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Beyond-eikonal diffraction integral in gravitational lensing
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We revisit the derivation of the diffraction integral, which is an approximate evaluation of the
Kirchhoff integral, widely used in the literature for phenomenological applications in gravitational
lensing. We propose a systematic approach to evaluate the Kirchhoff integral within a beyond-
eikonal expansion, carefully tracking all approximations involved in its standard derivation. In
this framework, we recover the usual diffraction integral as the leading contribution, together with
a correction term that is typically small in realistic lensing scenarios. We further show that our
evaluation of the Kirchhoff integral is equivalent to a beyond-eikonal expansion of wave propagation,
after summing over all geometric-optics images. This result clarifies the physical origin of diffraction
in gravitational lensing and demonstrates that diffraction effects and beyond-eikonal corrections are
not distinct phenomena, but rather different but equivalent descriptions of the same underlying

physics.

I. INTRODUCTION

Gravitational lensing [1-3] is a well-established phe-
nomenon in light propagation and is expected to af-
fect gravitational waves (GWs) as well. Accordingly, its
impact is being actively investigated using current and
forthcoming GW observations [4-22]. Since the wave-
length of GWs can be comparable to the characteristic
size of astrophysical lenses, the geometric-optics (GO)
approximation may break down in a variety of physically
relevant scenarios. As a result, wave diffraction plays a
central role in the gravitational lensing of GWs. This
regime is typically studied within the scalar approxima-
tion, in which the tensor-valued GW field is replaced by a
scalar field, thereby neglecting polarization effects. The
Kirchhoff integral is a reformulation of scalar wave prop-
agation in a stationary spacetime that allows us to in-
terpret wave propagation in terms of diffraction effects.
In this article, we revisit the derivation of the lensing
amplification factor of a scalar field using the Kirchhoff
integral.

The usual evaluation of the Kirchhoff integral in this
context relies on two key assumptions. First, the lens—
source and lens—observer distances are much larger than
the typical transverse size of the beam. This implies that
all propagating directions from the source to the lens,
or from the lens to the observer, can be assumed to be
parallel. Barring phase effects, all points in the lens plane
can be taken as equidistant from the source and observer;
thus, the wave amplitude is assumed to be uniform across
the lens plane. The second assumption is that the wave,
when crossing the lens plane, is modified only by the GO
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time delay (also called Shapiro time delay [23]), that is
by a frequency-independent phase.

Under these approximations, the Kirchhoff integral re-
duces to an integral of the exponential of the time-delay
function over the lens plane. We refer to this quantity
as the diffraction integral [24-28]. Despite the number
of assumptions involved, the diffraction integral is typ-
ically assumed to be valid for all values of w, where w
is the angular frequency of the signal, ranging from the
geometric-optics limit to the deep wave-optics regime. A
vast literature has been dedicated to lensing phenomenol-
ogy using this expression, see e.g., Refs. [29-50].

We propose a new method to evaluate the Kirchhoff
integral based on the beyond-eikonal (BE) expansion. It
allows to keep track of amplitude variations across the
lens plane, and it avoids assuming that all propagating
directions are parallel. Our result captures diffraction ef-
fects beyond the simple GO time delay, and contains the
usual diffraction integral as its leading contribution [30],
together with an additional correction term. This correc-
tion is relevant near the lens plane but fades away with
increasing distance from it. We show that it is typically
very small in realistic lensing configurations, implying
that the diffraction integral provides an excellent approx-
imation within the regime of large frequencies (i.e., the
BE regime) considered here. Explicitly, using standard
notation of lensing amplification (see the text for defi-
nitions), we find for images that did not cross a caustic
that the amplification factor receives a correction of order
o (w‘l) of the form

i i T
Flw,n) =Y Vi (1 + aAj.t + wA;‘GW) e“Ti | (1.1)
J

where the sum is over the GO images (extrema of the
time delay function) and w is the angular frequency,
which must satisfy wpef/w < 1. Here wyer is the fre-
quency at which the Fresnel zone size is comparable to
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the characteristic lens scale. This frequency separates
the regime of deep wave optics from the regime of BE
propagation. The leading order term in 1/w corresponds
to the GO result which accounts for a lensing magnifi-
cation of each image, and a GO (frequency-independent)
time delay. The other two terms are the leading order
corrections appearing in the BE expansion. Both A;Tt
and A;-‘ew are real quantities, so these corrections give
a frequency-dependent correction to the GO time delay.
The first correction is the standard one arising in the
diffraction integral, while the second correction is a new
term, which we derive in this article. These contributions
at linear order in G have the form

Dy Dis\>
A = 2GV2 T (DSS) , (12)
new DI%S
AV = 2GR LS (1.3)

2
DS

where Y is the projected surface density and V is the
flat derivative in the two-dimensional lens plane. Here,
D1, Dis and Dg are the observer-lens, lens-source, and
observer-source distances, respectively, measured along
the geometric-optics trajectory.! The new term AV
arises from amplitude variation across the lens plane
and projection effects usually neglected in the standard
Kirchhoff evaluation. It is typically suppressed by a fac-
tor of (b/Dry,)? with respect to the standard term, where
b is the characteristic scale of the lens gravitational po-
tential. Therefore, unless the lens is very close to us,
this additional term can be neglected in realistic lensing
phenomenological applications.

We also show (at linear order in the lens potential ¢)
that propagating the field from the source to the observer
using the perturbative BE approach of [51], and summing
over all geometric-optics images, is equivalent to our im-
proved evaluation of the Kirchhoff integral. In the BE
approach of [51], the neighborhood of each geometric-
optics trajectory is described by a Taylor expansion of
all relevant quantities around a given GO geodesic. In
the Kirchhoff formalism, by contrast, we integrate over
an arbitrary surface close to the lens plane, and contri-
butions arising from regions around the GO image posi-
tions dominate the integral. We show that the physics
captured by both methods is exactly the same? provided
that the former is used to set the conditions of the field on
the surface on which the Kirchhoff integral is performed.

1 For small impact parameter, in first approximation these can be
identified with the distance between the observer and the lens
plane, the distance between the lens and source planes, and the
distance from the observer to the source plane.

2 The equivalence is exact when working at linear order in G, i.e.,
in the absence of caustics. When caustics are present, the BE
expansion is not able to unambiguously fix the phase, contrary
to the Kirchhoff integral formalism.

This is a nontrivial result that helps clarify the physical
origin of diffraction effects.

This equivalence has not been clearly emphasized
in the literature and has sometimes led to confusion.
Diffraction and BE effects are often discussed as if they
were distinct phenomena. Our results show that this is
not the case. Upon entering the BE regime, that is when
accounting for corrections to the GO result, diffraction
naturally appears, and the effects captured by the Kirch-
hoff formalism are precisely those obtained by the BE
expansion.

The paper is structured as follows. In section II we
review the standard derivation of the diffraction integral
from the Kirchhoff integral and we discuss its BE limit.
In section IIT we review the results of [51], where the
equation of motion for a scalar field is solved perturba-
tively in the BE expansion. In section IV we derive the
formal expression of the improved Kirchhoff integral, and
in section V we evaluate it at linear order in the gravita-
tional potential for a lens with non-vanishing matter den-
sity. We also exhibit how the diffraction integral approx-
imation is contained in our improved evaluation, hence
showing that there are new BE terms not accounted for
in the standard treatment. In section VI we present an
application to a realistic lens model, and in section VII
we discuss our results. Intermediate technical results are
gathered in a series of appendices.

II. OLD CONCEPTS AND NEW IDEAS
A. Standard Kirchhoff integral

The propagation of a scalar wave is dictated by the
Klein-Gordon equation

0¥ =0, (2.1)

where O is the d’Alembertian in a spacetime with the
gravitational potential of the lens. For a monochromatic
wave in a stationary spacetime, we separate the spatial
and temporal dependences according to

U = e @ty (2.2)

where ¥ depends only on space. Far from the lens plane,
the gravitational potential can be neglected and the field
satisfies

(A+w?)¥ =0, (2.3)

where A is the flat space Laplacian.

The Kirchhoff integral, derived from this, gives the
field at the observer as an integral on an arbitrary closed
surface around a flat region containing the observer (see
Appendix A for a derivation). In full generality the
Kirchhoff integral is expressed as

1 eiwl eiw[ 9
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FIG. 1. Kirchhoff integral approximations. Left: Standard
diffraction integral approximation. We choose a surface en-
closed by the (offset) lens plane and a sphere of radius R — oo
that contains the observer. The field at the observer is then
obtained as a surface integral of the field on the (offset) lens
plane. This neglects projection effects and only considers
distance differences in the phase. The field at the observer
is therefore written as an integral over the exponential of
the time delay associated with all possible paths intersecting
the lens plane. When evaluated BE, this approach describes
diffraction around the geometric-optics trajectories (shown in
blue). Right: In our improved evaluation, the Kirchhoff inte-
gral is evaluated only locally around the extrema trajectories.
The field in the (local) integration plane is obtained by evolv-
ing the BE equations from the source, and projection effects
are consistently taken into account.

where n is the inward-pointing unit normal, 0, is the
directional derivative along this unit vector, and ¢ is the
distance from the observer to a point on S.

This expression is general and independent of the ex-
plicit form of S; however, it relies on the assumptions
that the enclosed region is flat. To evaluate (2.4), one
must explicitly choose the most convenient form of the
surface and specify the field ¥ and its derivative 9, ¥ on
it.

B. The diffraction integral approximation

A common choice is to consider a plane E’ orthogo-
nal to the optical axis (and parallel to the lens plane E),
sufficiently far away so that the spacetime on E’ can be
treated as flat, but still sufficiently close so that the dis-
tances from the observer to E and to E’ can be identified.
Then S is chosen to be the surface enclosed by E’ and a
sphere of radius R centered on the observer, see Fig. 1.
One then takes the limit R — oo in such a way that the
only part of the surface S on which the field ¥ does not
vanish is the plane E’. In this limit, the integral reduces
to a planar one. Choosing a system of coordinates with
the polar axis aligned with the optical axis (see left panel

of Fig. 1), Eq. (2.4) reduces to

1 eiwé eiwé
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where b is the two-dimensional impact vector on the lens
plane. One must then specify the form of the field on F’,
and this step requires approximations. Traditionally, we
assume that the propagation from the source to E’' can
be described within the geometric-optics approximation.
The field is therefore parametrized by a slowly varying
amplitude A and a fast evolving phase as

U = Ae“? . (2.6)
With (2.2) the total phase S is defined as
wS=w(p—1t), (2.7)

and its gradient k, = 9,5 is a null vector (k*k, = 0)
that defines null geodesics (k*V,k® = 0) [52, 53]. Equiv-
alently, the phase is constant along these null geodesics
since dS/ds = k%9,S = k®k, = 0, where s is the affine
parameter.
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FIG. 2. Schematic representation of the system geometry,
with the various distances and the coordinates chosen when
performing the integral around the GO trajectory, see section
Iv.

Let us focus on the form of the field on the lens plane
obtained under these assumptions. In the thin lens ap-
proximation, the space between the source and the lens
plane is flat, and the phase emanating from a point source

in flat space is of the form
wS =w(d—1t), (2.8)

where d is the distance from the source, and the field
amplitude of the spherical wave scales as A « 1/d. In



symbol definition

y4 distance from the observer to any point

d distance from the source to any point

Dy, distance from the observer to a generic point L on the lens plane

DL distance from the observer to the lens plane

D distance to the lens plane via the straight trajectory of the flat space geodesic

D§™Y = Dy, — D |difference of the distance to the lens plane with respect to the flat space reference

Drs distance from the source to a generic point on lens plane

Dvs distance from the source plane to the lens plane

Dt distance from the source to the lens plane via the straight trajectory of the flat space geodesic
D{EY = Dis — D§% | difference of the distance from the source to the lens plane with respect to the flat space reference
Dg distance from the observer to a point K located on the geodesic after the lens

TABLE I. Summary of the various distance definitions.

the curved spacetime (with the lens), the geodesics dif-
fer from those in flat spacetime, which are straight lines,
hence surfaces of constant phase differ. We introduce
a source plane parallel to the lens plane E, and two-
dimensional vectors b and 7 representing the impact pa-
rameter in the lens plane and the source position in the
source plane, respectively. We denote by Dy, Dg and
Dig the distances between observer and lens plane, ob-
server and source plane, and lens plane and source plane,
respectively. A summary of these distances is given in ta-
bleI and Fig. 2. We further decompose the distances into
a flat-spacetime contribution (associated with a straight
line connecting the source to the observer) and an ad-
ditive correction which appears in curved space due to
lensing deviation. Explicitly, this decomposition reads
Drs = D% + D{gY and Dy, = D + D™, where "str"
is the ﬂat space (straight line) reference and "curv" is
the correction in curved space. These distances are rep-
resented in Fig. 2 and satisfy

Drs =/ Dig + (b—n)?, (2.9)

Dy, =1/D? +b*, (2.10)
Di% = Dis\/1+ (n/Ds)?, (2.11)
D} = Diy/1+ (n/Ds)?. (2.12)

Second, we assume that the effect of the lens can be
approximated by an additional gravitational time delay,
whose expression to linear order in the gravitational po-
tential ¢ is

grow = /¢d8 = _d) (213)

With the previous notation, the total time delay with
respect to the flat spacetime trajectory is

T(b,m) = Tgeom (b, M) + Tgrav(b) , (2.14)

where Tgray is given by (2.13) while

DuDs (b )\
2Dis \Di, Ds)

(2.15)

DCIITV _|_ DCllI'V ~

Tgeom (b’ 77)

Note that the last approximation is a second order ex-
pansion in b and 71, hence quartic corrections and beyond
are discarded.

Finally, the 9,, derivatives in (2.4) can be approximated
by

¥ ~iw(n - Vd)¥

eiw@ ) eiw[
&L(g)_lw(nVé)((),

since variations of distances or amplitude are suppressed
with respect to variations of the phase by a factor 1/w.

Since the gravitational potential satisfies A¢ =
47Gpmat, the integrated potential 1, which is also the
deflection potential, satisfies V2 ¢ = 87GE where ¥ is
the surface mass density of the lens We further use the
approximations n - Vd ~ 1 and n - V£ ~ —1, we neglect
the amplitude variations across the lens plane, and we
approximate D{¥ ~ Dig and D" ~ Dy. By combin-
ing these simplifications, (2.4) reduces to the standard

integral
/d2b ele

where A|;, denotes the field amplitude on the lens plane.
We refer to this approximate expression as the diffraction
integral.

(2.16)

(2.17)

wA‘Leles

‘IISt (0) - 27T1DL

(2.18)

C. Standard amplification factor

The amplification factor is the ratio of the lensed
to the unlensed field. Since the unlensed field is
a spherical wave, Uny = (Dj3A| )ewDPs"/Dgr o~
(DL5A|L)ei‘*’D§”/DS where in the last step we approx-
imated distances with distances between planes in the



amplitude part of the wave (but not in the phase). From
the diffraction integral (2.18), the amplification factor
reads

s DS w
P (w,m d*be T 2.19
@) = B Drs 2mi / ‘ (2.19)
Note that with the chosen normalization, |[F| = 1 in

the no-lens limit. This amplification factor underlies a
vast literature on lensing phenomenology [29, 30, 35—
46]. However, it was derived under several assumptions
(geometric-optics until the thin lens, projection effects
neglected), so care must be taken when extrapolating it
to any lensing regime.

In the GO limit (wT > 1) the stationary points of T
dominate the integral, and the image positions are deter-
mined by the lens equation, VT b, = = 0. This is simply
Fermat’s principle. To evaluate BE Correctlons one typi-
cally performs a Taylor expansion of the time delay func-
tion around the extrema [30, 54]. This is represented in
the left panel of Fig. 1. The next-to-leading order terms
follow from a fourth-order expansion:

T(bj,m) =T + % > 0a0.T(bj,m)babe
ac
+ é Z 8aacadT(bja T’)babcbd

acd

i4 > 0a0:040.T (bj, m)babcbabe +

acde

where 9, = 9/0b% and b = b—b,. The diffraction integral
can be written as a Gaussian integral of the form?

/dZBeinquad |:1 + ;T(b):|
(2.21)

where Tguaq yields the GO result and 7 is the BE phase
correction. Explicitly, introducing

(2.20)

DS w
DLDLS 27T1

F(w,n) ~

_ _ 1 1
L=D.Dis/Ds & —=—+— 2.22
LDvrs/Ds I~ Dis + Dy’ (2.22)
the Hessian matrix reads
(Hj>ab = 0,0,T = If_16ab - 8aabwa (223)
the quadratic expansion of the time delay reads
1- _
TQuad = Tj + QbTHjb’ (224)

and the BE correction is given by

:i4 S 040:040.T (b;, m)babebab.

acde

3 We are neglecting terms with odd powers of b which yield a
vanishing contribution once integrated.
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Let us focus first on the GO part of the integral (2.21).
The resulting amplification factor is given by

iwT); 27 wep o -

d<b —b" H;b

DLDLS omi Ze / <P [2L j ]

_ (2.26)

where we defined the dimensionless Hessian H; = LH,

(also called an amplification matrix). Evaluating the 2D
Gaussian integral,® we obtain

oL eiﬂ/4 > sen(Aa)

d®bexp [iwl_)TﬁjE] = ,
/ 2L @ /] det 17

where )\, are the eigenvalues of the Hessian. After sum-
ming over all extrema j, we obtain

= 2 Vet

Foo(w,n) =

(2.27)

Feo(w (2.28)

Here || is the magnification of the j-th image defined
as |u;| = | det (H;)|~! and it is combined with the Morse
phase nj = 1/4(2 - ", sgn(A,)) to define

e (2.29)

NIT=
The Morse phase takes values n; = 0,1/2,1 when b,
corresponds to a minimum, saddle point, or maximum
of the time delay function, and equals half the number
of negative eigenvalues. Said differently, each negative
eigenvalue brings a factor 1/i. Note that, with the defi-
nition (2.29), \/i; < 0 if n; =1, i.e., for a fully inverted
image. If we choose coordinates in the integration plane
such that 0,49 = 0, then

1 1

Vi = (2.30)

Vi-

where 1/v/—1 = 1/i if the argument is negative, ensuring
the Morse phase is accounted for.

Adding the BE contribution (2.25), the final form of
the amplification factor is

o) =S v (14 Loy} et 0.
’ (2.31)

where the st label denotes the standard contribution
coming from the diffraction integral. The term Aj—t is real

. 2 .
4 We use [0 et /2dy = ometin/4,



and provides a frequency-dependent correction to the GO
time delay. At linear order in the lens mass, this reads

= = 2 = = 2
1 (DD DD

Ajt:( = LS) V‘iw:wG( LDLS> Vi,
S

8\ D
(2.32)

where we use V2 ¢ = 87GY and

Z:/pmat(s)ds, ViZ:/Vipmat(s)ds, (2.33)

where s is an affine parameter along the GO geodesic.
In polar coordinates for an axisymmetric lens, the phase
correction at linear order in the gravitational potential
reduces to

A A 2
1 / DyDys @
st __
Aj _8( P ) [wj +

2w Y
bl b2 b |
(2.34)

in agreement with the weak-field limit of Eq. (13) of [30]
after matching the notation.

Eq. (2.31) shows that, at leading order in the BE ex-
pansion, the diffraction integral is dominated by contri-
butions from geometric-optics trajectories. However, the
time delay receives a frequency-dependent correction due
to diffraction, encoding the interaction of each geometric-
optics ray with its local neighbourhood.

D. New ideas

Instead of relying on the standard assumptions de-
tailed above, our strategy for improving the evaluation
of the Kirchhoff integral is to evolve the field from the
source to the integration plane using BE equations. Since
by construction this approach only allows to describe the
field in a neighbourhood of the GO geodesic, we restrict
the Kirchhoff integral to a local integration around the
extrema as was done in section IIC. By doing so, we
find that the amplification factor receives a frequency-
dependent correction to the time delay arising from am-
plitude variation across the lens plane and omitted pro-
jection effects. In the next section, we summarize the BE
formalism developed in [51].

III. BEYOND-EIKONAL EXPANSION IN A
NUTSHELL

The propagation of scalar waves governed by the Klein-
Gordon equation in curved spacetime was studied in [51],
focusing on corrections to the wave amplitude and phase.
Using the Newman-Penrose formalism [55], the first BE
corrections were derived in an inverse-frequency expan-
sion, building on ideas developed in Refs. [56-63]. It
was shown that in vacuum, where lensing arises from the

Weyl tensor, wave effects vanish at linear order in the
gravitational potential ¢ and first appear at order ¢2, a
result differing from that obtained via partial wave scat-
tering resummation in [64]. In contrast, for propagation
through matter (with non-vanishing density), the leading
corrections appear at order ¢.

A geometric-optics trajectory receives corrections from
its neighbourhood, defined as a region of size a ~ VAL,
where

1 1 1

L =Dy, D1s/D —_—= — + —.
.Dius/Ds & 7 DLS+DL

(3.1)
This relation is the finite-distance analogue of Eq. (2.22).
The length a corresponds to the size of a Fresnel zone (see
e.g. section 8.2 of [65] or [66]), that is to a beam region
in which the phase difference due to the variation of the
propagating length is of order unity. The perturbative
approach of [51] is valid in the weak-field limit, for b > a,
where b is the characteristic scale of the lens potential.
Hence, the small parameter governing the size of BE cor-
rections for a point-like lens is wyer/w Where wyer = L/b?.

A. Newman-Penrose scalars

The Newman-Penrose (NP) formalism uses (complex
valued) scalars only, by projecting all tensors onto a null
tetrad. It is convenient to choose a parallel transported
null tetrad {k*, n% m®*,m®}, where the vector k is iden-
tified with the geometric-optics wave vector. First, we
define twelve complex spin scalars describing the affine
connection, which are

p=-—mm’Vik,, A=m*m’Vin,, (3.2)

o= -m*m’Vpk,, p=m*mVyn,, (3.3)

7= -mn’Vik,, v=mn"Viyn,, (3.4)
1

B = —§(nambvbkza —m*m’Vymy) , (3.5)

1
~ —§(n“nbvbka — manbvbma) .
Curvature in vacuum is described by five complex scalars
encoding the Weyl projections, defined by

Vo = Copegk®mPkm? | Wy = Copeak®nbkem®,  (3.7)

Uy, = Cabcdkambﬁlcnd, Us = Cabcdk“nbmcnd, (38
U, = Cabcdn“mbncmd,
where Cypeq is the Weyl tensor. When matter is present,
we must also consider the components of the Ricci tensor.
These ten degrees of freedom are organized as four real
valued and three complex scalars, which are

1
oo = 5 RapkK’ @11 = S Rap(kn” +m*m’), (3.10)

| =



1 R 1 _
B2s = S Rapnn’, A= o0, ®or = 5 Raph™m” = ®1
(3.11)
_ 1 _
Dgp = §Rabmamb =Dy, P12 = iRabmanb = ®1.
(3.12)

Finally, we introduce the projection of covariant deriva-
tives on the null tetrad.

D=k%,, Ag=n°V,, §=m®V,, § =m'V, .
(3.13)
D is the derivative along the corresponding geodesic, i.e.,
D = d/ds, where s is the affine parameter. The NP for-
malism allows us to write the lensing equations as a set
of coupled equations involving scalar quantities only, by
projecting tensorial quantities onto the tetrad and in-
troducing the corresponding scalars (spin, curvature, or
covariant-derivative scalars).

B. Perturbative approach

In full generality, BE corrections can be expressed as
complex corrections to the amplitude. At first order in
the BE expansion, we write [58, 59, 63]

. A .
¥ = A (1+w11+---)e‘“’5,

% (3.14)

where V,S = k,. In [51], the full system of coupled dif-
ferential equations governing the NP scalars and the two
amplitudes Ay and A; was obtained. First, the transport
equation for the wave amplitude reads [51]

2DAg + AgV.Ek® =0,
p(Ar) - 184
AO 2 AO
We may always choose A real; therefore, from the above
equation A; is purely imaginary.

(3.15)

(3.16)

C. Eikonal evolution

We then exhibit the subsystem of equations that must
be solved to recover the GO form for the field. The GO
amplitude Ag, the beam expansion rate p, and the beam
expansion shear o satisfy

DAO = 140p7 (317)
Dp = p*> + 05 + ®gp, (3.18)
Do =2pc + Vg, (3.19)

where the first equation is follows from Eq. (3.15) using
that p = —1/2V,k® (in the absence of twist). The de-
formation rate matrix [67, 68| can be constructed from

p and o; it is related to the Jacobi matrix, which de-
scribes the shape of an infinitesimal beam of geodesics
(see e.g. Appendix E of [51]). One can then show that
p = —1/(2A)DA where A is the cross-sectional area of
the ray bundle, hence Ay < 1/v/A. Since the magnifica-
tion /g is defined as

Ao
Vi = ANL (3.20)

0
where Ayr, is the unlensed amplitude, then A =
Ant/ \/,Eg, where Anr, is the unlensed cross-sectional
area. The amplification factor at the GO order is then
related to the magnification via

Aoeitp iwT

Feo=———= e
Go AONLeKPNL K ’

(3.21)
in agreement with each term of (2.28).

To determine the magnification, we introduce an affine
parameter s that vanishes at the source. In particular,
it coincides with the distance along the geodesic, namely
Dis = sp, D, = s — s, and Dg = s. Therefore, L(s)
defined in (3.1) can be equivalently written as

sL(s — sp) -

L(s) = .

(3.22)

Under the thin lens approximation for a beam passing
through a lens at s = sy, the solutions after the lens for
the system (3.17-3.19) are (see e.g. section 3.3 of [51])

1
p=— %[1 — SL(I‘boo - |I‘I’0 |)]M%¢007|I‘I’0|(8)
1
2s

(1= 50(Tay + [Ty DIMZ, iz, (), (3:23)

1

o] = (1 52.(Tou, — T IME, iz, ()

1

- 278[1 - SL(I¢'00 + |I‘I’0|)]M%¢,OD+|I\I,O|(5) ;
(3.24)

where we defined

1
Mq(s) = ———=,
- L)@
and Ty, = [ Yods, Za,, = [ Poods. The solution for the
amplitude is

(3.25)

Ao(sr)s
Ap(s) = AL p i 5) M0y (5)
(3.26)
and therefore
\/ﬁ(s) = M1q>00+|1\p0|(8) MI¢00—\I\1,0|(S) . (327)

When a caustic is crossed, one or both factors 1 —
L(3)(Zoo, £ |Zw,|) change sign, and the corresponding



Mz, £|T4,| Decome o 1/v/—1 = 1/i. However, since the
differential system goes through a discontinuity, nothing
guarantees that this is the correct solution after caustic
crossing. For instance (3.26) could be replaced by

Ao(sp)sr/s

Ao(s) =
VL1 [ = L() gy + [T, )]

. (3.28)

which is equal to (3.26) before caustic crossing, but
differs by a phase when both factors have changed
sign. One could even consider the solution o

\/1 /T,y [l = L(3)(Zay, + 7T, |)] which would have a

sign difference after one of the factors has changed sign.

This phase ambiguity, mathematically associated with
the branch cut of the square root in the complex plane,
is related to the Morse phase introduced in sections I1C
and IV C. Since the GO determines the phase via a lo-
cal Hamilton—Jacobi equation and yields a single-valued
eikonal function S, it cannot correctly describe caustics
where geodesics intersect. Only a global wave-optical
treatment, e.g. with the Kirchhoff integral, can unam-
biguously fix the phase after caustic crossing.

Finally if we choose the coordinates system such that
Oy = 0, then with results of section 2.11 of [51], Zs,, =
1/2(0z2® + Oyy¥) and Ty, = 1/2(0xt) — Oyyt), and we
check that the magnification (3.27) is similar to (2.30)
with DLDLS/DS — SL(S — SL)/S = DLsDL/Ds, that is
L— L.

D. Beyond-eikonal evolution

The NP scalars (3.2) obey evolution equations, e.g.
(3.18) and (3.19) governing the evolution of p and o. To
solve Eq. (3.16) giving the evolution of the BE ampli-
tude correction, we need (JAy to compute the transport
of Ay along the ray. This requires knowing, along the
geodesic, terms of the form V,V;,Ag, projected onto the
tetrad vectors. In other words, one rewrites Ay as a
combination of Ay and its projected derivatives ¢ and 6,
with coefficients given by spin scalars, see section 2.6 of
[51]. Thus, we also need the evolution of the projected
derivatives of spin scalars which are also reported in [51].
The right-hand side of Eq. (3.16) reads

50 Ay

DAO:A — 0T+ (i —p)p+2A + ¥y (3.29)
0
_ Ay _SAp
+JA—2(5—T)T+2(ﬁ—T)A—O—TTO.

It is then clear that to solve for the amplitude A, we
must solve a system of coupled differential equations for
all spin scalars and their projected derivatives in (3.29).
In [51] the resulting system of coupled differential equa-
tions is solved analytically and numerically for different

lens models. The analytical results were obtained by lin-
earising in ¢, and by considering the thin lens approxi-
mation. In contrast, no approximations were used in the
numerical solutions.

E. Phase correction

Since A; is purely imaginary, it contributes a phase
correction to the field at the observer. The phase of the
wave receives BE corrections of the form

S(A
A= 3
Ay
For a matter lens, it was found in [51] at first order in ¢
and with the thin lens approximation that

A:ASt—FAnew,

S —S+w?A, (3.30)

(3.31)

where the standard diffraction integral contribution and
the new contribution are

_ 2
At = vaiz(uLif) : (3.32)
ur,
U2
AV = 2rGR (3.33)
'LL2
L
with
1
u= (3.34)

Here V2 = 286 corresponds to the Laplacian on the po-
larization plane.® The L subscript indicates that vari-
ables are evaluated on the lens plane. Egs. (3.32) and
(3.33) can be rewritten in terms of physical distances as

D1, Drs ) ?

A = 1GV3Y ( (3.35)
Ds
D2
APV = ZWGZD—LQS ) (3.36)
S

For each geometric-optics image, there are two differ-
ences from the standard diffraction integral result, see
Egs. (2.31). First, there is an additional correction; sec-
ond, all distances are evaluated along the GO geodesic
and reduce to standard (barred) distances only if the
transverse lensing components are negligible, which is
the underlying assumption of the diffraction integral.®

5 It corresponds to the two-dimensional Laplacian in the flat plane
spanned by linear combinations of m and m. When acting on
the integrated surface density X, it is the Laplacian in the lens
plane.

We stress that the difference between geodesic distances and bar
distances is of of order of the correction A™W  hence this can-
not be ignored for internal consistency. In other terms, since
we focus on corrections which are of order (b/D)? we have to
put the correct distances (along geodesic distances) in the dom-
inant/standard term.



The standard contribution corresponds to the result
found with the diffraction integral (2.32) but with re-
fined distances (this amounts to a subdominant correc-
tion), around a given GO solution j (here the label j is
omitted because we are following a given trajectory).

The new term is suppressed by (b/Dx,)? relative to the
standard term. As observed in [51], just after the thin
lens, the new term (3.33) dominates and is proportional
to the lens surface density ¥. This contribution fades as
(D1,/Ds)?. At large distances from the lens, the stan-
dard contribution (3.32) dominates and is proportional
to V3 X. As discussed, this formulation captures diffrac-
tion effects in a neighborhood of the geometric optics
trajectory.

IV. IMPROVED DIFFRACTION INTEGRAL

We now aim to evaluate the Kirchhoff integral (2.4),
relaxing the standard approximations that led to the
diffraction integral (2.18). We follow the procedure out-
lined below (see right panel of Fig. 1 for a schematic
illustration of the procedure followed):

1. we propagate the field from the source to the inte-
gration plane (which is an arbitrary plane after the
lens plane) using BE evolution, following the pro-
cedure of [51] summarized in the previous section,

2. we evaluate locally the Kirchhoff integral in order
to account for diffraction effects, choosing an in-
tegrating plane orthogonal to the geometric-optics
trajectory, at or after the lens plane,

3. finally, we sum the contributions associated with
all geometric-optics trajectories.

Crucially, we will show that the final result is independent
of the choice of the integration plane beyond the lens
(see the end of Sec. VD). This allows us to switch at
any stage between the BE expansion and the Kirchhoff
integral to compute the field measured by the observer,
thereby establishing the equivalence of the methods.

A. Choice of coordinates

We choose an integration plane located after the lens
plane and denote by K the point where it intersects the
GO geodesic. We then introduce a coordinate system
with the z axis along the wave-vector (see Fig. 2). We
define Dk as the distance between K and O, and Dkg
as the distance between S and K, both measured along
the geodesic path. We use the coordinates (z, y) in the
vicinity of the geodesic and introduce the complex nota-
tion

(= 2¢ =2 +y".

(x+iy) = (4.1)

Sl

In this coordinates system, ¢ is given by

= /(Dx - 2)? +2(C. (4.2)

B. General expression in weak-field approximation

We evaluate the Kirchhoff integral (2.4) by expanding
the integrand around each GO trajectory. We denote
quantities associated with the j-th image with the super-
script (j). However, to avoid heavy notation, we omit
this superscript throughout this section unless there is
a risk of ambiguity. It will be restored in the final ex-
pression for the field at the observer. In particular, all
distances from the lens appearing in this section are im-
plicitly understood to correspond to the j-th image.

We Taylor expand the amplitude A and the phase ¢
of the field on the lens plane as

1
A~ A|K + :Ea(vaA)lK + 5 xaxb(vavbA)’K + .. ,

(4.3)
a 1 b,.a
o=l + ka |K+§x x (Vakb)|K
1 )
+ 6 m‘L:cbx°(Vakac)|K
1 bc,.d
+ 2 %2’ rx (Vavbvckd)’K +--, (4.4)
with
2% = Cm® + Cm® + %(k“ —2n9). (4.5)

In particular, we have k,z* = 2. Note that x® here de-
notes coordinates on a plane orthogonal to the geometric-
optics trajectory (see Fig.2), whereas in the standard
evaluation of the diffraction integral BE one expands
around the geometric-optics trajectory on a plane orthog-
onal to the optical axis; see Eq.(2.20). However, these
two approaches are equivalent. This follows from the fact
that the choice of the integration surface in the Kirchhoff
formalism is arbitrary; see Appendix A for details.

We shall now consider a weak-field approximation and
we expand W in orders of the gravitational potential ¢.
Only quadratic terms in ¢, ¢ are kept in the phase so that
the expansion is the product of a polynomial in ¢, ¢ with a
two-dimensional Gaussian function. As a consequence we
can keep only even powers in ¢, in this polynomial and
discard odd terms in ¢,{. Moreover since we integrate
on the surface at z = 0 but there is a single derivative
with respect to z, the terms with powers of z larger than
one will always vanish. We also only keep for the moment
second order contributions in ¢ and we shall later restrict
to a first order only expansion.

We explicitly compute (4.3) and (4.4) by expressing co-
variant derivatives of k, in terms of the NP scalars and
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the tetrad vectors, using the strategy from [51]. We con-
tract covariant derivatives with tetrad vectors and then
commute them to obtain a result in terms of only spin
scalars and projected derivatives (and we reiterate the
procedure when needed). For the phase expansion, we
need

2P (Vaky) D 272¢ + 272 — 2pCC — 0 — 5¢%, (4.6)
2922 (V, Vike) D K12¢C + Kol® + K3 + K4CC?

+ Ks¢?¢, (4.7)
222 xr (Vo Vi Veka) D KeC?(2, (4.8)

where the symbol D indicates that only terms up to sec-
ond order in the potential that give non-vanishing con-
tributions are kept. Similarly, the amplitude (4.3) is ex-
panded as

A _
A:Ao+j+onp+K7cc. (4.9)

The explicit forms of the coefficients Ky , ... , K7 in terms
of spin scalars evaluated at K are gathered in Ap-
pendix B.

Eventually we obtain

A A )
U, D (Ao n Ul K+ i Ko

A _ L
— 3*((; (ICgKg + K4K:5> LUQCSC?’)G_MPCC

2w

. iwpco _
v = /dcdc Ao
K K

2\ 12 D}

where the GO phase pgo is given by

wgo =D + T, (4.15)

with T the time delay defined in (2.14). We recall that
all quantities are evaluated on the central GO trajectory.
To evaluate this integral, one also needs to know the op-
tical scalars on the lens plane, as well as Ay and A; that
characterize the field on the lens plane.

We will show that once the integral is performed, the
final result no longer depends on the point K, i.e., on
the choice of the surface where we perform the Kirch-
hoff integral, thereby proving that the BE formalism of
section III is equivalent to our improved Kirchhoff inte-
gration method. In the next subsection we will first show

pp (A1 i L
A, 2T 9Dk

x @ 1w(C*+5¢%)/2 giwe (4.10)
and
A, ipA Ay
0.9,y D iw <Ao T j - lpwo e foiclgg

A _ A _
+i?ZK6WC2C2 - 37? (IC2 s + K4’C5)WQC3C3>

% e—iwp(fe—iw(afz-i-&Cz)/? elwy (4.11)

We also need to expand the Green function. Using (4.2),
and expanding around K, we get

(1 C{- iw CQQTZ ) eiwDK eiw({/DK
z=0

DZ 2 DI Dk (’)
4.12

e1w€

14

and its derivative is

e
l z=0

: 26¢ i
_ 1- 5>
l“’( D2 " WDy

~

iw CQEQ eiwDKeiwgf/DK
2 D} ) Dx ’
(4.13)

We can now write the field at the observer (2.4). We
put the index (j) on the left hand side to refer to the j-th
image. All quantities on the right also refer to the j-th
image but we omit the index to alleviate the notation.
We obtain the central result of this article

1 (Kr Ki 31 ..
W+<AO+12_2DI2<)CC

+5 (T3~ oy ) w038 - 55 Ueaka + Kk w2<3<‘°’] U r e, (414)

(

this property for the leading order in 1/w which corre-
sponds to the GO optics. Then section V is dedicated to
the computation of the first BE corrections.

C. Geometric-optics limit

We now check that the GO limit of (4.14), which cor-
responds to w — oo, reduces to the standard result after
summing over all images. Therefore, in (4.14) we keep
only the term that is not of order 1/w. For a specific



image trajectory, we obtain

() _ W ewreo - el
\PGO_Qiﬂ- Dr KdCdC Agexp |iw(( Dr p

X exp {1;" (oC® + 5&)] . (4.16)

We can compute this integral using the same tools as
in Sec. IIC. The dimensionless Hessian matrix for this
Gaussian integral is

1/Dg — p—R(0)/2

_— S

—S3(0)/2 1/Dk — p+ R(0)/2
(4.17)
where we introduced the length scale
— DxD
Ly = _ u) _ DxDxs (4.18)

Uk DS

and Dk = s — sg. When K is chosen on the lens plane,
Lk reduces to the distance L defined in (3.1). We then
use the thin lens results (3.23) and (3.24), and, after per-
forming the Gaussian integral, we get

WY ="K Ag(sx el a0
S

Mz, () Msyizy, ()
M1y, (5K)Msy iz, | (5x)

(4.19)

Then, substituting the amplitude from (3.26) evaluated
at K, we obtain

AO(SL)SL

; (4.20)

Wy (s) = Vit (s)ePE0
where /ji(s) is defined in (3.27). For each image, we
recover, as expected, the result of the full BE method,
Eq. (3.26), but this time without any ambiguity about
the phase. More importantly, we have shown that the
result does not depend on the point K at which we per-
formed the local Kirchhoff integration. Indeed, once ex-
pressed as an amplification factor, it is simply (2.28).
The diffraction integral and our improved Kirchhoff in-
tegration lead to the same result when restricted to the
GO order. Differences only arise when we consider the
first corrections beyond the GO result, that is when we
consider corrections of order 1/w. Section V is devoted
to the computation of these corrections.

Finally let us linearize (4.20) in ¢ in order to have a
consistent solution when we derive the first order correc-
tions. To that purpose we define \IJ(G%’Hzl as Eq. (4.20)
when p = 1, that is via \Ilg)o = \I/gguzl\/;Tj. At first
order in ¢ we get

UL = O (14 AT (4.21)
where
D1, Dis
mag __
Aj =47rGY Ds (4.22)
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This is a GO contribution and must therefore be retained
to obtain a consistent solution at linear order in ¢ includ-
ing BE corrections [see e.g. (5.25)].

V. FIRST ORDER CORRECTIONS IN THE
IMPROVED DIFFRACTION INTEGRAL

We now derive the 1/w BE corrections via the Kirch-
hoff integral and show their exact correspondence with
the pure BE formalism. We restrict to first order in the
gravitational potential ¢.”

To clarify the origin of the different contributions, we
proceed through a sequence of cases of increasing com-
plexity. Rather than applying the full formalism directly,
we first isolate the different contributions contained in
the Kirchhoff integral. We first consider wave propa-
gation in the absence of a lens, on a flat background.
We begin with a spherical wave and then a wave with a
non-constant amplitude. These simple cases allow us to
isolate the different structures contained in the Kirchhoff
integral before proceeding to the full derivation where the
gravitational potential of the lens is taken into account.

A. Gaussian integrals

Let us introduce the tools required to compute the in-
tegral (4.14). At linear order in ¢, it can be rewritten in
a compact form by collecting terms with the same power
of ¢C. In this process, we also choose to expand the ex-
ponential around its flat spacetime value. The resulting
expression takes the general form

Aglk Lk
Dk

X /Kd2£1:§($) [Co + Crw({ + Ca(w(C)? + C3(w(()?]

W) = gelwr = glwvco (5.1)

where g(x) is the normalized Gaussian function

g(x) = v e iw 26¢
I = onite TP\ org )
Under the form (5.1), it becomes clear that we need
to compute the following Gaussian integrals (recall that
20C = a* +y?)

[ e gla@)wedr = L)

The next section, is dedicated to the practical evaluation
of the integral (5.1).

(5.2)

(5.3)

7 See section V E for the dominant non-linear contributions for an
axisymmetric lens. We stress that the linear contribution van-
ishes in vacuum, hence in Appendix D we compute the dominant
quadratic contribution in that case.
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B. Spherical wave

We first consider the case where no lens is present and
evaluate the Kirchhoff integral (4.14) by keeping only
the background contributions (i.e., zeroth order in the
lens potential). In flat spacetime, a spherical wave is de-
scribed by Aol = A/sxk, A constant and the phase satis-
fies | = Dxs. With no lens, the amplitude receives no
correction. Furthermore, using the flat-spacetime met-
ric in Eq. (3.2), we find that the only non-vanishing spin
coefficients are p = —1/sx and pu = p/2. The affine
parameter at the observer is simply given by the source
distance, sk = Dks. The background Kirchhoff integral
(4.14) therefore becomes

)

w elwPx 5 i [(S(41) »p 1
et = i D [{dCAO[”w( 4, 27D
K K1 31 — i [(Kg 1 9
+<A0 "1 2D§<>CC+2 (12 D%)w(CC)]

X exp {iwCC <Dl — p)} elwDks (5.4)
K

The IC coefficients are gathered in Appendix B, and keep-
ing only the flat background contributions we obtain

w ewDs A 1 1 1
Uy = — 14— —— + —
spl 2im DK Ld C DKS [ + w <2DKS + 2DK>
3 1 1 _ i 1 1 9
3 (nas y Da) “oa (szs y D;z) oA

X exp {iw(é (Dl + (5.5)
K

b))

Performing the Gaussian integrals with (5.3), we get

\Ij 7@ 1+i L+i _
sPh ™ D w \2Dks | 2Dx
iLx3 [ 1 1 L2 /1 1
- w2<D%<S+D%<)+ w \D%s DL |

(5.6)

Using (4.18), the combination of distances at order 1/w
cancel exactly, and we are left with

Aeist
Ds

\I’sph = (57)

In the absence of a lens, a spherical wave propagating
on a flat background remains unchanged. Consequently,
no BE corrections arise, as expected, since the spherical
wave is an exact solution of the wave equation in flat
spacetime.

C. Effect of amplitude perturbations

We now consider a wave whose amplitude varies across
the integration plane, as a simplified model of the BE
corrections studied below. We introduce an amplitude
perturbation described by §0Ag, which enters explicitly
in the wave expression (4.14). We then evaluate the re-
sulting contribution to the Kirchhoff integral. This sim-
plified case highlights how transverse variations of the
amplitude give rise to BE effects. It serves as an in-
termediate step toward the complete calculation, while
keeping the number of contributing terms manageable.
In Eq. (4.14), all higher-order quantities vanish except

./—\‘ Source

N4

NP
4o

8564,

~_ | -

O

FIG. 3. Schematic picture representing the system where the
amplitude Ay varies on the wave front and gives a non vanish-
ing 60Ag. We perform the Kirchhoff integral on the surface
that crosses the geodesic in the point K. To compute the field
around K, we evolve the NP scalars from the source position
to K.

80 Ay, which is non-zero by assumption. The other con-
tributions are therefore the same as those obtained for
the spherical wave in Eq. (5.4). The only modification
appears in K7, where the contribution from 664, must
be taken into account. Evaluating the integral then gives

i 1 1 iL? 1 1
U=U_ .14+ = K —
oh |1 <2DKS+2DK>+ w <D§<S+D§<>
iLk (8640 31 31 (5.8)
w A « 2D%, 2D )| '

The combination of distances is the same as for the spher-
ical wave and therefore cancels exactly. The wave then
simplifies to

i 60A0|k
1 (5.9)

U = \I/sph |:1 + — SKLK:| .
w

Here, the term W, is the spherical wave (5.7) that was
derived in the previous section.



We can also compute the perturbed wave using the BE
formalism summarized in Sec. III. In this case, the wave
at the observer is simply given by

_ i (A1)
\If_xpsph[uw yh }

(5.10)

We then use the evolution equation of A;, Eq. (3.16)
in our setup. In this case, the only contribution to the
source term in Eq. (3.29) comes from 654¢/Ag. This
yields

&
We have therefore shown that the Kirchhoff integral
result (5.9) and the BE formalism, that is (5.10)
with (5.11), are equivalent. This preliminary exercise val-
idates the approach and prepares the ground for the full
computation in the presence of a matter lens, presented
in the following section.

(5.11)

D. General computation at linear order

Finally, we evaluate the improved diffraction integral
(4.14) for a matter lens at linear order in the gravitational
potential. The integral is computed separately for each
image, and the complete result is obtained by summing
over all images. As we shall find that the corrections
vanish when the beam remains in pure vacuum, we also
derive in Appendix D the corresponding expression for
Weyl lensing (e.g. for a point-like lens), restricting to
the leading quadratic contribution in the potential.

We focus on a single GO trajectory. Let K denote the
point on the geodesic about which the Kirchhoff integral
is evaluated, with corresponding affine parameter sx. We
choose K to lie beyond the lens, such that sy, < sk < s.
The point K therefore specifies the location of the lens
plane on which the Kirchhoff integral is performed. The
coefficients C), in the expansion (5.1) are decomposed as

C, =C5° + 5 [CBE 4¢P | (5.12)
that is we classify each contribution according to its order
in the high-frequency expansion: whether it contributes
to GO, i.e., at zeroth order in w, or whether it gives rise
to a contribution of order 1/w. In the latter case, one can
further distinguish between the spherical contributions,
which combine to vanish at each order in 1/w and do not
depend on the lens, and the BE terms, which represent
corrections to the geometric-optics results arising from
wave effects induced by the lens. We also decompose
the NP scalars into their zeroth and first order contri-
butions in ¢. In particular, we write the expansion rate
as p = p© + pM and p = p© + xM. Since we expand
the exponential around its flat-spacetime value, for which
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only p(® enters the Hessian, the first-order contribution
pM) is expanded out of the exponential and must there-
fore be explicitly kept in the integrand. By contrast, all
other spin coefficients vanish at zeroth order in the lens
mass, so we omit the superscript (1), with the under-
standing that they are first-order quantities. Finally, we
emphasize that each spin coefficient is obtained by inte-
grating its propagation equation along the geodesic. Con-
sequently, its projected derivatives constitute indepen-
dent quantities, which must likewise be determined by
solving their corresponding propagation equations. The
evolution equations for each NP scalar can be found in
[51]. Their solutions are also provided in Appendix C.

The coefficient C,, are obtained by recasting (4.14)
under the form (5.1). From section VB, we find the
geometric-optics terms

c§O =1, €8O =_ijpM ¢FO=c§°=0. (5.13)
The "spherical" terms are
. i 1
CPh = 3 ((S_SK) - p<0>) , (5.14)
sph 3 1 (0)\2
G =3 W‘F(P )7 (5.15)
. i 1 f
3Pt = —3 <(S_SK)3 - (p(o))‘3> : (5.16)

and the BE contributions appearing in Eq. (4.14) are

A i
BE _ 211~ (1) 1
CO AO 2p ? (5 7)
8640 1 1 17
BE _ 0 | Top(5= 1) — 2,0
Ci " +3§R(67')+p <2(S_SK) 4 )
4
_ gp(o)ﬂ(l)a (5.18)
31 3 5
BE _ | (1) (25 0N2, 2 2 (042, (1)
5 =i [ (507 + 5= ) + 50O

1 - 1 2
—500p — 5 R(360 +4555) — 3,0(0)§R((57')] , (5.19)

BE _ L (1) (/. (03 _ 1
CS - 2p (p ) (S . SK)3 .

The Gaussian integral (5.1) is evaluated using the iden-
tities in (5.3). Since the correction A; is purely imagi-
nary (after choosing the geometric-optics amplitude Ay
to be real, as in [51]), we may take the imaginary part of
Eq. (5.1) to isolate the correction proportional to $(Ay).
We find

S(A1) _ S(4A) 66A0 | 1o o
Y4, Y4 e 4, T 3nen) s

(5.20)

2
+ % <53p + %%(555 +4585) — 4uK§R(57_')> ‘

Lygux (5 ) (1) ’
+ (2LKUK 2) (p 2u )K

3
(5.21)

K
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The NP scalars on the r.h.s are evaluated at uk, and with
expressions in Appendix C, they are given by

W _9,m)| = UK
(p 24 )‘K LD (5.22)
8§64, 1 B u%( 2 ug

SR — 4nqp UK (2 UK 2
(S + 900 [ = aromt (2-5) )

2
+2rGVe ik (1 - “K> ,
ur, uy,

1 - 1 4

(366,0 + 6%(566 +468a) — 3uK§R(6T)> ‘K (5.24)

3 4
— 2 GnK <“K = 5) + TGV S K

ur, \u, 3 ur,
Substituting these expressions and (C6) into Eq. (5.21),
we find that the field at the observer can be expressed,

to linear order in ¢, as

o) = glm=t <1 + ATE 4 ;Aj) , (5.25)
where the GO part \I/gg“:1 appears in Eq. (4.21) and
the correction AT in (4.22). We check that the result
does not depend on the choice of integration point after
the lens. Therefore, the integration can equivalently be
carried out at the lens plane, which simplifies the expres-
sions (5.22)-(5.24) by setting ux = ur,. The resulting BE
correction, which can be interpreted as a phase correc-
tion, is

S (Ar)
A; = "
UL — u 2 u\?
= 2y —— 2rGY [ — 5.2
ovis (20) samas(£) oo
2 2
= 7GV2Y (DLDLS> +27GY (DLS) . (5.27)
Dg Dg

Note that all distances appearing on the right-hand side
are evaluated for the j-th image. The result (5.27) coin-
cides with Eq. (107) of [51], also summarized in Sec. III,
where it was obtained by solving the BE system of equa-
tions from the source to the observer. The equivalence
between the two approaches is therefore established, as
expected. The correction A; can be decomposed as in
Eq. (3.35) into two contributions: a standard term, which
is already captured by the standard derivation, and a new
term, corresponding to an additional contribution absent
from the standard treatment. The total field is eventu-
ally obtained by summing over the contributions from all
images.

E. Non-linear contributions

Generalizing the previous results to higher orders in ¢
is a formidable task. However, we expect that the dom-

inant non-linear effects are those which, once resumed,
combine to give the magnification prefactor in (2.31).
They arise from the modification of the quadratic part of
the phase in the exponential due to lensing. Therefore in
order to capture a similar effect in the Kirchhoff integral
we must keep the exponential in (4.14) and not expand
it around the flat space expression as was performed in
the decomposition (5.1).

Even this simplified treatment of non-linearities is a
very complicated task, hence we also restrict to an ax-
isymmetric beam, such that we can assume that o = 0
in the quadratic part of the exponential. With these as-
sumptions, the magnification is only due to p departing
from the flat spacetime solution thanks to matter con-
vergence, and the magnification reduces to

1
Vi= 1 —47rGYXDyDys/Ds

(5.28)

In this setting, either the image has not crossed any caus-
tic and /i > 0 or it is fully inverted and /p < 0.

In practice in eq. (4.14) we will encounter integrals of
the form

[ e g@)wedr = nivaiLe/a", (.29
where
_ W 24
g(x) = riln exp <1w 2LK\/ﬁ) . (5.30)
Eventually we find
v0) = gl (1 + IATL) , (5.31)
o
where \Il(é()) is (4.20) and
DiDis\?
ANt =7GVi Y (DS> N (5.32)
Dy, (4Ds — 5D
+2nGy e UDs = 5DLVE)
Ds
—D2 + 2, /u(D? — Dy, Dys + D)
Jr(\/ﬁil)[ S \/;DLDD LS]'
LDsDys

First, it can be checked that we recover the first or-
der result (5.27) when expanding /¢ at first order in
GX.. For large magnifications we note that the subdomi-
nant contribution (everything but the first line) scales as
\/ﬁQ /Drs when Dy, > Drg hence it does not fade away.
However, it is suppressed by a factor of order b*/D3g
with respect to the dominant contribution (the first line)
which is also enhanced by an extra \/EQ.

We stress that even though (5.32) is more general
than (5.27), it is not valid in all situations given our
simplified treatment of non-linearities. In particular if
lensing is dominated by the Weyl contribution, as is the



case if the beam crosses only an empty region around the
lens, our assumption of beam axisymmetry is not valid.
The dominant contribution at order G? in that case is
derived in Appendix D where the role of the shear is
crucial.

F. Mapping to standard Kirchhoff evaluation

This section clarifies the nomenclature "standard" and
"new" used for the two contributions in the phase cor-
rection at linear order (3.35). We compare our result
with the standard evaluation of the Kirchhoff integral
(the diffraction integral), given by Eq. (2.18), and iden-
tify the terms that are neglected in the latter approach.

First, it is easy to check that the quadratic parts of the
phase expansion are equivalent. The Hessian matrix of
the diffraction integral is (2.23). In the improved integra-
tion it is given by the matrix in the r.h.s. of (4.17) that
we must evaluate at the lens plane (sx = sp). At first
order p and o are given for a thin lens by (C1) and (D3),
and using (9zq + Oyy )¢ = 47GX it reduces to (2.23) with
L — L, a small difference already found at the end of
section I1I C.

We can therefore focus on the higher-order contribu-
tions, and specifically the quartic term. We compare the
standard quartic contribution in Eq. (2.25) with the quar-
tic terms extracted from the NP scalars in the BE formal-
ism (4.14), still at linear order in ¢. To perform this com-
parison, we choose the same coordinate system in both
approaches, namely a plane orthogonal to the geometric-
optics trajectory rather than to the optical axis. This
plane can be described either by the polarization basis
(m,m) or the flat basis (e,, e,). We stress once again
that, since the choice of the integration surface is arbi-
trary, this procedure yields the same result as the expan-
sion performed around the lens plane in Sec. II C. How-
ever, the present choice is more convenient for matching
the two approaches term by term.

As in (2.20), we expand the time delay around a given
image j. Since the geometric contribution to the time
delay is quadratic in the transverse distances [Eq. (2.15)],
any derivative of order higher than two acting on this
term vanishes. Consequently, the quartic contribution
only receives contributions from the gravitational part of
the time delay. Expanding the integrand of Eq. (2.18) as
in Eq. (2.21), we find that the quartic BE correction at
linear order in ¢ is

222220V Vi VeV T D m*mPmmvV,Vy V.V T
x 6(¢C)%. (5.33)
The symbol D indicates that we keep only the terms

that give a non-vanishing contribution after performing
the Gaussian integral. Using this result, we can rewrite
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Eq. (2.18) in the form

A .
WSt _ 2;‘—]1DL /dQC eleGo

X [1+ iw(CE)QmambmcfndvavbvcvdT . (5.34)

We now identify which term in Eq. (4.14) gives rise to
this first BE correction. Since it involves four derivatives
of the potential ¢, we need to identify the correspond-
ing terms in the full integral (4.14) that can reproduce
this structure. The expression in Eq. (4.14) is written
in terms of NP scalars, whose dependence on the lens
potential can be determined from their evolution equa-
tions. In these equations, the Weyl and Ricci scalars are
the quantities that depend explicitly on ¢. Their expres-
sions at linear order in ¢ can be obtained following the
procedure described in Sec. 2.11 of [51]. Using the evo-
lution equations, we find that the only NP combinations
containing four derivatives of the potential are §0p and
060 + 4668 whose evolution is dictated by

Dé&6p = 4pSdp + 50Pgo + O(¢?), (5.35)
D (666 + 466B) = 4p (665 + 4658) + 65¥,
+ 83306¢ + O(¢?) . (5.36)

These terms appear in C2¥, Eq. (5.19). Indeed, they scale
as w(¢()?, see Eq. (5.1), and therefore have the same
scaling as the standard correction in Eq. (5.34). From
the weak-field analysis of [51], we have 66®gy = §0V2¢
which contains the term 26660¢, and §6¥, = 25605¢.
Combining these contributions, we extract the structure
2mom*mmV,V,V.Vq 6. Integrating the correspond-
ing evolution equations, (5.35) and (5.36), and using
Eq. (2.13), we can rewrite the result in terms of the grav-
itational time delay as m®*m®m®m?V,V,V.V4T. Col-
lecting all the coefficients, we find the combination ap-
pearing in CP¥ which reproduces exactly the BE correc-
tion obtained from the diffraction integral in Eq. (5.34),
and it is

CBE 5 —%5&) - 5%(555 +4505) (5.37)

S imammemdvavbvcvdT.

Therefore, we can pinpoint that the contributions involv-
ing four derivatives of the lens potential are precisely the
ones that are taken into account by the standard diffrac-
tion integral, and they lead to AS' exclusively. Conse-
quently, the other contributions are responsible for the
appearance of A"V,
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VI. APPLICATION: SINGULAR ISOTHERMAL
SPHERE

A. Geometry of the singular isothermal sphere

We now evaluate the corrections (5.26) for a realistic
lens model. We consider a singular isothermal sphere
(SIS) [69], which provides a simple yet realistic descrip-
tion of a galaxy acting as a gravitational lens. For illus-
trative purposes, we restrict the analysis to linear order
in the gravitational potential ¢. The matter density pro-
file of a singular isothermal sphere is given by

o2

~ aGr?’

where o2 is the velocity dispersion of the lens. Despite
its central singularity and infinite total mass, the SIS
provides a reasonably realistic model for the mass dis-
tribution of a galaxy acting as a gravitational lens. We
assume the velocity dispersion to be constant throughout
the lens.
The metric for a static, spherically symmetric space-
time is
ds? = —e2®de? + f(r)tdr? + r2d%Q, (6.2)

with f(r) = (1 — 2Gm(r)/r) and m(r) is the mass func-
tion, while ® is the gravitational potential, which in the
weak-field limit is related to the Newtonian potential via

e?® =1+42¢. (6.3)

The Tolman—Oppenheimer—Volkoff (TOV) equations |70,
71], obtained from Einstein equations together with the
condition of hydrodynamic equilibrium, govern the struc-
ture of a spherical lens and are given by

pmat(r) (61)

dp d® dm 9
o —(p+ pmat)g o AT pmat”” (6.4)
do 473

o mA4nrop 6.5)

dr ~ r(r—2Gm)’

where pmat(r) is the matter density and p(r) is the matter
pressure. Substituting the SIS density profile (6.1) into
Egs. (6.4) allows us to derive the explicit forms of the
mass and pressure profiles for a SIS lens

2

m(r) = %T and  p(r) = 02 pmar(r) . (6.6)

Then, using these results in (6.5) we get the radial profile
of the gravitational potential

o(r) = 202aln <T> :

(6.7)
To

where o = (14+02)/(1—402). Considering a geodesic with
impact parameter b, the null geodesic condition gives

dr (s b2 _
o = FVI0e 1 et (6.8)

We observe that in the weak-field limit, and using
isotropic coordinates, the metric (6.2) can be written as

ds® = — (14 2¢(r)) dt* + (1 — 2¢(r)) (dr® + r*d*Q) ,
(6.9)
where the Newtonian lens potential ¢ is given by (6.7)
at linear order in o2. For the SIS density profile, we
can compute the surface density ¥ and V2 %, and hence
get §(A1)/Ag. At linear order in the potential, they are

given by

v (6.10)

vis =2

= o (6.11)

where b = Dy, sin(#) is the impact parameter correspond-
ing to each image position ;. It is determined by the
source position S through the lens equation. A schematic
representation of the lensing geometry is shown in Fig. 2.

B. Lensing equation

We now introduce the standard notation used in strong
lensing. We denote x and y as the rescaled angular po-
sitions of the image and the source, respectively (not to
be confused with the coordinates z and y used earlier in
this article). More explicitly, we define x; = 0;/8g and
y = B/0g, where 0, is the angular position of the j-th
image, (3 is the source angular position of the source, and
O is an arbitrary angular scale, chosen here to be the
Einstein radius, defined as

Dys
0p = droo—= . 6.12
E 7TO',U DS ( )
The lens equation can be written as
b4
y=X—1—, (6.13)
|
and for y < 1 it has two solutions
X1 =21 =14y, |xo| =20 =1—y,  (6.14)

where y = |y|. The two solutions correspond to images
of opposite parity. For y = 0, the solution reduces to
the Einstein ring, characterized by |x| = 1. For y > 1,
only one image remains, as the second solution no longer
exists.

C. Time delay

Let us consider the solutions of the lens equation and
derive the frequency-dependent time delay between the
two images, including both the geometric-optics contri-
bution and the diffraction-induced corrections. The GO



time delay between images 1 and 2 is given by (see e.g.
[69])

y, (6.15)

v

Dy,D DysD
ATgo = 0%, l;LSS 2y = (4mo?)? Igs Lo

where 2y = x1 — x2. When diffraction effects are taken
into account, the phase of the wave associated with each
GO image receives a correction ¢ — ¢ + w™?A;, with
A; given by Eq. (5.26). For a SIS lens, this correction

becomes, in the small-angle approximation,

o2 <DLS ) 2 N no? <DLSDL > ?
xjHEDL DS (JZJHEDL)B DS ’

(6.16)

A=

In Eq. (6.16), the second contribution corresponds to
the term already present in the standard diffraction ap-
proach, while the first one represents the new contribu-
tion derived in this work. The standard term is enhanced
relative to the new contribution by a factor (D, /b)2.
Therefore, BE corrections induce a modification of the
time delay difference between the two images, given by

ATgp = ATy + AThew (6.17)
where
2 DisDp \ 2 1 1
ATy = w2 Oy ( LS L> [ B }7
* (DrOp)® \ Ds (1+y)? (1-y)p?
(6.18)
2 /Dis\ [ 1 1
st w35 (52 [y 5]
D10 \ Ds 14y (1-y)
(6.19)

We observe a divergence of ATy and ATyew at y =

106 - AT‘GO - AT;t AT‘new
1L
)
g 107°f
10712 L
10—18 L
0.0 0.2 0.4 0.6 0.8 1.0

)

FIG. 4. Time delay between the two images in GO and
with the diffraction effects from the standard diffraction term,
ATy, and the new one, AT,ew. We have chosen system with
a frequency of 1072 Hz, Dis = 100 Mpc, Dy, = 150 Mpc and
oy = 200km/s.

1, which originates from the singularity of the density
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profile at the centre of the SIS. Indeed for y = 1, one of
the images crosses the centre of the lens distribution.
We stress that our approach is valid provided that

W > Wref, , Wref = maX{Ah A2}7 ) (620)

where A; and As denote the phase corrections associ-
ated with the two images, as given in Eq. (6.16). This
condition guarantees the validity of the perturbative BE
expansion used to compute the field on the lens plane.

Results for a SIS lens model are shown in Fig. 4 as
function of the source position y. We find that BE correc-
tions remain subdominant compared to the leading GO
contribution, with the standard diffraction contribution
providing the dominant BE correction. The grey region
in Fig. 4 corresponds to the region of parameter space
where the validity condition in Eq. (6.20) is not satisfied.

In Fig.5, we show the total BE correction to the time
delay for each image as a function of the source position
y and the frequency w. The BE contribution becomes
increasingly significant in the deep wave regime. How-
ever, the wavelength expansion is valid only above the
limiting frequency defined by Eq. (6.20), which restricts
the range over which the wave regime can be explored
perturbatively. For the chosen geometry, the limiting
frequency is set by the second image. As y approaches
unity, the second image moves progressively closer to the
lens centre, enhancing the corresponding correction As.
This explains the behaviour of As; the white band in the
right panel corresponds to the region where this expres-
sion diverges.

VII. DISCUSSION AND CONCLUSIONS

In this work, we have critically revisited the derivation
of the diffraction integral, understood as an approximate
evaluation of the Kirchhoff integral, which is widely used
in the literature for gravitational lensing applications.
We have developed a new evaluation of the Kirchhoff
integral in the BE regime, that can keep track of all ap-
proximations introduced.

Our approach shows that the standard diffraction in-
tegral arises as the leading-order term of a controlled
expansion, while additional corrections naturally appear
when previously neglected effects, such as amplitude vari-
ations and aberration, are consistently included. We find
that these corrections are typically small in realistic lens-
ing configurations, thereby providing a posteriori justifi-
cation for the robustness of the diffraction integral in
phenomenological studies beyond the GO limit.

A central result of this work is the equivalence between
the improved Kirchhoff evaluation and the BE formal-
ism developed in [51]. In particular, we have shown that
propagating the field BE and summing over all geometric-
optics images reproduces exactly the same corrections
obtained from the systematic expansion of the Kirchhoff
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FIG. 5. Total BE time delay for the image 1 and 2 as a function of the source position y and the frequency w. The black line
is frequency limit for the two images and the grey region below is the space where the formalism is not valid.

integral, hence establishing a direct bridge between both
approaches.

This equivalence provides a clearer physical interpre-
tation of diffraction in gravitational lensing. In the BE
picture, diffraction arises from contributions in a neigh-
bourhood of geometric-optics trajectories with character-
istic Fresnel size. In the Kirchhoff formalism, the same
physics emerges from the structure of the integral near
the geometric-optics image points once sub-leading cor-
rections are included. We therefore conclude that diffrac-
tion effects and BE corrections are not separate phys-
ical phenomena, but rather different manifestations of
the same underlying wave-optics physics.

As an illustration, we presented a simple SIS lens
model and computed the BE corrections to the time de-
lay between the two images, showing that the corrections
to the standard diffraction result are very small in most
of the parameter space.

Finally, the starting point of this discussion was the
equation governing the dynamics of a scalar field. How-
ever, the most interesting application is GW diffraction,
and a GW is a spin-2 object. Including polarization
structure in the description of diffraction is a nontrivial
task. Attempts to address this include covariant pertur-
bation theory beyond ray optics [58, 59, 61, 62], although
the physical interpretation of observables is not straight-
forward in this context, and path-integral techniques [46],
whose phenomenological implications have yet to be ex-
plored.® Another approach is to exploit an analogy with
scattering theory: phenomenological results have so far

8 See also [72] where a Boltzmann-like approach is used to describe
polarization generation via lensing diffusion in a stochastic back-
ground context.

been obtained only for very long wavelengths [17]. An
extension of the present study to spin-2 waves would al-
low us to map perturbative techniques to diffraction-like
treatments and clarify which wave-effects are observable
for spin-2 fields.
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Appendix A: Derivation of the Kirchhoff integral

We consider a scalar field ¥ on a spacetime described
by the following metric
ds? = —(1 4 2¢)dt* + (1 — 2¢)dz?, (A1)
where ¢ is the spherical gravitational potential of the
lens. The linearized scalar field equation is
=0 = (A+uw?)¥ =400, (A2)
with ¥ and ¥ related by (2.2).

We also assume that the thin-lens approximation is
valid for the gravitational potential of the lens. We de-
fine a volume V', as shown in Fig. 1, enclosed by a sur-
face close to the lens plane (but not including the lens
plane) and containing the observer. Since we assume the
thin-lens approximation, ¢ = 0 throughout V. We stress
that the choice of this surface is arbitrary, provided that



the criteria discussed above are satisfied. Then the field

equation reduces to
(A+w?) ¥ =0. (A3)

We can consider a system of spherical coordinates cen-
tered on the lens. The Green’s function associated with
(A3) has the form

1 eiwr

_ 2 _ §3
Vo = P (A +w ) L\ e (5D(:E) . (A4)
Then one has
VAV + w?Uel =0, (A5)
VAVG + Tl = U5} (x), (A6)

hence we get that the field at the observer can be written
in terms of the following volume integral

U(0) = /Vd3;c (VAU — U AD)

= / Pxo; (VO'Vg — Ved'0) . (AT)
1%

Using Green’s theorem and calling S the oriented surface
enclosing the volume V

U(0) = / dS (Vo'¥g — Vg0'V) n;, (A8)

s

where n gives the orientation at any point of the surface
S (with inward orientation). Note that this expression
is valid for any surface S with the characteristics listed

above. The only assumption introduced to derive this is
the thin lens approximation.

Appendix B: Coefficients in Kirchhoff integral

We provide here the explicit expressions of the coeffi-
cients of the Kirchhoff integrand in the weak-field regime,
entering the derivation of section IV B.

K1 = 8pR(7y) — 4pR(p) — 2p* + 2Ap — Dp + 4R(67)

+ 477 — AR(No) — 205 + 8R(BT), (B1)
Ko =46(8—7) — 67, (B2)
Ks=40(8—171)— b0, (B3)
K4 = —40p3 — 4p1 — 26p — b0 (B4)
Ks = —468 — 4p7 — 20p — 66 (B5)

Ko = 16p*R (1) + 4R (1) Dp — 4pAp — 16p°R(7)
— 16pR(67) — 4R(60p) — 2R(567 + 4563)
+20pR(A\o) + 1206R (1) — 32pR(BT) + 2R(ADo)
—2R(6A0) — 8R(BIp) — 4R(7Ip) — 12R(B67)
+ 2R(707) — 4R(F0T) , (B6)

- 1
Kz = 8640 — Aopp — 5 Aop” - (B7)
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Appendix C: NP scalars solutions

The solutions for the NP scalars are mostly derived
in [51] and recalled here at linear order in the lens poten-
tial with the appropriate notations.

2
p=—u+4rGX <u> (C1)
uL
U u\? U
p=—=+2rGE l() — ] (C2)
2 ur, UL
u2
0T = 2n1GY— (C3)
urL,
— u 4 u3 u
§0p = 2rGV3A % <> —21GL— (1 — 2> (C4)
ur, ury, ury,
8640 5 L u? u
2
oG (1 - 2“)
ur, ury,
I (A1) 5 un, —u 2 u\?

The expression for $(A;) is simply given by the results
of Sec. IITE.

Furthermore, we need the combination 66 + 45603 to

evaluate the coefficient (5.19). Since its evolution is gov-
erned by (5.36), it can be written as
1 - -
665 + 4508 = — / s (66T + 85B50p)ds.  (CT)
s
Therefore, we require the Weyl scalar §6%, at linear or-
der, which is given by

_ _ 1 2 1
5500 =65V — L0,V — S0,V — 2V2h 4 20,00t
2 s s2 2
4 6 __
+ gasss(b + Sizass(b - 85666¢ . (CS)

Substituting this expression into the solution (C7), inte-
grating by parts, and using the Poisson equation, VZ¢ =
47 G pmat, one finds

4G

000 +4508 = — = [ (5"00pmar + 8*pma) ds. - (C9)

In the thin lens approximation, we further use pmay =
Y 8(s — s1,) and 00pmar = V2 £/26(s — s1,), which leads
to

4 4
366 + 4563 = 2rGV S + 4nGE .
ur, ur,

(C10)

Appendix D: Point-like lens at second order

In vacuum, the first non-vanishing corrections to GO
for a point-like lens appear at second order in the lens
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potential ¢, since the linear contribution in GM van-
ishes. The dominant contribution was identified in [51]
as arising from do. Here, we recover this result directly
from the structure of the Kirchhoff integral, providing
an independent check of the equivalence between the two
approaches.

The dominant scalars are those whose evolution equa-
tions contain the most efficient source terms. We iden-
tify them by examining their corresponding propagation
equations. Since the first-order contribution vanishes in
vacuum, we restrict our analysis to second order. We
inspect the terms appearing in Eq. (4.14) and select the
scalars that can generate the leading corrections. Their
sources are given by Weyl scalars, projected derivatives
of Weyl scalars, or products of quantities that are them-
selves sourced by Weyl scalars. Uy is generically the dom-
inant Weyl scalar as it does not involve any derivative
along the affine parameter which suppress the contribu-
tion after integration along the geodesic. Indeed, at lin-
ear order in the potential ¢, the Weyl scalars are given
by

1
o =200 , Vi =-000, Yy= §8SS¢. (D1)
Consequently, among the NP scalars, o provides the lead-
ing contributions at first order since

Do =2po + Y. (D2)
In particular, in the thin lens approximation and at first
order in the potential

2
o= (“) /\Ilods
ur,
u

- ()2 (Opw — Oyy + 205 )0, (D3)

ur,

The same hierarchy applies to their projected derivatives.
Furthermore, the various second-order contributions
do not scale in the same way. Some are of order (GM /b)?,

while others are enhanced by additional powers of L/b,
which is larger than unity when the observer is located
at a distance L 2 b from the lens. The dominant terms
therefore scale as (GM/b)?(L/b)" with the largest possi-
ble integer n. Since all quantities entering the integrand
are evaluated at the lens plane, where L(s,) = 0, the
only factors of L arise from the Gaussian integrals. At
order 1/w, the largest power is L3, and it originates from
the (¢¢)? terms in Eq. (4.14). The only second-order
contribution entering this term is 6o0d& arising from the
product K23 [Egs. (B2),(B3)]. Proceeding as in VD,
we obtain the dominant correction from the Kirchhoff
integral,

S(Ar) (2)
Ao
Since §o enters quadratically, it is sufficient to compute it
at first order. Keeping only the terms contributing to the
dominant second-order correction, its evolution equation
reduces to

1 _
w ~ ~5cWseV| L3 (D4)
6 L

Dsoc™M = 3pdo + 6, . (D5)

Defining Zsgy, = f&kllod& and working in the thin lens
approximation, we obtain

5o = Ty, (%)3 . (D6)

Replacing in (D4), we obtain the dominant second-order
contribution in vacuum

S(41)

Tso. |° L3
A Zsw,|

~

(D7)

| =

As expected, we recover with the Kirchhoff integral the
dominant solution obtained in section 3.4 of [51] with a
pure BE integration until the observer.
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