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The motion of the Solar System with respect to the cosmic rest frame induces a kinematic dipole
in the stochastic gravitational-wave background (GWB). Detecting this signal with space-based
interferometers would provide an independent measurement of our peculiar velocity and a GW
probe of cosmic anisotropies. We present a fully analytic derivation of the response of the Laser
Interferometer Space Antenna (LISA) to a kinematic dipole, and construct an optimal estimator
for its detection. We show that the dipolar response is governed by a single frequency-dependent
function fixed by symmetry, and we compute its behaviour across the LISA band. Using Fisher
forecasts, we find that for a scale-invariant background detectability requires h2ΩGW ≳ 5 × 10−8

for fiducial LISA, and h2ΩGW ≳ 5 × 10−10 for a detector with characteristic instrumental-noise
amplitudes improved by an order of magnitude. Prospects are more favorable for signals with richer
frequency profile. We also explore the potential of the kinematic dipole to break degeneracies,
particularly in the presence of strong galactic foregrounds or noise features that closely mimic the
primordial signal.
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I. INTRODUCTION

The Solar System moves with a velocity β = v/c ≃ 1.23 × 10−3 with respect to the rest frame of the
cosmic microwave background (CMB), towards the direction (ℓ, b) = (264◦, 48◦) in Galactic coordinates.
This motion is responsible for the large dipolar anisotropy observed in CMB temperature maps [1–
4]. Following the suggestion of [5], kinematic anisotropies are also beginning to be probed through
astrophysical measurements, in some cases with results in tension with the value inferred from the CMB,
see [6–10] for seminal works on the subject, and [11] for a recent overview. This discrepancy could be
due to systematic effects in the quasar and radio source data sets, to an imperfect theoretical modelling
of the expected dipole in the number counts, which currently neglects evolution effects [12, 13], or to a
violation of isotropy in our Universe. In this last case, the large dipole in the quasars and radio sources
would not be solely due to the observer velocity, but it would have an intrinsic part generated by a large
local anisotropy in the Universe (inconsistent with the ΛCDM predictions).
One way to test these scenarios is to use other datasets to measure the dipole at different redshifts,

and gravitational wave observables may provide an interesting and independent probe of these effects,
see [14] for a review of kinematic effects on GW observables. In [15, 16], it has been suggested that an
independent measurement of our peculiar motion can be achieved by looking at the distribution of GW
events in the context of next-generation gravitational wave detectors. Another interesting possibility is
to look for anisotropies in the stochastic gravitational wave background (GWB) [17, 18]. It is therefore
important to forecast the capabilities of forthcoming and future experiments to detect such kinematic
anisotropies [14, 15, 19–36], and to assess their ability to distinguish them from intrinsic anisotropies in
the GWB—see, e.g., [37–40] for the theoretical characterization of the latter. Observationally, since the
strain associated with a stochastic background is expected to resemble white noise and is typically below
the instrumental noise threshold, its detection requires correlating the output of at least two independent
detectors, under the assumption that their noise is uncorrelated. A key difference between ground-based
detectors and space-based missions such as Laser Interferometer Space Antenna (LISA) [41] lies in the
limited knowledge of the noise. In LISA, noise is correlated among the three nested interferometers, and,
because the mission operates in a strong-signal regime, it is not possible to estimate the noise using data
“far from the event” [42]. One possible approach is to exploit the so-called null channel, although this
only provides an upper bound on the noise in the signal channels [43]. Additionally, irreducible galactic
foregrounds represent a further challenge for space-based missions, as they can obscure primordial signal
components.
In this context, we investigate the capability of LISA to detect and characterize the kinematic dipole of

the GWB. Beyond providing an independent measurement of our peculiar velocity, the kinematic dipole
offers a distinctive handle to break degeneracies: since neither instrumental noise nor galactic foregrounds
are expected to exhibit kinematic anisotropies, its inclusion in the analysis can help disentangle primordial
or extragalactic signals from contaminants. We place particular emphasis on developing a physically
transparent analytic understanding of the LISA response to kinematic effects. The response of LISA to
such effects presents subtle features due to the planar geometry of the detector and its time-dependent
orientation. We study in detail the dependence of the response on the gravitational-wave frequency and
on the annual motion of the detector [44], proposing a fully analytic approach. By developing dedicated
Fisher forecasts, we assess the prospects for detecting the kinematic dipole for large GWB amplitudes
motivated by early-Universe scenarios. For representative examples of signals at levels considered in the
literature – see the analyses of the LISA Cosmology Working Group [45–50] for theoretical motivations
and references – we find that detectability can be achieved for Ω∗ ≳ 10−7 with fiducial LISA. These
findings are consistent with the simulation-based results of [17, 51], but have the advantage of keeping
full control of the underlying physics. We also investigate, using a similar analytical approach, the role
of the kinematic quadrupole. We find that including it in the analysis does not improve the constraints
on the velocity, in agreement with the results of the simulations presented [51].
Besides being an interesting target per se, the detection of a kinematic dipole carries important physical

implications. In particular, it can help breaking degeneracies in the measurement of cosmological signal
profiles superimposed on astrophysical backgrounds, and it can aid in distinguishing genuine signals from
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detector noise. Indeed, galactic contributions to the GWB and instrumental noise are not expected to
exhibit kinematic modulation due to our motion with respect to the cosmic rest frame.1

We show that incorporating kinematic information leads to improved constraints on the parameters of
a cosmological stochastic background component, particularly in the presence of very large foregrounds
or noise features that are highly degenerate with the signal. Finally, we provide analytic expressions for
the Fisher matrix elements, which can be readily adapted to a wide range of benchmark models in future
studies.
Our analytic treatment of both the detectability of the kinematic dipole and its role as a degeneracy

breaker offers conceptual clarity and is intended for astrophysicists and cosmologists seeking a first-
principles understanding of the problem. These results are especially relevant in view of future post-
LISA missions, which are expected to face significant foreground contamination and will be the subject
of further investigation in upcoming work.
The paper is structured as follows. In Section II, we develop an analytic understanding of the response of

the LISA instrument to a kinematic dipole in the stochastic gravitational-wave background. In Section III,
we construct an estimator for the peculiar velocity and show that its reconstruction is only possible due
to the motion of LISA. In Section IV, we introduce the idea that the dipole can help reconstructing
signal parameters in situations where the foreground is degenerate with the signal or where noise features
mimic a signal. After presenting a heuristic argument, we perform an explicit analysis through several
case studies, considering both the current LISA configuration and a future instrument operating in the
same frequency band with improved sensitivity.

II. LISA RESPONSE TO KINEMATIC ANISOTROPIES

In this introductory section we develop an analytic understanding of the response of the LISA instru-
ment to a kinematic dipole in the stochastic gravitational wave background. Our goal is to identify the
physical effects that allow the detector to measure such an anisotropy, and to clarify how the detector
geometry and motion shape the observable signal.
To do so, we extend to the case of a dipolar anisotropy the clear and pedagogical discussion presented

in [52], which was originally developed for an isotropic GWB. In particular, we generalize their treatment
to account for the modulation induced by the relative motion between the detector and the cosmic rest
frame, and we highlight the role played by the time-dependent orientation and orbital motion of the LISA
constellation. This analytic perspective helps building intuition for the structure of the signal and will
guide the numerical analysis presented in the subsequent sections.

A. The GWB in a boosted frame

We expand the gravitational wave metric perturbation in plane waves as

hab(x, t) =

∫ ∞

−∞
df

∫
d2n

∑
λ

hλ(f,n)e
λ
ab(n)e

i2πf(t−n·x/c), (2.1)

where eλab with λ = +,× are the GW polarization tensors, normalized such that eλabe
ab
λ′ = 2δλλ′ . The reality

condition of the GW in coordinate space ensures hλ(f,n) = h∗
λ(−f,n). For a stationary unpolarized

background, the 2-point function of the GW field satisfies

⟨hλ(f,n)h
⋆
λ′(f ′,n′)⟩ =

δλλ′

2
δ(f − f ′)

δ(2)(n− n′)
4π

I(f,n) , (2.2)

where λ = +,×. Since I(f,n) is real, then I(f,n) = I(−f,n), hence it is sufficient to consider the
one-sided spectrum. We assume that the GW intensity is isotropic in the rest frame of the GWB source,
and we denote it as Ī(f). The relation with the dimensionless energy density is

ρGW

ρc
= 4π2/(3H2

0 )

∫ ∞

0

f2Ī(f)df ≡
∫

d log f ΩGW(f) , (2.3)

1 Galactic foregrounds do present intrinsic anisotropies, which are typically modeled and incorporated into analysis tem-
plates. We neglect this effect here, since we do not expect the intrinsic dipole to be aligned with the kinematic one, and
therefore the leading-order contamination is negligible.
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where in the last equality we introduced ΩGW(f), the dimensionless energy density per units of log
frequency. As is customary, throughout our analysis we consider the quantity h2ΩGW, which is indepen-
dent of the uncertainty in the Hubble constant, conventionally written as H0 = h 100 km s−1 Mpc−1 and
encoded in the parameter h. For a flat spectrum, we denote the overall amplitude of h2ΩGW by Ω∗.

Using the results of [18], and since Ī ∝ ΩGW/f3, kinematic effects induce Doppler anisotropies described
by the relation

I(f,n) = D Ī
(
D−1 f

)
, with D ≡

√
1− β2

1− n · β , (2.4)

where β is our (relative) Doppler velocity whose norm is β. At linear order in β this reduces to

I(f,n)

Ī(f)
≃ 1 + n · β (1− nI) , nI ≡ d ln Ī

d ln f
, (2.5)

where nI(f) is the tilt parameter, which is in general frequency dependent, unless the spectrum is a
power law, and is related to the tilt parameter of ΩGW by nI(f) = nt(f)− 3.

B. The covariance matrix: general expressions

We follow the derivation of the LISA covariance presented in [52], and we extend it to the anisotropic
case while accounting for the slow motion of the LISA constellation. To this end, we introduce a separation
between a slow time variable τ , describing the evolution of the detector position and orientation along
its orbit, and a fast time variable t, associated with the variation of the phase measurements [53].
We divide the data stream into time intervals of duration TFourier, within which the detector configura-

tion can be treated as approximately constant. These segments are labelled by discrete slow-time stamps
τn, and satisfy ∑

τn

TFourier = T , (2.6)

where T denotes the total observation time of the experiment.
The measured relative time difference at a vertex of the interferometer, Φ, can be expressed in terms

of the gravitational response in terms of an interferometer phase at that vertex, S, as well as the noise,
n as

ΦABC
(t; τn) = SABC

(t; τn) + nABC
(t) , (2.7)

where the subscript ABC indicates the signal detected in the interferometer consisting of arms AB and
AC. Elsewhere in the literature, ABC , BCA, CAB are labeled as X, Y, Z, which we sometime use for
compact notation. We also define Fourier components with respect to the fast time t as

ΦABC
(t; τn) =

∫ ∞

−∞
dfe2πiftΦABC

(f ; τn) ΦABC
(f ; τn) =

∫ ∞

−∞
dte−2πiftΦABC

(t; τn) , (2.8)

with similar definitions for the intrinsic signal SABC
and the additional noise nABC

. Even though the
integrals on time should span an interval TFourier, we approximate this quantity as an infinite time span.
Similarly, the integral on frequencies is a sum over the discrete frequencies fp = p/TFourier – limited by
the sampling frequency – but we take them as continuous approximation [54].
The relative time difference measured at vertex ABC is (see e.g. [52])

SABC
(t; τn) =

∫ ∞

−∞
df

∫
d2n

∑
λ

hλ(f,n)e
i2πftT λ

ABC
(n, f ; τn) , (2.9)

with

T λ
ABC

(n, f ; τn) =
1

2
e−i2πfn·x⃗A(τn)/ceλab(n)

[
T ab(ℓAB(τn),n, f)− T ab(ℓAC(τn),n, f)

]
(2.10)

T ab(ℓ,n, f) =
1

2
W (f)ℓaℓb

(
sinc

[
f

2f∗
(1− ℓ · n)

]
e−i f

2f∗ (3+ℓ·n) + sinc

[
f

2f∗
(1 + ℓ · n)

]
e−i f

2f∗ (1+ℓ·n)
)

,

(2.11)



5

gives the gain of a detector vertex. The vector ℓAB(τ) is a unitary vector which points from vertex A to B,
f∗ = c/(2πL), and n is the direction of gravitational wave propagation. LISA operates using measurement
schemes based on time-delay interferometry (TDI) techniques [55, 56]. When W = 1, the expressions
above describe the difference between the round-trip light paths ABA and ACA, corresponding to the
Michelson configuration (often referred to as the TDI 1.0 combination). In this limit the signal effectively
involves a single round trip of the laser beam along two arms of the interferometer. In practice, however,
additional sources of noise – most importantly laser frequency noise – require the use of more sophisticated
TDI combinations (see e.g. [57–59]). These configurations construct synthetic interferometric observables
by combining phase measurements along longer light paths, in which the laser signals propagate through
multiple LISA vertices, before being recombined. The phase accumulated along these extended paths
can be described by the same expressions introduced above, but evaluated at appropriately time-shifted
arguments. In particular, additional round trips correspond to time offsets of the form t → t − 2L/c.
In the Fourier domain, these time delays translate into phase factors in the time-series transform. For
example, choosing

W (f) = 1− e−2if/f∗ (2.12)

accounts for the interference between signals separated by a round-trip light travel time across the LISA
arm length. This configuration effectively captures the response associated with a full light circulation in
the triangular LISA constellation, and corresponds to what is often referred to as the TDI 1.5 combination.
We refer the reader to [60] for a comprehensive review of TDI techniques, and their implementation in a
LISA-like configuration.
The correlation of the measurment is defined from the statistical average

⟨ΦX(t; τn)ΦX′(t′; τn′)⟩ = δnn′CXX′(t− t′; τn) =
1

2
δnn′

∫ ∞

−∞
dfe2πif(t−t′)CXX′(f ; τn) , (2.13)

where the subscripts X,X ′ denote any one of the vertices ABC , BCA, CAB . One can equivalently work
directly in Fourier space and define

⟨ΦX(f ; τn)Φ
⋆
X′(f ′; τn′)⟩ = 1

2
δnn′δ(f − f ′)CXX′(f ; τn) = ⟨ΦaΦ

⋆
a′⟩ = Caa′ , (2.14)

where in the last expressions we introduced a compact index notation a = (X, f, τn). Note that the
covariance matrix is Hermitian, that is Caa′ = C⋆

a′a, hence CXX′(f ; τn) = C⋆
X′X(f ; τn) and CXX′(t −

t′; τn) = C⋆
X′X(t′−t; τn). This correlation is the sum of the signal contribution and the noise contribution.

The signal part receives a contribution from the isotropic part of the GW background, and a part due to
its dipolar modulation. Eventually, the general form of the correlation function spectral density is

CXX′(f ; τ) = SXX′(f) +NXX′(f) = MXX′(f, τ) +DXX′(f, τ) +NXX′(f) , (2.15)

where the first term is the monopolar contribution, the second is the dipolar modulation due to the
velocity with respect to the GW background frame, and the last contribution is the noise.
The monopolar contribution is related to the antenna pattern functions through

MXX′(f ; τn) =

∫
d2n

4π

∑
λ=+,×

T λ
X (n, f ; τn)T λ⋆

X′ (n, f ; τn)I(f,n) , (2.16)

and the dipolar contribution is given in section II E. The stationary noise contribution is defined by

⟨nX(f ; τn)n
⋆
X′(f ′; τn′)⟩ = 1

2
δnn′δ(f − f ′)NXX′(f) . (2.17)

C. LISA orientation

LISA, in good approximation, can be assumed as an equilateral triangle of fixed side L, with a varying
orientation. Such an approximation is valid in the limit that the LISA satellites are on small eccentricity
orbits [61]. In order to set its orientation we need to specify ℓAB(τ) and ℓAC(τ), since ℓBC(τ) =
ℓAC(τ)−ℓAB(τ). We fix ez as the unit vector normal to the ecliptic plane, and we define the unit vectors
in the ecliptic plane

ℓoAB = −ℓoBA = xo
B − xo

A = (1/2,
√
3/2, 0) , ℓoAC = −ℓoCA = xo

C − xo
A = (−1/2,

√
3/2, 0) . (2.18)
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The general orientation is obtained by a rotation controlled by a matrix RLISA acting on these arm
directions (see appendix B):

RLISA(τ) ≡ Rz(Ωτ) ·Ry(π/3) ·Rz(−Ωτ + σ) = R[Rz(Ωτ)·ey ](π/3) ·Rz(σ) , (2.19)

where σ is a constant phase associated with the triangle orientation at initial time, and Ω is the year
frequency. R[a](θ) denotes rotation around an axis a by angle θ, which we abbreviate as Rz when the
axis is ez and similarly for Ry. At any time, the orientation is given by

ℓAB(τ) = RLISA(τ) · ℓoAB , ℓAC(τ) = RLISA(τ) · ℓoAC . (2.20)

For a representative graphical illustration, see e.g. Fig. (6.3) of [41].

D. Response function to the isotropic background

The monopole (isotropic) contribution to the correlation spectral density can be expressed in terms of
a response function defined by

MXX′(f ; τn) = RXX′(f ; τn) Ī(f) . (2.21)

Using Eq. (2.16) for an isotropic intensity distribution, we obtain the explicit expression

RXX′(f ; τn) =

∫
d2n

4π

∑
λ=+,×

T λ
X (n, f ; τn)T λ⋆

X′ (n, f ; τn) . (2.22)

To evaluate this expression using Eq. (2.10), we first rewrite the polarization sum
∑

λ=+,× ϵλijϵ
λ
kl in

terms of products of the direction vector ni and the identity tensor δij . We then expand the response in
powers of the dimensionless frequency parameter f , which generates angular structures involving products
of ni. The resulting angular integrals can be evaluated using standard identities for averages over the
sphere, such as those reported in Eqs. (2.3) of [62].
After performing these angular integrations, we find that the response function does not depend ex-

plicitly on the slow time τn. It can therefore be written as

RXX′(f) =

∫
d2n

4π

∑
λ=+,×

T o,λ
X (n, f)T o,λ⋆

X′ (n, f) , (2.23)

where T o,λ
X (n, f) are defined as in Eq. (2.10), but using the fixed reference vectors introduced in Eq. (2.18).

The resulting response matrix has the general structure

(RXX′(f)) =

 R1 R2 R2

R2 R1 R2

R2 R2 R1

 . (2.24)

The functions R1 and R2 admit a series expansion in the dimensionless parameter x = f/f∗. Their
leading terms are

R1(f) = |W |2
(

3

10
− 169

1680
x2 +

85

6048
x4 − 165073

159667200
x6 +

132439

2830464000
x8 +O(x10)

)
, (2.25)

R2(f) = |W |2
(
− 3

20
+

169

3360
x2 − 85

12096
x4 +

29239

45619200
x6 − 251389

5660928000
x8 +O(x10)

)
. (2.26)

These expressions agree with the results of [52].

E. Dipolar response function

Similarly, substituting Eq. (2.5) into Eq. (2.16) and retaining the terms linear in the peculiar velocity,
we find that the dipolar contribution to the correlation spectral density can be expressed in terms of
vector-valued response functions Dj

XX′(f) as

DXX′(f ; τn) = βi RLISA
ij (τn)D

j
XX′(f) (1− nI(f)) Ī(f) . (2.27)



7

where the matrix RLISA
ij is introduced in Eq. (2.19). The explicit form for each component of the dipole

response function is obtained from2

Di
XX′(f) =

∫
d2n

4π

∑
λ=+,×

ni T o,λ
X (n, f)T o,λ⋆

X′ (n, f) . (2.28)

The integral in Eq. (2.28) can be evaluated numerically. However, its structure is constrained by sym-
metry considerations, which allow us to anticipate its general form. First, the presence of the factor ni

implies that Di
XX′ transforms as a vector under spatial rotations. Second, the product of response func-

tions TXT ⋆
X′ depends only on the geometry of the interferometer arms, and in particular on the relative

orientations of the links connecting the spacecraft. Combining these observations with the discrete sym-
metries of the LISA constellation – in particular its invariance under cyclic permutations of the spacecraft
– we can anticipate that the dipolar response must be aligned along the directions of the interferometer
arms. The result takes indeed the form

(
Di

XX′(f)
)
= iR3(f)

 0 ℓo,iAB ℓo,iAC

−ℓo,iAB 0 ℓo,iBC

−ℓo,iAC −ℓo,iBC 0

 ⇔ Di
XX′(f) = iR3(f)ℓ

o,i
XX′ , (2.29)

where ℓo,iXY denotes the unit vector along the arm connecting spacecraft X and Y . The correlation matrix
is purely imaginary and antisymmetric, consistently with the Hermiticity of the full correlation matrix.
The function R3(f) depends only on the dimensionless frequency x = f/f⋆. It admits the following
expansion at low frequency:

R3(f) = |W |2
(

1

336
x3 − 11

13440
x5 +

673

6652800
x7 +O(x9)

)
. (2.30)

We represent in Fig. 1 the full numerical evaluation of R3(f). The components of the dipolar response
in Eq. (2.29) depend on the orientations of the detector arms. When contracted with the velocity
components as in Eq. (2.27), only the components of the velocity vector lying in the LISA plane yield a
non-vanishing contribution. Moreover, from the properties of the integrand in Eq. (2.28), we find that
the dipolar response vanishes in the limit f/f⋆ → 0, as shown in Eq. (2.30).3 In order to compute the

quantity RLISA
ij (τn)D

j
XX′(f) appearing in Eq. (2.27), it is sufficient to replace the reference arm vectors

according to

ℓo,iXY → ℓiXY (τn) (2.31)

in Eq. (2.29). The fact that a unique function of frequency factorizes out in the response to the dipole
can be understood more generally through a spherical harmonic analysis of LISA response functions, see
section 4 of [17] for details. As we show in Appendix D, the situation for the quadrupole is qualitatively
different. In that case, the response is described by rank-2 tensors, and two independent frequency-
dependent functions are required to parametrize the signal. This leads to a richer geometrical structure,
involving both diagonal and off-diagonal components of the correlation matrix. However, despite this
increased complexity, the underlying symmetry arguments remain the same and provide a powerful guide
to the final result. The analysis presented above highlights a key feature of LISA response to anisotropies:
its structure is fully fixed by symmetry, and depends on a single scalar function of frequency multiplying
simple geometrical vectors.

F. The noise correlation

Schematically, the residual noise components entering each TDI channel can be grouped into two
effective contributions: the “Optical Metrology System” (OMS) noise, which includes, for example, shot
noise in the interferometric readout, and the “acceleration” noise associated with random displacements
of the proof masses, caused for instance by local environmental disturbances.

2 For simplicity we neglect the additional yearly modulation of the dipole induced by the orbital motion of the detector
around the Sun. This modulation affects the construction of the optimal estimator, but not its variance, and therefore
does not impact the error estimates presented in our analysis.

3 In the presence of parity violation, the background can be circularly polarized. The dipolar contribution (2.27) is then
supplemented by a term that is detailed in appendix A, and which is sensitive to the components of the dipole in the
direction orthogonal to the LISA plane.[19].
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Our current understanding of the LISA noise budget is largely based on the results of the LISA
Pathfinder experiment [63], complemented by laboratory tests. The power spectral densities of the OMS
and acceleration noise contributions to the relative length measurements are given by (see, e.g., Eq. (2.2)
of [64], Eqs. (9–13) of [65], or Eqs. (10) and (11) of [66])

POMS(f ;P ) = P 2 1

Hz

[
1 +

(
2mHz

f

)4
](pm

L

)2
, (2.32)

Pacc(f ;A) = A2 1

Hz

[
1 +

(
0.4mHz

f

)2
][

1 +

(
f

8mHz

)4
](

Hz

2πf

)4(
fm

L

)2

. (2.33)

ESA mission specifications require the amplitudes to be P = 15 and A = 3, with ±20% margins. We
refer to this noise model as fiducial LISA. We will also consider a future instrument operating in the same
frequency band as LISA, with both A and P reduced by a factor of 10, which we refer to as futuristic
LISA. Note that this corresponds to a rather unrealistic noise improvement. However, as we will explain
it reproduces the same result one would obtain with an instrument which improves the noise by one order
of magnitude and increases the nominal mission time with respect to LISA.
For the OMS contribution, we adopt the simplifying assumption that the noise spectra of all links

are identical, stationary, and uncorrelated. Similarly, for the acceleration noise we assume that the
fluctuations of the proof masses are isotropic and stationary, that all test masses have identical power
spectra, and that fluctuations of different masses are uncorrelated. Furthermore, we assume that the
three spacecraft form an equilateral triangle with arm length L = 2.5× 109 m. Under these assumptions,
the total noise power spectral density takes the form

N ≡ (NABCXY Z
) =

 N1 N2 N2

N2 N1 N2

N2 N2 N1

 , (2.34)

where

N1(f ;A,P ) = |W |2
{[

3 + cos

(
2f

f∗

)]
Pacc(f,A) + POMS(f, P )

}
, (2.35)

N2(f ;A,P ) = −1

2
|W |2 cos

(
f

f∗

)
[4Pacc(f,A) + POMS(f, P )] , (2.36)

and |W |2 = 4 sin2(f/f∗). Our final expressions for the noise agree with [66], but are smaller by a factor
of 4 compared with Eqs. (A32–A33) of [64], Eq. (56) of [67], and Eq. (19) of [65]. This difference arises
because our signal is normalized by 2L, rather than by L.

G. Standard diagonalisation: AET channels

In the literature it is usually assumed that the intensity is direction independent. In this case, because
the monopole response function (2.24) and the noise covariance (2.34) share the same matrix structure,
it is possible to construct a basis of three orthogonal (i.e., statistically independent) linear combinations
of the signals in which both the monopole response and the noise covariance become diagonal. It is
customary to introduce combinations of the form

ΦO = ΦX PXO , (2.37)

where O = {A,E, T} and X = {ABC , BCA, CAB}. The transformation matrix is

(PXO) =

 1/
√
6 1/

√
2 1/

√
3

−2/
√
6 0 1/

√
3

1/
√
6 −1/

√
2 1/

√
3

 . (2.38)

In the {A,E, T} basis both the response matrix and the noise covariance become diagonal,

RAET = PTRP , NAET = PTNP , (2.39)

where RAET is diagonal with entries RA, RE and RT , and similarly for the noise matrix NAET . The
eigenvalues are related to the elements of the original matrix through

RA = RE = R1 −R2 , RT = R1 + 2R2 , (2.40)
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FIG. 1. Left panel: Response functions RA, RT and R3 for W = 1. Right panel: Response functions for
|W |2 = 4 sin2(f/f⋆). The small-frequency series expansions are shown as thin solid lines (they overlap with the
thick curves at low frequency), while the dashed lines represent the noise contributions NA and NT – discussed in
Sec. II F – expressed in units of I(f) ∝ f−3 assuming Ω⋆ = 10−12 for a scale-free spectrum. The dashed-dotted
lines are the fitting formulas in Eqs. (2.41), (2.42) and (2.47).

with analogous relations holding for the noise eigenvalues.
Using Eqs. (2.25) and (2.26), we find that the A and E response functions are constant for f < f∗

and scale as f−2 for f > f∗. In contrast, the T response function scales as f6 for f < f∗ and as f−2 for
f > f∗. A good fit for the response functions is given by

RFit
A =

9

20
|W |2

[
1 +

9

16

(
f

f∗

)2
]−1

, (2.41)

RFit
T =

1

4032

(
f

f∗

)6

|W |2
(
1 +

61

360

[
f

f∗

]2
+

5

16128

[
f

f∗

]8)−1

. (2.42)

The T channel is significantly less sensitive to the signal than the A and E channels. For this reason it
is commonly used as a monitor of the instrumental noise.
Using the results of Sec. II F, the low-frequency expansion of the noise eigenvalues takes the form

NA = NE ≃ 3

2
|W |2 (4Pacc + POMS) , (2.43)

NT ≃ 1

2
|W |2

(
f

f∗

)2
[(

f

f∗

)2

Pacc + POMS

]
. (2.44)

In this regime, Pacc ∝ f−6 and POMS ∝ f−4. Consequently, the two single-link noise contributions enter
NT at the same order, implying, if we take |W |2 ∝ f2 into account, NT ∝ f0. In contrast, for the noise
in the A/E channels, Pacc dominates in the low-frequency limit, leading to NA ∝ f−4 (again including
|W |2 ∝ f2).

The structure of the dipolar contribution to the correlation matrix is quite different from the one of the
monopole response, or the noise. In particular, it is not diagonal in the {A,E, T}, basis and it remains
purely imaginary and antisymmetric. Nevertheless, the change of basis leads to a considerably simpler
form. To this end, we define ℓ̃oAC ≡ Rz(π/2) · ℓoAC , such that (ℓoAC , ℓ̃

o
AC) forms an orthonormal basis in

the LISA plane. With the transformation (2.37), the dipolar response matrix becomes

(PXO)
T Di(f) (PXO) =



0
Di

AB +Di
BC +Di

CA√
3

Di
AB −Di

BC√
2

−Di
AB +Di

BC +Di
CA√

3
0

Di
AB +Di

BC − 2Di
AC√

6

−Di
AB −Di

BC√
2

−Di
AB +Di

BC − 2Di
CA√

6
0


.

(2.45)
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Using Eq. (2.29), this expression can be written in the more transparent form

(
Di

OO′(f)
)
= iR3(f)

√
3

2

 0 0 ℓ̃o,iAC

0 0 ℓo,iAC

−ℓ̃o,iAC −ℓo,iAC 0

 , (2.46)

with O,O′ = (A,E, T ). The AE component vanishes because LISA is assumed to form a perfect equi-
lateral triangle. Consequently, the dipole induces off-diagonal correlations only between the AT and ET
channels, but not between AE.
We find the following convenient fitting formula for the dipole response function R3(f):

RFit
3 (f) =

1

336

(
f

f⋆

)3
(
1 +

9

50

(
f

f⋆

)2
)− 5

2

. (2.47)

In Fig. 1 we plot the response functions RA, RT , and R3, together with their low-frequency expansions.

H. Monopole detectability

Before discussing the dipole contribution, we pause to present a consistency check by computing the
signal-to-noise ratio (SNR) for the amplitude of the isotropic component of the signal. We find

SNR2
Ω = T

∫ ∞

0

df FM (f) , (2.48)

with

FM (f) =

[
2

( RAĪ(f)

RAĪ(f) +NA(f)

)2

+

( RT Ī(f)

RT Ī(f) +NT (f)

)2
]
. (2.49)

In practice, the frequency integral is performed over the range fmin = 10−4 Hz to fmax = 0.1Hz. For
a perfect experiment we obtain SNR2

Ω ≃ 3Tfmax which we interpret as the fact that we have 2Tfmax

independent frequency modes, each with three channels, each of which with a contribution SNR2 = 1/2
(see e.g. section VII.C.1 of [54]). For an observation time T = 4 years of observation this means that
SNR ≲ 6000.
If we consider the effect of noise in the experiment, for a scale-invariant spectrum we obtain SNR = 10

when h2Ω(f⋆) = 1.1 × 10−13, and SNR = 5 when h2Ω(f⋆) = 5.8 × 10−14. For comparison, [52] finds a
sensitivity curve larger by a factor of 4. This difference originates from the normalization of the noise:
in their definition the variable corresponds to the relative time delay for a round trip, and is therefore
divided by 2L, whereas the noise used in their analysis corresponds to the sum of the individual time
delays of each one-way trip, which is normalized by L.
In addition, we can construct a rough estimate of the sensitivity curve following [68]. We first define

Ωs(f) ≡
(
4π2f3

3H2
0

)(
2
R2

A

N2
A

+
R2

T

N2
T

)−1/2

, (2.50)

such that an estimate of the sensitivity at SNR = 10 for an observing time T is given by 10Ωs(f)/
√
Tf .

This estimate can be refined following [69] by constructing the envelope of all power-law spectra that
satisfy a given SNR threshold, i.e. the so-called power-law sensitivity curve (PLS). These estimates of
the LISA sensitivity are shown in Fig. 3. All curves lie slightly below those of Fig. 2 in [68], primarily
because we assume an observing time T = 4yr (instead of T = 3yr) and we combine the signal from
the three A, E, and T channels rather than using a single channel. Note that, once the signal amplitude
cannot be neglected with respect to the noise, the former must be carefully included in the denominator
of SNR estimate.

III. BUILDING AN ESTIMATOR FOR THE VELOCITY

The goal of this section is to construct an estimator for the components of the kinematic dipole. We
develop a pedagogical derivation and present compact analytic expressions for the variance of the velocity
components. In particular, we explicitly show that LISA cannot reconstruct the velocity component
orthogonal to its plane if the detector was static. The reconstruction of the full velocity vector is therefore
only possible by exploiting the motion of LISA around the ecliptic.
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FIG. 2. Sensitivity curves for the GW monopole. The blue lines correspond to the estimates based on (2.50). The
PLS, described in [68, 69], is shown in red. The PLS depends on the range of spectral indices used to construct
the envelope: the thick red curve corresponds to the ΩGW spectral index given by |nt| < 4, whereas the thin red
curve is obtained assuming |nt| < 6. The left panel corresponds to the mission requirements A = 3 and P = 15,
while in the right panel these parameters are reduced by a factor of 10.

A. Inner product on matrix space

To construct the optimal quadratic estimator we introduce the following mathematical tools. If C is a
positive-definite Hermitian matrix, we define an inner product in matrix space as

{A;B}C ≡ 1

2
Tr(A · C−1 ·B · C−1) =

1

2
AabC

−1
bc C−1

da Bcd . (3.1)

In general, the Fisher matrix fora set of model parameters index by i is defined by

CFij = {∂iC; ∂jC}C . (3.2)

To build an estimator for βi, the dipole velocity components in the ecliptic coordinates, we follow the
approach of [70].

B. A static LISA

In order to emphasize the importance of the motion of LISA, we first consider a fictitious situation in
which LISA remains static. In such a case the dependence on the slow time τn can be ignored, and we
may set RLISA

ij = δij .
The Fisher matrix when constraining the dipole components is defined in general as

CFβiβj
= {∂βi

C; ∂βj
C}C . (3.3)

Since we have

∂βi
Caa′ = D̃i

aa′ , D̃i
aa′ ≡ Di

aa′(1− nI(f))Ī(f) , (3.4)

where we use the generalized indices a = (O, f, τn), the Fisher matrix becomes

CFβiβj
= {D̃i; D̃j}C . (3.5)

When evaluating the inner products, a well motivated approximation consists in replacing the inverse of
the full covariance matrix C−1 with the combination (M+N)−1. In fact, the neglected dipole contribution
to the inverse covariance gives corrections only at higher order in β.4 We therefore consider

M+NFβiβj
= {D̃i; D̃j}M+N . (3.6)

4 We have verified numerically that using the full C−1 in the inner product yields results fully consistent with those obtained
analytically and presented throughout this work.
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The quadratic estimator for the velocity is

βi = (CF−1)βiβj

CXj , CXj ≡ {D̃j ; ΦaΦ
†
b −Nab −Mab}C . (3.7)

The estimator is unbiased since

⟨CXj⟩ = {D̃j ; ⟨SaS
†
b ⟩ −Mab}C = βi{D̃j ; D̃i}C = CFβjβiβ

i , (3.8)

where the signal Sa is defined in eq. (2.7). The minimum variance is achieved when the full covariance C
is used in the inner products defining the estimator. In that case one finds, after some algebra,

⟨V iV j⟩ = CF−1
βiβj

, (3.9)

as expected. The squared error on each velocity component is therefore given by the corresponding
diagonal element of the inverse Fisher matrix.
However, this procedure cannot be applied directly in the static LISA case. Indeed one finds

F st.βiβj
∝
∑
OO′

Di
OO′D

j
O′O =

∑
O=A,E

2Di
OTD

j
TO = 3(R3(f))

2
(
δij − eize

j
z

)
, (3.10)

so that the Fisher matrix is not invertible. Its general structure is

F st.
βiβj

=
(
δij − eize

j
z

)
T

∫ ∞

0

df FD(f) , (3.11)

where the spectral density of Fisher information is

FD(f) = 3

[
R3(f)(1− nI)Ī(f)

]2
(RA(f)Ī(f) +NA(f))(RT (f)Ī(f) +NT (f))

≃ 3
(R3(f)(1− nI))

2Ī(f)

RA(f)NT (f)
, (3.12)

where in the last step we assumed that the noise dominates the signal in the T channel but not in the
A channel. To restore the dependence on the observing time and the cadence of the observations, taking
into account the discrete set of frequencies, one should use the correspondence described for example in

Eq. (106) of [54], that is 2T
∫ fmax

0
df ↔∑Tfmax

n=−Tfmax
with fn = n/T .

In Fig. 3 we show the function FD(f) for a vanilla inflationary spectrum. The function peaks around
f ∼ 10−2 Hz for sufficiently large signal amplitude. This behaviour can be understood from Fig. 1: the
ratio of the dipole response function R3 to the noise contribution is maximal near this frequency.

10−3 10−2 10−1

f [Hz]

10−6

10−4

10−2

100

F D
(f

)

Ω∗ = 10−6

Ω∗ = 10−8

Ω∗ = 10−10

FIG. 3. The function FD(f) defined in Eq. (3.12) for several amplitude of the scale-free h2ΩGW spectra (solid
lines). The dashed lines correspond to the approximation in the last equality of Eq. (3.12), where FD becomes
proportional to the intensity.

Physically, the singularity of the Fisher matrix in the static LISA case reflects the fact that the detector
cannot constrain a dipole oriented normal to its plane. The sensitivity to a dipole arises from the
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propagation time delay of gravitational waves between the interferometer arms, which vanishes when the
propagation direction is orthogonal to the LISA plane.
Fortunately, the orientation of LISA is not fixed. Taking into account its orbital motion, which induces

a slow evolution of RLISA
ij (τn), allows all dipole directions to be constrained. This is discussed in detail

in the next section.

C. LISA in motion

We now restore the time dependence of the orientation of LISA by taking into account the rotation
matrix RLISA

ij (τn). Since the data from different time intervals τn are uncorrelated, the trace over this
index in the inner products reduces to a sum over τn. Compared to the static-LISA case, this effectively
amounts to averaging over the different orientations of LISA. The Fisher matrix then becomes

Fβiβj
≃ ⟨δij −NLISA

i (τn)N
LISA
j (τn)⟩τn T

∫ ∞

0

df FD(f) , (3.13)

where the normal to the LISA plane in ecliptic cooredinates evolves according to

NLISA
i (τn) = RLISA

ij (τn)e
j
z . (3.14)

Using the identity

⟨N i
LISAN

j
LISA⟩τn =

3

8
δij − 1

8
eize

j
z , (3.15)

which holds exactly when the mission duration is an integer number of years, we obtain

Fβiβj =

(
5

8
δij +

1

8
eize

j
z

)
T

∫ ∞

0

df FD(f) . (3.16)

This matrix is now invertible, with inverse

(F−1)βiβj
=

(
8

5
δij − 4

15
eize

j
z

)(
T

∫ ∞

0

df FD(f)

)−1

. (3.17)

The resulting estimator for the dipole velocity is therefore

V i = (F−1)βiβj
Xj , Xj ≡

∑
τn

RLISA
jk (τn){Dk;SaS

†
b}C . (3.18)

Finally, the variance of the velocity amplitude estimator follows from

σ2
β = Tr

(
(F−1)βiβj

)
=

68

15

[
T

∫ +∞

0

df FD(f)

]−1

. (3.19)

The Fisher-information spectral density FD(f), together with its large-noise approximation, is given in
Eq. (3.12).
If the dipole orientation is assumed to be known, the Fisher matrix can be restricted to that direction.

Denoting by β̂i the unit vector along the dipole direction, the relevant Fisher information is

F fixed = Fβiβj
β̂iβ̂j . (3.20)

The corresponding variance of the velocity estimator becomes

σ2
β

∣∣
fixed direction

=
1

F fixed
= σ2

β × 6

17

(
1 +

1

5
cos2 θdip

)−1

, (3.21)

where θdip denotes the angle between the dipole direction and the normal to the ecliptic plane. As
expected, this variance is smaller than the one obtained when the dipole direction is left completely free,
corresponding to an improvement by a factor of order ∼ 0.3.
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FIG. 4. Error on the modulus of the peculiar velocity (assuming/not assuming the direction fixed) as function of
the amplitude Ω∗ for a flat spectrum and as a function of the width ∆ for a log-normal spectrum with area equal
to A = 10−8 and peaked at fp = 10mHz. We consider both the case in which we assume the velocity direction to
be known and the case in which we let it vary. We checked that the two curves overlap once rescaled by the factor
in Eq. (3.21). On plain lines we use the fiducial LISA model, while with dotted dashed we show the same curves
obtained assuming the futuristic LISA noise model. With a blacked dotted line we plot the velocity estimated
from CMB experiments β = 1.23 · 10−3.
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FIG. 5. Left: Corner plot for the components of the peculiar velocity in Galactic coordinates, assuming a flat
spectrum with Ω∗ = 10−6. Right: Same plot for a primordial signal with log-normal template (given in Eq.
(3.22)) with parameters fp = 10mHz, ∆ = 10−2 and A = 10−8.

In Fig. 4 we show the variance of the reconstructed velocity as a function of the background amplitude
for two examples: a scale-free primordial spectrum with amplitude Ω⋆ and a log-normal spectrum with
GW density

h2ΩGW =
A√
2π∆2

exp

[
− ln2(f/fp)

2∆2

]
. (3.22)

We assume a dipole amplitude equal to that measured in the CMB, β/c = 1.23× 10−3.

For a flat spectrum, and assuming that the direction of the motion is known and fixed to the value
measured by CMB experiments, we find that detectability can be achieved for Ω∗ ≳ 5×10−8 with fiducial
LISA, and for Ω∗ ≳ 5× 10−10 with the futuristic instrument. These results for the fiducial LISA are in
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FIG. 6. Directional reconstruction of the peculiar-velocity unit vector β̂ in Galactic coordinates for different
benchmark primordial signals detailed below. The colour scale shows the directional probability density (per unit
solid angle) on the sky obtained by propagating the Gaussian Fisher covariance of the Cartesian components
(βx, βy, βz) to angular space, while the white contours indicate the 68% (1σ) and 95% (2σ) credible regions. The
red marker denotes the CMB fiducial direction used in the Fisher evaluation. In all plots we use the fiducial
LISA noise model. Top left: Flat spectrum with Ω∗ = 10−6, corresponding to the left corner plot in Fig. 5.
Top right: Log-normal spectrum with same parameters as the right corner plot in Fig. 5, i.e. (fp,∆,A) =
(10mHz, 10−2, 10−8). Bottom left: Log-normal spectrum with parameters (fp,∆,A) = (10mHz, 5× 10−2, 10−6)
(same amplitude as in the top-left panel, but with a narrower spectrum). Bottom right: Log-normal spectrum
with parameters (fp,∆,A) = (10mHz, 10−2, 10−7) (same width as in the top-right panel, but with a higher
amplitude).

full agreement with the simulations of [51].5

They are also consistent with Fig. 10 of [38], although we note an apparent inconsistency with the
detection threshold quoted in the abstract of that work. Finally, an argument similar to the one presented
after Eq. (2.49), now applied to (3.12), leads to conclude that the SNR in the dipole of the GW background
must be smaller than ≃ 6000 even with a large signal (or equivalently a very small noise). Therefore we
cannot hope to detect a dipole velocity smaller than ≃ 1.6× 10−4. We find indeed in Fig. 4 (left panel)
that there is a lower bound on σβ with this order of magnitude. As long as the spectrum is featureless,
the only way to improve this bound is by increasing the LISA operating time T . In contrast, a narrow
spectrum can evade this lower limit (see the right panel of Fig. 4) owing to the contribution of the spectral
index in the numerator of Eq. (3.12).
In Fig. 5 we present the Fisher constraints on the Cartesian velocity components (βx, βy, βz) in the

galactic frame for two different signal models.6 In Fig. 6, we show the directional reconstruction of
the peculiar-velocity unit vector in Galactic coordinates. The figure makes it visually clear that the
reconstruction improves as the spectrum becomes narrower. In particular, the top-left panel shows the
reconstruction for a flat spectrum with Ω∗ = 10−6, while the bottom-left panel displays the corresponding
case for a log-normal spectrum with area A = 10−6 and width ∆ = 5×10−2. Along similar lines, the top-

5 In particular, fixing H0 ≃ 67 km s−1 Mpc−1, we also recover the threshold ΩGW ≳ 5 × 10−8 quoted in that work by
adopting what the authors label as the best-estimate noise (namely, a more optimistic noise level than [64–66]). This
corresponds to lowering the OMS parameter P in Eq. (2.34) from 15 to 6.35, following [71].

6 Notice that our results are in agreement with the requirement that the spectral index should not be larger than β−1,
which is necessary for the analysis to be consistent at leading order in β [33].
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right panel corresponds to a log-normal spectrum withA = 10−8 and ∆ = 10−2, whereas the bottom-right
panel shows a log-normal spectrum with the same width, ∆ = 10−2, but a larger amplitude, A = 10−7.

IV. KINEMATIC DIPOLE AS DEGENERACY BREAKER

A. Heuristic argument

As already mentioned, the detection of extragalactic stochastic background components with LISA
presents two major challenges. First, in the LISA frequency band one expects a strong galactic foreground
that may obscure signals of cosmological interest [72–75]. Second, uncertainties in the modelling of
instrumental noise further complicate the analysis (see e.g. [42, 43, 76–78]). These effects can lead to
significant degeneracies between primordial, galactic, and noise contributions.
Motivated by this, we explore the following idea: since cosmological and extragalactic signals exhibit

a kinematic modulation, this feature can be used to break degeneracies with galactic foregrounds and
instrumental noise, which are not expected to share the same anisotropic signature.
To illustrate this mechanism, we consider a simplified setup. We assume the presence of two com-

ponents: a primordial (or extragalactic) signal exhibiting a kinematic dipole, and a galactic foreground
component with no such modulation. For the purpose of this argument, we further assume that the galac-
tic signal has the same spectral shape as the primordial one, thereby maximising the degeneracy at the
level of the monopole. As we will show, the dipole provides a handle to disentangle the two contributions.
Within this setup, we adopt the following simplified notation for the total covariance in Eq. (2.15):

C = M +D +N = Mp +Mg +D +N , (4.1)

where all channel indices and frequency dependences are left implicit, and Mp and Mg denote the
monopole contributions of the primordial and galactic components, respectively. For simplicity, all quan-
tities are understood to be expressed in Fourier space. We further assume that the only parameters to be
constrained are the overall amplitude of the primordial component, Ω∗, and the amplitude of the galactic
foreground, Ωfg. As in the previous section, we approximate C with M + N in the matrix defining the
Fisher inner products. It can be shown that if A = iA with A antisymmetric, and if B is real symmetric
(so that both matrices remain Hermitian), then {A;B}C = 0 for any positive-definite symmetric C. This
will allow us to simplify the following treatment since it implies schematically

{∂M ; ∂D}M+N = 0. (4.2)

In order to alleviate the notation, we will omit subscripts in the inner products and define

s̄ ≡ ∂Mp

∂ log Ω∗
; d ≡ ∂D

∂ log Ω∗
; g ≡ ∂Mg

∂ log Ωfg
; s ≡ s̄+ d. (4.3)

The 2× 2 Fisher matrix can be written as

FΩΩ = {s; s} = {s̄; s̄}+ {d; d}, Fgg = {g; g}, FΩg = {s; g} = {s̄; g}. (4.4)

In this simplified parameter space, the marginalized information on Ω∗ sometimes referred to as the Schur
complement is (in absence of priors)

Fmarg
ΩΩ ≡ 1

σ2
log Ω∗

=
1

(F−1)ΩΩ
= FΩΩ(1− ρ2) , where ρ ≡ FΩg√

FΩΩFgg

. (4.5)

If the two monopole components are proportional, i.e. Mg = κMp, where κ is a constant, then in the
absence of the kinematic dipole we have Fgg = κ2FΩΩ and FgΩ = κFΩΩ. It follows that ρ = 1 and Fmarg

ΩΩ =
0, corresponding to a perfect degeneracy. Realistically, observational and astrophysical constraints can
be used to reduce the allowed parameter space of the foreground component, which amounts to adding
a prior to the Fisher matrix. Introducing a Gaussian prior on the foreground amplitude, with associated
precision σ−2

p , shifts the Fgg Fisher element according to Fgg → Fgg + σ−2
p . Then the marginalised

variance will be finite and tend to the prior.
When the dipole is included in the analysis, it also acts as a degeneracy breaker, preventing the

marginalised Fisher information from vanishing even in the absence of (or in the presence of weak) priors.
To illustrate this, it is convenient to decompose the primordial contributions using a projector on the
foreground component g:

x = (1−Πg)x+Πgx ≡ x⊥ + x|| , with Πg x ≡ {g;x}
{g, g} g . (4.6)
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Through simple manipulations one can write in general

Fmarg
ΩΩ ≡ 1

σ2
log Ω∗

= {s⊥; s⊥}+
1

1 + {g; g}σ2
p

{s||; s||} = {s; s}(1− ρ2) , (4.7)

where

ρ2 ≡ {s||; s||}
{s; s}

{g; g}
σ−2
p + {g; g} , (4.8)

from which a clear geometrical interpretation emerges. Several limiting cases are particularly instructive
which we will illustrate in the following.
If the two monopole components are proportional and the dipole is absent, so that s = s̄ = s||, (perfect

degeneracy). In this case, the marginalised Fisher information is entirely controlled by the priors:

Fmarg
ΩΩ =

1

1 + Fggσ2
p

FΩΩ ≃ FΩΩ

σ2
pFgg

= (κσp)
−2, (4.9)

where in the second-to-last step we expanded for small σ−2
p , corresponding to wide priors. If no priors are

imposed, σ−2
p = 0, and the primordial component has a kinematic dipole whereas the galactic component

does not, so that d = d⊥, while the monopole sector remains perfectly degenerate, s̄ = s̄||, then

Fmarg
ΩΩ = {d; d} . (4.10)

If priors are included and the extragalactic/primordial component has a dipole whereas the galactic one
does not, so that d = d⊥, while the monopole sector is still perfectly degenerate, s̄ = s̄|| = s||, then

Fmarg
ΩΩ = {d; d}+ 1

1 + Fggσ
−2
p

{s̄; s̄} . (4.11)

Note that in this case FΩΩ ≡ {s; s} ̸= {s̄; s̄}. In general, it is the component of the dipole orthogonal
to the foreground space that breaks the degeneracy, increases the marginalised Fisher information, and
therefore improves parameter reconstruction. The same applies to non-standard noise templates: if a
noise feature mimics a signal, the same degeneracy issue arises. Including a dipole component helps
breaking these degeneracies in the same way as illustrated above. In the next section, we will explicitly
demonstrate this with concrete examples.

B. Fisher forecasts

We now place our idea on a more solid footing. We assume that our goal is to simultaneously constrain
the parameters of the galactic and extragalactic background components, and we demonstrate how the
inclusion of a dipole term helps to improve constraints on the model parameters. We keep the dipole
velocity fixed, assuming it to be the value measured by CMB experiments. Fisher-matrix elements for all
sub-blocks are derived and presented in Appendix C. The only non-trivial contribution comes from the
terms involving the dipole. These always appear in a coupled form, thanks to the property discussed in
Eq. (4.2). Denoting by µ and ν two generic parameters, we find, recalling the definition in Eq. (2.27),

Fµν ⊃ {∂µD, ∂νD} ∝

 ∑
O=A,E

⟨Di
OTD

j
TOR

LISA
mi (τn)R

LISA
nj (τn)⟩τn

 ∂µ[β
m(1− nI)Ī]∂ν [β

n(1− nI)Ī]

(4.12)

= 3(R3(f))
2

(
5

8
δmn +

1

8
emz enz

)
∂µ[β

m(1− nI)Ī]∂ν [β
n(1− nI)Ī], (4.13)

where, as before, ⟨...⟩τn denotes the average over time segments, and in going from the first to the second
line we have used Eqs. (3.10), (3.14), and (3.15). If µ and ν are components of the peculiar velocity β,
we recover the result of the previous section, Eq. (3.16). If instead they are signal parameters, the above
expression reduces to

Fµν ⊃ 3(R3(f))
2

8
(5β2 + β2

z )∂µ[(1− nI)Ī]∂ν [(1− nI)Ī], (4.14)
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FIG. 7. Overlapping signals. Left: Solid lines denote the primordial monopole component of a signal with peak
amplitude Ω∗ = 10−7, superimposed on a galactic foreground-like component with the same shape and amplitude
Ωfg = 2 × 10−7, and shown together with the sensitivity corresponding to the fiducial LISA noise in Eq. (2.50).
Dashed lines denote the same primordial and foreground components, both reduced by two orders of magnitude,
along with the sensitivity estimates for the futuristic LISA configuration described in the main text. Right: Corner
plot for the primordial and foreground signals (with and without kinematic dipole) for a realistic foreground level
and in the futuristic LISA scenario (dashed line curves on the left panel). The error estimates is equivalent to
the solid lines scenario of the left panel except for the different (rescaled) fiducial values.

where we recall that βz is the z component of the peculiar velocity in the ecliptic frame.
We consider benchmark cases in which the primordial signal and the galactic foreground components

have similar spectral shapes, both being described by a power law

h2ΩGW = Ωi

(
f

f∗

)ni

, (4.15)

with the same sharp cutoff, and with parameters labeled as {Ω∗, nt} and {Ωfg, nt,fg} respectively. We
also take f∗ = 0.01Hz fixed for simplicity. We assign a prior σp = 2 to the logarithm of the foreground
amplitude and a prior σp = 1.5 to the foreground spectral index. As discussed previously, priors break
cases of perfect degeneracy even before the dipole contribution is included. Two benchmark signals of
this type are shown in Fig. 7 (right). In both cases, the spectral indices of the two components are
identical nt = nt,fg = 2/3. In solid lines, we choose amplitudes {Ω∗,Ωfg} = {10−7, 2 × 10−7} and
assume the fiducial LISA noise model. This situation corresponds to an unrealistically large foreground
covering a primordial signal. Nevertheless, it is instructive to consider this case in view of a possible
mission following LISA, since the parameter-estimation results are unchanged if all components (signal,
foreground and the instrumental noise) are rescaled by the same factor. We consider the futuristic
LISA scenario (the two noise parameter P and A reduced by a factor 10, keeping the mission time of
the nominal LISA experiment).7 This situation is depicted with a dashed lines in Fig. 7, where we
consider the same primordial signal and foreground shapes, but a more realistic foreground amplitude,
i.e. {Ω∗,Ωfg} = {10−9, 2×10−9}. The corresponding uncertainties, shown in the right panel of Fig. 7, are
identical to those obtained for the solid-line configuration (primordial signal, foreground, and noise) shown
in the left panel of Fig. 7. In this case, the inclusion of the dipole constraint clearly helps breaking the
degeneracy in parameter space. Since the dipole depends only on the spectral index of the cosmological
background, including it improves the reconstruction of the shape of the subdominant cosmological
signal, which in turn breaks the degeneracy between the two spectral indices and significantly improves
the determination of the foreground slope. This benchmark case can be viewed as a representative point
in the two-dimensional parameter scans that we now describe. In Fig. 8 on the left panel, we present the

7 Obtaining such a noise reduction is quite unrealistic for the LISA nominal mission: a more realistic picture would give a
noise reduction of a factor ∼ 20− 30, hence one would have to increase the mission time of a factor ∼ 4 to get the same
picture as the one described here.
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marginalised variance of the primordial amplitude as a function of its fiducial value, with and without
including the dipole in the analysis, for two different values of the foreground amplitude and where the
fiducial spectral indexes are taken to be identical nt = nt, fg = 2/3. We assume the fiducial LISA noise
model on the left panel and the futuristic LISA on the right.
We observe two main features once the dipole is included. First, the dipole improves the recon-

struction when the fiducial primordial signal is smaller than, or up to roughly one order of magnitude
larger than, the foreground amplitude. As expected, at sufficiently large primordial amplitude Ω∗, the
diagonals/monopole contribution to the Fisher are signal dominated, the Fisher information on log Ω∗
becomes large, and the amplitude is already well reconstructed from monopole terms alone. Then the
“with dipole” and “no dipole” error curves merge. Second, focusing on the region where Ω∗ ≤ Ωfg, the
relative improvement depends on the ratio between the foreground amplitude and the noise level. As
expected, for fixed noise, the dipole provides a larger improvement when the foreground is stronger, since
in that case the monopole reconstruction is more severely degraded.
The situation is therefore qualitatively identical in the futuristic LISA scenario shown in the right panel

of Fig. 8, with foreground levels lowered by two orders of magnitude relative to the left panel (recall that
the A and P noise parameters are lowered by a factor of 10 and they enter quadratically in the noise),
except that the horizontal axis is shifted to the right by a factor of 100.
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FIG. 8. Marginalised variance of the logarithmic amplitude of the primordial signal, in the presence of degeneracy
with a foreground component (see text), as a function of the fiducial primordial amplitude, shown with and without
the dipole contribution. The fiducial spectral indices of both the primordial and galactic components are fixed to
2/3. Vertical lines indicate the adopted fiducial foreground amplitudes, with colors matching the corresponding
marginalised-variance curves. Left: fiducial LISA noise, with Ωfg = 2×10−7 (red; as in Fig. (7)) and Ωfg = 2×10−8

(green). Right: futuristic noise setup, with Ωfg = 2 × 10−9 (red) and Ωfg = 2 × 10−10 (green). As explained in
the text, in the low-amplitude regime, Ω∗ < Ωfg, the separation between the curves with and without the dipole
depends only on the ratio of the noise amplitude to the foreground amplitude. Because this ratio is kept fixed
between the left and right panels, the ratio between the corresponding σlog Ω∗ curves is unchanged in the low-Ω∗
regime.

Let us now explain a bit more in detail the second observation just mentioned. At small primordial
amplitude Ω∗ < Ωfg one can neglect the primordial contribution to the the covariance entering in the
inner product definying the Fisher matrix:

COO′ ≃ δOO′BO ≡ δOO′ (Mg,O +NO) , (4.16)

where we restored the channel indexes O = {A,E, T}. For an overall amplitude parameter log Ω∗ (using
∂/∂ log Ω∗ ≡ ∂Ω), we have for the primordial monopole part ∂ΩMp,A ∝ RA Ω∗ while he additional
contributions, once the dipole is included in the analysis, enter only through OT off-diagonals with
O = {A,E}. Writing the dipole response schematically as DOT ∝ βR3Ī, we have ∂ΩDAT ∝ βR3Ω∗.
Thus, in this low signal regime, the monopole and dipole Fisher elements scales in the same way:

Fmono
ΩΩ ∝ (∂ΩMp,A)

2

B2
A

∝ Ω2
∗ , F dip

ΩΩ ∝ (∂ΩDAT )
2

BA BT
∝ Ω2

∗ , (4.17)

and their ratio is approximately independent of Ω∗. One can then write the ratio between the two
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FIG. 9. Marginalised variance of the logarithmic amplitude of the primordial signal, in the presence of degeneracy
with a foreground component (see text), as a function of its spectral index. The red and grey curves correspond
to wide priors (σp = 1.5) and very narrow priors (σp ≪ 1), respectively, on the foreground spectral index nt,fg,
whose fiducial value is set to 2/3. In both panels, the fiducial foreground amplitude is fixed to Ωfg = 3×10−7 and
the fiducial noise model is assumed. The fiducial primordial amplitude is set to Ω∗ = Ωfg/2 in the left panel and
to Ω∗ = 2Ωfg in the right panel. The plots would be identical for a realistic foreground amplitude, Ωfg ≃ 10−9,
and the futuristic noise configuration, in which the P and A parameters are both reduced by a factor of 10.

marginalised variances8 at small signal amplitude as

σ
(with dip)
log Ω∗

σ
(no dip)
log Ω∗

≃ 1√
1 + r

, with r ≡ F dip
ΩΩ

Fmono
ΩΩ

. (4.18)

For intuition, taking BA = BE , assuming that the T channel is noise dominated, and drop the (often sub-
dominant) T contribution in the monopole denominator BT ≃ NT , the scaling of r reduces schematically
to

r ∝ β2 R2
3

R2
A

(
BA

BT

)
≃ const× Mg,A +NA

NT
, (4.19)

where we remind that Mg,A denotes the foreground contribution in the A (or E) channel. If Mg,A ≫ NA,
r is controlled mainly by the foreground level. Thus the larger the foreground amplitude Ωfg the smallest
the ratio in Eq. (4.18) (and so the wider the separation between the two curves“with” and “without”
dipole). For small foreground values, Mg,A ≪ NA , r saturates to a value set mainly by the instrumental
noise ratio r ∝ NA/NT that cannot beat the overall suppression outside the parenthesis in Eq. (4.19).
To assess how similar in shape the two components must be for the dipole to break the degeneracy, in

Fig. 9 we show the effect of varying the fiducial value of the primordial spectral index. As expected, the
region of nt parameter space in which the inclusion of the dipole has a significant impact increases as the
priors on the foreground spectral index become wider.

C. Degeneracy with Noise

As we explained, GWB measurements with LISA are complicated by the fact that noise is correlated
among the three nested interferometers and, since the mission operates in a strong-signal regime, it is
not possible to estimate the noise using data “far from the event” [42]. This limited control over the
noise can lead to degeneracies between the signal and imperfectly modelled noise contributions. In this
section, we show that the kinematic dipole can help break such degeneracies, particularly in situations
where the noise template contains features that closely mimic the signal of interest. To illustrate this
mechanism, we consider a toy model in which we introduce an additive, signal-shaped noise component

8 As seen in the previous section, assuming sufficiently strong priors, σp → 0, the marginalised variances can be approxi-
mated simply by inverting the corresponding Fisher diagonal element.
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in the A/E/T auto-spectra, constructed to be (nearly) collinear with the monopole contribution of the
GWB signal. Writing the diagonal covariance as

COO(f) = RO(f) Ī(f) +NO(f) , (4.20)

with Ī(f) ∝ Ω(f)/f3 and O ∈ {A,E, T}, we modify the instrumental noise as

NO(f) → NO(f) + δnoise S
fid
O (f), (4.21)

where the fixed template is chosen to match the fiducial signal shape: Sfid
O (f) ≡ RO(f) Īfid(f)NO(f∗),

where the constant value NO(f∗) has been added for reference.
With the noise modification outlined above the derivatives entering in the Fisher matrix satisfy

∂COO/∂δnoise = Sfid
O (f), which are proportional to the derivatives with respect to the signal ampli-

tude parameter, hence producing an (almost) exact degeneracy in the monopole-only Fisher analysis. In
Fig. 10 we show the corner plot illustrating that the addition of a dipole significantly helps in constraining
signal and noise parameters.
Note that this modification is somehow ad hoc: not only the noise shape modification has to match

the signal including the response function but we note that the same modification is applied to all three
channels. Indeed, if the T channel was not modified then for signals peaking at higher frequency in
the LISA band (already at frequencies around 10mHz) the information coming from the signal in the T
channel would be sufficient to break the degeneracy between the overall primordial signal amplitude and
the extra δnoise parameter appearing in the modification of the noise in the A/E channels. In Fig. 10, we
show the benchmark signal and illustrate how the variance evolves as a function of the signal amplitude,
both with and without including the dipole in the analysis. For a fixed prior, the dipole ceases to improve
the signal reconstruction once the signal exceeds a threshold amplitude, which increases as the prior is
strengthened. In Fig. 10, we also present the corner plot for all the parameters entering the analysis.
Note that the noise parameters, A and P , are consistently well reconstructed, while the inclusion of the
dipole improves the reconstruction of the other parameters. Notice that these results do not depend on
the fiducial for the noise feature governed by δnoise as it enters linearly in the analysis, hence the Fisher
does not depend on its value.
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FIG. 10. Degenerate noise component. We consider a log-normal template for the signal, ΩGW =
Ω∗ exp

[
− 1

2
(ln(f/fp)/∆)2

]
, with parameters (fp,∆,Ω∗) = (10mHz, 0.1, 10−7), and a noise deformation with the

same functional form (see text), with fiducial values (fp,noise,∆noise) = (10mHz, 0.1). For the overall deformation
parameter, we take δnoise = 10−4 as fiducial and adopt a Gaussian prior with width σp = 10−2. Left: illustration
of the benchmark signal. Right: scan over the signal amplitude.

V. CONCLUSION AND OUTLOOK

In this work, we have developed an analytic framework to assess the capability of LISA to detect a
kinematic dipole. In contrast to previous studies, which rely on simulations or numerical integrations,
our approach provides full transparency into the underlying physics and can be straightforwardly gener-
alized to future space-based missions. Despite its analytic nature, our treatment is exact for observations
spanning an integer number of years. As a non-trivial validation, we recover existing results in the liter-
ature for the variance of the velocity amplitude—previously obtained through simulations or numerical
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FIG. 11. Full corner plot for the benchmark model shown in the left panel of Fig. 10, where all parameters
entering the analysis are displayed explicitly.

methods—[17, 51]. For a scale-invariant spectrum, and assuming that the direction of motion is known
and fixed to the value inferred from CMB measurements, we find that detectability can be achieved for
Ω∗ ≳ 5× 10−8 with fiducial LISA, and for Ω∗ ≳ 5× 10−10 for a futuristic instrument with noise parame-
ters reduced by an order of magnitude. Our results for fiducial LISA are in excellent agreement with the
simulations of [51]. We also show analytically that the inclusion of kinematic quadrupole anisotropies
does not lead to an improvement in the constraints on the kinematic parameters.
A major challenge for space-based missions targeting a primordial background is the presence of strong

astrophysical foregrounds. Furthermore, instrumental noise is expected to be less well characterized than
in ground-based experiments, potentially leading to degeneracies between noise features and the signal.
In this context, we have proposed the kinematic dipole as a robust degeneracy-breaking observable, since
only the cosmological signal is modulated by the observer’s motion.
We find that the dipole becomes particularly powerful in the presence of very large foregrounds, exceed-

ing standard astrophysical expectations. Owing to the scale-invariant nature of the problem, however, our
conclusions extend directly to future detectors with significantly improved sensitivity, even in scenarios
where foregrounds remain large but astrophysically motivated.
Our study provides a foundation for a systematic exploration of the science reach of post-LISA missions,

and highlights the kinematic dipole as a promising tool for disentangling cosmological signals from fore-
grounds and instrumental systematics. A more detailed investigation of these aspects will be presented
in future work.
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Appendix A: Response to a circularly polarized background

Let us introduce the helicity basis components

H±(f,n) = h+(f,n)± ih×(f,n) (A1)

If the GW background is partially circularly polarized, the statistics (2.2) becomes

⟨Hs(f,n)H
∗
s′(f

′,n′)⟩ = δss′ δ(f − f ′)
δ(2)(n− n′)

4π
Is(f,n) , (A2)

with I+(f,n) ̸= I−(f,n), and the indices s, s′ take the values ±1. The correlation spectral density (2.27)
is then replaced by

DXX′(f ; τn) =
∑
s=±1

βi RLISA
ij (τn)D

j,s
XX′(f) (1− ns

I(f)) Īs(f) . (A3)

We find that Di
XX′(f) = 1/2[Di,+

XX′(f) +Di,−
XX′(f)] and

Di,C
XX′(f) ≡ 1

2

[
Di,+

XX′(f)−Di,−
XX′(f)

]
= iR4(f)ℓ

o,⊥,i
XX′ (A4)

where for each pair X,X ′, we defined the unit vectors

ℓo,⊥,i
AB = ℓo,⊥,i

BC = ℓo,⊥,i
CA = −ℓo,⊥,i

BA = −ℓo,⊥,i
CB = −ℓo,⊥,i

AC = eiz . (A5)

The parity odd response (A4) is sensitive only to the component of the peculiar velocity orthogonal to
the LISA plane.9 In the case of a non-chiral foreground, these contributions therefore sum to zero. By
contrast, the contribution to the dipole response function computed in the main text, after summing over
polarizations and assuming a non-chiral background, is parity even and depends on the component of the
peculiar velocity lying in the LISA plane. The low frequency approximation of the functional dependence
is

R4(f) =

√
3

2

[
−1

5
+

253

3360
x2 − 187

15129
x4

]
+O(x6) . (A6)

In the A,E, T basis, using (2.45), the response function (A4) takes the form

(
D

i,(C)
OO′ (f)

)
= i

√
3R4(f)

 0 eiz 0
−eiz 0 0
0 0 0

 . (A7)

As before, the full time dependence is restored via the rotation matrix involved in (A3). In particular,
this is done by including the time dependence of the normal to the LISA plane: ez → NLISA(τn) =
RLISA(τn) · ez . Note also that after transforming to the AET basis, the parity-odd contributions to
the dipole response function survive only in the AE cross-correlation and cancel exactly in the other
off-diagonal terms. This is precisely the opposite of what happens for the parity-even components, which
cancel exactly in the AE correlator (for an equilateral triangle) and survive instead in the AT and ET
correlators; see Eq. (2.46).

9 This is in agreement with [19], where, under the assumption that the kinematic dipole response functions depend only
on the component orthogonal to the LISA plane, it was inferred from symmetry arguments at the level of the angular
integrand defining the response functions that they are parity odd.
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Appendix B: Description of LISA motion

In Ecliptic coordinates at linear order in the eccentricity, these are the coordinates of each spacecraft [61]

x = R cosα+
1

2
eR (cos(2α− β)− 3 cosβ) , (B1)

y = R sinα+
1

2
eR (sin(2α− β)− 3 sinβ) , (B2)

z = −
√
3eR cos(α− β) . (B3)

Here α = Ωt + κ is the orbital phase of the guiding center and β = 2πn/3 + λ where n = 0, 1, 2 is the
relative phase of the spacecraft within the constellation. The parameters κ and λ give the initial ecliptic
longitude and orientation of the constellation. The coordinates (B1) can be rewritten in a geometrically
more transparent form as x

y
z

 = Rz(α) ·

 R
0
0

+RLISA(t) ·Rz(β) ·

 −2eR
0
0

 (B4)

where

RLISA(t) ≡ Rz(α) ·Ry(−π/3) ·Rz(−α) . (B5)

The first contribution in (B4) is the position of the center of LISA constellation, whereas the second one
is the rotation RLISA(t) applied to the relative position of a satellite with respect to this center in the
LISA frame.

Appendix C: Fisher components

We provide here explicit expressions for the Fisher matrix (with LISA motion already accounted for) for
three case study. First, we aim to simultaneously constrain parameters of a galactic and of an extragalactic
components (either astrophysical or cosmological). Second, we want to constrain parameters of a noise
template and of a generic extragalactic signal. In these two cases we keep dipole velocity fixed, assuming
it to be the one measured by CMB experiments.
Latin lowercase letters denote derivatives with respect to parameters of an extragalactic background

while greek letters are parameters of galactic background/noise. The integral over the entire range of
frequency is understood in the rest of this section.

1. Constraining cosmological and galactic parameters

Let us assume we want to constrain parameters of an extragalactic background components. Then for
the signal-signal part of the Fisher we get (with upper case indices running over the diagonal channels
A,E and T )

Fpq = T
∑
O

∫ +∞

0

df

( RO(f)

MO +NO

)2

∂pĪ(f)∂q Ī(f) (C1)

+ T
∑
OO′

∫ +∞

0

df
1

(MO +NO)(MO′ +NO′)
Tijmnβ

iβmDj
OO′(f)D

n
O′O(f)∂p((1− nI)Ī)∂q((1− nI)Ī) ,

where

Tijmn = ⟨RLISA
ij (τ)RLISA

mn (τ)⟩τ . (C2)

Then we use the results of section III C and we can simplify the second line of (C1) using∑
OO′

Tijmn
Dj

OO′Dn
O′O

(NO +MO)(NO′ +MO′)
= 2

∑
O

Tijmn
Dj

OTD
n
TO

(NT +MT )(NO +MO)
= (C3)

=
3R2

3(f)

(NT +MT )(NA +MA)

[
δim − ⟨N i

LISAN
m
LISA⟩τ

]
=

3R2
3(f)

(NT +MT )(NA +MA)

[
5

8
δim +

1

8
eize

m
z

]
,
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where we used that NA = NE and MA = ME and going to the last equality we used (3.15). Then
Eq. (C1) simplifies to

Fpq =T
∑
O

∫ +∞

0

df

( RO(f)

MO +NO

)2

∂pĪ(f)∂q Ī(f)

+ T · 3
8

∫ +∞

0

df
R2

3(f)

(NT +MT )(NA +MA)

[
5β2 + β2

z

]
∂p((1− nI)Ī(f))∂q((1− nI)Ī(f)) . (C4)

We observe that the three velocity components in ecliptic coordinates do not enter in a symmetric way
the expressions, with the component normal to the ecliptic playing a special role. This was expected
since LISA does not have the same resolution in all directions. For the off-diagonal block we get

Fpα = T
∑
O

∫ +∞

0

df

( RO(f)

(M +MG)O +NO

)2

∂pĪ(f)∂αĪg(f) , (C5)

where we have denoted with MG monopole contribution from the galactic foreground and with Īg the
associated intensity. Finally, the galactic background block (equivalent of (C8)) writes

Fαβ = T
∑
O

∫ +∞

0

df

( RO(f)

(M +MG)O +NO

)2

∂αĪg(f)∂β Īg(f) . (C6)

2. Constraining noise and cosmological parameters

Let us focus on constraining extragalactic signal and noise parameters. The situation is very similar to
what presented in the previous section. The signal-signal block is given by (C4). The off-diagonal block

Fpα = T
∑
O

∫ +∞

0

df
1

(MO +NO)2
RO(f)∂pĪ(f)∂αNO(f) , (C7)

and finally the noise block

Fαβ = T
∑
O

∫ +∞

0

df
1

(MO +NO)2
∂αNO(f)∂βNO(f) . (C8)

Appendix D: Quadrupolar response function

In this Appendix we extend the discussion of Section II E to the kinematically-induced quadrupole.
In fact, at second order in the peculiar velocity, the Doppler boost in Eq. (2.4) induces a quadrupolar
modulation of the stochastic gravitational-wave background. As a consequence, the correlation function
in Eq. (2.15) receives an additional contribution of the form

QXX′(f ; τn) = βiβj RLISA
ik (τn)R

LISA
jl (τn)Q

kl
XX′(f) (1− nQ

I (f)) Ī(f) , (D1)

where Qkl
XX′(f) is the intrinsic quadrupolar response of the detector, and

nQ
I (f) = f Ī ′(f)− 1

2
f2Ī ′′(f) . (D2)

The response tensor is defined as

Qij
XX′(f) =

∫
d2n

4π

∑
λ=+,×

(
ninj − 1

3
δij
)

T o,λ
X (n, f)T o,λ⋆

X′ (n, f) , (D3)

and is symmetric and traceless by construction. In analogy with the dipole discussed in Section II E, the
structure of Eq. (D3) is constrained by symmetry. But the quadrupole transforms as a rank-2 tensor, and
therefore spans a two-dimensional space of symmetric trace-free tensors in the LISA plane. As a result,
the response cannot be described by a single function of frequency, but instead involves two independent
scalar functions, multiplying two independent tensor structures.
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A convenient description of kinematic quadrupole anisotropies is built in terms of tensors aligned with
the direction orthogonal to the LISA plane, controlling anisotropies within the plane of the detector. For
the autocorrelation channels, one finds

Qij
AA(f) = Q(0)

1 (f)

(
eize

j
z −

1

3
δij
)
+Q(2)

1 (f)
(
ℓo,iBCℓ

o,j
BC − ℓ̃o,iBC ℓ̃

o,j
BC

)
, (D4)

with analogous expressions for BB and CC obtained by cyclic permutations. Here eiz denotes the unit

vector orthogonal to the LISA plane, while ℓ̃BC is a unit vector orthogonal to ℓBC within the plane. The

second tensor multiplying Q(2)
1 in Eq. (D4) corresponds to a standard “plus” polarization pattern, which

can be expressed entirely in terms of the LISA arm directions as(
ℓo,iBCℓ

o,j
BC − ℓ̃o,iBC ℓ̃

o,j
BC

)
=

4

3

[
1

2
ℓiABℓ

j
AB +

1

2
ℓiACℓ

j
AC − ℓiABℓ

j
AC − ℓiACℓ

j
AB

]
, (D5)

making explicit that the full response can be written solely in terms of the interferometer geometry.
For the cross-correlations, the structure is analogous:

Qij
XY (f) = Q(0)

2 (f)

(
eize

j
z −

1

3
δij
)
+Q(2)

2 (f)
(
ℓo,iXY ℓ

o,j
XY − ℓ̃o,iXY ℓ̃

o,j
XY

)
. (D6)

Hence, the key difference with the dipole response is that both diagonal and off-diagonal components are
non-vanishing, reflecting the even-parity nature of the quadrupole.
The quadrupolar response is characterized by four functions of frequency – two for the autocorrelation,

two for the cross-correlations among channels (with x ≡ f/f⋆):

Q(0)
1 (f) =

3

35
− 13

420
x2 +

2921

665 280
x4 − 96 403

296 524 800
x6 +

128 633

8 717 829 120
x8 +O(x10) , (D7)

Q(0)
2 (f) = − 3

70
+

13

840
x2 − 2921

1 330 560
x4 +

96 403

593 049 600
x6 − 563 449

87 178 291 200
x8 +O(x10) , (D8)

Q(2)
1 (f) =

1

504
x2 − 661

1 330 560
x4 +

49 229

1 037 836 800
x6 − 271 639

108 972 864 000
x8 +O(x10) , (D9)

Q(2)
2 (f) =

1

504
x2 − 1123

1 330 560
x4 +

37 823

259 459 200
x6 − 3 073 463

217 945 728 000
x8 +O(x10) . (D10)

At low frequencies, the leading contribution arises from Q(0), while Q(2) is suppressed by additional
powers of x2. This behaviour reflects the reduced sensitivity of the detector to higher multipoles in the
long-wavelength limit, consistently with the dipole scaling discussed in Section II E.
Despite its richer geometrical structure, and its higher sensitivity to small-frequency signals, its physical

impact for the detection of anisotropies is strongly suppressed. In fact, since the quadrupole is quadratic
in the velocity, its contribution to the Fisher matrix scales as |β|2. Averaging over the velocity orientation,
the Fisher information becomes

F fixed
Q = |β|2T

∫ ∞

0

df FQ(f) , (D11)

with

FQ(f) ≡
16

45

2(Q(0)
A (1− nQ

I )Ī(f)

RAĪ(f) +NA(f)

)2

+

(
Q(0)

T (1− nQ
I )Ī(f)

RT Ī(f) +NT (f)

)2

+3

(
Q(2)

T (1− nQ
I )Ī(f)

RAĪ(f) +NA(f)

)2

+ 6
(Q(2)

A (1− nQ
I )Ī(f))

2

(RAĪ(f) +NA(f))(RT Ī(f) +NT (f))

 . (D12)

We find that in the noise-dominated regime, where the signal contribution can be neglected in the de-
nominators of the Fisher matrix components, the quantity β2FQ is typically an order of magnitude
smaller than FD. This might suggest that the dipole and quadrupole contribute on a comparable foot-
ing to the estimation of the dipole velocity (see also the multipole sensitivity curves in [17]). However,
constraining the dipole velocity requires a high signal-to-noise ratio (SNR) in the dipole of the GW back-

ground, typically
√
T
∫∞
0

df FD(f) ≃ 1/β ≃ 103 , and an even higher SNR when using the quadrupole,
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T
∫∞
0

df FQ(f) ≃ 1/β2 ≃ 106 . In this regime, the signal contribution in the denominators of the

Fisher spectral functions can no longer be neglected. As a result, one finds β2FQ ≪ FD, implying that
the quadrupole does not improve the velocity constraints. This explains why, despite its richer tensor
structure, the quadrupole does not enhance constraints on the dipole velocity. Furthermore, our results,
obtained using only the dipole, are consistent with the simulation-based analysis of [51], which includes
also the quadrupole.
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