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We compute radiative corrections to nuclear reaction rates that determine the outcome of the
Big-Bang Nucleosynthesis (BBN). Any nuclear reaction producing a photon with an energy above
2me must be supplemented by the corresponding reaction where the final state photon is replaced
by an electron-positron pair. We find that pair production brings a typical 0.2% enhancement to
photon emission rates, resulting in a similar size corrections to elemental abundances. The exception
is 4He abundance, which is insensitive to the small changes in the nuclear reaction rates. We also
investigate the effect of vacuum polarisation on the Coulomb barrier, which brings a small extra
correction when reaction rates are extrapolated from the measured energies to the BBN Gamow
peak energies.

I. INTRODUCTION

Precise values of nuclear reaction rates are sometimes
required in astrophysics and cosmology. While most
of the applications belong to the stellar nucleosynthesis
and solar neutrino physics, the one distinct cosmologi-
cal application where precise nuclear physics is required
is the Big-bang Nucleosynthesis (BBN). Developments
of the last two decades, with an independent input of
the baryon-to-photon ratio from the Cosmic Microwave
Background (CMB) anisotropies, paired with advances
in observational extraction of the deuterium and helium
abundance [1–3], have contributed to the rise of the
standard cosmological model of the Universe. Further
progress in refinement of BBN may only come from the
combination of advances in CMB, more precise observa-
tions of primordial abundances, and %-level determina-
tion of nuclear rates.

Quantitatively, the BBN has entered an era of preci-
sion, since errors of 1.6% (at one standard deviation) and
smaller on 4He [3, 4] have been claimed in recent years.
At the same time, one should be cautious recognizing
that it is very difficult to correctly estimate all systematic
errors in helium abundance measurements, hence such a
precision must not to be taken at face value. Further-
more, current measurements of deuterium abundances [2]
have reached an unprecedented 1.2% precision. The to-
tal yield of 4He is essentially set by the neutron-to-proton
ratio at the time of BBN that is mainly controlled by the
weak interaction rates, while the feedback from other el-
ements is small. Many subtle effects, including radiative
corrections, have been taken into account in Refs. [5–9],
and reviewed in Ref. [10], to reach a 0.1% theoretical pre-
cision on the weak rates. At the moment, the main source
of theoretical uncertainty in the weak rates is the neutron
lifetime which is used as a proxy to estimate the strength
of the weak interactions. The incomplete decoupling of
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neutrinos prior to the reheating of photons by electrons-
positrons annihilations leads to a slight modification of
the energy density in neutrinos [11–14], which in turn af-
fects the neutron abundance via the modification of the
Hubble expansion rate and flavour-specific distortions of
the overall neutrino abundance.

Only traces amounts of other elements are left at the
end of BBN, and their final abundances depend on the
nuclear rates of a limited network of reactions, typically
a dozen. The most relevant nuclei produced during BBN
are deuterium (D), 3He, 3H, 7Li and 7Be1. Reaching
a percent level predictions for key nuclear reactions is
highly desirable in the context of precise BBN predic-
tions for these elements. In most cases, direct measure-
ment of the reaction rate in experiment is performed,
with some key reaction rates now being known down to
≈ 5% accuracy. A theoretical ab-initio approach has also
been successful. For a long time, theory determination of
n+p↔ D+γ rate has been more accurate than the corre-
sponding experimental measurement (see, e.g. Ref. [15]
for the nuclear effective theory approach to this rate), and
the corresponding errors are at a sub-% percent level. A
significant theoretical progress has also being achieved
in more complicated rates such as D+p and D+n fusion
processes [16], D+D reactions [17], 3H+D↔ n+4He and
3He + D↔ p+ 4He reactions [18], 3He + 4He↔ 7Be + γ
and 3H + 4He↔ 7Li + γ reactions [19, 20].

Until now, the radiative corrections to nuclear rates
have been ignored in the compilation of the BBN reac-
tion networks. The goal of the current paper is to give
a quantitative assessment of radiative corrections to the
nuclear BBN rates, and determine the resulting shift in
the yield for the main elements. There are two types of
contributions that we need to consider: i. Replacement
of an on-shell photon with a lepton pair, ii. Virtual ex-
citation of the electron-positron vacuum, modifying the

1 7Be decays subsequently to 7Li, and 3H to 3He. It is customary
to report the final abundances of 7Li and 3He as their direct
production augmented by these decay products.
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Coulomb interaction of nuclei. There are several simpli-
fying conditions that would allow us to perform this eval-
uation without having to treat unknown nuclear matrix
elements. Such conditions include a possibility of mak-
ing a reliable multipole expansion, as the wavelengths
of real/virtual photons are much larger than the charac-
teristic nuclear size, λγ � RN . The second simplifying
condition is that the kinetic energies of incoming particles
participating in the reactions are much smaller than the
characteristic Gamow energies, E � EG (or equivalently,
Z1Z2e

2/(~v)� 1, where v is relative velocity and Z1(2)e
are charges of the reactants), and all reactions occur in
the Coulomb-suppressed regime.

An important class of BBN reactions involves a on-
shell photon, with energy Eγ > 2me. Then, there exists
a reaction where this photon is virtual, and decays into a
lepton pair [21, 22]. In other words, instead of a reaction
N1+N2 → N3+γ, one could always have N1+N2 → N3+
e+e− reaction. Importantly, for reactions in which the
cross section is measured by detection of the real photon,
this extra channel is necessarily ignored and the inclusion
of the final state pair will raise the total N1 + N2 → N3

rate. We shall evaluate in section II this correction for
the rates

n+ p → D + γ , (1a)

p+ D → 3He + γ , (1b)
3H + 4He → 7Li + γ , (1c)

3He + 4He → 7Be + γ , (1d)
3H + p → 4He + γ . (1e)

Notice that for 7Be+p→ 8B+γ reaction, not relevant for
BBN (but important for e.g. solar neutrino physics), the
energy release is not sufficient to produce a pair. In prin-
ciple, there are also various cross channels for these reac-
tions, N3+e+e− → N1+N2, and N3+e± → N1+N2+e±.
In practice, these are going to be less important than the
electron-positron production reactions, because at most
relevant temperatures, T < 100 keV, the abundance of
electrons and positrons in the thermal bath is quite small.

Insertion of electron-positron loop inside a virtual pho-
ton is another way the radiative corrections tend to man-
ifest themselves. For a nuclear reaction among charged
particles at E � EG, the Coulomb repulsion is very im-
portant. In the static approximation, this radiative effect
modifies the Coulomb potential to what is known as the
Uehling-Serber potential [23–25]. This potential - rather
than a simple Coulomb r−1 form - should be used in
calculating the penetration factors. If the cross sections
are measured at exactly the same range of energies rele-
vant for the BBN reactions (i.e. Gamow peak energies),
then the effect of Uehling-Serber potential is already ac-
counted for in the measured cross section. If, however,
one needs to extrapolate nuclear rates in energy (from
the energy of the measurement to the Gamow peak) and
precision is required, such an extrapolation must be done
using the expression for the penetration factors in the
Uehling-Serber potential. In the following, we shall con-

sider how this effect modifies the penetration factor of
the key reaction (1b) (section III).

Note that in principle there are additional types of ra-
diative corrections. For instance bremsstrahlung from
one of the charged reacting nuclei may in principle be
taken into account. However, for a nucleus with non-
relativistic kinetic energy EK and mass M , such an ef-
fect is typically suppressed not only by the fine struc-
ture constant αFS but also by powers of EK/M . Similar
suppressions would apply to any additional “structural”
photons, emitted from the nuclear transitions inside a
nuclear reaction. With typical kinetic energies (MeV of
sub-MeV) this can be safely disregarded.

Finally, the implications for the freeze-out elemental
abundances at the end of BBN are given in section IV.

II. PAIR PRODUCTION REACTIONS

A. Notation

We review in detail the pair production corrections to
reaction (1a), because we want to compare the relative
importance of the photon and the pair producing reac-
tions

n+ p → D + γ , (2a)

n+ p → D + e+ + e− . (2b)

Throughout we use the particle physics metric signature
(+,− − −). We denote the electron and positron mo-
menta p1 and p2, the deuterium momentum is P ′, and
the sum of the initial neutron and proton momenta is
P . The electron, proton, neutron and deuterium masses
are respectively m, mp, mn, mD. The average nucleon
mass is taken to be mN ≡ (mn + mp)/2. k is either
the photon momentum or the sum of the electron and
positron momenta (k = p1 + p2), depending on the reac-
tion considered, such that in all cases from momentum
conservation on has P = P ′+k. Finally, εµ is the photon
polarization vector. Throughout our calculations we put
~ and c to one.

B. E-type and B-type transitions

We work in the Coulomb gauge for which the vector
potential is only spatial for a reference observer whose
four-velocity is u, that is ε · u = 0. In the rest frame
of the reference observer, uµ = δµ0 and we split the pho-
ton momentum (be it real or virtual) into frequency and
spatial momentum as kµ = (ω, qi), that is k · u = ω. In
practice, we use the center-of-mass rest frame to define
the reference observer. We further define the magnitude
of the photon wave-vector q and its direction ni, that is
qi = qni with n · n = 1. The transition matrix of the γ
reaction is necessarily of the form

M = Jµεµ = Jiεi , (3)
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where Jµ ≡ (J0,Ji) is the nuclear transition current.
Given gauge invariance, it satisfies the transverse condi-
tion

Jµkµ = 0 ⇒ Jiqi = ωJ0 . (4)

We now consider that Jµ can be expanded in powers of
ω/|pN | (or q/|pN |), where pN is the typical spatial mo-
mentum of the nucleons inside deuterium. This amounts
to assuming that the typical wavelength of photons 2π/ω
is much larger than the typical size of the deuterium nu-
cleus ∝ 1/|pN |. Since |pN | ≈

√
2mDBD, where BD is

the deuterium binding energy, and the typical energy of
the emitted photon is BD, our expansion is in fact in
powers of

√
BD/(2mD) ≈ 0.025. At lowest order in this

expansion, Ji can be separated into electric and magnetic
dipole contributions as

Ji = Ei + Bi , (5)

Ei = ωdi , (6a)

Bi = εjkim
jqk , (6b)

in which di (resp. mi) is the electric (resp. magnetic)
dipole of the nuclear transition. Note that by construc-
tion J0 = diq

i and Biqi = 0. Eqs. (6) can be recast in
covariant form as

Eµ = −(k · u)dµ + (d · k)uµ , (7a)

Bβ = uµmνεµναβk
α . (7b)

Physically, this is equivalent to considering either a cou-
pling to the Faraday tensor polarisation or its dual, since

Eµεµ = dµuνF
µν , Fµν ≡ kµεν − kνεµ , (8a)

Bβεβ =
1

2
uµmνεµναβF

αβ = uµmν F̃µν . (8b)

When averaging over all spins and directions, results
can only depend on the magnitude of momenta. Hence
we can always replace

dµdν → −1

3
|d|2(gµν − uµuν) (9)

or didj → |d|2δij/3, where |d|2 ≡ −(d · d). We use a
similar property and definitions for the magnetic dipole.
We use this arrow notation whenever the expression is
reduced using this angular average.

C. Photon producing reaction

If we now compute |M|2 for the photon process, we
get

|M2|(γ) =
∑
s=±1

JµJ ?ν εµs εν?s = −gµνJµJ ?ν . (10)

With minimal algebra we find

|M|2(γ),E →
2|d|2

3
|q|2 , (11a)

|M|2(γ),B →
2|m|2

3
|q|2 , (11b)

noting that the parity considerations prevent interference
terms in the angularly averaged matrix elements.

D. Pair producing reaction

For the pair producing reaction, we treat JµAµ as a
vertex inside usual Feynman rules,

|M|2(ee) = JµJ ?ν Tµν (12)

where

Tµν ≡ e2

(k · k)2
(/p1 +me)γ

µ(/p2 −me)γ
ν ,

=
e2

k4
(
−gµν2k2 + 4pµ1p

ν
2 + 4pµ2p

ν
1

)
. (13)

Defining E1 = p1 · u and E2 = p2 · u and using angular
averaging rules (9), we get

|M|2(ee),E →
2|d|2e2

3k4
[
(E1 + E2)2(4m2

e + 2k2)

−4k2E1E2 + k4
]
, (14a)

|M|2(ee),B →
2|m|2e2

3k4
{

4m2
e[(E1 + E2)2 − k2]

−k4 + 2k2[(E1)2 + (E2)2]
}
. (14b)

E. Ratio of rates

Ultimately, the cross sections of n+ p→ D fusion are
corrected by

σ(γ) → σ(γ)(1 + r) (15)

where the ratio of the pair producing and photon pro-
ducing rates is found from

r ≡ σ(ee)

σ(γ)
=

∫
d5Φ12D∫
d2ΦγD

, (16)

and is a function of reaction energy EK . The phase-space
elements are

d5Φ12D ≡ (2π)4δ4(P − k − P ′)|M|2(ee)[dp1][dp2][dP ′],

d2ΦγD ≡ (2π)4δ4(P − k − P ′)|M|2(γ)[dpγ ][dP ′],

with [dp] ≡ d3p/(2Ep). Since the electric and magnetic
dipoles contribute separately, there is a ratio as defined
in (16) for each case.
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We choose to work in the center-of-mass frame in which
Pµ = Euµ, where E is the total initial energy. Further-
more, we also use an infinite deuterium mass expansion.
This is equivalent to expanding the results in a power
series of 1/mD, by expressing all energies with respect to
the deuterium mass, and then considering only the lowest
order term in such expansion. Physically, it corresponds
to ignoring deuterium recoil. Hence, in the photon pro-
ducing case, the available energy Ea goes entirely in the
emitted photon and we can use

ω = q = Ea ≡ E −mD = EK +BD . (17)

where EK ≡ E −mn −mp is the center-of-mass kinetic
energy of the initial neutron-proton pair.

The integral over phase space for the reference photon
reaction is then simply∫

d2ΦγD =
|M|2(γ)ω
4πmD

. (18)

As for the pair producing reactions we find

d2Φ12D ≡
∫
angles

d5Φ12D (19)

=
|M|2(ee)

4(2π)3(2E)2
d(k2)d(m2

2D) .

where we used the invariant mass m2
2D ≡ (p2+P ′)2. Inte-

grating over the range of allowed values for this invariant
mass, we find the differential ratios

drE
dk2

=
(

1 +
x

2

) αFS

6π

√
(1− x)(x− a)(a+ 2x)(20a)

drB
dk2

= (1− x)
αFS

6π

√
(1− x)(x− a)(a+ 2x) (20b)

where

x ≡ k2/E2
a , a ≡ 4m2

e/E
2
a . (21)

Further integrating on the allowed values 4m2
e ≤ k2 ≤ E2

a

leads to

rE =
αFS

9π
√
a

[
−a(10 + a)E

(
1− a−1

)
+(6 + 7

2a+ 3
2a

2)K(1− a−1)
]
,(22a)

rB =
αFS

9π
√
a

[
a(−13 + 5a)E

(
1− a−1

)
+(6 + 5a− 3a2)K(1− a−1)

]
. (22b)

In these expressions, E is the complete elliptic integral of
the second kind, and K is the complete elliptic integral
of the first kind2.

2 These integrals are defined by E(m) =
∫ π/2
0 (1 −m sin2 θ)1/2dθ

and K(m) =
∫ π/2
0 (1 −m sin2 θ)−1/2dθ.

F. Analytic approximation of ratios

In addition to the infinite deuterium mass approxima-
tion, one can also consider a limit of energy release be-
ing much larger than the electron mass, Ea � me. Ex-
panding expressions from previous subsections in small
2me/Ea, we arrive at

rE ≈
2αFS

3π

[
ln(2Ea/me)−

5

3

]
, (23a)

rB ≈
2αFS

3π

[
ln(2Ea/me)−

13

6
+

9m2
e

2E2
a

]
. (23b)

These approximations, along with the result of the di-
rect numerical integration of (16) without using the infi-
nite deuterium mass approximation, are depicted in Fig.
1. Note that the leading logarithmic terms in (23a) and
(23b) has the same coefficient. It is model-independent,
because the answer for the pair-production in this limit
is dominated by a quasi-real photon.

0 2 4 6 8 10
0.0

0.1

0.2

0.3

0.4

EK (MeV)

10
0
x
σ
ee
/σ

γ

FIG. 1: Solid is electric dipole ratio, dashed is magnetic dipole
ratio. The result of the full numerical integration of (16) with-
out approximation is depicted in thick lines, and the analytic
approximations (23a) and (23b) are in thin lines.

G. Comparison with literature

Our results can be compared with the approach of [21].
However note that in this reference, a factor 2 is missing
in front of the last term of Eq. (6), hence there is a missing
factor 2 in front of theRL term in its Eq. (9). The validity
of Eq. (9) in [21] is restored if one alters the definition of
RL by adding an extra factor 2.

With this convention, we follow [21] in defining the
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transverse and longitudinal components of the ratios as

RT ≡
∫

d2Ωk̂J
(ee)
i J (ee)

j (δij − k̂ik̂j)∫
d2ΩnJ (γ)

i J
(γ)
j (δij − ninj)

(24a)

RL ≡ 2

∫
d2Ωk̂J

(ee)
i J (ee)

j k̂ik̂j∫
d2ΩnJ (γ)

i J
(γ)
j (δij − ninj)

(24b)

where k̂i is the unit vector in the direction of the spatial
momentum of the virtual photon.

Our modeling (7) of the electric and magnetic dipoles
corresponds in the infinite deuterium mass approxima-
tion to

RET = 1 , REL = 1 , (25)

RBT =

(
|p1 + p2|

ω

)2

, RBL = 0 , (26)

and from kinematics |p1+p2|/ω =
√

1− x in the notation
(21).

It is found in Eq. (10) of [21], that the subleading con-
stant for RT = 1 and RL = 0 is −11/6 [in units of
2αFS/(3π)]. Since our electric dipole parameterisation
contributes to REL = 1, it brings a subleading constant
contribution, hence the slightly different constant −5/3
found in (23a). Furthermore the subleading constant in
(23b) is also different from −11/6, even though RBL = 0,
due to the non-constancy of RBT in our magnetic dipole
parameterisation.

Note that more generally, if RT = CT (|p1 + p2|/ω)p

and RL = CL(|p1 + p2|/ω)q, the differential ratio is

dr

dk2
=
[
CT (1− x)p/2 + CL

x

2
(1− x)q/2

]
(27)

×αFS

6π

√
(1− x)(x− a)(a+ 2x) .

H. Reference rates

It is well known that in the n + p → D + γ reaction,
at low energy the contribution of the magnetic channel
is enhanced due to the virtual state close to threshold.
Therefore, in order to know what the absolute correction
of the BBN rates due to pair-production is, one needs
to know how σ(γ) splits into the electric and magnetic
components. While this calculation has been treated in
considerable detail over the years, we would use a sim-
plified approach of “zero range approximation” for the
nuclear potential (see e.g. section 58 of [26]), that re-
sults in σ(γ) within 10% from a more accurate answer.

Photo-dissociation rates are the sum of electric and
magnetic dipole contributions

σD+γ→n+p = σD+γ→n+p
E + σD+γ→n+p

B (28)

where [Eqs. 58.4-58.7 of [26]]

σD+γ→n+p
E =

8παFS

3mN

√
BD(ω −BD)3/2

ω3
(29a)

σD+γ→n+p
B =

8π

3
(µp − µn)2 (29b)

×
√
BD(ω −BD)(

√
BD +

√
Es=0)2

ω(ω −BD + Es=0)

with Es=0 ≈ 0.067 MeV the energy of the unstable spin
zero state of deuterium. The proton and neutron mag-
netic moments are µp = 2.793µN and µn = −1.913µN
where the nuclear Bohr magneton can be written as
µN ≡

√
αFS/(2mp).

From detailed balance, they are related to the corre-
sponding fusion rates by

σn+p→D+γ
E/B

σD+γ→n+p
E/B

=
3ω2

2mN (ω −BD)
. (30)

The cross sections for the reactions with pair production
are estimated using (22a) and (22b):

σ
(ee)
E/B ≈ rE/B × σ

n+p→D+γ
E/B . (31)

I. Average over thermal distributions

In a thermalised plasma, the cross section must be av-
eraged over the thermal distribution of relative velocities
between neutrons and protons in order to obtain interac-
tion rates. The general expression is

〈σv〉 =
2√
πT 3

∫
σ(EK)vrel(EK)e−EK/T

√
EKdEK

(32)

where vrel(EK) =
√

2EK/µ, with µ the reduced mass
of the reacting nuclei which for neutrons and protons
forming deuterium is approximately mN/2.

Performing the thermal average of reference rate
〈σv〉(γ) by applying (32) to Eqs. (29a) and (29b), we ob-
serve a rather good agreement with results of Ref. [15],
especially at low energies. Combining the reference cross
section [(30) with (29)] with the corrective factors (22)
as specified by (31), we are in position to estimate the
magnitude of the pair production corrections to the rates.
The results are depicted in Fig. 2. A fitting formula in
the range 0.05 < T9 < 5 is

〈σv〉(γ) + 〈σv〉(ee)

〈σv〉(γ)
= 1 +

4∑
i=0

aiT
i
9 (33)

where T9 is the temperature in GK and a0 = 3.6367 ×
10−4, a1 = 9.0830 × 10−5, a2 = 4.1675 × 10−5, a3 =
−1.1675× 10−5 and a4 = 1.0263× 10−6.

It is easy to see that, at high temperatures, the relative
size of the correction is sub-%, while at lower tempera-
tures, where magnetic transition dominates, it drops to
below the 10−3 level.
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FIG. 2: The electric (resp. magnetic) dipole contribution

to 〈σv〉(ee) is in dashed line (resp. dotted line). The total
correction is shown by the gray line while the reference value
for 〈σv〉(γ) (based on Eqs. (29)) is in solid.

J. Pair production for other reactions

For all other reactions, the magnetic dipole contri-
bution is subdominant. However, for the p + D →
3He+γ reaction, the magnetic dipole contribution is only
marginally subdominant since it contributes around 15%
at BBN energies (see table 3 of Ref. [27]). Given the size
of the corrections reported in table I and the similarities
between the electric and dipole corrections [Eqs. (23)]
when the energy release exceeds Q � 2me, we ignore
this detail which would only bring a small correction to
the already small correction. Hence, knowing the cross
section for the photon emission reaction, we just need to
multiply it by the electric dipole corrective factor (22a)
to get to the pair-production rate. An important sub-
tlety is that the pair-production correction needs to be
applied to rates that had their cross sections measured
via the detection of photon. The cross section of the re-
action of p + D → 3He + γ is a prime example of that,
because it is measured via the final photon [28–30]. This
also applies to reaction 3H+p→ 4He+γ in Ref. [31], and
to the most precise measurements of 3H + 4He→ 7Li +γ
reaction [32].

On the other hand, recommended reaction rates for
the 3He + 4He→ 7Be + γ are based on the resulting 7Be
activity in order to keep statistics of the fits tractable [33,
34]. Therefore, the total rate is measured, including the
radiative correction. Hence, we should not include the
pair production correction to the reaction 3He + 4He →
7Be + γ.

Furthermore, since we are interested in corrections to
the thermally averaged rates, one should in principle es-
timate the correction to the thermally averaged rates
by applying (32) to the corrected cross-sections. Given
the size of the corrections, we find it sufficient to multi-
ply the thermally averaged rates of the photon produc-
ing reactions by the corrective ratios (22a) evaluated at

the most relevant kinetic energy for a given temperature
and reaction (i.e. Gamow peak energy). For two nu-
clei with Z1 and Z2 proton number and reduced mass
µ = uA1A2/(A1 +A2), it is given (see Ref. [35]) by

EML
K (T9) ≈

(µ
2

)1/3
(παFSZ1Z2kBT )

2/3

≈ 0.1220(µ/u)1/3(Z1Z2T9)2/3 MeV . (34)

For the photon emission reactions relevant for BBN,
the corrections at T9 = 0.8 are reported in Table I. Ev-
idently it affects mostly reactions with larger Q values,
since a larger available energy brings larger values for the
logarithms of Eq. (23a).

Reaction Q in MeV Correction (in %)

p+ D→ 3He + γ 5.493 0.220
3H + 4He→ 7Li + γ 2.468 0.106
3He + 4He→ 7Be + γ 1.587 0.057
3H + p→ 4He + γ 19.81 0.416

TABLE I: Correction from pair production to the thermally
averaged rates, at T9 = 0.8.

Even the largest correction in this table is still below
the current errors for the corresponding photon emission
reaction rates.

III. VACUUM POLARIZATION CORRECTIONS

Vacuum polarisation modifies the Coulomb potential,
and this affects how cross-sections are extrapolated in
energy when taking into account the Gamow penetration
factor. We find that this is relevant for the reaction (1b)
and we detail in this section how and when this must
be taken into account. We follow Ref. [25] which applied
these corrections in the context of solar nuclear reactions.

Let us consider two charged nuclei 1 and 2 with charges
Z1 and Z2 and reduced mass µ. The Coulomb potential
is

VC(r) =
Z1Z2e

2

4πr
=
Z1Z2αFS

r
. (35)

The Uehling-Serber potential [36, 37] is an additive cor-
rection which takes into account electron vacuum polari-
sation, that is fermionic loops in the photon propagator.
The total potential takes thus the form V = VC + VU
with

VU (r) = VC(r)× 2αFS

3π
I(r) . (36)

The Uehling function is given by

I(r) ≡
∫ ∞
1

e−2merx

(
1 +

1

2x2

) √
x2 − 1

x2
dx . (37)
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Usually, nuclear reaction cross sections are proportional
to the Gamow penetration factor related to the electro-
static potential, which is

Γ(E) = exp

[
−2

∫ b

rmin

√
2µ(V (r)− E)

]
dr , (38)

where b is the turning point defined by the classical ba-
reer V (b) ≡ E, that is b = Z1Z2αFS/E, and rmin is the
distance at which nuclear forces overcome the repulsive
barrier, typically the sum of the radii of the interacting
nuclei.

When considering only the Coulomb potential (35) and
setting rmin = 0, the penetration factor can be expressed
with the Sommerfeld parameter

η ≡ Z1Z2αFS√
2E/µ

(39)

since after performing the integral in (38) we get

Γ(E) = exp[−2πη] . (40)

In Ref. [25] it is shown that taking into account the
Uehling-Serber potential translates into a modification
of the Gamow penetration factor by

ΓC+U(E) = ΓC(E)[1−∆(E)] , (41)

where

∆(E) ≡ 4αFSη

3π

∫ 1

0

I(by)√
y − y2

dy . (42)

The function ∆(E) is evaluated by switching the order
of integration. The y-integral can be performed analyti-
cally, leaving us with one numerical integral over x,

∆(E) =
4αFSη

3π

∫ ∞
1

J

(
mexZ1Z2αFS

E

)
×
(

1 +
1

2x2

) √
x2 − 1

x2
dx , (43)

with the definition in terms of a Bessel function of the
first kind J(z) ≡ πI0(z) exp(−z).

However, one cannot ignore the centrifugal barrier
which adds to the effective repulsive potential [38], if the
interaction takes place via non-zero orbital angular mo-
mentum waves. From Fig. 1 and table 3 of Ref. [27], one
infers that it is precisely the case that the ` = 1 wave
accounts for approximately 85% of the reaction (1b) at
BBN energies. The centrifugal effective potential is

Vcen =
`(`+ 1)

2µr2
, (44)

where µ is the reduced mass of the two nuclei interacting.
For large nuclei, this extra contribution remains small
compared with the pure Coulomb barrier (35) and it is
possible to treat it as a perturbation as detailed in section

0.00 0.05 0.10 0.15 0.20 0.25
0.000

0.005

0.010

0.015

EK (MeV)

Δ
(E
)

FIG. 3: Relative variation of the Gamow penetration factor
∆(E) for the reaction (1b) when ignoring the centrifugal bar-
rier (rmin = 0 in continuous line and rmin = 3 fm in dashed
line), and with ` = 1 centrifugal (and also rmin = 3 fm) barrier
in dotted line.

4.5 of Ref. [38]. However this is not the case for the
reaction (1b) at BBN energies and one must in principle
estimate the centrifugal barrier directly from VC + Vcen
replaced in (38). The Uehling-Serber potential can still
be considered as a perturbation with respect to VC +
Vcen, so the correction to the penetration factor, when
including the centrifugal barrier, is given by

∆(E) ≡ 4αFSη

3π

∫ 1

rmin
b

I(by)√
y − y2 + `(`+1)E

2µ(Z1Z2αFS)2

dy . (45)

It is not simple to reduce analytically this expression to
a one dimensional integral, as was the case without the
centrifugal barrier, and we must evaluate numerically di-
rectly this two-dimensional integral. The corrections (43)
and (45) for the reaction (1b) are plotted on Fig. 3. In the
following, we consider only the ` = 1 penetration factor
correction from (45) (with rmin ≈ 3 fm which is roughly
the sum of the nuclear radii), that is we ignore the or-
der 15% contribution of the magnetic dipole transition in
reaction (1b) at BBN energies.

Cross-sections that are evaluated at energies different
from the most likely energy (the Gamow peak), must be
extrapolated to the relevant energy range,

σC+U(E) = σC(E)
[1−∆(E)]

[1−∆(Emeas)]
. (46)

The most precise measurement of reaction (1b) was per-
formed at energies smaller than the BBN Gamow peak.
Theoretical extrapolations to the BBN energy range was
done with the method described in [39], which consists
of using mainly the reliable low-energy data [30] and the
theoretical model [16]. PRIMAT [10] uses the results of
the most recent [40] which implements this type of ap-
proach with Bayesian statistics. The energy range of the
main source of statistics comes from the measurements
of [30] which span 3 keV < EK < 20 keV. On Fig. 3 we
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note that this is precisely the range of values for which
the function ∆(E) is nearly constant. Hence we choose
to evaluate this function at the value Emeas = 15 keV.

To subsequently estimate how this correction affects
the thermally averaged rates of reaction (1b), we can
evaluate it at the most likely energy (34), so that

〈[σv]〉C+U

〈[σv]〉C
≈ [1−∆(EML

K (T ))]

[1−∆(Emeas)]
≈ 1 +

4∑
i=0

biT
i
9 , (47)

where the last equality is a fit with b0 = −3.5264×10−4,
b1 = 1.4925× 10−2, b2 = −2.6236× 10−2, b3 = 2.3837×
10−2, b4 = −1.0443× 10−2, b5 = 1.7473× 10−3 which is
valid for 0.05 ≤ T9 ≤ 2. The ratio (47) of the corrected to
the uncorrected rates for reaction (1b) is plotted in Fig.
4. Let us emphasize again that we have only performed a

0.1 0.2 0.5 1 2
1.000

1.001

1.002

1.003

1.004

1.005

T (GK)

<
σ
v>

C
+
U
/<
σ
v>

C

FIG. 4: Corrective ratio 〈[σv]〉C+U/〈[σv]〉C for the reaction
(1b).

crude estimation of the correction, since once we can use
reliable data in the range EK = 100−200 keV, as should
be available in the future [41], then this correction would
no longer need to be taken into account. Alternatively,
if the theoretical extrapolation are still used, future pre-
cision calculations of the nuclear reaction rates could in-
clude the Uehling-Serber correction into account directly
in the asymptotics of the Coulomb wave functions.

IV. EFFECT ON BBN

We now review the effect of the corrections discussed
in the previous sections on elemental abundances at the
end of BBN. For any photon emission reaction, the re-
verse rate is obtained using detailed balance, as explained
in detail in section 4.2 of Ref. [10]. This is also the
case for the pair-production reactions since electrons and
positrons are always at thermal equilibrium with pho-
tons during BBN. Hence one can compute the sum of
the photon and pair producing reactions, and then ob-
tain the sum of the backward rates from the very same
detailed balance relation. To summarise, if the forward

rate is increased, the backward rate is increased by the
same amount so as to always satisfy the detailed balance
conditions.

Note that when considering reactions with electron-
positron pairs, one should also consider in principle 2→ 3
reactions

D + e± ↔ p+ n+ e± . (48)

These reactions turn out to be negligible for the following
reason. The initial electron or positron needs to bring not
only the necessary binding energy, but also the final rest
mass of the electron or positron. If a photon needs only
Eγ = BD to dissociate deuterium, an electron would need
BD + me. Hence at energies T � me, from the thermal
equilibrium distribution of electrons, one deduces that
the reaction is suppressed by a factor exp(−me/T ) com-
pared with the photon dissociation reaction. Since nucle-
osynthesis really starts only below T ≈ 100 keV, this is
an additional prohibitive suppression factor. The argu-
ment can also be made for the reverse rate, and in that
case the suppression factor comes from the low probabil-
ity of having the three body reaction, since this brings
an extra factor ∝ ne/T 3 ∝ exp(−me/T ).

The effect on BBN of all corrections discussed in the
previous is summarised in Table II. Deuterium is by far
the most precisely measured component, and we note
that in total its predicted abundance is decreased by
0.19 %.

Element Reference Pair Pair+Uehling Tot. Var. %

105 D/H 2.4585 2.4564 2.4539 −0.19

105 3He/H 1.0742 1.0752 1.0763 +0.20

1010 7Li/H 5.670 5.684 5.695 +0.44

TABLE II: Variations of BBN abundances. The first col-
umn gives reference abundances computed with PRIMAT
[10]. The second column takes into account the effect of pair
production in photon producing processes, and the third col-
umn also includes the Uehling potential corrections to reac-
tion (1b). Variation of 4He is insignificant.

Conclusion

Radiative corrections from pair production have a rel-
ative size set by the prefactor αFS/π. In the limit of
the energy release being much larger than 2me, the pair-
production radiative correction is completely fixed by the
photon emission cross section. In reality, this limit does
not hold for most of the reactions, and we model the cor-
responding nuclear EM transition vertex by the simplest
electric dipole form. Most of the photon producing reac-
tion rates are indeed dominated by electric dipole tran-
sitions, and are easily corrected by a universal function.
Synthesis of deuterium is a notable exception, where at
lowest energies the reaction is dominated by a magnetic
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transition. The reaction p+D→ 3He+γ is also partially
determined by the magnetic dipole transition at BBN en-
ergies, but we ignored this complication as detailed in
section II J, because the relative difference between cor-
rections to magnetic and electric transitions becomes less
important as Q is taken to be much larger than 2me. In
the limit of zero recoil, we give complete analytic ex-
pressions for the pair-production corrections induced by
E1 and M1 nuclear transitions, and correct some mis-
takes (or typos) in the original reference [21]. Finally,
the Uehling-Serber potential creates a finite correction to
the Gamow penetration factor, and it needs to be taken
into account if the nuclear rates involve extrapolation in
energy.

Having evaluated the radiative corrections to nuclear
rates, we determine the resulting change in the BBN
predictions. The radiative-correction-induced shifts to
freeze-out abundances are small, below the percent level,
and are summarized in Table II. Nevertheless, expected

progress in CMB physics, observations of deuterium, nu-
clear physics measurements of the relevant rates, as well
as in ab-initio calculations of nuclear reactions, may make
even sub-percent shifts relevant in the future. The abun-
dance of 4He is very insensitive to the change in nuclear
rates, and thus the impact of radiative corrections on
helium abundance is negligible.
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pleted for the latter. MP is grateful to the groups at
IAP and Orsay for kind hospitality. Research at Perime-
ter Institute is supported by the Government of Canada
through Industry Canada and by the Province of On-
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Innovation.
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