT .

The interaction Lagrangian is thus given by

Sint =

∫
dη d3x

4a√
8πG

ε ∂iR∂jRμij, (143)

which reduces to

Sint =

∫
dη d3x 2∂iv ∂jv Ē ij. (144)

This is the same expression as obtained in [9].
In full generality, during inflation, we should use the ‘in–in’ formalism to compute

any correlation function of the interacting fields. As was shown explicitly in [45] for a
self-interacting field and more generally in [47], the quantum computation agrees with the
classical one on super-Hubble scales at lowest order. Note however that both computations
may differ (see [26] versus [9]) due to the fact that in the classical approach the change
in vacuum is ignored. The difference does not affect the order of magnitude but the
geometric k dependence. In order to get an order of magnitude, we thus restrict our
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analysis here to the classical description. This description is also valid when considering
the post-inflationary era.

In the classical approach, we can solve equation (102) by mean of a Green function.

Since the two independent solutions of the homogeneous equation are
√−kηH

(1/2)
νT (−kη),

the Wronskian of which is 4i/(πk), the Green function is given by

G(k, η, η′) = −i
π

4

√
ηη′

[
H(1)

νT
(−kη)H(2)

νT
(−kη′) − H(1)

νT
(−kη′)H(2)

νT
(−kη)

]
. (145)

It follows that the expression of the second order tensor perturbation is given by

μ
(2)
k,λ(η) =

2

(2π)3/2

∫ η

−∞
dη′ a(η′)√

8πG
ε G(k, η, η′)

∫
d3q

(
qiqjε

ij
λ

)
Rq(η

′)Rk−q(η
′). (146)

We thus obtain

fEλRR
NL (k, q1, q2, η) = [Rq1 (η)Rq2(η)]−1 ε

a(η)

×
∫ η

−∞
dη′ a(η′) G(k, η, η′)

(
q1iq1jε

ij
λ (k)

)
Rq1(η

′)Rq2 (η′). (147)

If we want to estimate equation (142) in the squeezed limit k1  k2, k3 the

contribution coming from the term involving fEλRR
NL (k, q1, q2, η) can be computed by use

of the super-Hubble limit of the Green function

|G(k, η, η′)| �
√

ηη′

2νT

[(
η′

η

)νT

−
(

η′

η

)−νT

]
.

This contribution will be proportional to (H4/M4
p ε)k−8

2 (k2ik2jε
ij
λ )δ3(k1 + k2 + k3), which

is the same order of magnitude as in [9], but do not have the same geometric dependence
as it goes like k−5

2 k−3
1 instead.

6.4. Orders of magnitude

When we want to estimate 〈E (2)
k,λ(η)E (2)∗

k′,λ′(η)〉, we have to evaluate the connected part of
〈Rq(η

′)Rk−q(η
′)R∗

p(η′′)R∗
k′−p(η′′)〉, where q and p are the two internal momentum and

η′ and η′′ the two integration times. From the Wick theorem, this correlator reduces to
R(q, η′)R∗(q, η′′)R(|k−q|, η′)R∗(|k−q|, η′′)δ(k−k′)[δ(q−p)+δ(k−q−p)] and because
kiεij = 0 the two terms give the same geometric factor. Thus, the integration on p is
easily done and we can factorize δ(k − k′). Now, note that the terms in the integral
involve only the modulus of q and k − q so that it does not depend on the angle ϕ of q
in the plane orthogonal to k. This implies that the integration of ϕ will act on a term of
cos2 2ϕ, sin2 2ϕ and cos 2ϕ sin 2ϕ respectively for ++, ×× and +× so that it gives a term

πδλλ′ . In conclusion, defining the second order power spectrum P(2)
T by

1

4
〈E (2)

k,λE∗2
k′,λ′〉 =

2π2

k3
P(2)

T (k)δ(3)(k − k′)δλλ′ , (148)
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it can be expressed as

P(2)
T (k) =

k3

(2π)3π2a2

∫
dη′ dη′′ a(η′)a(η′′) ε2 G(k, η, η′)G∗(k, η, η′′)

×
∫

d3q
(
qiqjε

ij
λ

)2 R(q, η′)R∗(q, η′′)R(|k − q|, η′)R∗(|k − q|, η′′). (149)

Setting k · q = kqμ, this reduces to

P(2)
T (k) =

k3

(2π)3πa2

∫
q6dq

(
1 − μ2

)2
dμ

×
∣∣∣∣
∫ η

−∞
dη′ a(η′) ε G(k, η, η′)R(q, η′)R(|k − q|, η′)

∣∣∣∣
2

, (150)

after integration over ϕ which gives a factor π(1 − μ2)2q4.
We can now take the super-Hubble limit of this expression at lowest order in the

slow-roll parameters. In order to do so, we make use of the super-Hubble limit of the
Green function given above, and we perform the time integral from 1/k to η and keep
only the leading order contribution:

P(2)
T (k) =

1

3423π2
G2H4F (ε, δ)

(
k

aH

)−2ε

, (151)

where, with the definitions y ≡ q/k and n ≡ k/k,

F (ε, δ) ≡
∫

(y |n − y|)−3−4ε+2δ y6dy
(
1 − μ2

)2
dμ (152)

is a numerical factor. In this approximation, the ratio between the second order power
spectrum and the first order power spectrum at leading order in the slow-roll parameters,
is given by:

P(2)
T (k)

P(1)
T (k)

=
1

2734π

(
H

Mp

)2

F (ε, δ). (153)

Indeed there are ultraviolet and infrared divergences hidden in F (ε, δ). We expect
the infrared divergence not to be relevant for observable quantities due to finite volume
effects (see for instance [46]). The ultraviolet divergence, on the other hand, has to be
carefully dimensionally regularized in the context of quantum field theory (see e.g. [47]).

7. Conclusions

In this paper we have investigated the generation of gravitational waves due to second
order effects during inflation. We have considered these effects both in the covariant
perturbation formalism and in the more standard metric based approach. The relation
between the two formalisms at second order has been considered and we have discussed
their relative advantages. This comparison leads to a better understanding of the
differences in dynamics between the two formalisms.

As an illustration, we have focused on GW generated by the coupling of first order
scalar modes. To characterize this coupling we have introduced and computed the
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parameter fE,RR
NL . It enters in the expression of 〈Ek1Rk2Rk3〉c that was shown to be

of order (H/Mp)
4/ε, as 〈Rk1Rk2Rk3〉c. On the other hand the power spectrum of GW

remains negligible.
This shows that the contribution of 〈Ek1Rk2Rk3〉c to the CMB bispectrum is

important to include in order to constrain the deviation from Gaussianity, e.g. in order
to test the consistency relation [48].
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7.3 Le formalisme in-in

Nous allons maintenant résumer les idées essentielles du traitement complètement quantique
des effets non-linéaires, initié dans [Maldacena 03]. Si l’on souhaite obtenir des prédictions infla-
tionnaires au delà de l’ordre linéaire, alors il faut perturber l’action jusqu’au troisième ordre et
traiter les termes cubiques comme une perturbation au lagrangien quadratique [Weinberg 05].
On utilise la représentation en interaction, car on ne peut trouver de solution analytique simple
des équations d’évolution si l’on inclut le terme cubique. On traite alors H(3) = −L(3) comme
un Hamiltonien d’interaction. Pour tout opérateur construit à partir de v̂ et π̂ on peut relier
sa valeur Q̂I(η) obtenue s’il est évolué avec le Hamiltonien libre H(2) à sa valeur Q̂(η) si son
évolution est donnée par le Hamiltonien total H(2) +H(3) + . . . . On montre alors que

Q(η) =
(
UI
)−1

(η,−∞)QI(η)UI(η,−∞), (7.1)

où

UI(η,−∞) = T exp

(
−i

∫ η

−∞
H(3)(η′)dη′

)
. (7.2)

La notation T signifie que l’exponentielle est définie à partir de son développement en série et
que les champs intervenant dans chaque terme de ce développement doivent y être ordonnés en
temps croissants de droite à gauche. Ce formalisme s’appelle in-in car il donne les corrélations de
deux états entrants plutôt qu’une probabilité de transition comme dans une expérience standard
de physique des particules. La première utilisation qui peut en être faite consiste à calculer le
corrélateur à trois points qui nécessite un Langrangien cubique. Cette contribution va venir
uniquement du Langrangien d’intéraction. En termes d’équations d’Einstein, elles provient des
équations écrites au second ordre. On obtient à l’ordre le plus bas en perturbations

〈0|v̂(η,x1)v̂(η,x3)v̂(η,x3)|0〉 = −
∫ η

−∞
〈0|
[
v̂(η,x1)v̂(η,x3)v̂(η,x3), H(3)(η′)

]
|0〉dη′. (7.3)

Afin de sélectionner le vide en intéraction, on déforme le contour d’intégration en remplaçant η
par η + iεE |η|, où εE est un nombre infiniment petit qui permet de faire converger exp(−ikη).

7.4 Perturbations scalaires générées au second ordre

Les résultats obtenus sont présentés plus en détails dans [Maldacena 03]. En espace de Fou-
rier, on obtient dans le cas où les impulsions k1 k2 et k3 sont du même ordre de grandeur

〈0|R̂k1(η)R̂k2(η)R̂k3(η)|0〉 =
δ3

D (k1 + k2 + k3)

(2π)3/2

[
−2 + δ − ε

2

(
1 +

k2
1 + k2

2

k2
3

)
− 2ε

k2
1 + k2

2

k3 (k1 + k2 + k3)

]

.PR(k1)PR(k2) + (1→ 2→ 3) + (1→ 3→ 2) . (7.4)

Dans la limite dite squeezed, où k3 � k1, k2 on obtient

〈0|R̂k1(η)R̂k2(η)R̂k3(η)|0〉 =
δ3

D (k1 + k2 + k3)

(2π)3/2
(−4 + 2δ − 4ε)PR(k1)PR(k3) . (7.5)

C’est à partir de ces résultats que nous pouvons conclure que

R(2)
I

2
' −R(1)2

I +O(ε, δ) , (7.6)
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et ceci peut être utilisé dans la conditions initiale (6.31). Cette méthode a été généralisée au cas
d’un terme cinétique non-standard dans [Seery & Lidsey 05b] puis au cas multi-champs dans
[Seery & Lidsey 05a]. On peut pousser le calcul perturbatif jusqu’aux corrections à une boucle.
Ceci a été étudié dans [Weinberg 05, Seery 07, Sloth 06, Sloth 07].

7.5 Les signatures observationnelles

7.5.1 Statistiques sur des champs

Nous avons vu précédemment que les champs stochastiques résultants de la quantification des
perturbations linéaires avaient une statistique gaussienne. Par conséquent il suffit de caractériser
la fonction de corrélation à deux points pour caractériser toutes les propriétés du champ. En
espace de Fourier 1, en utilisant l’hypothèse d’homogénéité et d’isotropie statistique de l’univers,
on obtient pour le champ R

〈R(1)
k R

(1)
k′ 〉 ≡ δ3

D(k + k′)PR(k) . (7.7)

Le champ en espace réel sous-jacent R(1)(x) est réel si bien que R(1)
k = R(1)∗

−k . Tous les autres

champs de la théorie linéaire sont formés à partir de combinaisons linéaires de R(1) et présentent
donc également une statistique gaussienne. Nous avons cependant vu qu’en prenant en compte la
dynamique au delà de la théorie linéaire, le champ R développait nécessairement une statistique
non-gaussienne puisque le corrélateur à trois points est non-nul. Cela revient à considérer que
R(1) possède une statistique gaussienne tandis que R(2) n’est pas gaussien et peut être écrit sous
la forme

R(2)
k

2
=

1

(2π)3/2

∫
d3k1d3k2δ

3
D(k− k1 − k2)fNL(k1,k2,k)R(1)

k1
R(1)

k2
. (7.8)

Ceci constitue une définition de fNL
2. En effet d’après le théorème de Wick, un telle décompo-

sition implique

〈R̂k1(η)R̂k2(η)R̂k3(η)〉 =
δ3

D (k1 + k2 + k3)

(2π)3/2

[
2fNL(k1,k2,k3)PR(k1)PR(k2)

+(1→ 2→ 3) + (1→ 3→ 2)
]
. (7.9)

On lit donc sur l’expression (7.4) que dans le cas d’une inflation en roulement lent à un champ

fNL(k1,k2,k3) =

[
−1 +

δ

2
− ε

4

(
1 +

k2
1 + k2

2

k2
3

)
− ε k2

1 + k2
2

k3 (k1 + k2 + k3)

]
. (7.10)

On pourra éventuellement utiliser la variable R̃ définie par

exp
(

2R̃
)
≡ 1 + 2R. (7.11)

1. Toujours dans la convention qui équilibre les facteurs 2π entre la transformée de Fourier et sa réciproque.
2. Rigoureusement on doit soustraire la valeur moyenne de ce terme quadratique, mais ce terme supplémentaire

est proportionnel à δ3
D(k) et n’aura donc pas de conséquence lorsque l’on s’intéressera au bispectre.
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On y associera alors
f̃NL(k1,k2,k3) = fNL(k1,k2,k3) + 1, (7.12)

et c’est donc pour cette variable que l’on pourra conclure que les effets non linéaires pendant
l’inflation sont négligeables puisque proportionnels aux paramètres de roulement lent. De même
on pourra définir un fNL pour d’autres champs tels que Φ et Ψ en utilisant une définition similaire
à (7.8).

Lorsque nous nous intéressons aux conséquences observationnelles, il faut non pas considérer
la fonction de corrélation à trois points dans les sections d’espace à trois dimensions mais sur la
sphère bidimensionnelle des observations. On cherchera donc plutôt à caractériser les moyennes
d’ensemble de type

〈f(n̂1)f(n̂2)f(n̂3)〉. (7.13)

Nous présentons ici des idées tirées de [Komatsu 02, Bartolo et al. 04a]. Nous avons déjà vu que
l’espace de Fourier associé est celui des harmoniques sphériques et on utilisera la décomposition

f(n̂) =

∞∑

`=0

∑̀

m=−`
a`mY`m(n̂). (7.14)

Lorsque l’on considère la fonction de corrélation à deux points sur la sphère observée, on considère

〈a`1m1a
∗
`2m2
〉 = C`1δ`1`2δm1m2 (7.15)

où le présence des symboles de Kronecker provient de l’isotropie statistique supposée, l’égalité
définissant donc la variance C` des a`m. On vérifie bien qu’en utilisant la propriété des harmo-
niques sphériques

∑̀

m=−`
Y`m(n̂1)Y ∗`m(n̂1) =

2`+ 1

4π
P`(n̂1.n̂2), (7.16)

on retrouve la relation (3.12).
La fonction de corrélation à trois points dans l’espace des harmoniques sphériques sera ca-

ractérisée par le bispectre B`1`2`3 défini par

〈a`1m1a`2m2a`3m3〉 ≡ Bm1m2m3
`1`2`3

= B`1`2`3

(
`1 `2 `3
m1 m2 m3

)
. (7.17)

Le symbole à droite du second membre est un Wigner-3j qui est directement relié au coefficients
de Clebsch-Gordan et caractérise le couplage de deux moments cinétiques (`1,m1) (`2,m2) en
un moment cinétique(`3,m3). Les ` doivent donc satisfaire l’inégalité triangulaire ainsi que les
propriétés `1 + `2 + `3 = 2n et m1 +m2 +m3 = 0 imposées par la parité. On peut montrer que
les Wigner-3j assurent l’isotropie statistique ainsi que l’invariance par parité. On peut inverser
la relation (7.17) en utilisant

∑

m′1m
′
2

=

(
`1 `2 `3
m′1 m′2 m′3

)(
`1 `2 L
m′1 m′2 M ′

)
=
δ`3Lδm′3M ′

2L+ 1
. (7.18)

On obtient alors

B`1`2`3 =
∑

m1m2m3

(
`1 `2 `3
m1 m2 m3

)
Bm1m2m3
`1`2`3

. (7.19)
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De plus on définit le bispectre réduit b`1`2`3 par

B`1`2`3 =

√
(2`1 + 1)(2`2 + 1)(2`3 + 1)

4π

(
`1 `2 `3
0 0 0

)
b`1`2`3 , (7.20)

c’est-à-dire
Bm1m2m3
`1`2`3

= Gm1m2m3
`1`2`3

b`1`2`3 , (7.21)

où on a utilisé l’équation (7.18) ainsi que la définition

Gm1m2m3
`1`2`3

≡
∫

dn̂Y`1m1(n̂)Y`2m2(n̂)Y`3m3(n̂) (7.22)

=

√
(2`1 + 1)(2`2 + 1)(2`3 + 1)

4π

(
`1 `2 `3
0 0 0

)(
`1 `2 `3
m1 m2 m3

)
.

L’intérêt du bispectre réduit réside dans le fait qu’il contient autant d’information que Bm1m2m3
`1`2`3

du fait de l’invariance statistique rotationnelle. De plus, dans la limite du ciel plat le lien avec le
bispectre réduit est plus immédiat. Nous ne détaillerons pas plus la construction d’estimateurs
pour le bispectre ainsi que l’influence d’une couverture partielle du ciel sur ces estimateurs.
Plus de détails peuvent être trouvés dans les références [Yadav et al. 07a, Komatsu et al. 05,
Creminelli et al. 07a, Yadav et al. 07b].

Une question se pose maintenant. Comment relie t’on les fNL prédits par différents mo-
dèles d’inflation aux bispectres observés en prenant en compte les effets de l’évolution. Nous
aborderons cette question dans la section suivante, en nous focalisant sur les grandes échelles.

7.5.2 Le bispectre aux grandes échelles

Dans la limite des grandes échelles, l’effet dominant des anisotropies de température est l’effet
Sachs-Wolfe propre. Nous avons déjà calculé l’effet au premier ordre, c’est-à-dire relié la pertur-
bation de courbure comobile via les potentiels gravitationnels aux fluctuations de température.
Cependant nous devons encore relier les fluctuations de courbure comobile au second-ordre avec
les fluctuations de température au second ordre. En effet la fonction f dans la définition (7.13)
doit être reliée facilement à une mesure physique du CMB. On peut donc prendre le contraste
de densité de l’énergie de la radiation reçue depuis une direction n̂ ou bien le contraste de
température. On rappelle que la température est alors définie via la relation (3.9) et que l’on
peut l’interpréter comme une température si le spectre de corps noir de la radiation n’a pas
été déformé. Ceci n’est pas garanti au second ordre sauf si l’épaisseur de la surface de dernière
diffusion est infiniment fine et si l’on peut négliger la vitesse des baryons, ce qui est le cas lorsque
l’on s’intéresse aux grandes échelles. En effet on considère dans ce cas qu’avant la surface de
dernière diffusion le couplage avec les baryons était fort et donc la radiation en équilibre ther-
mique, puis que les photons ont instantanément continué sur des géodésiques sans interaction et
que le spectre n’a donc pas été déformé.

Aux grandes échelles, d’après l’équation de Poisson (2.21,6.3), on a pour le contraste de
densité du fluide total

δ(1) = −2Φ(1) δ(2) = −2Φ(2) + 8Ψ(1)2. (7.23)

On utilise ensuite les conditions initiales adiabatiques (6.51) afin de déterminer δ
(2)
m et δ

(2)
r à

partir de δ(2). Aux grandes échelles on montre, en utilisant les équations de conservation (6.11)
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pour la matière et pour la radiation, que les conditions initiales adiabatiques sont conservées.
D’après l’équation (6.65), on en déduit donc que pour de telles conditions initiales aux grandes
échelles

Θ(1) =
Φ(1)

3
, Θ(2) =

Φ(2)

3
− 5

9
Φ(1)2. (7.24)

On a utilisé dans les expressions précédentes le fait que le découplage a lieu au moment ou
l’univers est dominé par la matière et donc δ ' δm. On peut utiliser les expressions (6.32-6.30)
évaluées dans l’ère de matière pour en conclure qu’aux grandes échelles

Θ(2) =
1

5

(
R(2) + 2R(1)2

)
+

Φ(1)2

9
+

2

3
∆−1∂iΦ

(1)∂iΦ(1) − 2∆−2∂j∂i

(
∂jΦ

(1)∂iΦ(1)
)
. (7.25)

Dans le cas de l’inflation à un champ en roulement lent, nous avons déjà vu que R̃(2) =
R(2) + 2R(1)2, qui correspond au bispectre primordial, était proportionnel aux paramètres de
roulement lent et donc par conséquent négligeable. On en déduit que pour ce type d’inflation, l’es-
sentiel du bispectre en température est donc essentiellement lié à des effets d’évolution. Dans la
littérature [Komatsu & Spergel 01, Komatsu et al. 03, Bartolo et al. 04c] on définit le bispectre
en température par 3

Θ
(2)
k

2
= g(k, ηLSS)C(k1,k2)fΘ

NL(k1,k2,k)Φ
(1)
k1

Φ
(1)
k2
, (7.26)

où

g(k, η) ≡ Θ(1)(k, η)

Φ(1)(k, η)
. (7.27)

Aux grandes échelles on a donc

fΘ
NL(k1,k2,k) =

[
5

3
f̃NL(k1,k2,k) +

1

6
+

k1.k2

k2
− 3

(k.k1)(k.k2)

k4

]
. (7.28)

L’avantage d’une telle définition est qu’elle permet de considérer une décomposition de la tem-
pérature en harmoniques sphériques jusqu’au second ordre selon

a
(1)
`m = 4πi`

∫
d3k

(2π)3/2
g`(k, ηLSS)Φ(1)(k)Y ∗`m(k̂)

a
(2)
`m

2
= 4πi`

∫
d3k

(2π)3/2
g`(k, ηLSS)C(k1,k2)fΘ

NL(k1,k2,k)Φ
(1)
k1

Φ
(1)
k2
Y ∗`m(k̂). (7.29)

Historiquement, il s’agit d’une extension de la formule au premier ordre [Komatsu & Spergel 00]
aux grandes échelles. On a donc d’abord supposé que la formule au second ordre était la même
qu’au premier ordre aux grandes échelles (dans cette limite g(k, ηLSS) = 1/3) en écrivant

Φ(1)

3
= Θ(1)

1

2

Φ(2)

3
=

Θ(2)

2
= C(k1,k2)

1

3
fΦ

NL(k1,k2,k)Φ
(1)
k1

Φ
(1)
k2
. (7.30)

3. Plus précisément avec un signe opposé. Nous ne conservons pas ce signe.
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Il s’agissait de réaliser rapidement des analyses des données. Puis se rendant compte qu’il n’était
pas correct de transposer au second ordre des résultats obtenus au premier ordre, l’expression
de fΘ

NL a été établie et il a alors fallu rebaptiser Φ(2) en Φ(2) dans les équations (7.30) qui sont
alors devenues des définitions dans lesquelles on a remplacé fΦ

NL par fΘ
NL. Pour ensuite pouvoir

étendre cette définition à des modes pas nécessairement super-Hubble on a alors utilisé la défini-
tion (7.26), c’est-à-dire remplacé 1/3 par g(k, ηLSS). Finalement cette définition permet d’avoir
une similarité dans les expressions (7.29) des a`m. Une dépendance géométrique supplémentaire,
qui n’est pas justifiée, a été suggérée dans les références [Bartolo et al. 04a, Bartolo et al. 04c]
mais elle n’a pas été reprise dans les travaux qui y succèdent.

En utilisant la définition du bispectre réduit (7.21-7.17) ainsi que la décomposition en har-
moniques sphériques (7.29), la propriété (7.9) avec Φ à la place de R̂ et les relations

δ(k) =

∫
dx

2π
exp (ikx) , (7.31)

exp (ik.r) = 4π
∑

`m

i`j`(kr)Y
∗
`m(k̂)Y`m(r̂) , (7.32)

on montre [Creminelli et al. 06, Komatsu & Spergel 01] que si fΘ
NL ne dépend que des modules

k1, k2, k3 et pas des directions k̂1, k̂2, k̂3, alors

b`1`2`3 =
1

2

(
Gm1m2m3
`1`2`3

)−1 [
〈a(2)
`1m1

a
(1)
`2m2

a
(1)
`3m3
〉+ 〈a(1)

`1m1
a

(2)
`2m2

a
(1)
`3m3
〉+ 〈a(1)

`1m1
a

(1)
`2m2

a
(2)
`3m3
〉
]

= 2

(
2

π

)3 ∫
k2

1dk1k
2
2dk2k

2
3dk3r

2drP (k1)P (k2)g`1(k1, ηLSS)g`2(k2, ηLSS)g`3(k3, ηLSS)

.j`1(k1)j`2(k2)j`3(k3)fΘ
NL(k1, k2, k3) + (1→ 2→ 3) + (1→ 3→ 2). (7.33)

Dans le cas où l’on suppose de plus que fΘ
NL est constant et n’a aucune dépendance en k1 k2 k3,

ceci se récrit sous la forme plus compacte

b`1`2`3 = 2fΘ
NL

∫
r2dr [β`1(r)β`2(r)α`3(r) + (1→ 2→ 3) + (1→ 3→ 2)] (7.34)

avec

α`(r) =
2

π

∫
k2dkg`(k, ηLSS)j`(kr) ,

β`(r) =
2

π

∫
k2dkg`(k, ηLSS)j`(kr)P (k) . (7.35)

Evidemment comme nous avons montré que cette approximation n’était pas possible, il faut
aller plus loin. On décompose alors fΘ

NL grâce aux polynômes de Legendre selon

fΘ
NL(k1,k2,k3) =

2∑

n=0

fn(k1, k2, k3)Pn(k̂1.k̂2). (7.36)

On peut alors généraliser la formule précédente au prix d’un accroissement du temps de cal-
cul. Nous ne reportons ni le détail ni le résultat de ce calcul mais il peut être trouvé dans
[Liguori et al. 06].
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Une possible détection d’un bispectre primordial de type constant est reportée dans la
référence [Yadav & Wandelt 07] tandis que les études précédentes étaient compatibles avec
une absence de bispectre primordial de type constant [Komatsu et al. 03, Creminelli et al. 07b,
Spergel et al. 07].
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Chapitre 8
Théorie des perturbations autour d’un espace
de Bianchi I

Un problème essentiel des prédictions inflationnaires réside dans le fait que l’inflation explique
l’homogénéité l’isotropie et même la platitude de l’univers au niveau de l’espace de fond, mais
suppose ces conditions déjà établies et que l’inflaton a atteint un régime de roulement lent
depuis un temps asymptotiquement petit afin d’obtenir des prédictions quantiques au niveau
des perturbations. Ceci suppose donc que le nombre de e-folds pendant l’inflation soit très grand
de telle sorte que l’isotropie de l’espace de fond soit atteinte longtemps avant que l’on puisse
traiter les perturbations dans leur vide quantique. Si le nombre d’e-folds n’est que de l’ordre
de grandeur du nombre d’e-folds depuis la fin de l’inflation, ou si il est plus grand mais que
l’inflaton n’a atteint l’attracteur de roulement que tardivement, alors les conditions initiales des
modes devenant sub-Hubble aujourd’hui ne sont pas bien définies. Nous nous intéressons donc
dans l’article qui suit à la théorie des perturbations dans un espace anisotrope de type Bianchi I.
Le but est de pouvoir traiter les perturbations en même temps que le processus d’isotropisation
de l’univers. La différence principale de la dynamique de fond avec le cas isotrope réside dans la
variation temporelle de la métrique spatiale γij . On caractérisera cette phase avec le cisaillement
défini par

σij ≡
1

2
(γij)

′ , σ2 ≡ σijσij . (8.1)

Dans le cas d’un espace de Bianchi I, on montre que pour un contenu matériel ne comportant pas
de pression anisotrope, comme c’est le cas pour un champ scalaire, le cisaillement évolue comme 1

σ ∼ a−2, si bien que les effets d’une éventuelle anisotropie sont attendus uniquement dans la
phase primordiale de l’univers, c’est-à-dire pendant l’inflation. Formellement on va montrer que
les variables de Mukhanov-Sasaki se généralisent, puis dans le chapitre suivant nous montrerons
que leur quantification est spécifique au cas isotrope et qu’il n’est plus possible d’obtenir des
prédictions robustes pour des modes trop grands.

1. Dans le cas général d’un espace de Bianchi quelconque, l’équation satisfaite par le cisaillement est (σij)
′ +

2Hσij = −
(

(3)Rij − (3)Rδij/3
)

. Dans le cas d’un espace de Bianchi I, les sections spatiales sont plates et donc

(a2σ)′ = 0.
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Inflation [1, 2] (see [3] for a recent review of its status and links with high energy physics)
is now a cornerstone of the standard cosmological model. Besides solving the standard
problems of the big-bang model (homogeneity, horizon, isotropy, flatness,...), it provides
a scenario for the origin of the large scale structure of the universe. In its simplest
form, inflation has very definite predictions: the existence of adiabatic initial scalar
perturbations and gravitational waves, both with Gaussian statistics and an almost scale
invariant power spectrum [4, 5]. Other variants, which in general involve more fields, allow
e.g. for isocurvature perturbations [7], non-Gaussianity [8], and modulated fluctuations [9].
All these features let us hope that future data will allow a better understanding of the
details (and physics) of this primordial phase.

The predictions of inflation are in agreement with most cosmological data and in
particular those of the cosmic microwave background (CMB) by the WMAP satellite [6].
The origin of the density perturbations is related to the amplification of vacuum quantum
fluctuations of a scalar field during inflation. In particular, the identification of the degrees
of freedom that should be quantized (known as the Mukhanov–Sasaki variables [10]),
has been performed assuming a Friedmann–Lemâıtre background spacetime [5]. This
means that homogeneity and isotropy (and even flatness) are in fact assumed from the
start of the computation. In the standard lore, one assumes that inflation lasts long
enough so that all classical inhomogeneities (mainly spatial curvature and shear) have
decayed so that it is perfectly justified to start with a flat Friedmann–Lemâıtre background
spacetime when dealing with the computation of the primordial power spectra for the
cosmologically observable modes. This is backed up by the ideas of chaotic inflation and
eternal inflation [3]. Note however that a (even small) deviation from flatness [11] or
isotropy [12] may have an impact on the dynamics of inflation. It would however be
more satisfactory to start from an arbitrary spacetime and understand (1) under which
conditions it can be driven toward a Friedmann–Lemâıtre spacetime during inflation and
(2) what are the effects on the evolution and quantization of the perturbations.

The first issue has been addressed by considering the onset of inflation in
inhomogeneous and spherically symmetric universes, both numerically in [13] and semi-
analytically in [14]. The isotropization of the universe was also investigated by considering
the evolution of four-dimensional Bianchi spacetimes [15]–[17] and even Bianchi
braneworld [18]. No study has focused on the second issue, i.e. the evolution and the
quantization of perturbations during a non-Friedmannian inflationary stage, even though
the quantization of test fields and particle production in anisotropic spacetime has been
considered [19]. Such an analysis would shed some light on the specificity of the standard
quantization procedure which assumes a flat Friedmannian background (see however [20]).

From an observational perspective, a debate concerning possible anomalies on large
angular scales in the WMAP has recently driven a lot of activity. Among these anomalies,
we count the lack of power in the lowest multipoles, the alignment of the lowest multipoles,
and an asymmetry between the two hemispheres (see e.g. [21]). The last two, which
point toward a departure from the expected statistical isotropy of the CMB temperature
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field, appear much stronger. Various explanations for these anomalies, besides an
understood systematic effect that may be related to foreground (see e.g. [22]), have been
proposed (such as e.g. the imprint of the topology of space [23, 24] the breakdown of
local isotropy due to multiple scalar fields [25] or the existence of a primordial preferred
direction [26, 27]).

The broken statistical isotropy of the temperature fluctuations may also be related to
a violation of local isotropy, and thus from a departure from the Friedmann–Lemâıtre sym-
metries. This can arise either from a late time evolution of the universe (see e.g. [28]–[30]
in which it is argued that the subtraction of a Bianchi VIIh leaves a statistically isotropic
CMB sky) or from the primordial dynamics which would have imprinted the broken statis-
tical isotropy in the initial conditions. The latter has recently been advocated on the basis
of a cylindrically symmetric Bianchi I inflationary model [26]. In these models, the shear
decays as the inverse of the third power of the scale factor so that it can play a significant
role only in the early stage of the inflationary period. Isotropy is asymptotically reached
during inflation and the whole subsequent cosmological evolution can be approximated by
a Friedmann–Lemâıtre universe. It follows (1) that the anisotropy is only imprinted in the
largest wavelengths and (2) that the constraints on the shear of the observable universe
from the isotropy of the CMB [31]–[34] or big-bang nucleosynthesis [35] are satisfied.

The primordial Bianchi I phase modifies the evolution of the modes (in particular
gravity wave and scalar perturbations shall be coupled through the shear) and initial
conditions (and thus the quantization procedure) has to be performed in a consistent way
with the symmetries of the background spacetime during inflation (see however [26] for a
proposal in a locally rotational invariant and homogeneous spacetime of the Kantowski–
Sachs family).

In this paper, we investigate the general theory of gauge invariant perturbations
about a Bianchi I background spacetime during inflation. Bianchi universes are spatially
homogeneous spacetimes and are thus of first importance in cosmology since they express
mathematically the cosmological principle. The study of perturbations in Bianchi I was
roughed out in [36] where the Bardeen formalism was used (see also [37] and [38] for
the case of higher dimensional Kaluza–Klein models). A similar work was undertaken
in the 1 + 3 covariant formalism [39] but the identification of gravitational waves and
the quantization procedure was not addressed (see [40] for the generalization of the
Mukhanov–Sasaki variables in this formalism).

Thus, starting from a general parametrization of the perturbed spacetime à la
Bardeen [41], we will define in section 2, a scalar–vector–tensor decomposition and
construct gauge invariant variables. Contrary to the Friedmann–Lemâıtre case, these
three types of perturbations will be coupled through the shear. In section 3, we derive the
perturbation equations. We then show in section 4 that they can be reduced to a set of
coupled reduced equations with a mixing between scalar and tensor modes; special care
will be taken to vector modes. This work will allow us to generalize the Mukhanov–Sasaki
variables and paves the way to the study of the cosmological signatures of a primordial
anisotropy [49].

1. Cosmological dynamics of Bianchi I universes

Bianchi spacetimes enjoy a group of isometries simply transitive on spacelike hypersurfaces
(see [42]–[44] for a mathematical expositions on Bianchi spacetimes). Thus, they are
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homogeneous. It follows that the cosmic time t is the only essential dynamical coordinate
and Einstein equations will reduce to ordinary differential equations. The dimension of
their group of isotropy [42], that is the group of isometries leaving a given point fixed, is
q = 0.

1.1. General form of the metric

Bianchi I spacetimes are the simplest anisotropic universe models. They allow for different
expansion factors in three orthogonal directions. In comoving coordinates, the metric takes
the general form

ds2 = gμν dxμ dxν = −dt2 +

3∑

i=1

X2
i (t)(dxi)2. (1.1)

It includes Friedmann–Lemâıtre spacetimes as a subcase when the three scale factors are
equal. The average scale factor, defined by

a(t) ≡ [X1(t)X2(t)X3(t)]
1/3 , (1.2)

characterizes the volume expansion. It follows that we can recast the metric (1.1) as

ds2 = −dt2 + a2(t)γij(t) dxi dxj . (1.3)

The ‘spatial metric’ γij is the metric on constant time hypersurfaces. It can be decomposed
as

γij = exp[2βi(t)]δij , (1.4)

with the constraints
3∑

i=1

βi = 0. (1.5)

Let us emphasize that βi are not the components of a vector so that they are not subjected
to the Einstein summation rule. Note also that all italic indices i, j, . . . are lowered with
the metric γij. The decomposition (1.4) implies that γ̇ij = 2β̇iγij, where a dot refers
to a derivative with respect to the cosmic time, and it can be checked that the spatial
hypersurfaces are flat. This relation, together with the constraint (1.5), implies that the
determinant of the spatial metric is constant

γ̇ = γij γ̇ij = 0.

This simply means that any comoving volume remains constant during the expansion of
the universe, even if this expansion is anisotropic. We define the shear as

σ̂ij ≡ 1
2
γ̇ij (1.6)

and introduce the scalar σ̂2 ≡ σ̂ij σ̂
ij. This definition is justified from the relation to

the 1 + 3 covariant formalism (see appendix A.3). Let us emphasize at this point that
(γij)· = −2σ̂ij differs from γ̇ij ≡ γipγjkγ̇pk = +2σ̂ij.

Introducing the conformal time as dt ≡ a dη, the metric (1.3) can be recast as

ds2 = a2(η)[− dη2 + γij(η) dxi dxj ]. (1.7)
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We define the comoving Hubble parameter by H ≡ a′/a, where a prime refers to a
derivative with respect to the conformal time. The shear tensor, now defined as

σij ≡ 1
2
γ′

ij, (1.8)

is related to σ̂ij by σij = aσ̂ij . From the relation (γij)
′ = γ′

ij = 2β ′
iγij, the definition

σ2 ≡ σijσ
ij (1.9)

is explicitly given by

σ2 =
3∑

i=1

(β ′
i)

2, (1.10)

and is related to its cosmic time analogous by σ = σ̂a. Again, we stress that (γij)′ = −2σij

differs from (γ′)ij ≡ γipγjkγ′
pk = +2σij.

1.2. Background equations

We concentrate on an inflationary phase during which the matter content of the universe
is assumed to be described by a minimally coupled scalar field, ϕ, with stress-energy
tensor

Tμν = ∂μϕ∂νϕ − (1
2
∂αϕ∂αϕ + V )gμν . (1.11)

Making use of the expressions (A.6) and (A.7) (see appendix A.2), we easily obtain the
Friedmann equations

H2 =
κ

3

[
1

2
ϕ′2 + V (ϕ)a2

]
+

1

6
σ2, (1.12)

H′ = −κ

3
[ϕ′2 − V (ϕ)a2] − 1

3
σ2, (1.13)

(σi
j)

′ = −2Hσi
j , (1.14)

where κ ≡ 8πG. The first two are similar to the ones usually used in a Friedmann–
Lemâıtre universe, up to the contribution of‘the shear (which acts as an extra massless
field). The latter equation arises from the trace-free part of the ‘ij’-Einstein equations
and gives an extra equation compared to the Friedmann–Lemâıtre case. We can easily
integrate it and conclude that the shear evolves as

σi
j =

Si
j

a2
(1.15)

where Si
j is a constant tensor, (Si

j)
′ = 0. This implies that

σ2 =
S2

a4
⇒ σ̂2 =

S2

a6
, (1.16)

(with S2 ≡ Si
jSj

i ) from which we deduce that

σ′ = −2Hσ. (1.17)

Let us note that these equations can be combined to give

2H2 + H′ = κa2V, κ(ϕ′)2 = 2H2 − 2H′ − σ2. (1.18)
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These equations are completed by a Klein–Gordon equation, which keeps its Friedmann–
Lemâıtre form,

ϕ′′ + 2Hϕ′ + a2Vϕ = 0. (1.19)

The general solution for the evolution of the scale factor from these equations is detailed
in appendix A.4.

2. Gauge invariant variables

This section is devoted to the definition of the gauge invariant variables that describe the
perturbed spacetime. We follow a method à la Bardeen. In order to define scalar, vector
and tensor modes, we will need to use a Fourier transform. We start, in section 2.1, by
recalling its definition and stressing its differences with the standard Friedmann–Lemâıtre
case. In section 2.2, we perform a general gauge transformation to identify the gauge
invariant variables.

2.1. Mode decomposition

2.1.1. Definition of the Fourier transform. We decompose any quantity in Fourier modes
as follows. First, we pick up a comoving coordinates system, {xi}, on the constant time
hypersurfaces. Then, we decompose any scalar function as

f(xj , η) =

∫
d3ki

(2π)3/2
f̂(ki, η)eikixi

, (2.1)

with the inverse Fourier transform

f̂(kj, η) =

∫
d3xi

(2π)3/2
f(xi, η)e−ikix

i

. (2.2)

In the Fourier space, the comoving wave co-vectors ki are constant, k′
i = 0. We now

define ki ≡ γijkj that is obviously a time-dependent quantity. Contrary to the standard
Friedmann–Lemâıtre case, we must be careful not to trivially identify ki and ki, since
this does not commute with the time evolution. Note however that xik

i = xiki remains
constant so that there is no extra time dependence entering our definitions (2.1) and (2.2).
In the following of this paper, we will forget the ‘hat’ and use the notation f(xj , η) and
f(kj, η) both for a function and its Fourier transform.

It is easily checked, using the definition (1.8), that

(ki)′ = −2σipkp. (2.3)

This implies that the modulus of the comoving wavevector, k2 = kiki = γijkikj, is now
time dependent and that its rate of change is explicitly given by

k′

k
= −σij k̂ik̂j, (2.4)

where we have introduced the unit vector

k̂i ≡ ki

k
. (2.5)

Journal of Cosmology and Astroparticle Physics 09 (2007) 006 (stacks.iop.org/JCAP/2007/i=09/a=006) 7



JC
A

P
09(2007)006

Theory of cosmological perturbations in an anisotropic universe

This vector will turn to be particularly useful for our analysis and we note that it evolves
as

(k̂i)′ = (σpqk̂pk̂q)k̂
i − 2σipk̂p. (2.6)

Indeed, we find that in the standard Friedmann–Lemâıtre limit (σij = 0), ki and k are
constant.

2.1.2. Decomposition of the vector and tensor modes. We shall now decompose the
perturbations in their scalar, vector and tensor modes.

Any (three-dimensional) vector field, V i, can be decomposed as

Vi = ∂iV + V̄i, with ∂iV̄i = 0. (2.7)

Note that we have chosen orthogonal (but not Cartesian) coordinates on the (Euclidean)
spatial sections (in particular spatial flatness and homogeneity imply that in these
coordinates the Christoffel symbols vanish and that ∂kγij = 0). It follows that its Fourier
components can be split as

Vi = kiV + V̄i, with kiV̄i = 0, (2.8)

so that V̄ i lives in the subspace perpendicular to ki. This is a two-dimensional subspace
so that Vi has been split into 1 scalar (V ) and two vector modes (V̄i) that correspond to
transverse modes. Let us now consider the base {e1, e2} of the subspace perpendicular to
ki. By construction, it satisfies the orthonormalization conditions

ea
i kjγ

ij = 0, ea
i e

b
jγ

ij = δab.

Such a basis is defined up to a rotation about the axis ki. Now, the vector modes can be
decomposed on this basis as

V̄i(ki, η) =
∑

a=1,2

Va(k̂i, η)ea
i (k̂i), (2.9)

which defines the two degrees of freedom, Va, which depend on k̂i since the decomposition
differs for each wavenumber. The two basis vectors allow us to define a projection operator
onto the subspace perpendicular to ki as

Pij ≡ e1
i e

1
j + e2

i e
2
j = γij − k̂ik̂j. (2.10)

It trivially satisfies P i
jP

j
k = P i

k, P i
jk

j = 0 and P ijγij = 2. It is also the projector on vector
modes so that we can always make the scalar–vector decomposition

Vi = [k̂jVj]k̂i + P j
i Vj. (2.11)

Analogously, any (three-dimensional) symmetric tensor field, Vij , can be decomposed
as

Vij = Tγij + ΔijS + 2∂(iV̄j) + 2V̄ij , (2.12)

where Δij ≡ ∂i∂j − Δγij/3 and

∂iV̄
i = 0, V̄ i

i = 0 = ∂iV̄
ij. (2.13)
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The symmetric tensor V̄ij is transverse and trace-free. Hence it has only two independent
components and can be decomposed as

V̄ij(ki, η) =
∑

λ=+,×
Vλ(k

i, η)ελ
ij(k̂i) (2.14)

where the polarization tensors have been defined as

ελ
ij =

e1
i e

1
j − e2

i e
2
j√

2
δλ
+ +

e1
i e

2
j + e2

i e
1
j√

2
δλ
×. (2.15)

It can be checked that they are traceless (ελ
ijγ

ij = 0), transverse (ελ
ijk

i = 0), and that the

two polarizations are perpendicular (ελ
ijε

ij
μ = δλ

μ). This defines the two tensor degrees of
freedom.

In order to deal with the properties of the polarization tensors, it is useful to define
two new quantities

Qij ≡ e1
i e

2
j − e2

i e
1
j , and ηλμ ≡ δ+

λ δ×
μ − δ+

μ δ×
λ . (2.16)

The tensor Qij trivially satisfies

PijQ
ij = 0, QijQ

ij = 2. (2.17)

They allow us to simplify the product of two and three polarization tensors as

ελ
ikε

kμ
j = 1

2
(Pijδ

λμ + Qijη
λμ), ελ

ikε
kj
μ εi

jν = 0. (2.18)

Introducing the projector operator on tensor modes by

Λab
ij = P a

i P b
j − 1

2
PijP

ab,

and the ‘trace extracting’ operator

T j
i = k̂ik̂

j − 1
3
δj
i ,

the scalar–vector–tensor terms in the decomposition of equation (2.12) are extracted as
follows

Vij = [1
3
Vabγ

ab]γij + [3
2
VabT

ab]Tij + 2k̂(i[P
a
j)k̂

bVab] + Λab
ij Vab. (2.19)

In this expression, Vij has been split into two scalars (T and S), two vector modes (V̄i)
and two tensor modes (V̄ij). Thus, we can always split any equation Vi = 0 by projecting

along k̂i (scalar) and P i
j (vector) and any equation Vij = 0 by projecting along γij (scalar),

T ij (scalar), P i
l k̂

j (vector) and Λij
ab (tensor).

2.1.3. Properties of the projectors, polarization vectors and tensors. The previous SVT
decomposition matches the one used in the perturbation theory about a Friedmann–
Lemâıtre spacetime. There is however an important difference that we will have to deal
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with. As we pointed out, in a Bianchi I spacetime, the spatial metric is time dependent.
It implies in particular that, in order to remain an orthonormal basis perpendicular to
ki during the time evolution, the polarization vectors, and thus the polarization tensors,
must have a non-vanishing time derivative. Indeed, since (ki)

′ = 0, the vector (ei
a)

′ is
orthogonal to ki and is thus a linear combination of e1 and e2, that is

(ei
a)

′ =
∑

b

Rabe
i
b.

In each time hypersurface, there is a remaining freedom in the choice of this basis because
of the rotational invariance around ki. We can continuously fix the choice of the basis by
imposing

R[ab] = 0.

The orthonormalization condition implies that (ei
ae

b
i)

′ = 0 and thus that

Rab = −σije
i
ae

j
b. (2.20)

Consequently, the time derivative of any polarization vector is given by

(ea
i )

′ =
∑

b

Rabe
b
i + 2σije

j
a, (2.21)

from which we deduce

ki(ea
i )

′ = 2σpikpe
a
i . (2.22)

This allows us to derive the expression of the time derivative of the polarization tensor.
Starting from their definitions (2.15), we easily obtain that

(ελ
ij)

′ = −(σklελ
kl)Pij − (σklPkl)ε

λ
ij + 4σk

(iε
λ
j)k, (2.23)

from which we can deduce some useful algebra

kikj(ελ
ij)

′ = 0, γij(ελ
ij)

′ = 2σijελ
ij, ki(ελ

ij)
′ = 2σipkpε

λ
ij. (2.24)

We also have that

(εiλ
j )′εjμ

i = 0. (2.25)

We gather in appendix B some other useful relations concerning the polarization vectors
and tensors.

For the sake of completeness, we shall define here two important matrices for the
following of our computation,

Mλ
ab ≡ ελ

ije
i
ae

j
b, (2.26)

which is manifestly symmetric in ab and

Nab ≡ Qije
i
ae

j
b, (2.27)

which is antisymmetric in ab. We stress that a and λ are not indices but only labels. It
can easily be checked that

Mλ
ab =

1√
2

(
1 0
0 −1

)
δλ
+ +

1√
2

(
0 1
1 0

)
δλ
×, (2.28)

and that ∑

a

Mλ
aa = 0. (2.29)
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2.2. Defining gauge invariant variables

2.2.1. Gauge invariant variables for the geometry. Let us consider the most general metric
of an almost Bianchi I spacetime. It can always be decomposed as

ds2 = a2[−(1 + 2A) dη2 + 2Bi dxi dη + (γij + hij) dxi dxj ]. (2.30)

Bi and hij can be further conveniently decomposed as

Bi = ∂iB + B̄i, (2.31)

hij ≡ 2C
(
γij +

σij

H
)

+ 2∂i∂jE + 2∂(iEj) + 2Eij , (2.32)

with

∂iB̄
i = 0 = ∂iE

i, Ei
i = 0 = ∂iE

ij. (2.33)

Note that this decomposition of hij involves the shear. This judicious choice is justified, a
posteriori, by the simplicity of the transformation properties of the perturbation variables,
as we shall now see.

Let us consider an active transformation of the coordinate system defined by a vector
field ξ. The coordinates of any point change according to

xμ → x̃μ = xμ − ξμ(xν) (2.34)

so that the spacetime metric transforms as

gμν → gμν + Lξgμν , (2.35)

where Lξgμν is the Lie derivative of gμν along ξ. At first order in the perturbations, we
decompose the metric as gμν = ḡμν + δgμν and it follows that

δgμν → δgμν + Lξḡμν . (2.36)

The vector field ξ is now decomposed into a scalar and vector part as

ξ0 = T (xi, η), ξi = ∂iL(xj , η) + Li(xj , η), (2.37)

with ∂iL
i = 0. With the use of the expressions (C.1), we deduce that the perturbations

of the metric transform as (in Fourier space)

A → A + T ′ + HT (2.38)

B → B − T +
(k2L)′

k2
(2.39)

C → C + HT (2.40)

E → E + L, (2.41)

for the scalar variables, and as

B̄i → B̄i + γij(L
j)′ − 2ikjσljP

l
i L (2.42)

Ei → Ei + Li, (2.43)
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for the vector variables. We also obtain that the tensor modes are readily gauge invariant,

Eij → Eij . (2.44)

Had we not included the shear in the decomposition (2.31), this would not be the case.
Let us also note that the transformation rule of the vector modes is different from

the one derived in [36] where the non-commutativity between the projection and the time
evolution has been neglected.

From the gauge transformations (2.38)–(2.41), we can construct a set of gauge
invariant variables for the scalar sector. Only two degrees of freedom remain, the two
other being absorbed by the scalar part of the gauge transformation. We define the two
gravitational potentials

Φ ≡ A +
1

a

{
a

[
B − (k2E)′

k2

]}′
, (2.45)

Ψ ≡ −C − H
[
B − (k2E)′

k2

]
. (2.46)

From the gauge transformations (2.42) and (2.43), we deduce that a gauge invariant vector
perturbation is given by

Φi ≡ B̄i − γij(E
j)′ + 2ikjσljP

l
i E. (2.47)

It is obvious from these expressions that when γij is time independent, that is
when σij = 0, these variables reduce to the standard Bardeen variables defined in the
Friedmann–Lemâıtre case. By analogy, we define the Newtonian gauge by the conditions

B = B̄i = E = 0, (2.48)

so that

A = Φ, C = −Ψ, Φi = −(Ei)′, (2.49)

the latter condition being equivalent to Φi = −E ′
i + 2σijE

j .

2.2.2. Gauge invariant variables for the matter. We focus our analysis on the scalar field
case, which is the most relevant for the study of inflation. Under a gauge transformation
of the form (2.34), it transforms as ϕ → ϕ + £ξϕ. At first order in the perturbations, we
get

δϕ → δϕ + £ξϕ̄, (2.50)

that is

δϕ → δϕ + £ξϕ̄ = δϕ + ϕ′T, (2.51)

with use of equation (2.37). Thus, we can define the two gauge invariant variables

Q ≡ δϕ − C

Hϕ′ (2.52)

and

χ ≡ δϕ +

[
B − (k2E)′

k2

]
ϕ′. (2.53)

They are related by

Q = χ +
Ψ

Hϕ′. (2.54)
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3. Perturbations equations

Once the gauge invariant variables have been defined, we can derive their equations of
evolution. The mode decomposition will require a decomposition of the shear tensor in a
basis adapted to each wavenumber. We start by defining this decomposition and then we
derive the perturbed Klein–Gordon and Einstein equations.

3.1. Decomposition of the shear tensor

The shear σij is a symmetric trace-free tensor and, as such, has five independent
components. In the coordinates system (1.3)–(1.4), it was expressed in terms of only
two independent functions of time βi(η). The three remaining degrees of freedom are
related to the three Euler angles needed to shift to a general coordinate system.

3.1.1. Components of the shear. As mentioned before, when working out the perturbations
in Fourier space, it would be fruitful to decompose the shear in a local basis adapted to
the mode we are considering. The shear, being a symmetric trace-free tensor, can be
decomposed on the basis {k̂i, e

1
i , e

2
j} as

σij = 3
2
(k̂ik̂j − 1

3
γij)σ‖ + 2

∑

a=1,2

σ
Vak̂(ie

a
j) +

∑

λ=+,×
σ

Tλε
λ
ij. (3.1)

This decomposition involves five independent components of the shear in a basis adapted
to the wavenumber ki. We must stress however that (σ‖ , σVa, σTλ) must not be interpreted
as the Fourier components of the shear, even if they explicitly depend on ki. This
dependence arises from the local anisotropy of space.

Using equation (3.1), it can be easily worked out that

σijγ
ij = 0,

σij k̂
i = σ‖ k̂j +

∑

a

σ
Vae

a
j , σij k̂

ik̂j = σ‖ ,

and

σijε
ij
λ = σ

Tλ, σij k̂
iej

a = σ
Va.

The scalar shear is explicitly given by

σ2 = σijσ
ij = 3

2
σ2

‖ + 2
∑

a

σ2
Va +

∑

λ

σ2
Tλ, (3.2)

which is independent of ki. We emphasize that the local positivity of the energy density
of matter implies that σ2/6 < H2 and thus

1

2
σ‖ ≤ 1√

6
σ < H . (3.3)

This, in turn, implies that

σ‖ < 2H, (3.4)

a property that shall turn to be very useful in the following of our discussion. Analogously,
we have that

σ
Tλ <

√
6H. (3.5)
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The following derivations will involve the contraction of the shear with the polarization
vectors,

σije
i
ae

j
b = −1

2
σ‖δab +

∑

λ

σ
TλMλ

ab, (3.6)

from which we deduce that

σijP
ij = −σ‖ . (3.7)

It will also involve the contraction of the shear with the polarization tensors,

σil ε
lj
λ = −1

2
σ‖ε

jλ
i +

∑

a

σ
Vak̂ie

a
l ε

lj
λ +

∑

μ

σ
Tμε

μ
ilε

lj
λ , (3.8)

which implies that

σilε
lj
λ P i

j = σ
Tλ, σilε

lj
λ εiμ

j = −1
2
σ‖δ

λ
μ. (3.9)

To finish, we will make use of the following expression

eb
l e

j
aσjmεlm

λ = −1
2
σ‖Mλ

ab + 1
2
δa
b σTλ + 1

2
Nab(σT+δ×

λ − σ
T×δ+

λ ). (3.10)

3.1.2. Time evolution of the components of the shear. In the previous paragraph we detailed
the definition of the components of the shear in a basis adapted to the wave mode ki. The
time evolution of these modes is easily obtained from equation (1.14)

σ′
‖ + 2Hσ‖ = −2

∑

a

σ2
Va, (3.11)

σ′
Va + 2Hσ

Va = 3
2
σ

Vaσ‖ −
∑

b,λ

σ
VbσTλMλ

ab, (3.12)

σ′
Tλ + 2Hσ

Tλ = 2
∑

a,b

Mλ
abσVaσVb, (3.13)

where the matrix Mλ
ab is defined in equation (2.26).

These equations allow us to derive some important constraints on the rate of change
of σ‖ and σ

Tλ. Since equation (3.11) implies that
∣∣∣∣
1

a2
(a2σ‖)

′
∣∣∣∣ = 2

∑

a

σ2
Va < σ2 < 6H2, (3.14)

we can conclude that∣∣∣∣
1

a2
(a2σ‖)

′
∣∣∣∣ < 6H2. (3.15)

Identically, equation (3.13) implies that∣∣∣∣
1

a2

(
a2σ

Tλ

)′
∣∣∣∣ = 2

∑

a,b

Mλ
abσVaσVb <

σ2

√
2
,

so that ∣∣∣∣
1

a2

(
a2σ

Tλ

)′
∣∣∣∣ < 3

√
2H2. (3.16)

The two relations (3.15) and (3.16) will be important at the end of our analysis.
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3.2. Klein–Gordon equation

The Klein–Gordon equation, ��ϕ = Vϕ, can be rewritten under the form

gμν∇μ∂νϕ = Vϕ(ϕ). (3.17)

When expanded at first order in the perturbations, the rhs is trivially given by Vϕ(ϕ̄) +
Vϕϕ(ϕ̄)χ. It follows that the Klein–Gordon equation at first order in the perturbations is
then obtained to be

χ′′ + 2Hχ′ − γij∂i∂jχ + a2Vϕϕχ = 2(ϕ′′ + 2Hϕ′)Φ + ϕ′(Φ′ + 3Ψ′), (3.18)

where Vϕϕ is the second derivative of the potential with respect to the scalar field.
Surprisingly, it has the same form as in the Friedmann–Lemâıtre case. This can
be understood if we remind that the d’Alembertian can be expressed as ��ϕ =
∂ν [

√−ggμν∂μϕ]/
√−g, and if we realize that

√−g does not involve the shear. Thus,
at first order in the perturbations, the only place where the shear σij could appear would
be associated with δgij. But then it would multiply ∂iϕ̄ which vanishes. Consequently the
Klein–Gordon equation is not modified. This result is not specific to the scalar field case
as the conservation equation in the fluid case is also the same as for a Friedmann–Lemâıtre
spacetime, indeed only as long as the anisotropic stress vanishes (see equation (A.22)).

3.3. Einstein equations

The procedure to obtain the mode decomposition of the Einstein equations is somehow
simple. We start from the general perturbed equation δGμ

ν = κδT μ
ν with the

expressions (C.2)–(C.4) and (C.10)–(C.12) respectively for the stress-energy tensor and
the Einstein tensor and we then project them, as described in section 2.1.2.

Special care must however be taken. In the Friedmann–Lemâıtre case, the projections
on the scalar, vector and tensor modes commute with the time evolution. This no more
the case in a Bianchi I universe, as explained in section 2.1.3. Let us take an example
and consider the extraction of the vector part of an equation involving a term of the form
(Φi)′ + HΦi. We project this equation on the polarization tensor ea

i to get

ea
i [(Φ

i)′ + HΦi] = (ea
i Φ

i)′ − Φi(ea
i )

′ + HΦa.

We then use equation (2.21) to rewrite Φi(ea
i )

′, and we develop the shear in the basis
adapted to the mode ki. This implies, in particular, that contrary to the Friedmann–
Lemâıtre case, the scalar, vector and tensor modes will be coupled.

This being said, the extraction of the mode decomposition of the Einstein equation
is a lengthy but straightforward computation that we carry in the Newtonian gauge.
It reduces to (1) Fourier transforming the Einstein equations, (2) projecting them on
the modes, (3) commuting the projection operators and the time evolution in order to
extract the evolution of the polarizations and (4) finally expressing the decomposition of
the shear.
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3.3.1. Scalar modes. There are four scalar Einstein equations. The first is obtained from
δG0

0 = κδT 0
0 and gives

k2Ψ + 3H(Ψ′ + HΦ) − κ

2

(
ϕ′2Φ − ϕ′χ′ − Vϕa2χ

)
=

1

2
σ2 [X − 3Ψ]

+
1

2

k2

Hσ‖Ψ − 1

2
k2

∑

a

σ̃
VaΦa − 1

2

∑

λ

[σ
TλE

′
λ + (σ′

Tλ + 2Hσ
Tλ)Eλ], (3.19)

where we have defined the extremely useful variable [2]

X ≡ Φ + Ψ +

(
Ψ

H

)′
, (3.20)

and the quantity

σ
Va ≡ ikσ̃

Va. (3.21)

As an example, the only tricky term which appears when deriving this equation is σi
j(E

j
i )

′,
which is obtained from

σi
j(E

j
i )

′ = (σi
jE

j
i )

′ − Ej
i (σ

i
j)

′ =
∑

(σ
TλEλ)

′ − Ej
i (−2Hσi

j) =
∑

(σ
TλEλ)

′ + 2Hσ
TλEλ,

where we have used equation (1.14) to compute (σi
j)

′. We will not detail these steps in
the following.

The second equation is obtained from kiδG0
i = κkiδT 0

i . We find

Ψ′ + HΦ − κ

2
ϕ′χ = − 1

2Hσ2Ψ +
1

2
σ‖X +

1

2

∑

λ

σ
TλEλ. (3.22)

The two remaining equations are obtained from

δi
jδG

j
i = κδi

jδT
j
i , (k̂ik̂j − 1

3
δi
j)δG

j
i = κ(k̂ik̂j − 1

3
δi
j)δT

j
i

and take the form

Ψ′′ + 2HΨ′ + HΦ′ + (2H′ + H2)Φ − 1

3
k2(Φ − Ψ) +

κ

2
[ϕ′2Φ − ϕ′χ′ + Vϕa2χ]

= − 1

2
σ2[X − 3Ψ] +

1

6

k2

Hσ‖Ψ +
1

2
k2

∑

a

σ̃
VaΦa

+ 1
2

∑

λ

[σ
TλE

′
λ + (σ′

Tλ + 2Hσ
Tλ)Eλ], (3.23)

2

3
k2(Φ − Ψ) = σ‖

[
X ′ − k2Ψ

3H

]
+ 4k2

∑

λ,a,b

Mλ
abσ̃

a
V
σ̃b

V
Eλ − 2k2

∑

a

σ̃
VaΦa. (3.24)
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It can be checked that indeed equations (3.19) and (3.22)–(3.24) reduces to their well-
known Friedmannian form when the shear vanishes.

3.3.2. Vector modes. The two vector equations are obtained from

ei
aδG

0
i = 0, kie

j
aδG

i
j = 0.

They respectively give

Φa = −2σ̃
VaX + 4

∑

b,λ

Mλ
abσ̃VbEλ, (3.25)

and

Φ′
a + 2HΦa − 5

2
σ‖Φa +

∑

bλ

Mλ
abσTλΦb = −2σ̃

VaX
′ + 4

∑

b,λ

Mλ
abσ̃VbE

′
λ

+ 4
∑

bλ

Nabσ̃Vb

(
σ

T+δ×
λ − σ

T×δ+
λ

)
Eλ, (3.26)

where the matrix Nab is defined in equation (2.27). It can be shown that equation (3.26)
results from the time derivative of equation (3.25) once equations (3.11)–(3.13) are used
to express the time derivatives of the shear. This a consequence of the Bianchi identities.

3.3.3. Tensor modes. The equation of evolution of the tensor modes is obtained from
εjλ

i δGi
j = 0. To simplify, we shall use the shorthand notation (1 − λ) for the opposite

polarization of λ, i.e. it means that if λ = +, then (1 − λ) = ×, and vice versa. With the
use of equation (B.6), we obtain

E ′′
λ + 2HE ′

λ + k2Eλ = σ
Tλ

[
k2

(
Ψ

H

)
+ X ′

]
+ 2k2

∑

a,b

Mλ
abσ̃VaΦb

− 2k2
∑

a

σ̃2
VaEλ − 2σ

T×σ
T+E(1−λ) + 2σ2

T (1−λ)Eλ. (3.27)

It can be shown that in the long wavelength limit, the former equations (3.18), (3.19)–
(3.24), (3.25)–(3.26) and (3.27) are equivalent to the ones obtained in a more general
gradient expansion of Einstein equations on large scales [45].

4. Reduced equations and Mukhanov–Sasaki variables

The previous equations (3.18), (3.19)–(3.24), (3.25)–(3.26) and (3.27) form a coupled
set of equations for the scalar, vector and tensor modes. In a Friedmann–Lemâıtre
spacetime, the three kind of perturbations decouple and one can arbitrarily set one of
the contributions to zero to focus on a given type of mode. This is no more possible here,
and in particular, it is not possible to neglect the vector modes. Their contribution, as
we shall see, is in fact central to get the correct set of reduced equations.

First, we introduce the Mukhanov–Sasaki variables [10] for scalar and tensor modes
as

v ≡ aQ,
√

κμλ ≡ aEλ, (4.1)
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exactly in the same way as in a Friedmann–Lemâıtre spacetime. These three variables
were shown to be the canonical degrees of freedom that shall be quantized during inflation
when a Friedmann–Lemâıtre universe is assumed [5].

4.1. Scalar modes

Let us introduce these variables in our analysis and start by focusing on the scalar modes.
First, we note that equation (3.22) can be recast under the more compact form

(2H − σ‖)X =
κ

a
ϕ′v +

∑

λ

σ
TλEλ. (4.2)

If we now combine equation (3.19) with equation (3.23), replace the vector mode by its
expression (3.25) and use the background equations (1.18), we obtain

HX ′ + 2(H′ + 2H2)X + κaVϕv + k2Ψ =
k2

3
(Φ − Ψ) +

2

3

k2

Hσ‖Ψ. (4.3)

Now, using equation (3.24) to simplify the rhs, and again replacing the vector mode by
its expression (3.25), we get

(2H − σ‖)

(
X ′ +

k2

HΨ

)
+ 4κa2V X + 2κaVϕv = 4k2

(∑

a

σ̃2
V aX −

∑

a,b,λ

Mλ
abσ̃V aσ̃V bEλ

)
.

(4.4)

Then, forcing Q in the Klein–Gordon equation (3.18), using also its background version,
we obtain

Q′′ + 2HQ′ + k2Q + a2VϕϕQ + 2a2VϕX − ϕ′
(

X ′ +
k2

HΨ

)
= 0. (4.5)

Now, we can replace the last term by using equation (4.4) and the next to last by using
equation (4.2) to get

Q′′ + 2HQ′ + k2Q + a2VϕϕQ + 2a2VϕX

=
ϕ′

(2H − σ‖)

[
4k2

(∑

a

σ̃2
V aX −

∑

a,b,λ

Mλ
abσ̃V aσ̃V bEλ

)
− 4κa2V X − 2κaV ′v

]
.

(4.6)

Introducing the definitions (4.1), we obtain, after some algebra which requires in particular
equations (3.11)–(3.13) to express terms such as

∑
a,b Mλ

abσ̃V aσ̃V b,

v′′ +

(
k2 − a′′

a
+ a2V,ϕϕ

)
v =

1

a2

(
2a2ϕ′2

2H − σ‖

)′

κv +
∑

ν

1

a2

(
2a2ϕ′σ

Tν

2H − σ‖

)′ √
κμν . (4.7)

This equation is the first central result of this section.
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4.2. Tensor modes

The scalar contribution of the tensor equation (3.27) is exactly given by the relation (4.4),
so that it reduces, after replacing the vector mode by its expression (3.25), to

μ′′
λ +

(
k2 − a′′

a

)
μλ = −2μ(1−λ)σT+σ

T× + 2μλσ
2
T(1−λ) +

1

a2

(
2a2ϕ′σ

Tλ

2H − σ‖

)′ √
κv

+
∑

ν

1

a2

(
2a2σ

TνσTλ

2H − σ‖

)′

μν +
(a2σ‖)

′

a2
μλ. (4.8)

This equation is the second central result of this section.

4.3. Summary

We have reduced the perturbation equations to a set of three coupled equations for the
variables v and μλ defined in equation (4.1). If we define two new functions zs and zλ by

z′′
s

zs
(η, ki) ≡ a′′

a
− a2V,ϕϕ +

1

a2

(
2a2κϕ′2

2H − σ‖

)′

z′′
λ

zλ
(η, ki) ≡ a′′

a
+ 2σ2

T(1−λ) +
1

a2
(a2σ‖)

′ +
1

a2

(
2a2σ2

Tλ

2H − σ‖

)′

,

(4.9)

the system reduces to

v′′ +

(
k2 − z′′

s

zs

)
v =

∑

ν

1

a2

(
2a2ϕ′σ

Tν

2H − σ‖

)′ √
κμν , (4.10)

μ′′
λ +

(
k2 − z′′

λ

zλ

)
μλ =

1

a2

(
2a2ϕ′σ

Tλ

2H − σ‖

)′ √
κv

+

[
1

a2

(
2a2σ

T×σ
T+

2H − σ‖

)′

− 2σ
T×σ

T+

]
μ(1−λ). (4.11)

Formally, it can be rewritten as

V ′′ + k2V + ΩV = ΥV, (4.12)

where V ≡ (v, μ+, μ×). The matrices Ω and Υ are defined by

V ′′ +

⎛
⎜⎜⎝

k2 − z′′
s

zs
0 0

0 k2 − z′′
+

z+
0

0 0 k2 − z′′
×

z×

⎞
⎟⎟⎠V =

⎛
⎝

0 ℵ+ ℵ×
ℵ+ 0 �
ℵ× � 0

⎞
⎠V, (4.13)

and the functions ℵλ(η, ki) and �(η, ki) can be read on equations (4.10) and (4.11). This
is one of the central results of our study.

When the shear vanishes, these equations decouple and we recover the usual
equations [5] for the variables v and μλ so that we only have three physical degrees of
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freedom. Now, the anisotropy of space is at the origin of some interesting effects. First the
functions zs and zλ are not functions of time only. They depend on ki explicitly through
the components of the decomposition of the shear. Second, the two types of modes are
coupled through a non-diagonal mass term. The mass term and the evolution operator
cannot be diagonalized at the same time so that we expect the equivalent of a seesaw
mechanism. The importance of the vector modes, that cannot be neglected, has to be
emphasized again. Had we neglected them, the mass term would not be correct.

4.4. Sub-Hubble limit

Let us consider the behaviour of the mass term appearing in equations (4.10) and (4.11)
in the sub-Hubble limit in which k/H � 1. We introduce the two slow-roll parameters as

ε ≡ 3
ϕ′2

ϕ′2 + 2a2V
, δ ≡ 1 − ϕ′′

Hϕ′ , (4.14)

in terms of which the Friedmann equations take the form

H2 =
κ

3 − ε
V a2 +

1

6
σ2, (3 − δ)Hϕ′ + Vϕa2 = 0, (4.15)

and

H′ = (1 − ε)H2 +

(
ε − 3

6

)
σ2.

We now focus on the behaviour of the functions ℵλ, �, z′′
s /zs and z′′

λ/zλ in the sub-

Hubble regime. We define x ≡ σ/
√

6H and use the fact that, since σ‖/2 ≤ σ/
√

6 (see

equation (3.4)), there exists α < 1 such that 0 ≤ x < α due to the positive energy
condition (see equation (3.3)). Starting from the definition (4.10) for ℵλ we have

|ℵλ| <

∣∣∣∣
1

a2

(
a2σ

Tλ

)′
∣∣∣∣ ×

∣∣∣∣∣
2
√

κϕ′

2H − σ‖

∣∣∣∣∣ + 2|σ
Tλ| ×

∣∣∣∣∣

( √
κϕ′

2H − σ‖

)′∣∣∣∣∣ . (4.16)

Now, the property (3.16) implies that the first term of the right-hand side of the inequality
is smaller than

3
√

2H2

∣∣∣∣∣
2
√

κϕ′

2H − σ‖

∣∣∣∣∣ .

Then, ∣∣∣∣∣
2
√

κϕ′

2H − σ‖

∣∣∣∣∣ =
√

2ε

√
H2 − σ2/6

H − σ‖/2
≤

√
2ε

√
1 + x

1 − x
. (4.17)

Now, since x varies in the range 0 ≤ x < α, we deduce that
√

(1 + x)/(1 − x) ≤√
(1 + α)/(1 − α). Equation (3.5) then implies that the second term of the

inequality (4.16) is smaller than

2
√

6H ×
∣∣∣∣∣

( √
κϕ′

2H − σ‖

)′∣∣∣∣∣ .
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Then, the absolute value is bounded by
∣∣∣∣∣

( √
κϕ′

2H − σ‖

)′∣∣∣∣∣ <

∣∣∣∣∣

√
κϕ′′

2H − σ‖

∣∣∣∣∣ +

∣∣∣∣∣

√
κϕ′

2H − σ‖

∣∣∣∣∣

∣∣∣∣∣
2H′ − σ′

‖

2H − σ‖

∣∣∣∣∣ .

Using the fact that equation (3.4) implies |σ′
‖ | < 10H2 (|σ′

‖| < 6H2 + |2Hσ‖|), we obtain

that∣∣∣∣∣

( √
κϕ′

2H − σ‖

)′∣∣∣∣∣ ≤
√

εH√
2

√
1 + α√
1 − α

[
(1 − δ) +

2(1 − ε) + (1 − ε/3)
√

6 + 10

2(1 − α)

]
.

Gathering all these terms, we thus conclude that

|ℵλ| <
√

εH2

√
1 + α

1 − α

[
6 + 2

√
3

(
(1 − δ) +

2(1 − ε) + (1 − ε/3)
√

6 + 10

2(1 − α)

)]
. (4.18)

To summarize, we have shown that

|ℵλ| < ZH2, (4.19)

where Z is a finite constant. This constant can in principle be quite large since α can be
arbitrarily close to unity in the worst case of an empty universe. A large Z also corresponds
to a very ellipsoidal Hubble radius, and this explains why the short wavelength limit has
to be taken much smaller than the average Hubble radius.

The same reasoning can be applied for |�|, |z′′
s /zs| and |z′′

λ/zλ|. Thus, it follows that on
sub-Hubble scales the three physical degrees of freedom decouple and behave as harmonic
oscillators,

V ′′ + k2V = 0. (4.20)

5. Perturbation of the action

In order to construct canonical quantization variables and to properly normalize the
amplitude of their quantum fluctuations, one needs to derive the action for the
cosmological perturbations. We will now demonstrate that the previous equations (4.10)
and (4.11) can be obtained from the expansion of the action, written in the ADM
formalism [46], at second order. Another simpler route would have been to infer the
action from the equations of motion, which is always possible up to an overall factor, that
could then be fixed by considering a simple limiting case. Still, we prefer to work out the
action at second order since it provides a check of the previous computations.

5.1. ADM formalism

In the ADM formalism, we expand the metric as

ds2 = −(N2 − NiN
i) dt2 + 2Ni dxi dt + gij dxi dxj (5.1)

and the Einstein–Hilbert action for a minimally coupled scalar field, takes the form

S =
1

2κ

∫
dt d3x

√−g[NR(3) + N(KijK
ij − K2) − κN(gij∂iϕ∂jϕ + 2V (ϕ))

+ κN−1(ϕ̇ − N i∂iϕ)2], (5.2)
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where R(3) is the Ricci scalar constructed with the metric gij and Kij is the extrinsic
curvature, defined as

Kij ≡ N−1

2
(ġij − 2∇(iNj)), K = Ki

i . (5.3)

Every spatial index is now manipulated with the metric gij . The ADM metric is designed
in such a way that the constraints arising from the Einstein equations can be immediately
derived from the action. Varying equation (5.2) with respect to the lapse N and the shift
Ni, we get the Hamiltonian and momentum constraints, respectively

R(3) − (KijK
ij − K2) − 2V − κgij∂iϕ∂jϕ + N−2κ(ϕ̇ − N i∂iϕ)2 = 0, (5.4)

∇j

(
Kj

i − Kδj
i

)
− N−1κ(ϕ̇ − N j∂jϕ)∂iϕ = 0. (5.5)

Comparing the form (2.30) of the metric in Newtonian gauge with equation (5.1), we
conclude that the lapse N and the shift Ni are given by

N2 = (1 + 2Φ) , Ni = 0 (5.6)

and that the metric gij is

gij = a2

[
γij − 2Ψ

(
γij +

σ̂ij

H

)
+ 2∂(iEj) + 2Eij

]
. (5.7)

It follows that the Hamiltonian and momentum constraints reduce, at first order, to

2

a2
ΔΨ − 1

a2
σ̂ij∂i∂j

(
Ψ

H

)
− 6HΨ̇ +

(
Ψ

H

)·
σ̂2 − 3Ψσ̂2 − Φ(6H2 − σ̂2 − ϕ̇2)

+
1

a
σ̂i

j∂iΦ
j − σ̂i

j(E
i
j) − κVϕδϕ − κϕ̇δϕ̇ = 0, (5.8)

and

σ̂2∂i

(
Ψ

H

)
− σ̂j

i ∂j

[
Φ +

(
Ψ

H

)·]
+ 2∂i(Ψ̇ + HΦ)

− 1

2a
ΔΦi + 2σ̂jl∂jEil − σ̂jl∂iEjl − κϕ̇∂iδϕ = 0, (5.9)

respectively. Once Fourier transformed, written in conformal time and projected along
its scalar and vector components, we recover precisely equations (3.19) and (3.22).

In order to expand the action up to second order in all first order perturbed quantities,
we expand the spatial metric as

gij = a2(γij + hij).

The inverse metric and its determinant are then given by

gij = a−2(γij − hij + hilhj
l ),

√
g = a3[1 + 1

2
h + 1

8
h2 − 1

4
hi

jh
j
i ],

where

hij = −2Ψ(γij + σ̂ij/H) + 2∂(iEj) + 2Eij . (5.10)
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5.2. Action at zeroth and first orders

The expansions of the action at zeroth and first orders are

S0 =
1

2κ

∫
dt d3x [a3(−6H2 + σ̂2 − 2κV + κϕ̇2)]

=
1

2κ

∫
dt d3x

[
−4

d

dt
(a3H)

]
, (5.11)

S1 =
1

2κ

∫
dt d3x a3[R

(3)
1 + σ̂ijḣij − 2σ̂ijσ̂

i
lh

jl + 12HΨ̇ + 3Ψ(6H2 − σ̂2 + 2κV − κϕ̇2)

+ Φ(6H2 − σ̂2 − 2κV − κϕ̇2) − 2κVϕδϕ + 2κϕ̇δϕ̇]

=
1

2κ

∫
dt d3x

{
∂i

[
∂i (4aΨ) − ∂i

(
aΨ

H

)·]

+
d

dt

[
Δ

(
aΨ

H

)
+ a3σ̂ijhij + 12a3HΨ + 2a3κϕ̇δϕ

]}
, (5.12)

where we use the notation Xn for the nth order term of the quantity X when expanded in
perturbations. Note that we have used the background field equations to go from the first
line to the second line in equations (5.11) and (5.12). As can be seen, these two terms
can be rewritten in terms of total derivatives. It implies that the only non-trivial term
will arise from the expansion of the action at second order.

5.3. Action at second order

A lengthy but straightforward computation shows that the expansion of the action at
second order is

S2 =
1

2κ

∫
dt d3x a3

[
R

(3)
2 + N1R

(3)
1 +

1

2
hR

(3)
1 + K2 +

1

2
hK1 +

1

8
h2K0

− 1
4
hi

jh
j
iK0 − N1K1 − 1

2
N1hK0 + N2

1 K0 + κ(−a−2∂iδϕ∂iδϕ − Vϕϕδϕ2

− 2N1Vϕδϕ − hVϕδϕ − hN1V − 1
4
h2V + 1

2
hi

jh
j
iV + δϕ̇2 − 2N1ϕ̇δϕ̇

+ N2
1 ϕ̇2 + hϕ̇δϕ̇ − 1

2
hN1ϕ̇

2 + 1
8
h2ϕ̇2 − 1

4
hi

jh
j
i ϕ̇

2)

]
, (5.13)

where

a2R
(3)
1 = 4

(
Δ − σ̂ij∂i∂j

2H

)
Ψ, (5.14)

a2R
(3)
2 = −∂lh

lj∂ih
i
j − 2hjl∂j∂ih

i
l − 9∂iΨ∂iΨ − 1

4
∂lh

ij∂lhij − 1
2
∂lhij∂

ihlj

− 6∂i(h
ji∂jΨ) + 1

2
∂i∂i(h

jlhjl), (5.15)

K0 = −6H2 + σ̂2, (5.16)

K1 = −2Hḣ + σ̂ijḣij − 2σ̂ij σ̂
j
l h

li, (5.17)
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K2 = 2Hḣijh
ij − 4Hσ̂ijh

ilhj
l − 2σ̂l

ih
imḣml + 2σ̂ijσ̂

j
l h

imhl
m + 1

4
ḣijḣij

+ σ̂ij σ̂lmhimhjl − 1
4
ḣ2. (5.18)

The construction of the action at second order shall be pursued in Fourier space, since
many non-local operators appear, such as inverse Laplacian Δ−1 or (σij∂i∂j)

−1, when
using the constraints. Also, it simplifies the use of the background equations (3.11)–
(3.13) for the components of the shear σ‖ , σ

Va and σ
Tλ which were defined in Fourier

space. We recall that these components are not the Fourier transforms of the shear but
its decomposition in a basis adapted to a given mode ki.

The integral of any 3-divergence is clearly zero in Fourier space. For instance, let us
consider a typical term like ∂l(Ψ∂lΨ), then
∫

dη d3x ∂l(Ψ∂lΨ) =

∫
dη d3k d3q [−k · (k + q)ΨkΨq]δ

(3)(k + q) = 0. (5.19)

Thus, we first express S2 in terms of the Fourier modes and then use conformal time.
Next, hij is replaced by its expression (5.10) in function of the variables Ψ, Ej and Eij .

All terms involving Ej either vanish or have the form (Ej)
′
, and thus reduce to −Φj in

Newtonian gauge. Then, we decompose Φj and Eij according to equations (2.9) and (2.14).
The constraint (5.9), once expressed in conformal time and in Fourier space, can be
projected onto its scalar and vector parts in order to obtain the scalar constraint (4.2)
and the vector constraint (3.25). Then, we replace Φa in function of X and Eλ using
the vector constraint and substitute Φ by X − Ψ − (Ψ/H)′. We then eliminate X using
the scalar constraint. Finally, we replace Eλ and δϕ by their expressions in terms of the
variables μλ and v (see equation (4.1)).

After a tedious calculation, that strictly follows the recipe described just above, the
action S2 can be recast under a form that contains only the physical degrees of freedom,

S2 =
1

2

∫
d η d3k

{
v′v′∗ +

(
zs

′′

zs
− k2

)
vv∗ +

∑

ν

1

a2

(
2a2

√
κϕ′σ

Tν

2H − σ‖

)′

(v∗μν + vμ∗
ν)

×
∑

λ

[
μ′

λμ
′∗
λ +

(
zλ

′′

zλ
− k2

)
μλμ

∗
λ

+

[
−2σ

T×σ
T+ +

1

a2

(
2a2σ

T×σ
T+

2H − σ‖

)′]
μ(1−λ)μ

∗
λ

]
+ T

}
, (5.20)

that is, in a more compact way, as

S2 = 1
2

∫
dη d3k (|V ′|2 − k2|V |2 + tV (Ω − Υ)V ∗ + T ), (5.21)

where T is a total derivative which, for the sake of completeness, is explicitly given in
appendix D.

It is clear under this form that the variation of this action with respect to the
physical degrees of freedom leads directly to the equations of motion (4.7) and (4.8).
More important, it shows that the overall factor is unity. It also follows from this action
that the canonical momentum associated with v and μλ are πv = v′∗ and πλ = μ′∗

λ.
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6. Discussion and conclusions

In this paper, we have presented a full and complete analysis of the theory of cosmological
perturbations around a homogeneous but anisotropic background spacetime of the
Bianchi I type. We have described the scalar–vector–tensor decomposition and the
construction of gauge invariant variables. We have reduced our analysis to a scalar field
but it can be easily extended to include hydrodynamical matter.

After presenting the full set of evolution equations for the gauge invariant variables,
we have shown that the vector modes can be algebraically expressed in terms of scalar and
tensor modes, so that only three physical degrees of freedom remain, one for the scalar
sector and two for the tensor sector. Contrary to the Friedmann–Lemâıtre case, the scalar,
vector and tensor perturbation equations do not decorrelate and it was important for the
consistency of the computation not to neglect the vector modes. We have shown that
these physical degrees of freedom are the trivial generalization of the Mukhanov–Sasaki
variables that were derived in a flat Friedmann–Lemâıtre universe.

We have also constructed the action for the cosmological perturbations up to second
order and demonstrated that, after use of the constraints was made, it only contains the
physical degrees of freedom and takes a canonical form. We have also shown that in
the sub-Hubble limit the scalar and tensor degrees of freedom decouple and behave as
standard harmonic oscillators. It follows that one can apply the standard quantization
procedure [5] and properly define the normalization of the amplitude of their quantum
fluctuations.

The anisotropy of the underlying space induces two physical effects: (1) the equations
of motion explicitly involve the wavenumber ki and (2) a non-diagonal mass term that
describes the coupling between scalar perturbation and gravitational waves is at the origin
of a scalar–tensor seesaw mechanism.

Since the shear decays as the inverse of the second power of the scale factor, the
universe isotropizes and tends toward a Friedmann–Lemâıtre spacetime. The modes that
exit the Hubble radius during inflation while the shear is non-negligible will experience the
seesaw mechanism and will have the primordial anisotropy imprinted on their statistical
properties. Modes of smaller wavelength will not reflect the anisotropy. It follows that an
early Bianchi I phase may be at the origin of a primordial anisotropy of the cosmological
perturbations, mainly on large angular scales. The companion article [49] describes such
a scenario of early anisotropic slow-roll inflation. Since the post-inflationary evolution is
well described by a Friedmann–Lemâıtre spacetime, observable effects, and in particular
those related to the CMB anomalies we alluded to in the introduction, can be taken into
account easily once the initial conditions are known. This investigation, that we plan to
do later, is beyond the scope of the present work.

Our analysis extends and sheds some light on the robustness of the quantization
procedure that was developed under the assumption of a Friedmann–Lemâıtre
background, and thus on the predictions of the standard inflationary scenario. We
emphasize that this work is very conservative and that no new speculative hypothesis
was invoked. Indeed, we are not claiming that such a primordial anisotropy is needed. On
the one hand, it can be used to set stronger constraints on the primordial shear. On the
other hand it can also be a useful example for the study of second order perturbations,
in which a shear appears only at first order and induces a correlation between scalar and
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tensor at second order [47, 48], and more generally for the understanding of quantum field
theory in curved (cosmological) spacetimes [19]. One may for instance wonder whether this
analysis can be further extended to other Bianchi type or to non-spatially flat spacetimes.
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Appendix A. Details on Bianchi I universes

A.1. Geometrical quantities in conformal time

Starting from the metric (1.7) in conformal time, the expressions of the Christoffel symbols
are

Γ0
00 = H, Γ0

ij = Hγij + σij , Γi
0j = Hδi

j + σi
j , (A.1)

where we have used the definition of the shear to express γ′
ij = 2σij so that

(γij)′ = −2σij , (A.2)

and indeed trivially (γi
j)

′ = (δi
j)

′ = 0.
We deduce that the non-vanishing components of the Ricci tensor are given by

a2R0
0 = 3H′ + σ2 (A.3)

a2Ri
j = (H′ + 2H2)δi

j + 2Hσi
j + (σi

j)
′, (A.4)

where we recall that σ2 = σijσ
ij . The Ricci scalar is

a2R = 6(H′ + H2) + σ2. (A.5)

The non-vanishing components of the Einstein tensor are thus given by

a2G0
0 = −3H2 + 1

2
σ2 (A.6)

a2Gi
j = −(2H′ + H2 + 1

2
σ2)δi

j + 2Hσi
j + (σi

j)
′. (A.7)

For a general fluid with stress-energy tensor of the form

Tμν = ρuμuν + P (gμν + uμuν) + πμν , (A.8)

where ρ is the energy density, P the isotropic pressure and πμν the anisotropic stress
(πμνu

μ = 0 and πμ
μ = 0), it implies that the Einstein equation takes the form

3H2 = κa2ρ + 1
2
σ2, (A.9)

H′ = −κa2

6
(ρ + 3P ) − 1

3
σ2, (A.10)

(σi
j)

′ = −2Hσi
j + κa2π̃i

j , (A.11)
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which correspond respectively to the ‘00’-component and trace and trace-free part of the
‘ij’-equation. The conservation equation for matter reads

ρ′ + 3H(ρ + P ) + σij π̃
ij = 0, (A.12)

where the ij-component of πμν has been defined as a2π̃ij (so that π̃i
j = γikπ̃kj).

To close this system, one needs to specify, as usual, an equation of state for the fluid,
that is an equation P (ρ), but also to provide a description for πμν . The latter vanishes
for a perfect fluid and for a scalar field.

A.2. Bianchi I universes in cosmic time

Starting from the metric (1.3) in cosmic time, the expressions of the Christoffel symbols
are

Γ̂0
ij = a2[Hγij + 1

2
γ̇ij], Γ̂i

0j = a2[Hδi
j + 1

2
γikγ̇kj]. (A.13)

The Einstein equations take the form

3H2 = κρ + 1
2
σ̂2, (A.14)

ä

a
= −κ

6
(ρ + 3P ) − 1

3
σ̂2, (A.15)

(σ̂i
j)

· = −3Hσ̂i
j + κπ̃i

j , (A.16)

and the conservation equation for the matter reads

ρ̇ + 3H(ρ + P ) + σ̂ij π̃
ij = 0. (A.17)

A.3. Bianchi I universes in the 1 + 3 formalism

The dynamics of Bianchi universes can be discussed in terms of the 1 + 3 covariant
formalism (see e.g. [39, 42]). This description assumes the existence of a preferred
congruence of worldlines representing the average motion of matter. The central object is
the 4-velocity uμ of these worldlines. The symmetries imply that it is orthogonal to the
hypersurfaces of homogeneity,

uμ = −δμ
0 , uμ = δμ0. (A.18)

The projection operator on the constant time hypersurfaces is defined as

⊥μν = gμν + uμuν .

Its only non-vanishing components being ⊥ij= a2(t)γij(t).
The central kinematical quantities arise from the decomposition

∇μuν = −uμu̇ν + 1
3
Θ ⊥μν + Σμν + ωμν . (A.19)

For a Bianchi I universe, homogeneity implies that Dμf = 0 for all scalar functions (where
the spatial derivative operator is defined as DμT

α = ⊥μ′
μ ⊥α

α′ ∇μ′T α′
etc). Since DμP = 0,

the flow is geodesic and irrotational (ωμν = 0) so that the acceleration also vanishes,
aμ = 0, and we are just left with the expansion, Θ, and the shear Σμν .
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It is clear from the form (1.3) that

Θ = 3H. (A.20)

The only non-vanishing components of the shear is expressed simply in terms of the trace-
free part of the Christoffel symbol Γ̂0

ij as

Σij = a2σ̂ij

so that

Σ2 = σ̂2 =

3∑

i=1

β̇2
i . (A.21)

With the general from (A.8) for the stress-energy tensor, we get the conservation
equation

ρ̇ + (ρ + P )Θ + Σμνπ
μν = 0, (A.22)

which reduces to equation (A.12).
The Raychaudhuri [42] equation simplifies to

Θ̇ + 1
3
Θ2 = −Σ2 − 4πG(ρ + 3P ). (A.23)

Since Θ = 3H , the rhs is simply 3ä/a = 3H′/a2 so that it reduces to equation (A.10).
The Gauss equation takes the form

(3)Rμν = −uα∇αΣμν − ΘΣμν + κπμν + 2
3

⊥μν (κρ − 1
3
Θ2 + 1

2
Σ2). (A.24)

We have to be careful here since uα∇αΣμν is not equal to ∂tΣμν . It is given, for the

ij-component by uα∇αΣij = (a2σ̂ij)
· − 2Γ̂k

0ja
2σ̂ik = a2[(σ̂ij)

· − 2σ̂ikσ̂
k
j ].

In the particular case of a Bianchi I spacetime, (3)Rμν = 0 so that the trace of the
generalized Friedmann equation [42] reduces to

κρ − 1
3
Θ2 + 1

2
Σ2 = (3)R.

Shifting to conformal time, this gives equation (A.9) when (3)R = 0. The trace-free part
leads to equation (A.11). Note that this implies that when the anisotropic stress vanishes,
a3Σμν is constant for the uα∇α time derivative but that it implies that a2σi

j is constant in
terms of the ordinary conformal time derivative. The identification of uμ∇μ and ∂t holds
only for scalars (see e.g. [47]).

A.4. General solution of the background equations

It is useful to determine general solutions of the evolution of the background spacetime [2].
We concentrate on the particular case in which πμν = 0 (relevant for scalar fields) and
first set

βi = BiW (t). (A.25)

Equations (1.10) and (1.16) then imply that
(∑

B2
i

)
Ẇ 2(t) =

S2

a6
or

(∑
B2

i

)
[W ′(η)]2 =

S2

a4
,
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from which we deduce that

W (t) =

∫
dt

a3
or W (η) =

∫
dη

a2
. (A.26)

The constraints (1.5) and (1.10) imply that the Bi must satisfy

3∑

i=1

Bi = 0,

3∑

i=1

B2
i = S2, (A.27)

which are trivially solved by setting

Bi =

√
2

3
S sin αi, αp = α +

2π

3
p, p ∈ {1, 2, 3}. (A.28)

Thus, the general solution is of the form

βi(t) =

√
2

3
S sin

(
α +

2π

3
i

)
× W, (A.29)

where a is solution of

3H2 = κρ +
1

2

S2

a6
. (A.30)

Once an equation of state is specified, the conservation equation gives ρ[a] and we can
solve for a(t).

As an example, consider the case of a pure cosmological constant, V = const. and
ϕ̇ = 0. The Friedmann equation takes the form

H2 = V0

[
1 +

(a∗
a

)6
]

,

with V0 ≡ κV/3 and a∗ ≡ (S/6V0)
1/6. It can be integrated easily to get

a(t) = a∗
[
sinh

(
3
√

V0t
)]1/3

. (A.31)

Asymptotically, it behaves as the scale factor of a de Sitter universe, a ∝ exp(
√

V0t) but
at early time the shear dominates and a ∝ t1/3.

Appendix B. Properties of the polarizations

We summarize here the main properties of the polarization tensors, defined in section 2.1.
The time derivative of the polarization tensor is given by

(ελ
ij)

′ = −(σklελ
kl)Pij − (σklPkl)ε

λ
ij + 4σk

(iε
λ
j)k, (B.1)

or equivalently,

(εiλ
j )′ = −(σklελ

kl)P
i
j − (σklPkl)ε

iλ
j + 2σk

j ε
iλ
k . (B.2)

In terms of the decomposition (3.1) of the shear tensor, it takes the forms

(ελ
ij)

′ = −σ
TλPij + σ‖ε

λ
ij + 4σk

(iε
λ
j)k, (B.3)
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and

(εiλ
j )′ = −σ

TλP
i
j + σ‖ε

iλ
j + 2σk

j ε
iλ
k , (B.4)

and the time derivative of the projection operator Pij is given by

(P ij)′ = −2σ
T+εij

+ + 2σ‖P
ij. (B.5)

Let us also give the following relations that turn to be useful for the derivation of the
evolution equation of the tensor modes

σilε
lj
λ σjpε

pi
λ = 1

4
σ2

‖ + 1
2
(σ2

λ − σ2
(1−λ))

σilε
lj
λ σjpε

pi
(1−λ) = σ

T×σ
T+

σilε
lj
λ σipελ

jp = 1
4
σ2

‖ + 1
2
(σ2

T+ + σ2
T×) + 1

2

∑

a

σ2
Va

σilε
lj
λ σipε

(1−λ)
jp = 0.

(B.6)

Appendix C. Perturbed quantities

For the sake of completeness, let us give the expression of the Lie derivative (2.36) of the
displacement ξ (2.37)

Lξḡ00 = −2a2(T ′ + HT )

Lξḡ0i = a2(ξ′
i − ∂iT − 2σjiξ

j)

Lξḡij = a2[2∂(iξj) + 2HTγij + 2Tσij ].

(C.1)

The expression of the components of the stress-energy tensor of the scalar field at
first order is

a2δT 0
0 = ϕ′2Φ − ϕ′χ′ − Vϕa2χ, (C.2)

a2δT 0
i = −∂i[ϕ

′χ], (C.3)

a2δT j
i = −δi

j [ϕ
′2Φ − ϕ′χ′ + Vϕa2χ]. (C.4)

Note that they are exactly the same expressions than in a Friedmann–Lemâıtre spacetime.
It comes from the fact that δgij never appears. Indeed, the δTij etc components will be
different compared to the Friedmann–Lemâıtre case.

In Newtonian gauge the Christoffel symbols at first order take the form

δΓ0
00 = Φ′ (C.5)

δΓ0
0j = ∂jΦ (C.6)

δΓ0
ij = Hhij + 1

2
h′

ij − 2HΦγij − 2Φσ̂ij (C.7)

δΓi
0j = 1

2
hi′

j − σ̂kjh
ki

= 1
2
(hi

j)
′ − σ̂kjh

ki + hkj σ̂
ki (C.8)

δΓi
jk = 1

2
γli (∂jhlk + ∂khjl − ∂lhjk) . (C.9)
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In Newtonian gauge, the expressions of the components of the Einstein tensor at first
order are

a2δG0
0 = −2ΔΨ + 6HΨ′ + 2σ2Ψ −

(
Ψ

H

)′
σ2 +

σij

H ∂i∂jΨ

− σij∂iΦj +
(
Ei

j

)′
σj

i + (6H2 − σ2)Φ, (C.10)

a2δG0
i = −σ2∂iΨ

H + σj
i ∂j

[
Φ + Ψ +

(
Ψ

H

)′]
− 2∂i(Ψ

′ + HΦ)

+ 1
2
ΔΦi − 2σjk∂jEik + σjk∂iEjk, (C.11)

a2δGi
j = δi

j

[
2Ψ′′ +

(
2H2 + 4H′)Φ + Δ (Φ − Ψ) + 2HΦ′ + 4HΨ′

]

+ ∂i∂j(Ψ − Φ) − 2

Hσ
(i
k ∂j)∂

kΨ

+ σi
j

[
−H

(
Ψ′

H2

)′
+

( H′

H2

)′
Ψ +

ΔΨ

H − Φ′ − Ψ′
]

+ δi
j

[
σ2

(
Φ +

(
Ψ

H

)′
− 2Ψ

)
+

σkl

H ∂k∂lΨ

]

+ (Ei
j)

′′ + 2H(Ei
j)

′ − ΔEi
j + 2

[
σi

k(E
k
j )′ − σk

j (Ei
k)

′] −
[(

Ek
l

)′
σl

k

]
δi
j

+ δi
jσ

kl∂kΦl − γik
[
∂(k(Φj))

′ + 2H∂(kΦj) − 2σl
(k∂|l|Φj)

]
. (C.12)

Appendix D. Details concerning the expansion of the action

The total time derivative T that appears in equation (5.20) is explicitly given by

T =

[
−a2σl

ihmlh
im + a2hijh

ijH + H(aδϕ)2 − (ϕ′v)2

2H − σ‖

− 2aϕ′vσijEij

2H − σ‖

− a2(σijEij)
2

2H − σ‖

− Hμijμklγ
ikγjl − 4a2σjkEikΨ

(
γi

j +
σi

j

H

)

+
(2H − σ‖)a

2k2Ψ2

H2
− 18Ψ2Ha2 +

7Ψ2σ2a2

H +
2Ψ2a2σj

i σ
k
j σ

i
k

H2

− 2vaΨϕ′′

H − 6Ψϕ′av

]′
. (D.1)
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8.2 Variables invariantes de jauge dans le cas d’un espace de
Bianchi quelconque

Dans l’article précédent, nous avons construit des variables invariantes de jauge pour le cas
d’un espace de fond de type Bianchi I. On peut généraliser ce procédé à tout espace de fond
homogène mais pas nécéssairement isotrope en utilisant le formalisme 1 + 3 sur l’espace de fond.
Un espace de Bianchi est caractérisé par un ensemble d’observateurs de quadrivitesse ūµ en
chute libre (āµ = ūν∇̄ν ūµ = 0), et sans vorticité (ω̄µν = 0) [Ellis & MacCallum 69]. La courbure
extrinsèque des surfaces orthogonales à ces observateurs est donc

K̄µν = D̄µūν = ∇̄µūν . (8.2)

Les sections spatiales sont homogènes mais pas nécessairement isotropes. On considère mainte-
nant une perturbation de cette métrique de fond δgµν et un changement de jauge généré par un
champ vectoriel ξµ. On peut décomposer ce champ vectoriel en 1 + 3 selon

ξµ ≡ −ūµT + L̂µ ≡ −ūµT + D̄µL+ Lµ (8.3)

avec D̄µL
µ = ūµLµ = ūµL̂µ = 0, si bien que la transformation de jauge δgµν → δgµν + 2∇̄(µξν)

prend la forme

δgµν → δgµν + 2D̄(µL̂ν) − 2ū(µ

[
L̂µ)

].
+ 2TK̄µν

+2K̄α(µL̂
αūν) + 2ū(µD̄ν)T − 2ūµūν Ṫ . (8.4)

On considère une décomposition de la métrique perturbée de la forme

δgµν ≡ −2Φūµūν + 2
(
D̄αB +Bα − 2K̄αλD̄

λE
)
ū(ν h̄

α
µ)

−2Ψ
3K̄µν

K̄α
α

+ 2D̄µD̄νE + 2D̄(µEν) + 2Eµν , (8.5)

avec
D̄µa = 0, D̄µEµν = 0, Eµµ = 0, D̄µEµ = 0, D̄µBµ=0 . (8.6)

En projetant selon ūµūν , ūµ̄̄hνα et h̄µβh̄
ν
α, on obtient alors que sous une transformation de jauge

du premier ordre les variables de perturbation se transforment selon

Ψ → Ψ− K̄α
α

3
T

Φ → Φ + Lu(T )

E → E + L

B → B − T + Lu(L)

Bµ → Bµ + LuLµ
Eµ → Eµ + Lµ

Eµν → Eµν . (8.7)

Il est ensuite facile d’incorporer une transformation conforme g̃ ≡ a2g dans le raisonnement pré-
cédent. On utilisera que Lu(g̃) = a2L(g)+2aLu(a)g, ce qui permettra de calculer le changement
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de courbure extrinsèque (K̃µν ≡ Kµν + Lu(a)
a h̄µν) ainsi que la modification de la transformation

de jauge de la métrique. On choisira la transformation conforme telle que Kα
α = 0 afin que

toute l’expansion volumique soit dans le facteur d’échelle a. On aura donc K̃α
α = 3Lu(a)

a . La
forme de la perturbation de la métrique g̃ sera la même que celle de g au facteur multiplicatif
a2 près, mais en utilisant la courbure extrinsèque K̃µν pour le terme en facteur de Ψ, afin que
la loi de transformation de cette variable soit inchangée. On obtiendra finalement les lois de
transformation

Ψ → Ψ− Lu(a)

a
T

Φ → Φ +
Lu(a)

a
T + Lu(T )

E → E + L

B → B − T + Lu(L)

Bµ → Bµ + Lu(Lµ)

Eµ → Eµ + Lµ

Eµν → Eµν , (8.8)

et la dérivée Lu s’identifie alors à la dérivée par rapport au temps conforme. Nous avons obtenu
des transformations simples en paramétrant de façon compliquée la perturbation de la métrique.
L’avantage est que les lois de transformation sont maintenant exactement similaires à celles
dérivées de façon pédestre dans le cas isotrope. Ici nous n’avons fait usage que de l’hypothèse
d’homogénéité, puisque dans les calculs nous avons utilisé que pour tout scalaire X de l’espace de
fond, D̄µX = 0. Nous pouvons donc calquer la procédure de construction d’ensembles complets
de variables invariantes de jauge sur le cas isotrope, en utilisant par exemple les construc-
tions (5.4), où la dérivée simple par rapport au temps conforme doit être remplacée par la dérivée
de Lie Lu. L’ensemble des différentes possibilités est revu dans [Peter & Uzan 05]. On remarque
que dans le cas isotrope, Kµν = 0, et on retrouve la forme de la perturbation de la métrique (5.2).
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Chapitre 9
Modèle d’inflation anisotrope et signatures
observationnelles (article)

Lorsque l’on considère les équations d’évolution des degrés de liberté canoniques des per-
turbations, les termes de masse variables sont cependant très différents du cas isotrope lorsque
le cisaillement domine, ce qui va altérer la procédure de quantification. De plus, les degrés de
liberté canoniques sont couplés ce qui ne permet pas d’avoir trois champs scalaires indépendants.
On peut néanmoins quantifier les degrés de liberté lorsque le cisaillement est intermédiaire et
pour des modes pas trop petits, et ainsi prédire le spectre des perturbations primordiales à la
fin de l’inflation.

Dans l’article qui suit, nous tirons ainsi les conclusions quant à la quantification des pertur-
bations des degrés de liberté canoniques dans un modèle simple d’inflation, l’inflation chaotique.
Les spectres résultants, en plus de dévier de l’invariance d’échelle présentent une dépendance
directionnelle héritée de la phase anisotrope. On les décompose donc en harmoniques sphériques
selon

P(k) = f(k)

[
1 +

`=∞∑

`=1

m=+`∑

m=−`
r`m(k)Y`m(k̂)

]
. (9.1)

Du fait des symétries des espaces de Bianchi I, les coefficients r`m sont réels et non nuls unique-
ment si ` et m sont pairs. On montre alors [Pullen & Kamionkowski 07] que les coefficients a`m
de décomposition en harmoniques sphériques du CMB présentent des corrélations statistiques
non diagonales, c’est-à-dire du type 〈a`ma∗`′m′〉, si `− `′ est pair.
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Abstract. This paper investigates the predictions of an inflationary phase
starting from a homogeneous and anisotropic universe of the Bianchi I type. After
discussing the evolution of the background spacetime, focusing on the number of
e-folds and the isotropization, we solve the perturbation equations and predict
the power spectra of the curvature perturbations and gravity waves at the end of
inflation.

The main features of the early anisotropic phase is (1) a dependence of
the spectra on the direction of the modes, (2) a coupling between curvature
perturbations and gravity waves and (3) the fact that the two gravity wave
polarizations do not share the same spectrum on large scales. All these effects
are significant only on large scales and die out on small scales where isotropy is
recovered. They depend on a characteristic scale that can, but a priori must not,
be tuned to some observable scale.

To fix the initial conditions, we propose a procedure that generalizes the one
standardly used in inflation but that takes into account the fact that the WKB
regime is violated at early times when the shear dominates. We stress that there
exist modes that do not satisfy the WKB condition during the shear-dominated
regime and for which the amplitude at the end of inflation depends on unknown
initial conditions. On such scales, inflation loses its predictability.

This study paves the way for the determination of the cosmological signature
of a primordial shear, whatever the Bianchi I spacetime. It thus stresses the
importance of the WKB regime to draw inflationary predictions and demonstrates
that, when the number of e-folds is large enough, the predictions converge toward
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those of inflation in a Friedmann–Lemâıtre spacetime but that they are less robust
in the case of an inflationary era with a small number of e-folds.
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1. Introduction

Inflation [1, 2] (see [3] for a recent review of its status) is now one of the cornerstones
of the standard cosmological model. In its simplest form, inflation has very definite
predictions: the existence of adiabatic initial scalar perturbations and gravitational waves,
both with Gaussian statistics and an almost scale-invariant power spectrum [4, 5]. Various
extensions, which in general involve more fields, allow, for example, for isocurvature
perturbations [6], non-Gaussianity [7] and modulated fluctuations [8]. All these features
let us hope that future data will shed some light on the details (and physics) of this
primordial phase of the universe.

Almost the entire literature on inflation assumes that the universe is homogeneous
and isotropic while homogeneity and isotropy are what inflation is supposed to explain.
Indeed, the dynamics of anisotropic inflationary universes has been widely discussed [9].
It was demonstrated that, under a large variety of conditions, inflation occurs even if the
spacetime is initially anisotropic [10], regardless of whether it is dominated by a pure
cosmological constant or a slow-rolling scalar field. The isotropization of the universe was
even recently generalized to Bianchi braneworld models [11]. It should be emphasized,
however, that a deviation from isotropy [10] or flatness [12] may have a strong effect on
the dynamics of inflation, and in particular on the number of e-folds.

The study of the perturbations during the isotropization phase has been overlooked,
mainly because in the past decades one was mostly focused on large field inflationary
models, which generically give very long inflationary phases. This was also backed up by
the ideas of chaotic inflation and eternal inflation [3]. In such cases, it is thus an excellent
approximation to describe the universe by a Friedmann–Lemâıtre (FL) spacetime when
focusing on the modes observable today since they exited the Hubble radius approximately
in the last 60 e-folds. In this case, the origin of the density perturbations is understood
as the amplification of vacuum quantum fluctuations of the inflaton. In particular, the
degrees of freedom that should be quantized deep in the inflationary phase, and known as
the Mukhanov–Sasaki variables [13], were identified [5], which completely fix the initial
conditions and make inflation a very predictive theory.

In the context of string theory, constructing a string compactification whose low
energy effective Lagrangian is able to produce inflation is challenging (see [14]). In
particular, it has proved to be difficult to build large field models [15] (in which the
inflaton moves over large distances compared to the Planck scale in field space). This
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has led to the idea that, in this framework, an inflationary phase with a small number of
e-folds is favoured (see, however, [16]). If so, the predictions of inflation are expected to be
sensitive to the initial conditions, and in particular the classical inhomogeneities are not
expected to be exponentially suppressed, which makes the search for large scale deviations
from homogeneity and isotropy much more motivated, as well as the possibility that the
inflaton has not reached the inflationary attractor. More important, it is far from obvious
(as we shall discuss in detail later) that all observable modes can be assumed to be in
their Bunch–Davies vacuum initially, and more puzzling, that for a given mode modulus
the possibility of setting the initial conditions will depend on its direction. If so, then the
initial conditions for these modes would have to be set in the stringy phase, an open issue
at the time.

The theory of cosmological perturbations in a Bianchi universe was roughed out
in [17]–[19] (see also [20] and [21] for the case of higher-dimensional Kaluza–Klein models
and [22] for the quantization of test fields and particle production in an anisotropic
spacetime). Recently, we performed a full analysis of the cosmological perturbations in
an arbitrary Bianchi I universe [23]. It was soon followed by an analysis [24] that focused
on a Bianchi I universe with a planar symmetry. As we shall see in this work, the case
of a planar symmetric spacetime is not generic (both for the dynamics of the background
and the evolution of the perturbations).

From a more observationally oriented perspective, the primordial anisotropy can
imprint a preferred direction in the primordial power spectra. This could be related to the
possible large scale statistical anomalies [25] of the cosmic microwave background (CMB)
anisotropies. Many possible explanations have been proposed, including foregrounds [26],
non-trivial spatial topology [27] (which implies a violation of global isotropy [28]), the
breakdown of local isotropy due to multiple scalar fields [29], the presence of spinors [30]
or dynamical vectors [31], the effect of the spatial gradient of the inflaton [32] or a late-time
violation of isotropy [33]. In the case of universes with planar symmetry, the signatures on
the CMB were derived by many authors [24, 34, 35]. In this case, a large primordial shear
is indeed necessary, which is not in contradiction with the constraints obtained from the
CMB [36] or from big bang nucleosynthesis [37]. This brings a secondary motivation to
our analysis: can the CMB anisotropy be related to an anisotropic primordial phase or, on
the other hand, can it constrain the primordial shear and what are the exact predictions
of a primordial anisotropic phase?

This is, however, not our primary motivation. In the first place, we are interested in
understanding the genericity of the predictions of inflation, and in particular with respect
to the symmetries of the background spacetime. As we shall see, the simple extension
considered in this paper drives a lot of questions, concerning both the initial conditions
in inflation and, more generally, quantum field theory in curved spacetime.

In this paper, we build on our previous work [23] to investigate the dynamics and
predictions of one field inflation starting from a generic Bianchi I universe. After
discussing the dynamics of the background in section 2, we focus on the evolution of the
perturbations in section 3. In particular, we will need to understand the procedure for the
quantization during inflation. As we shall see in section 4, this procedure deviates from the
one standardly used in a Friedmann–Lemâıtre spacetime, and even in a planar symmetric
spacetime as discussed in [24]. The main reason for such an extension lies in the fact that
there always exist modes that were not in a WKB regime during the shear-dominated
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inflationary era. It follows that, while our procedure leads to similar predictions to the
standard one on small scales, it appears that there is a lack of predictability on large
scales. Indeed, we do not want to push our description beyond the Planck or string scale
where extensions of general relativity have to be considered. This may give a description
of both the early phase of the inflationary era and also a procedure to fix the initial
conditions without any ambiguity. In section 5, we explicitly compute the primordial
spectra, for both scalar modes and gravity waves. We will describe in detail the effect of
the anisotropy and show how the isotropic predictions are recovered on small scales.

2. Background dynamics

We first set our notation in section 2.1 and describe the dynamics of the background,
focusing on its general solutions in section 2.2. We then turn to the slow-roll regime and
to the case of a massive free field, that we shall use as our working example, respectively
in sections 2.3 and 2.4.

2.1. Definitions and notations

Bianchi spacetimes [38] are spatially homogeneous and those of type I have Euclidean
hypersurfaces of homogeneity. In comoving coordinates, and using cosmic time, their
metric takes the general form

ds2 = −dt2 +

3∑

i=1

X2
i (t)

(
dxi
)2

, (2.1)

which includes three a priori different scale factors. It includes the Friedmann–Lemâıtre
spacetimes as a subcase when the three scale factors are equal, and the extensively studied
planar symmetric universes when only two of the three scale factors are different. The
average scale factor, defined by

S(t) ≡ [X1(t)X2(t)X3(t)]
1/3 , (2.2)

characterizes the volume expansion of the universe. The metric (2.1) can then be recast
under the equivalent form

ds2 = −dt2 + S2(t)γij(t) dxi dxj , (2.3)

where the ‘spatial metric’, γij, is the metric on constant time hypersurfaces. It can be
decomposed as

γij = exp [2βi(t)] δij , (2.4)

where the functions βi must satisfy the constraint

3∑

i=1

βi = 0. (2.5)

Let us introduce some useful definitions. First, we consider the scale factors

ai ≡ eβi(t), Xi = Sai. (2.6)
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They are associated with the following Hubble parameters:

H ≡ Ṡ

S
, hi =

Ẋi

Xi
, β̇i =

ȧi

ai
, (2.7)

which are trivially related by

hi = H + β̇i, H = 1
3

3∑

i=1

hi, (2.8)

where the dot refers to a derivative with respect to physical time. We define the shear as

σ̂ij ≡ 1
2
γ̇ij (2.9)

and introduce the scalar shear by

σ̂2 ≡ σ̂ij σ̂
ij =

∑

i

β̇2
i . (2.10)

(See appendix A of [23] to see the relation with the shear usually defined in the 1 + 3
formalism.) To finish, we define the conformal time by dt ≡ S dη, in terms of which the
metric (2.3) is recast as

ds2 = S2(η)
[
−dη2 + γij(η) dxi dxj

]
. (2.11)

We define the comoving Hubble parameter by H ≡ S ′/S, where a prime refers to a
derivative with respect to the conformal time. The shear tensor, now defined as

σij ≡ 1
2
γ′

ij, (2.12)

is clearly related to σ̂ij by σij = Sσ̂ij so that σ2 ≡ σijσ
ij is explicitly given by

σ2 =
∑3

i=1(β
′
i)

2 and is related to its cosmic time analogous by σ = Sσ̂.

2.2. Friedmann equations and their general solutions

2.2.1. Friedmann equations. In cosmic time, assuming a general fluid as matter source
with stress-energy tensor

Tμν = ρuμuν + P (gμν + uμuν) + πμν , (2.13)

where ρ is the energy density, P the isotropic pressure and πμν the anisotropic stress
(πμνu

μ = 0 and πμ
μ = 0), the Einstein equations take the form

3H2 = κρ + 1
2
σ̂2, (2.14)

S̈

S
= −κ

6
(ρ + 3P ) − 1

3
σ̂2, (2.15)

(σ̂i
j)

. = −3Hσ̂i
j + κπ̃i

j , (2.16)

and the conservation equation for the matter is

ρ̇ + 3H(ρ + P ) + σ̂ij π̃
ij = 0, (2.17)

where the ij component of πμν has been defined as S2π̃ij (so that π̃i
j = γikπ̃kj).
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In this work, we focus on inflation and assume that the matter content of the universe
is described by a single scalar field so that

Tμν = ∂μϕ∂νϕ −
(

1
2
∂αϕ∂αϕ + V

)
gμν . (2.18)

This implies that

3H2 = κ
[

1
2
ϕ̇2 + V (ϕ)

]
+ 1

2
σ̂2, (2.19)

S̈

S
= −κ

3

[
ϕ̇2 − V (ϕ)

]
− 1

3
σ̂2, (2.20)

(σ̂i
j)

. = −3Hσ̂i
j . (2.21)

The last of these equations is easily integrated and gives

σ̂i
j =

Ki
j

S3
, (2.22)

where Ki
j is a constant tensor, (Ki

j)
· = 0. This implies that

σ̂2 =
K2

S6
, (2.23)

with K2 ≡ Ki
jKj

i , from which we deduce that

˙̂σ = −3Hσ̂. (2.24)

The conservation equation reduces to the Klein–Gordon equation, which keeps its
Friedmannian form:

ϕ̈ + 3Hϕ̇ + Vϕ = 0. (2.25)

2.2.2. General solutions. Let us concentrate on the particular case in which πμν = 0
(relevant for scalar fields) and first set

βi = BiW (t), (2.26)

where Bi are constants yet to be determined. Equations (2.10) and (2.23) then imply that
(∑

B2
i

)
Ẇ 2(t) =

K2

S6
,

from which we deduce that

W (t) =

∫
dt

S3
. (2.27)

The constraints (2.5) and (2.10) imply that Bi must satisfy

3∑

i=1

Bi = 0,

3∑

i=1

B2
i = K2, (2.28)

which can be trivially satisfied by setting

Bi =

√
2

3
K sin αi, with αi = α +

2π

3
i, i ∈ {1, 2, 3}. (2.29)
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Thus, the general solution is of the form

βi(t) =

√
2

3
K sin

(
α +

2π

3
i

)
× W (t), (2.30)

where S is the solution of

3H2 = κρ +
1

2

K2

S6
. (2.31)

Once an equation of state is specified, the conservation equation gives ρ[S] and we can
solve for S(t).

As we shall see, it is convenient to introduce the reduced shear

x ≡ 1√
6

σ̂

H
=

1√
6

σ

H (2.32)

in terms of which the Friedmann equation takes the form

(1 − x2)H2 =
κ

3
ρ,

so that the local positivity of the energy density implies that x2 < 1.

2.2.3. Particular case of a cosmological constant. First, let us consider the case of a pure
cosmological constant, V = constant and ϕ̇ = 0. This case is relevant for the initial stage
of the inflationary period since we expect first the shear to dominate and the field energy
density to be dominated by its potential energy. If not, then the field is fast rolling and
its energy density behaves as S−6, exactly as the square of the shear.

The Friedmann equation now takes the form

H2 = V0

[
1 +

(
S∗
S

)6
]

,

with3 V0 ≡ κV/3 and S∗ ≡ (K2/6V0)
1/6. It can be easily integrated to get

S(t) = S∗ [sinh (t/τ∗)]
1/3 , (2.33)

where we have introduced the characteristic time

τ−1
∗ = 3

√
V0. (2.34)

Thus, we obtain from equation (2.27)

W (t) = W0 +
τ∗
S3

∗
log

[
tanh

(
t

2τ∗

)]
, (2.35)

where the constant W0 can be set to zero (corresponding to the choice of the origin of

time). It follows, using
√

3/2K = S3
∗/τ∗, that the directional scale factors behave as

Xi = S∗

[
sinh

(
t

τ∗

)]1/3 [
tanh

(
t

2τ∗

)](2/3) sinαi

. (2.36)

3 Note the dimensions: ρ ∼ M4, G ∼ M−2, H ∼ M , σ̂ ∼ M , Bi ∼ M , W ∼ M−1, V0 ∼ M2, S∗ ∼ M0 where M
is a mass scale.
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Figure 1. Evolution of the scale factors according to the value of the parameter
α. We depict the three directional scale factors and the average scale factor S
(dashed line), all in units of S∗. The three directional scale factors are permuted
when α is changed by 2π/3. Note that there exist two particular cases in which
the spacetime has an extra rotational symmetry when α = π/6 or π/2. The latter
case is even more peculiar since this is the only Bianchi I universe for which none
of the direction is bouncing.

From this expression, we deduce that the directional Hubble parameters evolve as

hi =
1

3τ∗

1

sinh(t/τ∗)
[2 sin αi + cosh(t/τ∗) ] (2.37)

and further that the average Hubble parameter and reduced shear are given by

H =
1

3τ∗

1

tanh(t/τ∗)
, x =

1

cosh(t/τ∗)
. (2.38)

The behaviours of the directional scale factors are depicted in figure 1 for various
values of the parameter α. We restrict to α ∈ [0, 2π/3] and it is clear that for α < π/2
the i = 3 direction is bouncing. At α = π/2 none of the direction is contracting and then
it switches to direction i = 2, when α > π/2. It is thus clear that there is always one
bouncing direction, except in the particular case in which α = π/2.
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Figure 2. Left: time at which the direction i bounces (blue: i = 3), (red: i = 2).
At π/2, none of the direction is contracting and a change of the contracting
direction occurs. Right: value of the Kasner exponents as a function of the
parameter α characterizing the Bianchi I model close to the singularity.

As a first conclusion, let us compute the time at which the contracting direction
bounces. Figure 2 (left) depicts the value of the time of the bounce as a function of α and
we conclude that it is always smaller than 1.4τ∗.

2.2.4. Behaviour close to the singularity. Whatever the potential chosen for the inflaton,
the Friedmann equation will be dominated by the shear close to the singularity, so that
we can use the solutions obtained in the case of a pure cosmological constant for the sake
of discussion. From the previous analysis, we obtain that

Xi = S∗

(
t

2τ∗

)(2/3) sin αi+(1/3)
[
1 +

1

18
(1 − sin αi)

(
t

τ∗

)2

+ O
((

t

τ∗

)4
)]

. (2.39)

The metric can thus be expanded around a Kasner solution of the form

ds2
Kasner = −dt2 + S2

∗

3∑

i=1

(
t

2τ∗

)2pi

(dxi)2, (2.40)

with the indices

pi(α) = 2
3
sin αi + 1

3
, (2.41)

that clearly satisfy
∑

pi =
∑

p2
i = 1 (see figure 2 (right)). We thus have

ds2 � −dt2 + S2
∗

3∑

i=1

(
t

2τ∗

)2pi
[
1 +

1

12
(1 − pi)

(
t

τ∗

)2
]

(dxi)2, (2.42)

up to terms of order (t/τ∗)4.
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The invariants of the metric behave as

R =
4

3τ 2
∗
, (2.43)

RμνR
μν =

4

9τ 2
∗
, (2.44)

RμνρσRμνρσ =
1

27τ 2
∗

{
8 +

4

cosh4 [t/(2τ∗)]

+
32 cosh (t/τ∗)

sinh4 (t/τ∗)

[
3 cos(α)2 sin(α) − sin(α)3 + 1

]}
. (2.45)

Clearly, we see that R and RμνR
μν are regular at the singularity, which is expected for

a cosmological-constant-dominated universe since Rμν = −Λgμν . The third invariant
RμνρσRμνρσ diverges when we are approaching the singularity, the only exception being
the case where α = π/2, which corresponds to the positive branch considered in [24]. In
this particular case, the Kasner metric has exponents (1, 0, 0). We emphasize that the
spacetime α = π/2 is a singular point in the set of Bianchi spacetimes since there is no
uniform convergence of the invariants of the metric evaluated on the singularity when
α → π/2.

2.3. Slow-roll parameters

In order to discuss our results, we introduce the slow-roll parameters in the usual way by

ε ≡ 3
ϕ′2

ϕ′2 + 2S2V
, δ ≡ 1 − ϕ′′

Hϕ′ = − ϕ̈

Hϕ̇
. (2.46)

With these definitions, the Friedmann and Klein–Gordon equations take the form

(1 − x2)H2 =
κ

3 − ε
V S2, (3 − δ)Hϕ′ + VϕS2 = 0, (2.47)

and we deduce that

H′

H2
= (1 − ε) + (ε − 3)x2, (2.48)

so that

S ′′

S
= H2

[
2 − ε + (ε − 3) x2

]
(2.49)

and

ε′ = 2Hε(ε − δ). (2.50)

Interestingly, it is easy to check that

x′ = −Hx(1 − x2)(3 − ε),

from which we deduce that

δ′ = H
[
−9x2 +

S2V,ϕϕ

H2
− (1 − x2)(3ε + 3δ) + δ(δ + ε(1 − x2))

]
. (2.51)
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From the definition (2.46) and making use of the second equation of equations (2.47),
we deduce that the slow-roll ε parameter takes the form

ε =
(1 − x2)

2κ

(
V,ϕ

V

)2(
3 − ε

3 − δ

)2

.

Once we use the relation ϕ̇2 = 2εV/(3 − ε), we deduce that

ϕ̇ = − 1√
κ

√
(3 − ε)(1 − x2)

(3 − δ)2

V,ϕ√
V

. (2.52)

As long as ϕ̇2 � V (ϕ) and in the limit x → 1, which corresponds to the shear-dominated
period prior to the inflationary phase, we have that

ε → 0, δ → −3, (2.53)

but we still have δ′ → 0. It follows that initially, even if the shear decreases rapidly, ϕ
remains almost constant and δ remains close to −3. This solution converges when t → 0
to the pure cosmological constant solution of section 2.2.3. Note that this conclusion
differs from the statement of [39].

Before we reach the slow-roll attractor, we may be in a transitory regime in which
ϕ̇2 � V . Then, this implies that

ε → 3, δ → 3, ϕ̇ � ϕ0

t
.

The field velocity decreases so that this solution converges rapidly toward the slow-
rolling attractor. These general results on the limiting behaviours will be important
to understand the dynamics of the inflaton.

2.4. Numerical integration for a massive scalar field

In this paper, we will consider the explicit example of chaotic inflation with a potential

V = 1
2
m2ϕ2. (2.54)

The dynamical equations (2.19) and (2.25) can be rescaled as

h2 =
1

6

[
1

2
ψ̇2 + ψ2 +

(
S∗
S

)6
]

, (2.55)

ψ̈ + 3hψ̇ + ψ = 0, (2.56)

where we use τ = mt as a time variable (so that h = H/m), ψ = ϕ/Mp (with
M−2

p = 8πG = κ) as the field variable, and where S∗ = (K/m)1/3. Under this form,
it is clear that the various solutions of the system (2.55) and (2.56) are, in general,

characterized by the three numbers {ψ(t0), ψ̇(t0), S∗}. As we will now see, this extra
dependence on the parameter S∗ causes our dynamical system to behave differently from
its analogues in Friedmann–Lemâıtre spacetimes4. Under this form, we also see clearly

4 There is another way to see this: the term in S−6 in equation (2.55) is equivalent to the contribution of a
massless scalar field, χ say, that would satisfy the Klein–Gordon equation χ̈ + 3hχ̇ = 0, implying χ̇ ∝ S−3. One
requires initial conditions for this extra degree of freedom as well.
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Figure 3. Comparison of the phase portraits of a Friedmann–Lemâıtre (left) and
a Bianchi I inflationary phase. The curves with the same colour correspond to
the same initial conditions for the scalar field but starting with different initial
shear (see figure 4 for a three-dimensional representation).

that one cannot continuously go from a Bianchi to an FL spacetime (because either S∗ = 0
or S∗ 	= 0), even though Bianchi spacetime isotropizes.

It is well known that the dynamics of the inflationary stage in a Friedmann–Lemâıtre
spacetime is characterized by attractor solutions, clearly seen in the phase space. For a
large set of initial conditions, the solutions converge to the slow-roll stage defined by an
almost constant ϕ̇ and ϕ decreasing accordingly. It is thus given by a roughly horizontal
line in the phase portrait which ends with the oscillations of the scalar field at the bottom
of its potential. As previously mentioned, the slow-roll inflationary stage in Bianchi I
spacetimes possesses the same attractor behaviour, although it is quite different during
the initial shear-dominated phase. When the shear dominates, the solutions are rapidly
attracted to the point ϕ̇ � 0 and ϕ nearly constant. This is the attractor whose solution
is given by equations (2.58)–(2.62). It then converges towards the Friedmann–Lemâıtre
behaviour when the shear becomes negligible (see figure 4).

In conclusion, we have a double attraction mechanism, namely of the field dynamics
toward the slow-roll attractor and of the Bianchi spacetime toward a Friedmann–Lemâıtre
solution.

In figure 5, we compare the dynamics of the inflationary phase of a Bianchi I
and a Friedmann–Lemâıtre spacetime. While in both cases the (average) scale factors
grow, the effect of a shear-dominated phase is to initially decrease the velocity of the
expansion of the Bianchi universe. On the other hand, the dynamics of the scalar field
is barely affected by the presence of the shear as long as we have reached the slow-
roll attractor. In the following we will assume that we have reached this attractor.
If the number of e-folds is small, it is not clear that this attractor has been reached,
regardless of whether or not we assume a Friedmann–Lemâıtre spacetime. In such a
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Figure 4. Phase portrait of a Bianchi I inflationary phase in the space {ϕ, ϕ̇, σ}.
The plane σ = 0 corresponds to the FL limit (see figure 3). This illustrates the
double attraction mechanism of the spacetime toward FL and of the solution
toward the slow-roll attractor.

case, one has to rely on families of trajectories to draw the observational predictions
(see, e.g., [40]).

Let us now consider the behaviour close to the singularity and introduce the
characteristic time τ∗, explicitly given by

τ∗ =

√
2

3

Mp

mϕ0

. (2.57)

By developing all the previous equations in powers of t/τ∗, we obtain that

H(t) =
1

3t

[
1 +

1

3

t2

τ 2
∗

+ O
(

t4

τ 4
∗

)]
, (2.58)

x(t) = 1 − 1

2

t2

τ 2
∗

+ O
(

t4

τ 4
∗

)
, (2.59)

ϕ(t) = ϕ0

[
1 − 1

6

(
Mp

ϕ0

)2
t2

τ 2
∗

+ O
(

t4

τ 4
∗

)]
, (2.60)
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Figure 5. Evolution of the average scale factor (left) and scalar field (right) as a
function of time for both the Bianchi (red, solid line) and FL cases (blue, dashed
line). The Bianchi solution is characterized by ϕ0 = 16Mp. We have normalized
the solutions such that the scale factors have the same value at the end of the
inflation when the shear is negligible. The inner-left figure shows the logarithmic
evolution of the velocity of the expansion in both cases, the minimum of which
indicates the time at which S̈ = 0 for the Bianchi case.

δ(t) = −3

[
1 − 1

2

t2

τ 2
∗

+ O
(

t4

τ 4
∗

)]
, (2.61)

ε(t) =
1

3

(
Mp

ϕ0

)2
t2

τ 2
∗

+ O
(

t4

τ 4
∗

)
, (2.62)

in complete agreement with the expansions obtained in [24]. In this limit, we understand
why δ → −3 close to the singularity. It simply reflects the fact that the field decreases as
t2. This is different from the case of chaotic inflation in a Friedmann–Lemâıtre spacetime
where the field varies linearly with time during the slow-roll regime since in that case

ϕ = ϕi

[
1 −

(
Mp

ϕi

)2
t

τ∗

]
, S = Si exp

{
1

M2
p

[ϕ2
i − ϕ2(t)]

}
,

and the slow-roll parameters are explicitly given by

ε = 2
M2

p

ϕ2
, δ = 0.

Let us come back to the slow-roll parameters defined in section 2.3. In the particular
case of a quadratic potential, we have

δ′ = H(3 − δ)

[
ε2 − 3δ

3 − ε
− x2(3 − ε)

]
, (2.63)

since S2V,ϕϕ = εH2(3 − δ)2/(3 − ε). During the shear-dominated phase, δ ∼ −3 and
the previous equation tells us that δ remains constant. It follows from equation (2.50)
that ε′ is of the same order as ε (note the difference between the standard case in which
ε′ is second order). It follows that the variation of ε cannot be neglected until δ has
converged toward 0. Then ε can be considered as constant until the end of inflation.
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Figure 6. Evolution of the slow-roll parameters ε (left) and δ (right) during the
inflationary phase for a Bianchi I model (solid lines) with α = π/4 compared to
the case of a Friedmannian model (dashed lines). We assume a potential of the
form (2.54) and initial values ϕ0 = (16, 26, 36)Mp corresponding respectively to
the red, green and blue lines.

While the universe isotropizes, both δ and ε converged toward their Friedmann–Lemâıtre
value. Figure 6 illustrates the evolution of the two slow-roll parameters and compares
them to their values in a Friedmann–Lemâıtre universe.

For any initial value of the scalar field, ϕ0, we define ϕi as the value of the field when
the universe starts to inflate, that is at the time when S̈ = 0. Then, the number of e-folds
of the inflationary period is defined as

N [ϕi] ≡ ln
S(ϕf)

S(ϕi)
=

∫ ϕf

ϕi

H

ϕ̇
dϕ, (2.64)

where ϕf is the value of the field at which ε = 1. Since at that time the shear is negligible,
ϕf is given by

ϕf =
√

2Mp. (2.65)

It follows that, for any initial value of the field, we can characterize the shear-dominated
phase by

Δϕ[ϕ0] = ϕ0 − ϕi[ϕ0], (2.66)

which indicates by how much the field has moved prior to inflation. Then, the duration
of the inflationary phase is given by

N [ϕ0] =

∫ √
2Mp

ϕi(ϕ0)

H

ϕ̇
dϕ. (2.67)

This has to be compared with the number of e-folds in the FL case:

NFL[ϕi] =
1

4

(
ϕi

Mp

)2

− 1

2
.
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Figure 7. Left: relative variation of the scalar field during the shear-dominated
era as a function of its initial value. Right: comparison of the number of
e-folds for a Bianchi (solid, red line) and Friedmann–Lemâıtre (blue, dashed
line) inflationary period as a function of ϕi. The inside plot is the relative
difference between the number of e-folds of the Bianchi and Friedmann–Lemâıtre
inflationary period as a function of ϕi.

In figure 7 (left), we depict the fractional duration of the shear-dominated phase (see
equation (2.66)) as a function of ϕ0. We see that the larger the initial value of the field,
the smaller the impact of the shear. Also shown in figure 7 is the number of e-folds for the
Friedmann–Lemâıtre and Bianchi spacetimes. The presence of the shear slightly increases
the number of e-folds (solid red line in figure 7).

2.5. Discussion

This general study of the background shows that generically there is always one bouncing
direction, except in the particular case α = π/2 considered in [24] (positive branch).
Regarding the dynamics of the universe, the expansions (2.58)–(2.62) at lowest order
exactly reproduce the exact (numerical) solutions.

This analysis actually shows that the shear is effective typically until the characteristic
time τ∗. Going backward in time, the universe goes rapidly to an initial singularity and
is thus past incomplete (in fact as other inflationary models [41]). Indeed, as we shall
discuss later, we do not want to extrapolate such a model up to the Planck or string times
and we just assume that they are a good description of the inflating universe after this
time.

We have focused on the evolution of the ‘slow-roll’ parameters and concluded that
the variation of ε cannot be neglected until the shear has decayed. We have also shown
that the scalar field barely moves during the shear-dominated era and that, with the same
initial value for the scalar field, the number of e-folds is almost not affected (even though
slightly larger) by a non-vanishing shear.
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3. Summary of the perturbation theory

In our previous work [23], we investigated the theory of cosmological perturbations around
a Bianchi I universe. We shall now briefly summarize the main steps which are necessary
to deduce the dynamical system of equations that we want to solve in this paper.

3.1. Mode decomposition

First, we pick up a comoving coordinates system, {xi}, on the constant time hypersurfaces.
Any scalar function can then be decomposed in Fourier modes as

f
(
xj , η

)
=

∫
d3ki

(2π)3/2
f̂ (ki, η) eikixi

. (3.1)

In the Fourier space, the comoving wave co-vectors ki are constant, k′
i = 0. We now

define ki ≡ γijkj that is obviously a time-dependent quantity. Contrary to the standard
Friedmann–Lemâıtre case, we must be careful not to trivially identify ki and ki, since
this does not commute with the time evolution. Note, however, that xik

i = xiki remains
constant.

Besides, since (ki)′ = −2σipkp, the modulus of the comoving wavevector, k2 = kiki =
γijkikj, is now time-dependent and its rate of change is explicitly given by

k′

k
= −σij k̂ik̂j, (3.2)

where we have defined the unit vector

k̂i ≡ ki

k
. (3.3)

Now, we introduce the base {e1, e2} of the subspace perpendicular to ki. By construction,
it satisfies the orthonormalization conditions

ea
i kjγ

ij = 0, ea
i e

b
jγ

ij = δab.

Such a basis is indeed defined up to a rotation about the axis ki. These two basis vectors
allow us to define a projection operator onto the subspace perpendicular to ki as

Pij ≡ e1
i e

1
j + e2

i e
2
j = γij − k̂ik̂j. (3.4)

It trivially satisfies P i
jP

j
k = P i

k, P i
jk

j = 0 and P ijγij = 2.

Any symmetric tensor V̄ij that is transverse and trace-free has only two independent
components and can be decomposed as

V̄ij(ki, η) =
∑

λ=+,×
Vλ(k

i, η)ελ
ij(k̂i), (3.5)

where the polarization tensors have been defined as

ελ
ij =

e1
i e

1
j − e2

i e
2
j√

2
δλ
+ +

e1
i e

2
j + e2

i e
1
j√

2
δλ
×. (3.6)

It can be checked that they are traceless (ελ
ijγ

ij = 0), transverse (ελ
ijk

i = 0) and that the

two polarizations are perpendicular (ελ
ijε

ij
μ = δλ

μ). This defines the two tensor degrees of
freedom.
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3.2. Decomposition of the shear

It is then fruitful to decompose the shear in a local basis adapted to the mode that we
are considering. The shear being a symmetric trace-free tensor, it can be decomposed on
the basis {k̂i, e

1
i , e

2
j} as

σij = 3
2

(
k̂ik̂j − 1

3
γij

)
σ‖ + 2

∑

a=1,2

σVa k̂(ie
a
j) +

∑

λ=+,×
σTλελ

ij. (3.7)

This decomposition involves 5 independent components in a basis adapted to the
wavenumber ki. We must, however, stress that (σ‖, σVa , σTλ) do not have to be interpreted
as the Fourier components of the shear, even if they explicitly depend on ki. This
dependence arises from the local anisotropy of space.

Using equation (3.7), it is easily worked out that σijγ
ij = 0, and that

σij k̂
i = σ‖k̂j +

∑

a

σVaea
j , σij k̂

ik̂j = σ‖, (3.8)

and

σijε
ij
λ = σTλ , σij k̂

iej
a = σVa . (3.9)

The scalar shear is explicitly given by

σ2 = σijσ
ij = 3

2
σ2

‖ + 2
∑

a

σ2
Va +

∑

λ

σ2
Tλ , (3.10)

which is, by construction, independent of ki. We emphasize that the local positivity of
the energy density of matter implies (see equation (2.32)) that σ2/6 < H2 and thus

1

2
σ‖ ≤ 1√

6
σ < H. (3.11)

This, in turn, implies that

σ‖ < 2H, (3.12)

a property that shall turn out to be very useful in the following discussion. Analogously,
we have that

σTλ <
√

6H. (3.13)

3.3. Gauge-invariant variables

We start from the most general metric of an almost Bianchi I spacetime:

ds2 = S2
[
− (1 + 2A) dη2 + 2Bi dxi dη + (γij + hij) dxi dxj

]
. (3.14)

Bi and hij are further decomposed as

Bi = ∂iB + B̄i, (3.15)

hij ≡ 2C
(
γij +

σij

H
)

+ 2∂i∂jE + 2∂(iEj) + 2Eij , (3.16)
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with

∂iB̄
i = 0 = ∂iE

i, Ei
i = 0 = ∂iE

ij. (3.17)

We showed, that one can construct the following gauge-invariant variables:

Φ ≡ A +
1

S

{
S

[
B − (k2E)

′

k2

]}′

, (3.18)

Ψ ≡ −C − H
[
B − (k2E)

′

k2

]
, (3.19)

for the scalar modes,

Φi ≡ B̄i − γij

(
Ej
)′

+ 2ikjσljP
l
iE, (3.20)

for the vector modes and that the tensor mode Eij is readily gauge-invariant.
Concerning the matter sector, one can introduce a single gauge-invariant variable

associated with the scalar field perturbation:

Q ≡ δϕ − C

Hϕ′. (3.21)

3.4. The Mukhanov–Sasaki variables and their evolution equations

We established that the only degrees of freedom reduce to a scalar mode and two tensor
modes:

v ≡ SQ,
√

κμλ ≡ SEλ. (3.22)

They evolve according to

v′′ + ω2
v(ki, η)v =

∑

λ

ℵλ(ki, η)μλ, (3.23)

μ′′
λ + ω2

λ(ki, η)μλ = ℵλ(ki, η)v + �(ki, η)μ(1−λ), (3.24)

where the pulsations are explicitly given by

ω2
v(ki, η) ≡ k2 − z′′

s

zs
, ω2

λ(ki, η) ≡ k2 − z′′
λ

zλ
. (3.25)

The two functions zs and zλ have been defined by

z′′
s

zs
(η, ki) ≡ S ′′

S
− S2V,ϕϕ +

1

S2

(
2S2κϕ′2

2H − σ‖

)′
, (3.26)

z′′
λ

zλ
(η, ki) ≡ S ′′

S
+ 2σ2

T(1−λ) +
1

S2

(
S2σ‖

)′
+

1

S2

(
2S2σ2

Tλ

2H − σ‖

)′
, (3.27)

and we also need the coupling terms

ℵλ(η, ki) ≡ 1

S2

√
κ

(
2S2ϕ′σTλ

2H − σ‖

)′
, (3.28)

�(η, ki) ≡ 1

S2

(
22σT×σT+

2H − σ‖

)′
− 2σT×σT+ . (3.29)
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4. Prescription for the initial conditions

The set of equations (3.23)–(3.29) completely determines the evolution of the three degrees
of freedom of our problem. To be predictive, we must determine the initial conditions.

In an FL spacetime, the procedure is well understood [5] and relies on the quantization
of the canonical variables on sub-Hubble scales where it can be shown that they evolve
adiabatically.

We have to understand how far this procedure can be extended to a Bianchi universe
and how robust it is to the existence of a non-vanishing primordial shear. We thus start,
in section 4.1, with a review of the standard FL procedure, to highlight its hypothesis. In
section 4.2, we stress, and also quantify, the differences that appear in a Bianchi universe.
This will lead us (section 4.3) to propose an extension of the quantization procedure.
We shall finish in section 4.4 by critically discussing the limits and weaknesses of our
quantization procedure.

4.1. Friedmann–Lemâıtre universes

For simplicity, let us consider the case of a pure de Sitter phase. This represents no
limitation to our following arguments and can be generalized to an almost-de Sitter phase.

4.1.1. Quantization procedure. In order to be quantized, the canonical variables are
promoted to the status of quantum operators [5] and are decomposed as

v̂(x, η) =

∫
d3k

(2π)3/2

[
vk(η) eik·xâk + v∗

k(η) e−ik·xâ†
k

]
,

≡
∫

d3k

(2π)3/2

[
v̂k(η) eik·x + v̂†

k(η) e−ik·x
]
, (4.1)

where the creation and annihilation operators satisfy the commutation relations [âk, â
†
k′ ] =

δ(3)(k−k′). The mode function, vk(η), is a solution of the classical Klein–Gordon equation

v′′
k + ω2

v(k, η)vk = 0 with ω2
v(k, η) = k2 − 2

η2
, (4.2)

which is the equation of motion for a harmonic oscillator with time-dependent mass, which
translates the fact that the field lives in a time-dependent background spacetime. The
general solution of equation (4.2) is

vk(η) =
[
A(k)H(1)

ν (−kη) + B(k)H(2)
ν (−kη)

]√−η,

where Hν are the Hankel functions. In the particular case of a de Sitter era considered
here, ν = 3/2 so that

H
(2)
3/2(z) =

[
H

(1)
3/2(z)

]∗
= −

√
2

πz
e−iz

(
1 +

1

iz

)
.

Canonical quantization consists in imposing the commutation rules [v̂(x, η), v̂(x′, η)] =
[π̂(x, η), π̂(x′, η)] = 0 and [v̂(x, η), π̂(x′, η)] = δ(3)(x − x′) on constant time hypersurfaces,
π̂ being the conjugate momentum of v̂. From equation (4.1) and the commutation rules
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of the annihilation and creation operators, this implies that

vkv
′∗
k − v∗

kv
′
k = i, (4.3)

which determines the normalization of the Wronskian. The choice of a specific mode
function vk(η) corresponds to the choice of a prescription for the physical vacuum |0〉,
defined by

âk|0〉 = 0.

The most natural choice for the vacuum is to pick up the solution that corresponds
adiabatically to the usual Minkowski vacuum so that

vk → 1√
2k

e−ikη,

when kη → −∞. This implies that the mode function is

vk =
1√
2k

(
1 +

1

ikη

)
e−ikη. (4.4)

This choice is referred to as the Bunch–Davies vacuum.

4.1.2. WKB approximation. In more general cases, and for sure in the Bianchi case that
follows, we may not have exact solutions for the mode functions. On can redo the previous
construction by relying on a WKB approach [42] in which one introduces the WKB mode
function

vWKB
k (η) =

1√
2ωv

e±i
∫

ωvdη. (4.5)

It is easily checked that it is a solution of

vWKB
k

′′
+
(
ω2

v − QWKB

)
vWKB

k = 0,

with

QWKB =
3

4

(
ω′

v

ωv

)2

− 1

2

ω′′
v

ωv
. (4.6)

For a function satisfying an equation such as equation (4.2), the WKB solution is thus a
good approximation as long as the WKB condition |QWKB/ω2

v| � 1 is satisfied. In the
example at hand, this condition reduces to kη → −∞ so that, on sub-Hubble scales, the
mode function is actually close to its WKB approximation. We see that the quantization
procedure thus relies on the fact that there exists an adiabatic (WKB) solution on sub-
Hubble scales.
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4.1.3. Primordial spectra on super-Hubble scales. Once the initial conditions are fixed, vk is
completely determined and it can then be related to the scalar field perturbation Q (also
promoted to the status of operator). After the modes become super-Hubble, i.e. kη � 1,
the scalar field perturbation in a flat slicing gauge is given by

Q̂ →
∫

d3k

(2π)3/2
Q̂k eik·x =

∫
d3k

(2π)3/2

H√
2k3

(
âk + â†

−k

)
eik·x,

where we have used that S(η) = −1/Hη for a pure de Sitter inflationary phase, H being

a constant in this case. All the modes are proportional to (âk + â†
−k) so that the variables

Q̂k commute. We thus deduce that Q̂ has actually the same statistical properties as
a Gaussian classical stochastic field. Effectively, we can replace our quantum operators
by stochastic fields with Gaussian statistics and we introduce a unit Gaussian random
variable, ev(k), which satisfies

〈ev(k)〉 = 0, 〈ev(k)e∗
v(k

′)〉 = δ(3)(k − k′).

In this description the mode operators are replaced by stochastic variables according to
v̂k → vk = vk(η)ev(k) and we identify the (quantum) average in the vacuum, i.e. 〈0| · · · |0〉,
by an ensemble (classical) average, 〈· · ·〉.

The correlation function of v is defined as

ξv ≡ 〈0|v̂(x, η)v̂(x′, η)|0〉,
and takes the simple form

ξv =

∫
d3k

(2π)3
|vk|2 eik·(x−x′). (4.7)

Interestingly, in a Friedmann universe, isotropy implies that we can integrate over the
angle to get

ξv =

∫
dk

k

k3

2π2
|vk|2

sin kr

kr
, (4.8)

and it is, because of the symmetries of the background, a function of r = |x − x′| only.
We thus define the power spectra

Pv(k) = |vk|2, Pv(k) =
k3

2π2
|vk|2. (4.9)

In the stochastic picture, the correlator of vk is simply given by

〈vkv
∗
k′〉 = Pv(k)δ(3)(k − k′), (4.10)

from which one easily deduces the power spectrum of the curvature perturbation

PR(k) =
2π2

k3
PR(k) =

|vk|2
z2

.

Indeed, we can proceed in the same way for gravity waves. Since they are not coupled
to scalar modes and since the two polarizations are independent, we introduce two sets of
creation and annihilation operators, b̂k,λ, one per polarization. On super-Hubble scales,
the two modes can be described by two independent Gaussian classical stochastic fields,
μk,λ = μkeλ(k), with

〈eλ(k)e∗
λ′(k′)〉 = δλλ′δ(3)(k − k′).
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The power spectra are thus given by

Pλ(k) =
2π2

k3
Pλ(k) = |μk|2.

Spatial isotropy implies that P+ = P× so that the tensor modes power spectrum is

PT (k) = 2
κ

S2
P+(k). (4.11)

4.1.4. Conclusion. To conclude, this short review of the standard procedure highlights (1)
the importance of the WKB regime on sub-Hubble scales which allows us to construct a
Bunch–Davies vacuum adiabatically, (2) the fact that on super-Hubble scales (where one
wants to draw the predictions for the initial power spectra) the quantum operators can
be conveniently replaced by stochastic fields, (3) the importance of isotropy which implies
that there exist three independent stochastic directions (because modes are decoupled)
and (4) the fact that the two gravity wave polarizations have the same power spectrum.

We shall now see which of these properties generalize to a Bianchi universe.

4.2. Generic Bianchi I universes

4.2.1. Characteristic wavenumber. In order to relate our predictions to observations, we
introduce the characteristic wavenumber kref by

kref ≡ SH|t=τ∗ . (4.12)

We define N as the number of e-folds with the quantity SH rather than S in the
definition (2.64). If we denote by Nref the number of e-folds between t = τ∗ and the
end of inflation, and N0 the number of e-folds from the end of inflation until now, then
we can relate kref to the largest observable scale today, k0 = S0H0, by

kref

k0
= e(N0−Nref). (4.13)

Since during the inflationary era after τ∗, H is nearly constant, then Nref � Nref . As for
N0, it depends on the post-inflationary evolution and it can be estimated [43] by

N0 � 62 − ln

(
1016 GeV

V
1/4
k0

)
+

1

4
ln

Vk0

Vend
− 1

3
ln

(
V

1/4
end

ρ
1/4
reh

)
− ln h, (4.14)

h being the Hubble parameter in units of 100 km s−1 Mpc−1. Typically, Vk0 ∼ Vend as
long as slow-rolling holds. The reheating temperature can be argued to be larger than

ρ
1/4
reh > 1010 GeV to avoid the gravitino problem [44]. The amplitude of the cosmological

fluctuations (typically of the order of 2 × 10−5 on Hubble scales) roughly implies that

V
1/4
end is smaller than a few times 1016 GeV and, for the same reason as above, has to be

larger than 1010 GeV in the extreme case. This implies that N0 has to lie approximately
between 50 and 70, which is the order of magnitude also required to solve the horizon and
flatness problem.

Nref can be computed from the background dynamics, and as shown in figure 7, it is
almost equivalent to its value in the FL case.
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Figure 8. Logarithm of the ratio k/kref where kref is the modulus of the
wavenumber when the shear is zero. We see that, as soon as the shear grows,
k depends on the direction on which it is aligned (each colour corresponds to a
principal axis of the Bianchi universe). We have considered a generic Bianchi
universe with α = π/4.

4.2.2. Anisotropy. The first obvious difference with the FL case arises from the local
spatial anisotropy.

First, it is clear from the set of equations (3.23) and (3.24) that it implies that the
evolution of the mode functions shall depend on ki and not simply on the modulus. This
violation of isotropy will reflect itself on the fact that

(1) the power spectra at the end of inflation will be functions of k and not k, i.e. Pv(ki),
Pλ(ki);

(2) because of the coupling between scalar and gravity waves, there exists a cross-
correlation between scalar and tensor, i.e. 〈vμλ〉 	= 0;

(3) the two polarizations shall a priori have two different power spectra, i.e. P+ 	= P×.

A second related issue arises from the evolution of a comoving wavenumber. Let us
consider the different evolutions of a wave mode of modulus k at the end of inflation
according to its orientation. As we see in figure 8, depending on its orientation, this mode
has very different time evolutions before it settles to a constant value.

4.2.3. WKB regime. Whatever the Bianchi universe we consider, there is a shear-
dominated phase prior to inflation. During this phase S̈ < 0. Besides, in a generic
Bianchi I spacetime (that is, α 	= π/2) two of the scale factors go to zero while the third
is bouncing (in the α = π/2 case, one scale factor goes to zero while the two others remain
constant).

Journal of Cosmology and Astroparticle Physics 04 (2008) 004 (stacks.iop.org/JCAP/2008/i=04/a=004) 25



JC
A

P
04(2008)004

Predictions from an anisotropic inflationary era

Figure 9. Left panel: evolution of the quantity |Q/ω2| for an FL universe. Right
panel: evolution of |QWKB

v /ω2
v | for three different modes, each of them aligned

with one of the three orthogonal directions (same colour code as in figure 8), and
with the same modulus 10kref at the end of inflation. The vertical line corresponds
to the instant η(τ∗) and we have considered a generic Bianchi spacetime with
α = π/4.

For analysing the WKB regime we will consider, as usual, the ratio k/SH to discuss
whether a given mode is inside (k/SH � 1) or outside (k/SH � 1) the Hubble radius.
According to the details shown in appendix A, if we specify to only one direction we have
k ∼ 1/ai ∼ S/Xi, then

k

SH
=

1

XiH
∼ t2(1−sin αi)/3

during the shear-dominated regime. This shows that, except when α = π/2, any
given mode becomes super-Hubble when we approach the singularity (t → 0), and that
this approach is faster (going backwards in time) for modes aligned with the bouncing
direction.

In other words, all modes become super-Hubble in the past, and the mode aligned
with the bouncing direction (blue line in figure 8) becomes super-Hubble earlier (again,
going backwards in time) than the ones with the same k at the end of inflation but aligned
with a growing direction (blue line in figure 9).

For these two reasons, we can doubt the existence of a well-defined adiabatic vacuum
for all modes through their early evolution, as happens in FL universes. However, we can
still ask whether the WKB regime is reached in a short time interval when the shear is
not complete negligible, and how long it lasts given the wavenumber.

Let us thus discuss quantitatively the validity of the WKB approximation. First,
we focus on the pulsation, we neglect the effect of the couplings and consider the WKB
solutions:

vWKB
k (η) =

1√
2ωv

e±i
∫

ωvdη, μWKB
k,λ (η) =

1√
2ωλ

e±i
∫

ωλdη. (4.15)

They are good approximations of the solutions of equations (3.23) and (3.24) if
|QWKB

v,λ /ω2
v,λ| � 1, where QWKB has been defined in equation (4.6).
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Figure 10. Comparison of the exact (solid lines) solutions and the WKB (dashed
lines) solutions (4.15) for the scalar modes for three different directions with
k = 10kref at the end of inflation. We have considered a generic Bianchi spacetime
with α = π/4. The figures show two genuine WKB modes (left panel) and one
non-WKB mode (right panel). The inner-left figure shows the ratio |vWKB

k /vk|
for the modes which satisfy the WKB approximation.

Figure 11. Evolution of |QWKB
λ /ω2

λ| for the two tensor polarizations (left: λ = +,
right: λ = ×) and for various modes with the same modulus k = 10kref at the
end of inflation. The vertical lines represent the time η(τ∗). We have considered
a generic Bianchi spacetime with α = π/4.

Figure 9 illustrates the validity of the WKB approximation for the scalar modes.
It depicts the evolution of |QWKB

v /ω2
v| as a function of time for three different modes

corresponding to the three principal axis of the Bianchi universe. We see that, for a given
comoving wavenumber k at the end of inflation, the WKB condition is always violated in
the past and that it is violated first in increasing order of the Kasner coefficients (compare
with figure 8). It can be checked that the larger the k is, the longer the time during which
the WKB condition is restored. For long wavelength modes (typically of order 1/kref),
the WKB regime is never established.

Figure 10 compares the exact (numerical) solution and the WKB approximation for
a mode k = 10kref . Figure 11 is similar to figure 9 but for the tensor modes. Indeed, we
reach the same conclusions.
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Figure 12. Evolution of ℵλ/H2 (left: λ = +, middle: λ = ×) and �/H2 for three
modes, each of which is aligned with one of three orthogonal arbitrary directions
(represented by three different colours). We have considered a generic Bianchi
spacetime with α = π/4. Note that these functions depend only on the direction
of the wavenumber and not on its modulus.

4.2.4. Couplings. The third difference arises from the coupling between scalar and tensor
modes.

As we demonstrated in our previous analysis [23] (see section 4.4), deep in the sub-
Hubble regime (that is, when k/SH is large enough), the three degrees of freedom decouple
and behave as a collection of three independent harmonic oscillators.

However, on larger scales the couplings are a priori non-negligible. We thus need to
evaluate with care the scales for which this is a good approximation.

Figure 12 shows that, while the functions ℵλ, which couple gravity waves and scalar
modes can be neglected on small scales, this is certainly not the case for the coupling �
between the two gravity wave polarizations. This coupling cannot be neglected, even at
early time, for modes which are not sub-Hubble enough. Typically, the modes for which
this coupling cannot be neglected correspond to modes for which the WKB regime cannot
be reached.

Let us compare this situation with the case of multi-field inflation. The equations of
evolution for the various scalar field perturbations are also usually coupled (see, e.g., [45]
for a recent review). However, generally, it is possible to extract independent fields,
at least in the sub-Hubble regime [46], so that one can introduce a set of independent
stochastic fields. To our knowledge, the situation where this is not possible has not been
addressed.

The situation is analogous for us and the long wavelength modes will be particularly
difficult to deal with because they can never be considered as independent.

4.3. Prescription for setting the initial conditions

4.3.1. Prescription for Bianchi I spacetimes. It is part of the nature of quantum fluctuations
that they do not have initial conditions in the sense that they are continuously excited.
As soon as a mode can oscillate, it will be sourced by these quantum fluctuations. Given
the discussion of the preceding section, we will thus set the initial conditions at the time
where a mode is the deepest in the WKB regime. This time, ti(k) say, depends explicitly
on the mode, which is not a problem since all the modes are independent from each other.
In practice, we have fixed ti(k) by minimizing ωv.

As we saw, modes with k < kref never enter a WKB regime. Given the fact that modes
up to approximately k0 have been excited and have, at least as a good approximation, a
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Figure 13. Validity of the WKB approximation at the time we set the initial
conditions. Left: we set the initial conditions at ti(k) and right: at τ∗. The
quantity |QWKB

v /ω2
v | is shown for three orthogonal modes and we have considered

a generic Bianchi spacetime with α = π/4.

scale-invariant power spectrum, we have to assume that kref � k0. Then, from figures 13
and 14, we deduce that the WKB is reached for all modes with k > kref . Indeed, this
amounts to a fine tuning on the shear such that only the largest observable modes today
were affected by the Bianchi phase.

To check the robustness of this procedure, we have varied the time ti(k). In particular,
we have also assumed, as a test, that ti(k) = τ∗ for all modes. It can be shown that this
does not affect the predictions for the modes with k � 2kref while long wavelength modes
are more affected. This is simply due to the fact that the duration of their WKB phase is
smaller (see figure 16). Also note that the procedure is more robust for the two directions
which are not bouncing.

For these modes, and as can be seen from figure 15, it is also a good approximation
to neglect the coupling terms in equations (3.23) and (3.24). We emphasize that this
hypothesis breaks down approximately at the same time when the WKB approximation
also breaks down.

Therefore we will assume that the three modes are independent at the time when
they are excited by the quantum fluctuations.

Technically, we thus start our computation by setting

vk =
e−i

∫
ωvdη

√
2ωv(k, τ)

ev(k), and μλ,k =
e−i

∫
ωλdη

√
2ωλ(k, τ)

eλ(k), (4.16)

up to an arbitrary relative phase which can be absorbed in the definition of the unit
random variables and where the three random variables satisfy

〈eX(k)e∗
Y (k′)〉 = δXY δ(3)(k − k′).

4.3.2. Freedom in a time redefinition. As mentioned in [24], the dynamical system of
equation for the Mukhanov–Sasaki variables admits time reparametrizations that conserve
the canonicity of the system, in the sense that if v(η) is a canonical variable that satisfies

d2v

dη2
+ ω2

vv = 0 and v
dv∗

dη
− v∗ dv

dη
= i,
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Figure 14. Validity of the WKB approximation for tensor modes. We show the
quantity |QWKB

λ /ω2
λ| for λ = + (left panel) and λ = × (right panel) for three

orthogonal modes. We compare setting the initial conditions at ti(k) (top) and
at τ∗ (bottom). We have considered a generic Bianchi spacetime with α = π/4.

Figure 15. Statistical independence at τ∗. ℵ/k2 (left) and �/k2 (right) as a
function of k at t = τ∗.

then there is a function f and a time τ defined as

f(η)2 dτ = dη, (4.17)

through which we can define a new variable u = fv that satisfies

d2u

dτ 2
+ ω2

uu = 0 and u
du∗

dτ
− u∗ du

dτ
= i.

If, for example, v is a variable for which the WKB condition does not hold, we might
wonder whether exists a function f that would lead to a different conclusion concerning
the validity of the WKB condition for the variable u.
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Figure 16. Evolution of log[fR(k)] (left) and log[fλ(k)] for the two polarizations
(right) as a function of log[k/kref ] for ϕ0 = 16.3Mp. The FL case is given by
a dashed line. We also depict (in the inner-right figure) the relative difference
between the two polarizations, which shows that on small scales we recover that
P× = P+, as expected when isotropy is restored. On the upper line the initial
conditions were fixed at ti(k) whereas in the bottom line they were fixed at τ∗. We
see that for log(k/kref) � 0.8 the spectra are identical. For smaller wavenumbers,
the WKB regime is too short to unambiguously fix the initial conditions.

In the present case, the transformation equation (4.17) would lead to the same
equations of motion satisfied by the new canonical variables

ṽ ≡ fv, μ̃+ ≡ fμ+, μ̃× ≡ fμ×, (4.18)

where the new pulsations are defined according to

ω̃2
v ≡ ω2

v

f 4
− 1

f

d2f

dτ 2
, ω̃2

λ ≡ ω2
λ

f 4
− 1

f

d2f

dτ 2
, (4.19)

and the coupling functions become

ℵ̃λ ≡ ℵλ

f 4
, �̃ ≡ �

f 4
. (4.20)

For the sake of simplicity, let us drop ℵλ and � in the following discussion. It has
been shown in [24] that, if ωv and ωλ satisfy the WKB condition, then f is required to
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satisfy the condition

1

f

∣∣∣∣
dnf

dηn

∣∣∣∣� ωn
v , ωn

λ , with n = 1 . . . 4, (4.21)

in order for the new equations to also satisfy the WKB condition. Under such conditions,
it would lead to the same quantization procedure. Note that the condition for n = 4 is
required when we take |QWKB/ω2| � 1 for the (correct) WKB condition rather than just
ω′/ω2 � 1, as assumed in [24].

In our case the pulsations ωv and ωλ scale like SH when t → 0, or like 1/η in conformal
time. Let us choose the integration constant W0 of equation (2.35) such that the initial
singularity corresponds to η = 0. Now, if ω � C/η then the associated function QWKB

behaves as

QWKB

ω2
� − 1

4C2
.

Let us consider now a time redefinition associated with a function f(η) = ηA. Then the
WKB condition involves

Q̃WKB

ω̃2
� −

(
A + 1

2

)2

C2 + A(A + 1)
. (4.22)

We conclude that it is possible for the WKB condition to be fulfilled with a new time
coordinate by choosing A = −1/2, provided |C| 	= 1/2.

Unfortunately, using the expansion (B.2) and the asymptotic behaviours obtained in
equations (2.53), we deduce that, when the leading term of ω2

v is z′′
s /zs, then ω2

v → −H2,
which implies that for this pulsation, |C| = 1/2.

Thus, it is never possible to construct a time redefinition which would enable the
WKB condition to be satisfied for ω̃v. The only exception arises when the leading term
of ω2

v is k2. This happens for α = π/2 since in this particular case k ∼ t−2/3 ∼ η−1 and
we recover the conclusions reached in [24].

As a conclusion, though we might naively think that redefining time could lead to
equations satisfying the WKB conditions for the new canonical variables, it is impossible
however to build such a change of time coordinates. The choice of canonical variables is
thus unique up to the reparametrization satisfying the conditions (4.21), which would not
change our predictions.

4.4. Discussion

Let us discuss our procedure to set the initial conditions.
First, for modes smaller than kref , the WKB regime was never reached. We have no

natural prescription to determine their amplitude. A solution, that we do not investigate
in this paper, would be to fix them by assuming that they minimize their energy, as
proposed in [47] in the study of some trans-Planckian models in which the WKB regime
is violated.

On the other hand, and probably in a more conservative way, one could just assume
their initial value to be completely random and introduce a free function to describe the
initial conditions on large scales. Such a function would then need to be measured from,
for example, large angular scale properties of the CMB or predicted by some processes
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that arise at the Planck or string scale, and that indeed cannot be accounted for in our
description.

In the former case, we lose the predictive power on large scales, that actually may
just be beyond the actual size of the observable universe. It may seem that we are back to
the (historical) pre-inflationary times, where the form of the initial power spectrum of the
Harrison–Zel’dovich type had to be postulated in order to reproduce the observations of
the large scale structures. This is somehow a very standard approach in physics in which
one learns about the initial conditions of a system by observing its evolution.

Inflationary theories allowed us to actually predict this spectrum, which makes them
very predictive. We realize with this study that these inflationary predictions are very
sensitive to the existence of a (classical) initial shear. To recover such a predictive power,
we have to hope that a theory handling the dynamics of the universe on this scale [48]–[50]
or allowing us to generate the shear [51] will also provide a better understanding of the
initial conditions.

Indeed, one may wonder whether the arbitrary (pre-WKB era) conditions can be
amplified and compete in amplitude with the ones of quantum origin seeded during the
WKB regime.

To estimate this, note that at early time (apart from the particular case α = π/2),
ω2

v behaves as −z′′
s /zs and ω2

λ behaves as −z′′
λ/zλ. The expansion (B.2) then leads to the

conclusion that, at early times,

ω2
v � +H2,

whereas at late times, we deduce from our previous analysis that

ω2
v � −2H2.

Thus, the solutions of equation (3.23) has an oscillatory behaviour until the time when
ωv = 0 and the arbitrary initial conditions are not amplified. For the tensor modes the
situation is different because, for some configurations of k, we can have ω2

λ ∼ −H2 at early
time, and this leads to an exponential growth. However, since |ωλ| � C/η with C = O(1),
this exponential growth is typically at most of order

exp

(O(1)

η
× η

)
∼ e.

It follows that the arbitrary initial conditions either are not amplified or do actually grow,
but in the latter case they are amplified by no more than a factor of the order of unity.
We thus expect the transitional tachyonic behaviour and our ignorance of the initial state
of the perturbations before the WKB regime not to significantly alter the validity of our
prescription for the initial conditions of quantum origin set during the WKB regime.

From a practical point of view, we can estimate the effect of the coupling functions ℵ
and � by changing their amplitude by hand. We have checked that they hardly affect the
predictions that are presented in the following section. In particular, that teaches us that
the main directional dependence of the power spectra is induced mainly by the directional
dependence of the comoving wavenumbers (see figure 8). We have also checked that, when
k/kref increases, our prediction is similar to the one obtained in standard inflation.

In conclusion, we can trust our prescription for modes larger than kref and we have
to assume (somehow as an observational input) that kref < k0. This sets a tuning on
the primordial shear that we cannot explain with the model at hand. In this regime,
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we have checked that it is a robust prescription that is not affected by the unknown
preexisting perturbations that are completely arbitrary and that fixes the properties of
the long wavelength modes.

5. Primordial spectra: numerical examples and predictions

5.1. Definition of the spectra

To set the initial conditions as previously detailed, we need to first solve numerically the
system (3.23) and (3.24). Because of the couplings, each of the three variables, v and μλ,
will have components along the three independent stochastic directions, even if they were
initially independent. For instance

vk(η) = vv(k, η)ev(k) + v+(k, η)e+(k) + v×(k, η)e×(k)

and

μkλ(η) = μλv(k, η)ev(k) + μλλ(k, η)eλ(k) + μλ(1−λ)(k, η)e1−λ(k)

and we deduce from the properties of the random variables that

〈vk(η)v∗
k′(η)〉 =

(
|vv(k, η)|2 + |v+(k, η)|2 + |v×(k, η)|2

)
δ(3)(k − k′). (5.1)

The power spectrum of the curvature perturbation at the end of inflation (once the shear
has decayed away) is thus

PR(k) =
2π2

k3
PR(k) =

1

z2
S

(
|vv(k, η)|2 + |v+(k, η)|2 + |v×(k, η)|2

)
. (5.2)

It can be checked, as expected, that for super-Hubble modes, R is conserved once the shear
is negligible. We thus perform our numerical integration in a time interval long enough so
that the universe has been isotropized and all the observable modes have become super-
Hubble.

The power spectra of the gravity waves are defined analogously by

Pλ(k) =
2π2

k3
Pλ(k) = |μλv(k, η)|2 + |μλλ(k, η)|2 + |μλ(1−λ)(k, η)|2. (5.3)

At the beginning of the radiation era, the background spacetime can be described
by a Friedmann–Lemâıtre solution and the primordial anisotropy is now encoded on
the statistical properties of the perturbations on large scales. It is thus convenient to
decompose the power spectra on spherical harmonics according to

PR(k) = fR(k)

[
1 +

�=∞∑

�=1

m=+�∑

m=−�

r�m(k)Y�m(k̂)

]
, (5.4)

and

Pλ(k) = fλ(k)

[
1 +

�=∞∑

�=1

m=+�∑

m=−�

rλ
�m(k)Y�m(k̂)

]
. (5.5)
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The three functions fR(k) and fλ(k) represent the power spectra averaged over the spatial
directions:

fX(k) =

∫
PX(k)

d2k̂

4π
.

The three series, r�m(k) and rλ
�m(k), characterize the deviation from statistical isotropy.

Indeed, we expect the anisotropy to be negligible on small scales, that is

r�m(k) → 0 when k � kref ,

and that

r�m(k) → 0 when � � 1,

the same being true for rλ
�m(k). Additionally, because of the symmetries of the spectrum,

the only non-vanishing coefficients are obtained for even � and even m. It can also be
checked that these coefficients are real and that their values do not depend on the sign of
m. Thus, we conclude that there are only 1 + �/2 independent real coefficients:

r�m ∈ R, � = 2�′, m = 2m′, m′ = 0 . . . �′.

The gravity waves and curvature perturbation are also correlated so that

〈vk(η)μ∗
λk′(η)〉 =

(
|vvμλv| + |vλμλλ| + |v(1−λ)μλ(1−λ)|

)
δ(3)(k − k′). (5.6)

5.2. Predictions

To illustrate the signatures of a Bianchi I inflationary era, we consider a Bianchi spacetime
with α = π/4. We fix the initial value ϕ0/Mp = 3.25

√
8π � 16.3 for the inflaton field.

This implies that the number of e-folds of the accelerating phase is N [ϕi] � 67. We also
set the reference wavenumber to kref � 157m � 157 × 10−6MP. This corresponds to the
definition (4.12) evaluated with the approximate cosmological constant solution (2.33)
and (2.38), with the expression (2.57) for assessing τ∗.

We solve numerically the dynamics of the background and the evolution of the
perturbations, as detailed in appendix A, in order to compute the spectra defined in
section 5.1. In order to understand their behaviour, we present:

• Figure 16: the evolution of the functions fR(k) and fλ(k) as a function of k for modes
ranging from 3kref to 100kref . This shows the evolution of the isotropic part, which
dominates the small scales.
We conclude that the curvature perturbation power spectrum has a spectral index
ns−1 � −0.032. For this model, δ � ε and the modes depicted become super-Hubble
when ε is almost constant and ε ∼ 0.008 (see figure 6). The expected spectral index
in standard isotropic inflation is thus of order ns − 1 = 2δ − 4ε ∼ −0.032, in full
agreement with our numerical computation.
For tensor modes, we clearly see that P+ and P× differ on large scales and converge to
the spectrum predicted by standard inflation on small scales. In particular, it can be
checked that nT = −2ε ∼ −0.016, in full agreement with our numerical computation.

• Figure 17: a Mollweide projection of PR(k) for different wavenumbers and for the
scalar modes. This provides a visual intuition of the isotropization on small scales.
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Figure 17. Mollweide projection of the ratio between PR(k) and its value in the
FL case, expressed as a percentage, for log[k/kref ] = 1/2, 1, 3/2, 2 from left to
right and top to bottom.

• Figure 18: r�m(k) and rλ
�m(k) as a function of k for the lowest multipoles (� = 2). It

quantifies the isotropization on small scales, as was observed in the previous figure.

Such predictions can be generated for any Bianchi I spacetime and up to an arbitrary
multipole. In appendix C, we provide another example, namely of the particular case
α = π/2 considered in [24].

6. Conclusion

In this paper, we have worked out the predictions of an anisotropic inflationary era for a
generic Bianchi I spacetime. We have discussed the isotropization both at the background
level and at the linear order in perturbation theory, both for scalar modes and gravity
waves.

Generically these spacetimes always enjoy a bouncing direction, apart from the
particular case α = π/2 considered in [24]. (Note that the predictions for this case
are, in fact, singular among the predictions since they do not converge uniformly when
α → π/2).

Since at early time, the modes are not in a WKB regime, we had to extend the
standard procedure to fix the initial conditions (see section 4.3). We showed that the
modes larger than kref always enter a WKB regime before they become super-Hubble
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Figure 18. Evolution of r�m(k) (left) and rλ
�m(k) (right) as a function of log[k/kref ]

for the lowest � = 2. m = 0 and 2 are, respectively, in red and green on the left.
On the right m = 0 and 2 are, respectively, in continuous and dashed line, the
red being the + polarization and the blue the × polarization.

during inflation. As we discussed, our procedure reproduces the standard one on small
scales.

In the particular case where we tune the initial shear so that these initial conditions
can be set unambiguously while still having an imprint of the CMB anisotropy, we
presented the imprint of the primordial anisotropy in the power spectra of the gravity
waves and curvature perturbation at the end of inflation. Two examples were studied but
we can provide predictions for any Bianchi I universe. Note that these predictions were
drawn by assuming that the slow-roll attractors were reached before the time the modes
of observational relevance had exited the horizon. In the case of inflation with a small
number of e-folds before that time, it is not clear that this is a realistic hypothesis. If so,
one would have to make the predictions in terms of trajectories, that is predictions that
will depend on the initial conditions of the scalar field. This is not specific to Bianchi
universes but to all models in which the inflationary period is short [40].

Concerning the initial conditions, two problems arise (see the discussion in
section 4.4). First, there exists an early shear-dominated phase where the WKB
approximation is violated. This forbids us to set the initial conditions as in a Friedmann–
Lemâıtre universe. As we showed, the sub-Hubble modes at the onset of the accelerating
phase can be quantized because quantum fluctuations act at all times and can always
source oscillatory solutions, when they exist. On the other hand, there always exist non-
oscillating modes. These modes are expected not to be much smaller than the Hubble
radius today (since there is no trivial imprint of the anisotropy on the CMB). This implies
that there exists a cutoff scale above which we cannot predict the spectra from first
principles, at least in the theoretical set-up we are considering. Consequently, we conclude
that, above this scale, we can only measure the power spectra or postulate their functional
form, as was actually done to set the initial conditions before the invention of inflation.
We have shown that, even if unknown pre-WKB initial conditions can grow, this growth
is at most of the order of unity. Therefore we can safely assume that the perturbations
at the end of inflation reflect only those modes that have been seeded during the WKB
regime.
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Second, for these modes, one cannot assume that they are independent. It implies
that we have to consider three interacting fields, which also complicates the quantization
procedure. Such an issue was addressed perturbatively in the interaction picture in the
case of a self-interacting field in order to estimate the non-Gaussianity [52] but no general
formalism has been designed when no interaction-free regime can be exhibited.

In our analysis we have assumed the validity of general relativity up to the singularity.
Indeed, we do not take this model for more than what it actually is, e.g. we cannot
extrapolate it beyond the Planck or the string scale. There, more degrees of freedom
have to be included and can change the dynamics. This could introduce an early chaotic
phase [48] since Bianchi I models coupled to p-form fields have never-ending oscillatory
behaviour exhibited by generic string theory. Examples of an early dynamics have also
been given in terms of Kalb–Ramond axion fields [49], non-commutative geometry [51]
and recently loop quantum gravity [50]. Any of these developments may give a description
of both the early phase and a procedure to fix the initial conditions.

Coming back to inflation, our study demonstrates to what extent its predictions are
sensitive to initial (classical) large scale anisotropies and that, in the presence of a non-
vanishing shear, it is impossible to define a Bunch–Davies vacuum in the standard way
(see also [53] for a discussion of this issue in the standard picture and the arbitrariness of
the choice of the initial state and its influence of the prediction of inflation). Indeed, if we
tune the initial conditions such that the number of e-folds is large, none of the problems
we address here will affect the observable modes, simply because only modes such that
k/kref � 1 are observable and we have shown that in this limit we recover the standard
inflationary predictions. If this is the case, one would have no observational imprint of
the primordial shear. But our analysis and conclusions may be of some relevance for
inflationary model building in the framework of string theory if the feeling that no large
field model (and thus no large number of e-folds) can be constructed persists, an issue far
beyond the scope of this paper.

Our analysis also shows the importance (and peculiarity) of the Friedmann–Lemâıtre
background in our theoretical predictions and on the quantization procedure, and it gives
as well an explicit construction of the difficulties encountered when these symmetries do
not exist. We showed that, if the number of e-folds is large, the inflationary predictions
converge toward the isotropic predictions, hence demonstrating that they are robust in
that regime. In the case of a small number of e-folds, they are very sensitive to the initial
shear but also the theoretical construction is less under control.

If the indication of the breakdown of statistical isotropy from the CMB were to
be confirmed and related to such an early anisotropic phase, then a new coincidence
will appear in the cosmological models since one would need to understand why the
characteristic scale is of the order of the Hubble radius today, kref ∼ k0.

From a more pragmatic attitude, the present work allows us to draw the CMB
signatures of such an anisotropic early phase, for any Bianchi I universe. We stress that
the general form of the initial power spectra are more general than those heuristically
considered in the analysis performed in [35, 54] and go beyond the one derived for
the singular case α = π/2 studied in [24]. The existence of a correlation between
gravity waves and curvature perturbation, as well as the fact that the two gravity wave
polarizations do not share the same spectrum, may also lead to specific signatures to be
investigated.
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Appendix A. Integrating the perturbations

We are interested in both the evolution of a cosmological mode and the decomposition
of the shear according to this mode until it reaches the Friedmann stage. The co-vector
of components ki is constant by definition (see the discussion below equation (3.1)), but
in the Bianchi regime the vector ki = γijkj is not constant since γij (and thus γij) is
time-dependent. This is why we used these co-vectors to label a mode.

Once the background equations are solved for the functions βi(t) and thus ai(t), γij

is completely determined so that

k2 =
∑

i

k2
i

a2
i (t)

(A.1)

and the associated normal vector is

k̂i =
ki

k(t)
, k̂i =

ki

a2
i (t)k(t)

. (A.2)

A.1. Evolution of the shear components

The decomposition of the shear with respect to k̂ also requires the construction of an
orthonormal base {e1(t), e2(t), k̂(t)} that shall satisfy [23]

e′
1(t) · e2(t) = e1(t) · e′

2(t), (A.3)

where the scalar product is meant in terms of the spatial metric γij.
In principle, it is only necessary to determine this basis at a given initial time, tinit

say, in order to extract the initial value of the shear components through equations (3.8)
and (3.9):

Σ(tinit) = (σ‖, σV1 , σV2 , σT×, σT+). (A.4)

Then, to determine the value of Σ at any time, we use that equation (2.21) implies (see [23]
for details)

σ′
‖ + 2Hσ‖ = −2

∑

a

σ2
Va , (A.5)

σ′
Va + 2HσVa = 3

2
σVaσ‖ −

∑

b,λ

σVbσTλMλ
ab, (A.6)

σ′
Tλ + 2HσTλ = 2

∑

a,b

Mλ
abσVaσVb , (A.7)
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where the matrix Mλ
ab is defined by

Mλ
ab ≡ ελ

ije
i
ae

j
b, (A.8)

which is manifestly symmetric in ab. It is explicitly given by

Mλ
ab =

1√
2

(
1 0
0 −1

)
δλ
+ +

1√
2

(
0 1
1 0

)
δλ
×. (A.9)

One interesting aspect of the system (A.5)–(A.7) is that it does not depend explicitly on
ki. Once this system has been solved, we can deduce easily the functions (ωv, ωλ, ℵ, �)
that enter the equations of evolution of the perturbative modes.

In practice, however, in the regime where σ � H, small numerical oscillations
in the components of the shear are converted into huge numerical instabilities in the
system (A.5)–(A.7). In order to avoid these numerical instabilities we turn to another
method which we now describe.

A.2. Systematic construction

This method relies on the fact that the solutions of the system (A.5)–(A.7) are, in a
general sense, given by

σ‖ = σij k̂
ik̂j , σVa = σij k̂

iej
a, σTλ = σijε

ij
λ , (A.10)

as a function of time.
Instead of solving (A.5)–(A.7) after having extracted the components of the shear at

a fixed initial time, we can determine the dynamics of the shear components through the
dynamics of the basis vectors, the polarization tensor and the shear. Once the β ′

i(t) are
determined numerically, the shear is known.

In order to determine the base vectors {e1(t), e2(t)}, we first start from a triad
{ex(t), ey(t), ez(t)} aligned with the xyz-proper axis. Then we introduce three Euler
angles to rotate this triad to any given direction.

Let us recall how to deal with rotations in spaces endowed with a general (non-
orthonormal) metric. Any rotation matrix about a unit vector n̂ can be constructed by
means of infinitesimal rotations of the form

R (θ/N) = 1 + J · n̂ θ

N
= 1 + γijJjn̂i

θ

N
,

where θ/N is some infinitesimal angle. The Jj are the generators of the group of rotations.
In particular, if we want to specify a rotation about the z axis, then the unit vector aligned
with this axis has components

n̂i =
(
0, 0, eβ3

)

and we have

Rz(θ) = lim
N→∞

(
1 + e−β3Jz

θ

N

)N

= exp
[
θ e−β3Jz

]
.

It can be shown that, in order to conserve the scalar product, the generators must satisfy
(Jk)ij = −εkij , where εijk is totally antisymmetric normalized such that ε123 =

√
det(γij) =

1. A rotation matrix around the z axis then requires us to use (Jz)
i
j = (γ)ik(Jz)kj, which
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is explicitly given by

(Jz)
i
j =

⎛
⎝

0 −e−2β1 0
e−2β2 0 0

0 0 0

⎞
⎠ . (A.11)

Consequently, taking into account the constraint (2.5), i.e.
∑

i βi = 0, any rotation about
the z axis can be written as

[Rz(θ)]
i
j =

⎛
⎝

cos(θ) −e(β2−β1) sin(θ) 0
e(β1−β2) sin(θ) cos(θ) 0

0 0 1

⎞
⎠ . (A.12)

Similarly, for a rotation about the y axis, we use the generator

(Jy)
i
j =

⎛
⎝

0 0 e−2β1

0 0 0
−e−2β3 0 0

⎞
⎠ (A.13)

to get

[Ry(θ)]
i
j =

⎛
⎝

cos(θ) 0 e(β3−β1) sin(θ)
0 1 0

−e(β1−β3) sin(θ) 0 cos(θ)

⎞
⎠ . (A.14)

Explicitly, the components of the triad from which we start are

(ex)
i ≡

⎛
⎝

e−β1

0
0

⎞
⎠ , (ey)

i ≡

⎛
⎝

0
e−β2

0

⎞
⎠ , (ez)

i ≡

⎛
⎝

0
0

e−β3

⎞
⎠ . (A.15)

The three Euler angles (α, β, γ) are then used to rotate this triad according to,
respectively, the x, y and z axis. Explicitly, the triad after rotation is given by

(e1)
i ≡ Rz(γ)i

jRy(β)j
lRz(α)l

p(ex)
p,

(e2)
i ≡ Rz(γ)i

jRy(β)j
lRz(α)l

p(ey)
p,

(uk)
i ≡ Rz(γ)i

jRy(β)j
lRz(α)l

p(ez)
p,

(A.16)

which determines the orthonormal basis {e1, e2, uk}. This prescription is still incomplete

since our problem also requires the co-vector uk to be equal to the co-vector k̂ during the
whole evolution of the system, i.e.

(uk)i(t) = k̂i(t), ∀t.

Since ki should not depend on time, we need to determine the Euler angles as a
function of time such that, for any two times t and t′, we have [uk(t)]i = f(t, t′)[uk(t

′)]i.
This condition is satisfied provided

tan(γ) = tan(γf) exp [(β1 − β2)] , (A.17)

tan(β) = exp

[
(β3 − β1)

cos(γf)

cos(γ)
tan(βf )

]
, (A.18)
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where γf and βf are the angles which give the final direction that we consider when the
shear has vanished.

Additionally, our problem also requires the condition
[
(e2)

i
]′

[(e1)i] =
[
(e1)

i
]′

[(e2)i] ,

as a prescription for the choice polarization basis to be continuous. It is fulfilled if

α′ = − cos(β)γ′. (A.19)

This equation can be integrated with the help of equations (A.17) and (A.18).
Consequently, provided we know (βf , γf) describing the final orientation of a mode, we
can determine (α(t), γ(t), β(t)) which will select the triad adapted to the mode at any
time.

In conclusion, the set of equations (A.16)–(A.19) gives a complete description of
the time-evolving triad necessary to extract the components of the shear according to
equation (A.10) at any time. This is the procedure we have implemented in our numerical
calculations, and is robust to numerical errors.

Appendix B. Slow-roll expressions

We give here, for the sake of completeness, the explicit expressions for z′′
S/zS, z′′

λ/zλ, ℵλ

and � in terms of the slow-roll parameters. Setting

w ≡ σ‖
2H , yλ ≡ σTλ√

6H
, (B.1)

we have

z′′
S

zS
= H2

{
2 + ε

[
5 − 4δ + 2ε − (3 − δ)2

3 − ε

]

+ x2 [−3 − 6δ + ε (7 + 4δ − 4ε)] + 2x4 (3 − ε)2

− 6x2
{
ε − δ + x2(3 − ε)

}
+ 2

ε

H
(
1 − x2

)( w

1 − w

)′

+

(
w

1 − w

)[
6ε + 2ε2 − 4εδ + x2

(
−4ε2 + 4εδ

)
+ 2x4

(
ε2 − 6ε

)]
}

, (B.2)

z′′
λ

zλ
= H2

{
2 − ε + 6w − 2ε

[
w + 3

(
y2

λ

1 − w

)]
+ 12y2

(1−λ) + 18

(
y2

λ

1 − w

)

+ (ε − 3)x2

[
1 + 2w + 6

(
y2

λ

1 − w

)]
+ 2

w′

H +
6

H

(
y2

λ

1 − w

)′}
, (B.3)

ℵλ =
√

6H2
√

2ε (1 − x2)

[
1

H

(
yλ

1 − w

)′
+

1

2
(6 − ε − δ)

(
yλ

1 − w

)]
, (B.4)

� = 6H2

[
1

H

(
y+y×
1 − w

)′
+ 6

(
3 − ε + (3 − ε) x2

)( y+y×
1 − w

)]
. (B.5)
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Appendix C. Particular case α = π/2

As we stressed, the case α = π/2 is particular in the sense that this is the only Bianchi I
model which does not have any bouncing direction.

Since this model enjoys a planar symmetry (conveniently chosen here to be in the
xy plane), the component σT× of the shear vanishes for any choice of the Euler angles
provided that α = 0, which corresponds to the symmetry around the z axis. This implies
that ℵ× ∝ σ× also vanishes at all times. The function � behaves as σ+σ× and for the

Figure C.1. Evolution of ℵ+/H2 for the three orthogonal modes aligned with the
x, y and z axis (represented by three different colours). We have considered here
a generic Bianchi spacetime with α = π/2.

Figure C.2. Evolution of |QWKB
v /ω2

v | for three different modes, each of them
aligned with one of the three orthogonal directions and with the same modulus
10kref at the end of inflation. We have considered a generic Bianchi spacetime
with α = π/2.
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Figure C.3. Evolution of |QWKB
λ /ω2

λ| for λ = + (left) and λ = × (right) for
various modes with the same modulus 10kref at the end of inflation. We have
considered a generic Bianchi spacetime with α = π/2.

Figure C.4. Evolution of fR(k) (left) and fλ(k) (right) as a function of log[k/kref ].
The FL case is shown as a dashed line.

same reason also vanishes. In conclusion, when (and only when) α = π/2, we have

ℵ× = 0, � = 0.

This is the reason why it was possible to construct a ‘simplified’ perturbation theory
in [24] in splitting into 2+1 degrees of freedom from the start of the analysis. As we saw,
this is not generic.

Figure C.1 now shows that

ℵ+

H2
→ 0

at early time which implies that the modes were in fact decoupled. Figures C.2 and C.3
consider the validity of the WKB condition. In particular, one can show that on sub-
Hubble scales

z′′
s

zs

→ k2
z

a2
z

,
z′′

λ

zλ

→ k2
z

a2
z

.
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Figure C.5. Mollweide projection of the ration between PR(k) and its value in
the FL case, expressed in percentages, for log[k/kref ] = 1/2, 3/4, 1, 3/2 from left
to right, top to bottom. The x axis has been chosen as the vertical axis.

Figure C.6. Evolution of r�m(k) (left) and rλ
�m(k) (right) as a function of

log[k/kref ] for the lowest multipoles (� = 2). The x axis has been used to perform
the spherical harmonics decomposition. As a result of symmetries, only the
coefficients with m = 0 do not vanish. On the right the red is the + polarization
and the blue is the × polarization.

We have checked that there exists only one time redefinition which leads to adiabatic
canonical variables and that agree with all the conclusions in [24].

Following our quantization procedure, we compute the predictions for the power
spectra (figures C.4–C.6). Note that the planar symmetry is obvious on the Mollweide
projection, which shall be compared to the generic case presented in figure 17. This
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illustrates how a detection of anisotropy may permit us to reconstruct the particular
Bianchi I structure (if any!) during inflation.

In this particular case, there always exists a WKB regime. We can thus define our
initial conditions in the standard way. Following the procedure described in this paper,
we can compute the power spectra of this solution. We present here the same figures as
in section 5.2.
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Conclusion et perspectives de recherche

Cette thèse a essentiellement porté sur la théorie des perturbations, dans le but d’étendre
la compréhension que nous avons du modèle cosmologique standard.

Mon premier axe de recherche a été l’étude des perturbations au delà de l’ordre linéaire,
en allant des aspects les plus théoriques jusqu’à la résolution des équations dynamiques.
Je me suis intéressé à la dépendance de jauge inhérente à la théorie des perturbations afin
d’obtenir une formulation invariante de jauge, et j’ai tenté de mettre en relation les différents
formalismes utilisés pour traiter les perturbations, dans le but d’obtenir une compréhension la
plus complète possible. La dépendance de jauge et les équations dynamiques des perturbations
ont été considérées jusque dans le cadre très large de la théorie cinétique, en insistant sur leur
relation avec l’approximation fluide qui permet une résolution approchée aisée. La physique
des collisions reste cependant à explorer en détails au delà de la théorie linéaire et cela fera
l’objet de recherches futures. La précision des mesures attendues de la mission Planck rend
en effet nécessaire la compréhension de toute la physique non-linéaire, de l’inflation jusqu’aux
observations. Quant à la comparaison des formalismes perturbatifs, ceci semble étroitement lié
au problème de la moyenne en cosmologie, nécessaire pour décrire l’univers aux grandes échelles.
J’espère que les compétences techniques acquises pendant ce travail de thèse me permettront
d’engager une réflexion de long terme sur ce problème. Dans un premier temps, j’ai ouvert la
voie au calcul informatique des équations de perturbation dans le cadre cosmologique. Si ce
travail est poursuivi, il permettra de recentrer les efforts théoriques sur les aspects fondamentaux
de la théorie des perturbations plutôt que sur la lourdeur des calculs intermédiaires.

La seconde partie de mes recherches fut consacrée à l’étude des univers anisotropes, dans le
but de mieux comprendre les implications du principe cosmologique. Afin d’étudier complètement
de tels modèles, il a fallu à la fois travailler sur l’espace de fond et développer la théorie des
perturbations. Je me suis restreint au cas le plus simple qui est celui d’un espace de type Bianchi
I, pour ensuite en tirer les conséquences sur le spectre de puissance des fluctuations primordiales.
Il est techniquement aisé de généraliser la théorie des perturbations invariantes de jauge à tous les
types d’espaces anisotropes, mais la résolution des équations dynamiques nécessite de connâıtre
la décomposition en modes pour de tels espaces, et ceci constitue la difficulté principale. Si
les anisotropies à grande échelle du fond diffus cosmologique sont confirmées par les nouvelles
détections, je pense qu’il sera nécessaire de surmonter ces difficultés mathématiques afin de
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posséder un ensemble très large de modèles anisotropes, ainsi que leurs signatures, dans le but
de les contraindre observationnellement.
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A Commutation des dérivées covariantes

Le tenseur de Riemann et les tenseurs associés de la métrique de fond des sections spatiales
γij est donné par les équations 1.2. Des relations de commutation générales

[Di, Dj ]Xk = (3)RqkjiX
q

[Di, Dj ]Xkl = (3)RqkjiX
ql +(3) RqljiX

kq (2)
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on déduit l’ensemble des relations utiles suivantes.

[Di, Dj ]Xk = KγikXj −KγjkXi

[Di, Dj ]X
i = 2KXj

[∆, Di]X = 2KDiX

[Di, Dj ]X
i
k = 2KXjk +KXkj + γjkX

i
i

[∆, Dj ]Xk = 2KDjXk + 2KDkXj + 2γjkD
iXi

∆∆X −Di∆D
iX = −2K∆X

Di∆
−1X = (∆− 2K)−1DiX

DpXq =
[
∆δlpδ

i
q − 2K

(
δlpδ

i
q + δlqδ

i
p − γpqγil

)]
Dl∆

−1Xi

Di∆
−1Xi = (∆ + 2K)−1DiX

i (3)

B Quantités géométriques

On utilise la métrique perturbée (5.2) dans laquelle on choisit E,B = 0 et Ei = 0, ce qui
correspond au choix de la jauge Newtonienne. On rappelle également que les perturbations
vectorielles au premier ordre sont négligées si bien qu’au premier ordre vi = ∂iv et Bi = 0.
On rappelle que H(η) ≡ a′/a et également que les indices latins sont montés et baissés avec
la métrique spatiale de fond γij . On aura par exemple Xi = γijXj . Toutes les quantités sont
perturbées selon la décomposition (2.17).

B.1 Symboles de Christoffel

Les symboles de Christoffel non nuls sont pour l’espace de fond

(0)Γ0
00 = H, (0)Γ0

jk = Hγjk, (0)Γi0j = Hγij . (4)

Au premier ordre on obtient

(1)Γ0
00 = Φ′ , (5)

(1)Γ0
0j = DjΦ , (6)

(1)Γi00 = DiΦ , (7)
(1)Γ0

jk = 2HEjk + E′jk −
(
2HΦ + Ψ′ + 2HΨ

)
γjk , (8)

(1)Γi0j = E′ij −Ψ′γij , (9)

(1)Γijk = 2D(k[E
i
j) −Ψγij)]−Di(Ejk −Ψγjk) , (10)



Quantités géométriques 255

où on a utilisé la notation de symétrisation A(ij) ≡ (Aij +Aji)/2. Au second ordre on obtient

(2)Γ0
00 = Φ(2)′ − 4 Φ Φ′ , (11)

(2)Γ0
0j = DjΦ

(2) +HBi(2) − 4 ΦDjΦ , (12)

(2)Γi00 = DiΦ(2) +Bi(2)′ +HBi(2) − 4EijDjΦ + 4ΨDiΦ , (13)

(2)Γ0
jk =

[
−2HΨ(2) −Ψ(2)′ + 4ΦΨ′ − 2HΦ(2) + 8HΦ (Φ + Ψ)

]
γjk

+2HE(2)
jk − 8HΦEjk + E

(2)′

jk −D(iB
(2)
j) − 4ΦE′jk , (14)

(2)Γi0j = E
i(2)′

j + γilD[jB
(2)
l] −Ψ(2)′γij + 4Ψ′Eij − 4ΨΨ′γij − 4EikE′kj + 4ΨEij

′
, (15)

(2)Γijk = −HγjkBi(2) + 2D(k[E
i(2)
j) −Ψ(2)γij)]−Di(E

(2)
jk −Ψ(2)γjk) (16)

+4
(
Eil −Ψγil

)
{Dl(Ejk −Ψγjk)−Dk(Elj −Ψγlj)−Dj(Ekl −Ψγkl)} .

B.2 Connections affines

Si l’on utilise une base de tétrades orthonormées, alors la dérivée covariante est caractérisée
par les connections affines [Wald 84] définies par

ωabc ≡ ηbdedνe µ
a ∇µe ν

c = −ωacb . (17)

Elles sont reliées au symboles de Christoffel selon

ωadcη
db = Γνµσe

σ
a e

µ
c e

b
ν + e σ

a e
b
ν∂σe

ν
c . (18)

Dans toute cette section, on se place dans le cas plat avec les tétrades naturellement associées
au système de coordonnées cartésien. On effectue un développement perturbatif des connections
en développant les symboles de Christoffel ainsi que les tétrades. Tout d’abord, la propriété
d’antisymétrie implique ω000 = ωi00 = 0 et ce pour tout ordre. Pour la métrique de fond, les
seules composantes non nulles sont

ω̄i0j = −ω̄ij0 = −H
a
δij . (19)

On vérifie bien qu’à cet ordre les vecteurs de tétrade commutent puisque

0 = ω̄abc − ω̄cba = ηdbē
d
ν [ēa, ēc]

ν . (20)

Au premier ordre on obtient toujours dans la jauge Newtonienne en négligeant les termes vec-
toriels

ω
(1)
00i = −ω(1)

0i0 = −1

a
∂iΦ

ω
(1)
i0j = −ω(1)

ij0 =
1

a

[
−E′ij + (HΦ + Ψ′)δij

]

ω
(1)
jik = −ω(1)

jki =
2

a

(
∂[kEi]j − ∂[kΨδi]j

)

ω
(1)
0ij = 0. (21)
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Au second ordre, on obtient pour les composantes utilisées

ω
(2)
00i = −ω(2)

0i0 =
1

a

[
−∂iΦ(2) + 4Φ∂iΦ + 2Eik∂

kΦ− 2Ψ∂iΦ
]

ω
(2)
i0j = −ω(2)

ij0 =
1

a

{
∂(iB

(2)
j) − E

(2)′

ij + (HΦ(2) + Ψ(2)′)δij − 3HΦ2δij + 2(E′ij −Ψ′δij)Φ

+2[E′ik −Ψ′δik][E
k
j −Ψδkj ] + 2[E′jk −Ψ′δjk][E

k
i −Ψδki]

}
.

(22)

On peut voir que les tétrades ne commutent plus sur l’espace perturbé car ω
(2)
abc 6= ω

(2)
cba.

B.3 Tenseur d’Einstein

Au niveau de l’espace de fond les composantes non nulles du tenseur d’Einstein sont

−a2G
0(0)
0 = +3H2 + 3K , (23)

a2G
i(0)
j = −γij

(
H2 + 2H′ +K

)
. (24)

Au premier ordre on obtient

−a2G
0(1)
0 = 2∆Ψ− 6HΨ′ − 6H2Φ + 6KΨ , (25)

G
(1)
0i = 2HDiΦ + 2DiΨ

′ , (26)

−a2G
0(1)
i = 2HDiΦ + 2DiΨ

′ , (27)

a2G
i(1)
j =

1

3
γija

2G̃(1) + ∆i
j(−Φ + Ψ) + (2K −∆)Eij + 2HEij

′
+ Eij

′′
, (28)

où

∆i
j ≡ DiDj −

1

3
γij∆, ∆ ≡ DkD

k , (29)

et où G̃ ≡ Gii est la trace de la partie spatiale du tenseur d’Einstein donnée par

G̃(1) = 6Ψ′′(1) +
(
6H2 + 12H′

)
Φ(1) + 2∆

(
Φ(1) −Ψ(1)

)
+ 6HΦ′(1) + 12HΨ′(1) − 6KΨ(1) . (30)

Au second ordre on obtient tout d’abord

− a2G
0(2)
0 = 2∆Ψ(2) − 6H2Φ(2) − 6HΨ′(2) + 6KΨ(2) − a2G

0(2)
0SS − a2G

0(2)
0ST − a2G

0(2)
0TT , (31)

où les indices T et S se réfèrent au type de variables de perturbations du premier ordre (respec-
tivement scalaires et tenseurs) entrant dans les termes quadratiques.

−a2G
0(2)
0SS = 6DiΨD

iΨ + 16Ψ∆Ψ + 24H2Φ2 + 24H(Φ−Ψ)Ψ′ + 6Ψ′2 + 24KΨ2 (32)

−a2G
0(2)
0TT = 3DiEjkD

iEjk − 2DiEjkD
jEik + 4Eij∆E

ij

−8HEijEij ′ − Eij ′Eij ′ − 4KEijEij (33)

−a2G
0(2)
0ST = −4EijDiDjΨ. (34)
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Ensuite on obtient

G
(2)
0i = 2HDiΦ

(2) + 2DiΨ
(2)′ − (2H′ +H2 + 2K)B

(2)
i +G

(2)
0iSS +G

(2)
0iST +G

(2)
0iTT ,(35)

−a2G
0(2)
i = 2HDiΦ

(2) + 2DiΨ
(2)′ −

(
K +

1

2
∆

)
B

(2)
i − a2G

0(2)
iSS − a2G

0(2)
iST − a2G

0(2)
iTT ,(36)

avec

G
(2)
0iSS = −8HΦDiΦ + 8Di

(
ΨΨ′

)
− 4Ψ′DiΦ , (37)

G
(2)
0iST = −2E

′j
i Dj(Φ + Ψ) + 4E j

i DjΨ
′ , (38)

G
(2)
0iTT = 2Ekl

′
DiEkl + 4EklDiE

′
kl − 4EklDlE

′
ik , (39)

et

−a2G
0(2)
iSS = −16HΦDiΦ + 8Di

(
ΨΨ′

)
− 4Ψ′DiΦ− 8ΦDiΨ

′ , (40)

−a2G
0(2)
iST = −2E

′j
i Dj(Φ + Ψ) + 4E j

i DjΨ
′ , (41)

−a2G
0(2)
iTT = 2Ekl

′
DiEkl + 4EklDiE

′
kl − 4EklDlE

′
ik . (42)

Quant à G
i(2)
j , on le décompose en une trace et une partie sans trace selon

G
i(2)
j =

1

3
γijG̃

(2) + (Gtf)
i(2)
j . (43)

On décompose ensuite ces termes selon

a2 (Gtf)
i(2)
j = −γikD(k

[
B

(2)′

j) + 2HB(2)
j)

]
+ (2K −∆)E

i(2)
j + 2HEi(2)

j

′
+ E

i(2)
j

′′

+
[
∆i

j

(
−Φ(2) + Ψ(2)

)]
+ a2

[
(Gtf)

i(2)
j SS + (Gtf)

i(2)
j ST + (Gtf)

i(2)
j TT

]
, (44)

a2G̃(2) = 6Ψ′′(2) + 6H2Φ(2) + 2∆
(

Φ(2) −Ψ(2)
)

+ 6HΦ′(2) + 12HΨ′(2) + 12H′Φ(2) − 6KΨ(2)

+a2
[
G̃

(2)
SS + G̃

(2)
ST + G̃

(2)
TT

]
. (45)

Les termes de couplage sont donnés par
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a2 (Gtf)
i(2)
j SS =

1

3
γij

[
− 2DkΦDk(Φ−Ψ)− 2DkΨDk(3Ψ− Φ)− 8Ψ∆Ψ− 4(Φ−Ψ)∆Φ

]

+2DiΦDj(Φ−Ψ) + 2DiΨDj(3Ψ− Φ) + 8ΨDiDjΨ + 4(Φ−Ψ)DiDjΦ , (46)

a2 (Gtf)
i(2)
j ST =

1

3
γij

[
−4EklD

kDlΨ− 4EklD
kDlΦ

]
+ 4EkjD

kDiΨ + 4EikDjD
kΦ

−2Dk(Φ + 3Ψ)DkEij − 4∆ΨEij − 8Ψ∆Eij + 8HΨ′Eij + 4∂(iEj)kD
k(Ψ + Φ)

+4Ψ′′Eij − 16KΨEij + 4
(
Ei
′′
j + 2HEi′j

)
(Ψ− Φ) + 2Ei

′
j(Ψ

′ − Φ′) , (47)

a2 (Gtf)
i(2)
j TT =

1

3
γij

[
− 6DkElmD

kElm − 8Ekl∆E
kl + 8HEkl′Ekl

+4Ekl
′Ekl

′
+ 4DiEkjD

jEki + 4EijE
ij ′′ + 8KElkEkl

]

+2DiEklDjE
kl − 4Ekl

(
DlD

iEjk +DlDjE
i
k

)
+ 4DkE

i
lD

kElj − 4DkE
i
lD

lEjk

+4EklDiDjEkl + 4EklDkDlE
i
j + 4Eik∆E

k
j − 8HEikEk

′
j

−4Eik
′
Ekj
′ − 4EikE

k
j
′′ − 8KEikEkj , (48)

G̃
(2)
SS = −4DkΦD

kΦ− 6DkΨD
kΨ− 4DkΨDkΦ + 8(Ψ− Φ)∆Φ− 16Ψ∆Ψ− 24H2Φ2 (49)

−48HΦΨ′ + 48H(Ψ− Φ)Ψ′ + 6(Ψ′)2 − 12Φ′Ψ′ − 48H′Φ2 + 24Ψ′′(Ψ− Φ)− 8KΨ2 ,

G̃
(2)
TT = +16HEijEij ′ + 5Eij

′Eij
′
+ 8EijE

ij ′′ − 4Eij∆E
ij

−3DiEjkD
iEjk + 2DiEjkD

jEik − 8KEijEij , (50)

G̃
(2)
ST = EijDiDj (−8Φ + 4Ψ) . (51)

C Perturbations de la matière

C.1 Vitesse

La vitesse de fond est donnée par

uµ(0) =
1

a
δµ0 , (52)

u(0)
µ = −aδ0

µ . (53)

La perturbation de vitesse vµ est définie dans les relations (2.12). Elle ne possède que trois
degrés de liberté et nous choisissons les composantes spatiales. Au premier ordre on a par défi-
nition

ui(1) ≡ 1

a
vi , (54)

u
(1)
i = avi . (55)

La composante temporelle est alors reliée aux autres variables de perturbation par

u
(1)
0 = −aΦ , (56)

u0(1) = −1

a
Φ . (57)
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Au second ordre on obtient

ui(2) ≡ 1

a
vi(2) , (58)

u
(2)
i = a

(
v

(2)
i + 4Eijv

j − 4Ψvi

)
, (59)

et la composante temporelle vérifie

u0(2) =
1

a

(
−Φ(2) + 3Φ2 + viv

i
)
,

u
(2)
0 = a

(
−Φ(2) + Φ2 − vivi

)
. (60)

C.2 Tenseur énergie-impulsion

Au niveau de l’espace de fond les seules composantes non nulles du tenseur énergie impulsion
sont

T
(0)
00 = a2ρ̄ , (61)

T
(0)
ij = a2P̄ γij , (62)

T
0(0)
0 = −ρ̄ , (63)

T
i(0)
j = P̄ γij . (64)

Au premier ordre on obtient

T
(1)
00 = a2(2ρ̄Φ + δρ) , (65)

T
(1)
0i = −a2

(
ρ̄+ P̄

)
vi , (66)

T
(1)
ij = a2(2P̄ (Eij −Ψγij) + δPγij) . (67)

T
0(1)
0 = −δρ , (68)

T
0(1)
i =

(
ρ̄+ P̄

)
vi , (69)

T
i(1)
j = δPγij . (70)

Au second ordre on obtient

T
(2)
00 = a2

(
δ(2)ρ+ 2ρ̄Φ(2) + 4Φδρ+ 2(ρ̄+ P̄ )viv

i
)
, (71)

T
(2)
0i = a2

[
−(ρ̄+ P̄ )v

(2)
i − ρ̄B

(2)
i − 2(δP + δρ)vi − 2(ρ̄+ P̄ )(Φvi + 2Eijv

j − 2Ψvi)
]
,(72)

T
(2)
ij = a2

[
δ(2)Pγij + 2P̄ (E

(2)
ij −Ψ(2)γij) + 4δP (Eij −Ψγij) + 2(ρ̄+ P̄ )vivj

]
, (73)

T
0(2)
0 = −δ(2)ρ− 2(ρ̄+ P̄ )viv

i ,

T
0(2)
i =

(
ρ̄+ P̄

) (
v

(2)
i +B

(2)
i

)
+ 2(δP + δρ)vi + 2(ρ̄+ P̄ )(−Φvi + 2Eijv

j − 2Ψvi)

T
i(2)
j = δ(2)Pγij + 2(ρ̄+ P̄ )vivj . (74)
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D Équations au second ordre dans le cas plat

D.1 Équations de conservation

Nous considérons ici le cas général d’un fluide parfait mais n’ayant pas nécessairement une
paramètre d’état constant, c’est à dire tel que c2

s 6= w. Pour les modes scalaires l’équation de
conservation ∇µTµν = 0 conduit à l’équation

δ′ + 3H(c2
s − w)δ + (1 + w)(∆v − 3Ψ′) = Sc (75)

et l’équation d’Euler

(vi +Bi)
′ +H(1− 3c2

s) (vi +Bi) + ∂iΦ +
c2
s

1 + w
∂iδ = Se,i . (76)

Les termes de source sont donnés par

Sc = (1 + w)
[
12ΨΨ′ − 2Φ∆v − 2Hvivi(1− 3c2

s)− 4v′iv
i − 4vi∂

iΦ + 6vi∂
iΨ + 4EijE

ij′
]

+(1 + c2
s)
[
6δΨ′ − 2∂i(δv

i)
]
− 3(c2

s)
′ ρ̄H
ρ̄′
δ2 , (77)

Se,i = −2
1 + c2

s

1 + w
(δvi)

′ − 2H(1− 3w)
1 + c2

s

1 + w
δvi − 2

(c2
s)
′

1 + w

(
ρ̄

ρ̄′
δ∂iδ + δvi

)

+2H(1− 3c2
s)(Φ + 2Ψ)vi + 10Ψ′vi + 4Ψv′i − 2∂j

(
vjvi

)
+ 2Φv′i

−2
1 + c2

s

1 + w
δ∂iΦ + 4Φ∂iΦ + 4

(
Eijv

j
)′

+ 4HEijvj(1− 3c2
s) . (78)

D.2 Équations d’Einstein dans le cas d’un fluide parfait avec c2
s 6= w

Dans le cas d’un fluide parfait ayant un paramètre d’état variable, ou un mélange de fluide
adiabatique se comportant comme tel, les équations d’Einstein impliquent

∆Ψ− 3HΨ′ − 3H2Φ− κa2 1

2
ρ̄δ = S1 , (79)

Ψ′′ +H2Φ +
1

3
∆(Φ−Ψ) +HΦ′ + 2HΨ′ + 2H′Φ− 1

2
c2
sa

2κρ̄δ = S2 , (80)

∆∆(Ψ− Φ) = ∆∆S3 . (81)

(82)

Les termes de source dans lesquels on néglige les ondes gravitationnelles sont donnés par

S1 = −8Ψ∆Ψ− 3∂iΨ∂
iΨ− 3Ψ′2 + 3H2(1 + w)∂iv∂

iv − 12H2Ψ2 , (83)

S2 =
−κ(c2

s)
′

2(1 + w)
(Hδ2) + 4

(
H2 + 2H′

)
Ψ2 +

7

3
∂iΨ∂

iΨ +
8

3
Ψ∆Ψ + 8HΨΨ′ + Ψ′2

+H2(1 + w)∂iv∂
iv , (84)

S3 = −4Ψ2 −∆−1
(
2∂iΨ∂

iΨ + 3H2(1 + w)∂iv∂
iv
)

+3∆−2
[
∂i∂j

(
2∂iΨ∂jΨ + 3H2(1 + w)∂iv∂jv

)]
. (85)
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E Conservation de la perturbation de courbure comobile au se-
cond ordre

On peut définir des variables invariantes de jauge associées à la perturbation de courbure Ψ.
On définit soit la perturbation de courbure sur les hypersurfaces de densité d’énergie constante
soit la perturbation de courbure sur des hypersurfaces comobiles avec le fluide cosmologique. Ces
quantités on été définies dans [Malik & Wands 04] mais néanmoins les lois de transformation des
variables de perturbations utilisées dans la construction ne sont prises en compte que dans la
limite super-Hubble comme il est montré dans l’appendice de [Pitrou 07] (voir chapitre 5). On
peut montrer que ces deux types de perturbations de la courbure se réduisent à la même quantité
dans la limite super-Hubble [Vernizzi 05], et jusqu’au second ordre leurs expressions sont données
pour les échelles super-Hubble par

R(1) ' Ψ(1) +Qδ(1)ρ

' Ψ(1) − 2Q

H
(

Ψ′(1) +HΦ(1)
)

(86)

R(2) ' Ψ(2) +Qδ(2)ρ+
(
1 + 3c2

s

)
(Qδ)2 − 4QδΨ

' Ψ(2) − 2Q

H

(
Ψ′(2) +HΦ(2) − 4HΨ2 − Ψ′2

H

)
+
(
1 + 3c2

s

)
(Qδ)2 − 4QδΨ (87)

avec

Q ≡ Hρ̄
ρ̄′

= − 1

3(1 + w)
. (88)

Si on ne considère pas la limite super-Hubble, ces deux quantités ne sont pas égales et ce n’est
qu’en considérant correctement les lois de transformation de jauge des variables de perturbation
que l’on peut construire des variables vraiment invariantes de jauge dans le cas général. Si
le contenu matériel est celui d’un champ scalaire, alors la perturbation de courbure comobile
correspond à la perturbation de courbure sur les surfaces où δϕ = 0. En utilisant la décomposition
de la métrique perturbée (5.2) dans le cas plat, ces expressions au premier et second ordre sont
données par

R(1) ≡ Ψ(1) +
H
ϕ̄′
δ(1)ϕ , (89)

R(2) ≡ Ψ(2) +
H
ϕ̄′
δ(2)ϕ+

[
ϕ̄′′

ϕ̄′
H−H′ − 2H2

](
δϕ

ϕ̄′

)2

−2Hδϕδϕ
′

ϕ̄′2
− 2

(
Ψ′ + 2HΨ

) δϕ
ϕ̄′
− 2
H
ϕ̄′
∂iE∂

i (δϕ+ Ψ)

+
1

2

(
δij −∆−1∂i∂j

)
{
∂j

(
2B − E′ + δϕ

ϕ̄

)
∂i
δϕ

ϕ̄
+ ∂i∂

kE [2∂k∂jE + 4Ekj − 4Ψδkj ]

+
δϕ

ϕ̄′
(
2E′ij + 4HE′ij + ∂i∂jE

′)+ ∂kE∂k (∂i∂jE + 2Eij)

}
.

(90)
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On peut également mettre la perturbation de courbure comobile au second ordre sous la forme

R(2) = Ψ(2) +
H
ϕ̄′
δ(2)ϕ+

[
ϕ̄′′

ϕ̄′
H−H′ − 2H2

](
δϕ

ϕ̄′

)2

− 2Hδϕδϕ
′

ϕ̄′2

−2
(
Ψ′ + 2HΨ

) δϕ
ϕ̄′
− 2
H
ϕ̄′
∂iE∂

iδϕ

+∆−1

{
− ∂i

(
∆Ψ∂iE + ∆E∂iΨ

)
+ ∂i∂j

(
B − E′ + δϕ

2ϕ̄′

)
∂i∂j

δϕ

ϕ̄′

−∆

(
B − E′ + δϕ

2ϕ̄′

)
∆
δϕ

ϕ̄′
+

1

2

(
∂i∂j∂kE∂i∂j∂kE − ∂k∆E∂k∆E

)

−∂i∂j δϕ
ϕ̄′
(
E′ij + 2HEij

)
+ 2Eij∂

i∂jE + ∂iEjk∂
i∂j∂kE

}
.

Si l’on souhaite l’expression de la perturbation de courbure sur les hypersurfaces de densité
constante, il suffit de remplacer ϕ par ρ dans l’expression de la perturbation de courbure como-
bile précédente. On la note alors souvent plutôt ζ au signe près. Dans la limite super-Hubble,
en utilisant les équations d’Einstein, l’équation de conservation de fond (1.22) et l’équation
d’évolution du paramètre d’état (2.15), on retrouve alors les expressions (86).

La perturbation de courbure comobile est la quantité utilisée dans [Maldacena 03] pour
obtenir des prédictions dans le cas de l’inflation à un champ scalaire en roulement lent. Plus
précisément ces prédictions ont été établies en jauge comobile, puisque par définition dans ce cas
la perturbation de courbure comobile se réduit à Ψ et on peut donc identifier ces deux quantités.
Si l’on souhaite construire l’expression générale de la perturbation de courbure comobile, il
faut veiller à ne pas confondre un changement de jauge avec un changement de coordonnées
standard tel qu’expliqué dans la section 5.1. La perturbation de courbure peut être utilisée
pour reformuler l’équation d’évolution dans la limite super-Hubble dans le cas de perturbations
adiabatiques, comme une loi de conservation

−H
2Q
R(1)′ = 0 ,

−H
2Q
R(2)′ = 0 . (91)

Le préfacteur est là pour se souvenir que dans une phase de-Sitter pure, w = −1, Q = 0, et ce
résultat n’est plus valide.

On montre ce résultat en décomposant la perturbation de courbure comobile selon

R(1) = A1 ,

R(2) = A2 +B + C , (92)



Conservation de la perturbation de courbure comobile au second ordre 263

où

A1 = Ψ(1) − 2Q

H (Ψ′(1) + Φ(1)H) ,

A2 = Ψ(2) − 2Q

H (Ψ′(2) + Φ(2)H) ,

B = 2Q

(
4Ψ2 +

Ψ′2

H2

)
,

C = (1 + 3c2
s)(Qδ)

2 − 4QδΨ .

On utilise les relations
[

2

3H(1 + w)

]′
=

[−2Q

H

]′
=

1− 3w + 6c2
s

3(1 + w)
, (93)

Q′ = 3QH(c2
s − w) , (94)

H′ = −(1 + 3w)
H2

2
. (95)

De plus en utilisant la définition de la vitesse adiabatique du son c2
s ≡ dP

dρ on obtient avec un
développement de Taylor [Malik & Wands 04]

δP (2) = c2
sρ̄δ

(2) +
(ρ̄δ)2

ρ̄′
(c2
s)
′. (96)

Le terme A1 ne fait intervenir que des variables de perturbation du premier ordre et son évolution
est donnée par

A′1 =
−2Q

H
[
Ψ(1)′′ +HΦ(1)′ +HΨ(1)′(2 + 3c2

s) + 3Φ(1)H2(c2
s − w)

]
,

et on reconnâıt l’équation (2.82). Quant à A2, son évolution est la même que A1 mais avec les
variables de perturbation du second ordre, car il n’a pas été fait usage de la contrainte Φ(1) =
Ψ(1). On reconnâıt alors le membre de gauche de l’équation (6.18). On considère maintenant la
contribution de B qui est

B′ =

[
Q

(
8Ψ2 + 2

Ψ′2

H2

)]′

= 3QH(c2
s − w)

(
8Ψ2 + 2

Ψ′2

H2

)
+Q

(
16ΨΨ′ +

4

H2
Ψ′Ψ′′ − 4

H′
H3

Ψ′2
)
, (97)

et qui peut être mise sous une forme plus simple grâce à l’équation (2.83)

B′ =
−2Q

H
{
− 3

2
H2(c2

s − w)

(
8Ψ2 + 2

Ψ′2

H2

)

+HΨΨ′
[
−8 + 6(c2

s − w)
]

+ Ψ′2
[
6(1 + c2

s)− (1 + 3w)
] }
. (98)

De plus le terme impliquant C évolue selon

C ′ = Ψ′
(

4Ψ + 2δ
1 + c2

s

1 + w

)
+ 2Qδ(1 + 3c2

s)R′(1) + 3
(
c2
s

)′
(Qδ)2. (99)
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On utilise alors que pour des perturbations adiabatiques, R′(1) = 0, et on obtient (en utilisant
que pour des modes super-Hubble Ψ′ +HΦ = −Hδ/2)

C ′ =
−2Q

H

[
6HΨΨ′(1 + w)− 6H(1 + c2

s)Ψ
′
(

Ψ +
Ψ′

H

)
− 3

2
HQ(c2

s)
′δ2

]
. (100)

En collectant tous les termes on obtient donc

B′ + C ′ =
−2Q

H

[
−8HΨΨ′ −Ψ′2(1 + 3w)− 3

2
(c2
s − w)(8H2Ψ2 + 2Ψ′2)− 3

2
QH(c2

s)
′δ2

]
. (101)

On remarque qu’il s’agit exactement de l’opposé du membre de droite de l’équation (6.17) dans
la limite super-Hubble

S2 − c2
sS1 ' 8HΨΨ′ + (1 + 3w)Ψ′2 +

3

2
HQ(c2

s)
′δ2 + (c2

s − w)
(
12H2Ψ2 + 3Ψ′2

)
. (102)

Finalement en réunissant ces résultats on obtient les relations (91). Il est crucial de ne
pas confondre w avec c2

s comme il a été fait dans [Bartolo et al. 04b] dans la démonstra-
tion car la conservation de la courbure comobile permet justement de faire le lien entre des
phases de l’univers pendant lesquelles le paramètre d’état n’est pas le même et est donc
par conséquent passé par une phase variable où w 6= c2

s. De plus toute cette démonstra-
tion de la loi de conservation peut être faite à partir de l’équation de conservation (75)
comme il a été montré dans [Malik & Wands 04] ainsi que de manière non perturbative dans
[Lyth & Wands 03, Lyth et al. 05, Langlois & Vernizzi 05, Enqvist et al. 07].



Bibliographie

[Acquaviva et al. 03] V. Acquaviva, N. Bartolo, S. Matarrese & A. Riotto, « Second-
Order Cosmological Perturbations from Inflation », Nucl. Phys. B, vol. 667, 119, 2003,
url http://arxiv.org/abs/astro-ph/0209156.

[Albrecht et al. 82] A. Albrecht, P. J. Steinhardt, M. S. Turner & F. Wilczek,
« Reheating an Inflationary Universe », Phys. Rev. Lett., vol. 48, 1437, 1982.

[Armendariz-Picon 07] C. Armendariz-Picon, « Why should primordial per-
turbations be in a vacuum state ? », JCAP, vol. 0702, 031, 2007,
url http://arxiv.org/abs/astro-ph/0612288.

[Arnowitt et al. 62] R. Arnowitt, S. Deser & C. W. Misner, « The dynamics of general
relativity », 1962, url http://arxiv.org/abs/gr-qc/0405109.

[Babich et al. 04] D. Babich, P. Creminelli & M. Zaldarriaga,
« The shape of non-Gaussianities », JCAP, vol. 0408, 009, 2004,
url http://arxiv.org/abs/astro-ph/0405356.

[Bardeen 80] J. M. Bardeen, « Gauge Invariant Cosmological Perturbations », Phys. Rev. D,
vol. 22, 1882–1905, 1980.

[Bartolo et al. 04a] N. Bartolo, E. Komatsu, S. Matarrese & A. Riotto, « Non-
Gaussianity from Inflation : Theory and Observations », Phys. Rep., vol. 402, 103, 2004,
url http://arxiv.org/abs/astro-ph/0406398.

[Bartolo et al. 02] N. Bartolo, S. Matarrese & A. Riotto, « Non-Gaussianity from Infla-
tion », Phys. Rev. D, vol. 65, 103 505, 2002, url http://arxiv.org/abs/hep-ph/0112261.

[Bartolo et al. 04b] N. Bartolo, S. Matarrese & A. Riotto, « Enhancement
of Non-Gaussianity after Inflation », JHEP, vol. 0404, 006, 2004,
url http://arxiv.org/abs/astro-ph/0308088.

[Bartolo et al. 04c] N. Bartolo, S. Matarrese & A. Riotto, « Gauge-Invariant Tempera-
ture Anisotropies and Primordial Non-Gaussianity », Phys. Rev. Lett., vol. 93, 231 301, 2004,
url http://arxiv.org/abs/astro-ph/0407505.

[Bartolo et al. 06] N. Bartolo, S. Matarrese & A. Riotto, « CMB Anisotropies at Second
Order I », JCAP, vol. 0606, 024, 2006, url http://arxiv.org/abs/astro-ph/0604416.

[Bartolo et al. 07] N. Bartolo, S. Matarrese & A. Riotto, « CMB Anisotro-
pies at Second-Order II : Analytical Approach », JCAP, vol. 0701, 019, 2007,
url http://arxiv.org/abs/astro-ph/0610110.

265

http://arxiv.org/abs/astro-ph/0209156
http://arxiv.org/abs/astro-ph/0612288
http://arxiv.org/abs/gr-qc/0405109
http://arxiv.org/abs/astro-ph/0405356
http://arxiv.org/abs/astro-ph/0406398
http://arxiv.org/abs/hep-ph/0112261
http://arxiv.org/abs/astro-ph/0308088
http://arxiv.org/abs/astro-ph/0407505
http://arxiv.org/abs/astro-ph/0604416
http://arxiv.org/abs/astro-ph/0610110


266 Appendices

[Berger et al. 71] M. Berger, P. Gauduchon & E. Mazet, Le spectre d’une variété riema-
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[Peter & Uzan 05] P. Peter & J.-P. Uzan, Cosmologie primordiale, Paris, France, belin édition,
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