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Thermal distribution functions can only be of the Fermi-Dirac or Bose-Einstein types, whereas
distorted spectra encompass any possible deviations from these shapes. It is fruitful to devise pa-
rameterizations of these distortions with only a few parameters which depend on the physical system
considered. A method proposed by Stebbins consists in describing a distorted spectrum as a sum of
thermalized spectra with a distribution of temperatures, the moments of which are the parameters
of interest. After revisiting and extending this approach by working at the level of the number
density distribution instead of the standard spectrum, we build another method which consists in
describing the distorted spectrum by a polynomial modulating a reference thermalized spectrum.
The distortion parameters are then the coefficients of a decomposition on a suitable orthonormal
polynomial basis. We advocate that the latter is computationally easier and allows to describe a
wide range of distortions. With this formalism, we efficiently describe the standard distortions of the
cosmological backgrounds of neutrinos and photons, and we obtain model-independent constraints
on nonstandard distortions of these cosmological relics.
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C. Number density log-temperature transform
(NLTT) 4
1. General formalism 4
2. Moments 5
3. Moment-generating function 5

III. Polynomial description 6
A. Orthonormal basis 6
B. Expansion on polynomial basis 6
C. Properties 7
D. Reference temperature 7

1. Number density choice 7
2. Energy density choice 7
3. Graybody choice 8
4. Graphical interpretation 8

IV. Idealized distorted spectra 8
A. Gray spectrum 8
B. Incorrect reference temperature 8
C. Toy model with two blackbodies 9

∗ Electronic address: gabriela.barenboim@uv.es
† Electronic address: julien.froustey@ific.uv.es
‡ Electronic address: cyril.pitrou@iap.fr
§ Electronic address: hector.sanchis@uv.es

D. y-type distortion 10
E. µ-type distortion 11

V. Distorted spectra in cosmology 12
A. Primordial neutrino spectrum 13

1. Standard neutrino decoupling scenario 13
2. Constraints on non-standard CνB

distortions 14
B. CMB distortions 18

1. Standard model distortion 18
2. Energy injection in the plasma 18

VI. Extension to massive case 20

VII. Conclusion 20

Acknowledgments 22

A. Determination of polynomial coefficients 22

B. Recursive construction of the orthonormal
polynomials 22

References 23

I. INTRODUCTION

In cosmology, characterizing the spectral properties of
fundamental radiation backgrounds is crucial for advanc-
ing our understanding of the Universe’s evolution and
composition. The cosmic microwave background (CMB)
is remarkably well described by a near-perfect blackbody
spectrum [1], but tiny distortions of the y and µ type are
expected in the standard cosmological model due to the
differential cooling of baryons [2–4]. Furthermore, dis-
sipation of acoustic waves would also induce distortions
whose detection would provide information on the power
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spectrum of fluctuations at small scales [5]. More gener-
ally, any additional energy injection or depletion in the
early Universe plasma would also give rise to additional y-
type and µ-type distortions, hence providing information
about physics prior to recombination [6, 7]. The cosmic
neutrino background (CνB) also exhibits percent-level
distortions [8–12] generated around their decoupling, and
emissions from astrophysical sources like interstellar dust
exhibit even more complex spectral features.

Equilibrium solutions of a particle species are related
to its fundamental statistical properties, and using the
grand canonical ensemble, it can be shown that it is ei-
ther of the Fermi-Dirac type or of the Bose-Einstein type.
This is also reflected by the structure of any collision
term in a Boltzmann equation. Indeed, if we consider
four species with respective isotropic distribution func-
tions fi(Ei) with i = 1, . . . , 4, then the collision term
describing reactions of the type 1+ 2 ↔ 3+ 4 is the sum
of forward and backward rates with factors taking into
account Pauli blocking or Bose enhancement. Detailed
balance of the forward and backward rates implies the
equilibrium condition

f1(E1)

[1∓ f1(E1)]

f2(E2)

[1∓ f2(E2)]
=

f3(E3)

[1∓ f3(E3)]

f4(E4)

[1∓ f4(E4)]
,

(1)
where throughout this article the upper sign is for
fermions and the lower sign is for bosons. With the
conservation of energy E1 + E2 = E3 + E4, we check
that any of the factors appearing must be of the type
exp[−(Ei − µi)/kBT ] with µ1 + µ2 = µ3 + µ4. Therefore
equilibrium distributions are necessarily of the type

f(E) = B
(
E − µ

kBT

)
, B(x) ≡ 1

ex ± 1
. (2)

Throughout this article, we call blackbody any such
spectrum with vanishing chemical potential, even for
fermions. Any deviation from the thermodynamic equi-
librium contains information about out-of-equilibrium
physics, the chemical potential being constrained by the
types of reactions which are possible.

Distortions can generically be described by a
frequency-dependent emissivity factor which multiplies
the blackbody spectrum. In general, if the emissivity
factor is constant across all frequencies, the spectrum is
gray [13] and of the form

fgray(E) = (1− g)B
(

E

kBT

)
, (3)

where g is the constant graybody parameter. However,
the frequency dependence is a priori general, hence the
vector space of distortions is infinite dimensional. One
would nonetheless like to capture the essential features
of the distortion with just a few numbers, especially if
the distortion is small as in the cases mentioned above.

A proposal [14] consists in describing a spectrum as a
sum of equilibrium spectra. In principle we could con-
sider a two-dimensional sum of f eq

T,µ(E) with a contin-

uous weight function p(T, µ). It is nonetheless simpler

to describe a distorted spectrum with p(T ) ≡ p(T, 0)
only. This temperature distribution is called the tem-
perature transform (TT) and the distortion of the spec-
trum is described by the moments of p(T ). In practice
one rather considers the distribution of q(lnT ) = Tp(T )
and its moments in the variable lnT to take advantage of
the fact that gravitational effects shift lnE by the same
amount [15]. A major drawback of this TT method is
that obtaining the temperature transform from a given
spectrum is not straightforward. It was initially proposed
in [14] to compute directly the TT moments from a spec-
trum, and after summarizing this method we provide in
Sec. II a different technique based on Fourier transforms,
which allows us to evaluate the temperature transform
itself directly, and then compute from it the various mo-
ments.

In Sec. III, we present an alternative description of
distortions using an expansion on polynomials, which are
orthonormal with respect to a scalar product based on
the blackbody number density. We gather details on the
construction of the polynomial basis in Appendices A
and B. We then compare in Sec. IV the TT and OPE
descriptions on idealized distortions, and in particular in
the case of y-type and µ-type distortions. This allows
to show that only a few coefficients of the orthonormal
polynomial expansion (OPE) are needed to accurately
describe most spectral distortions.

Finally, we apply our formalism to two examples in
the cosmological context in Sec. V. We decompose the
distortion of the cosmological neutrino background gen-
erated at the epoch of their decoupling and we obtain
constraints on the coefficients of the OPE from the cos-
mic microwave background (CMB) anisotropies and big
bang nucleosynthesis (BBN) data. We also decompose
the spectral distortions of the CMB monopole and con-
strain the coefficients from FIRAS data [1]. When con-
straining energy injection in the early universe, we also
show that the OPE provides a good description of the
redshift dependent Green transfer functions which de-
scribe the resulting CMBmonopole spectrum. In Sec. VI,
we discuss how to generalize the OPE method to the case
of massive particles. Finally, we summarize and conclude
in Sec. VII.

II. TEMPERATURE TRANSFORMS

We generally call “temperature transforms” the repre-
sentation of a given spectrum as a combination of ther-
mal spectra. The distribution in temperature space al-
lows one to compute a set of moments, which one can use
to describe the distorted spectrum. Specifically, keeping
only a limited number of moments allows one to use only
a finite number of parameters to describe the distortion.
There are however several choices of transforms that we
review in this section.
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A. Standard temperature transform (TT)

The simplest temperature transform consists in de-
scribing a given spectrum f(E) as the sum of blackbody
spectra. It is therefore defined as

f(E) =

∫ ∞

0

p(T )B
(

E

kBT

)
dT , (4)

and the moments of the TT are defined by

pn ≡
∫ ∞

0

p(T )Tn dT . (5)

The energy moments of the spectrum, denoted fn, are
directly related to the TT moments since we obtain

fn ≡
∫ ∞

0

Enf(E)dE = pn+1In , (6)

when using the blackbody moments (defined for n > 0
for bosons and n > −1 for fermions)

In ≡
∫ ∞

0

xnB(x)dx (7)

= Γ(n+ 1)

{
ζ(n+ 1) [bosons] ,

η(n+ 1) [fermions] ,

where Γ(n), ζ(n) and η(n) are respectively the gamma,
Riemann zeta, and Dirichlet eta functions, the latter two
being related by η(n+1) = ζ(n+1)(1− 2−n). Their an-
alytic expressions are related to the more general Fermi-
Dirac or Bose-Einstein integrals

Jn(ξ) ≡
1

Γ(n+ 1)

∫ ∞

0

xnB(x− ξ)dx = ∓Lin+1(∓eξ) ,

(8)
where Li is the polylogarithm function, via In ≡ Γ(n +
1)Jn(0). We recall that in (8), the upper (lower) sign is
for fermions (bosons).

Since we will consider cosmological applications in sec-
tion V, it is noteworthy to discuss the effect of redshifting
on the spectrum and its temperature transform. When
energies are redshifted as

E → Ez = E/(1 + z) , (9)

then f(E) → fz(E) = f(E(1+z)) hence p(T ) → pz(T ) =
(1 + z)p(T (1 + z)), and the moments transform as

fn → fn
(1 + z)n+1

, pn → pn
(1 + z)n

. (10)

B. Log-temperature transform (LTT)

We now review the log-temperature transform, intro-
duced in [14], which has simpler transformation proper-
ties under redshifting, and enables, as we will see later,
the use of Fourier transforms to simplify calculations.

1. Definitions and moments

The log-temperature transform is the convolution

f(E) =

∫ +∞

−∞
q(T )B

(
eE−T ) dT , (11)

where we use the log variables

E = ln(E/kBT0) , T = ln(T/T0) , (12)

for some arbitrary reference temperature T0. It is related
to the TT via Tp(T ) = q(T ).
The LTT states how to obtain a spectrum given a log-

temperature transform q(T ). However the inverse rela-
tion is not straightforward, especially because the set of
B
(
eE−T ) = B(Ee−T /kBT0) indexed by the variable T is

not a basis.
Let us define the moments of the LTT which charac-

terize the distortion by

qn ≡
∫ +∞

−∞
q(T )T ndT . (13)

First, the LTT might not be suitably normalized and we
are led to consider the graybody parameter g [13, 14]

(1− g) ≡ q0 =

∫ +∞

−∞
q(T )dT , (14)

such that q(T )/(1 − g) can be considered as a properly
normalized log-temperature distribution. The average
log-temperature is defined by

T =
q1
q0

=

∫ +∞

−∞

q(T )

1− g
T dT . (15)

It can subsequently be used as a reference temperature
to define the central moments un as

un ≡ ⟨(T − T )n⟩ =
∫ +∞

−∞

q(T )

1− g
(T − T )ndT , (16)

with u0 = 1 and u1 = 0 by construction.
When energies are redshifted as in (9), that is when

E → Ez = E − ln(1 + z), then

q(T ) → qz(T ) = q[T + ln(1 + z)] , (17)

and the overall shape of the LTT is preserved. This
means that all central moments and the graybody pa-
rameter are invariant under redshifting, as it only shifts
the average energy according to T → T − ln(1 + z).
With T̄ /T0 ≡ exp T , the moments of the LTT are re-

lated to the moments of the TT thanks to [14]

pn = T̄n (1− g)
∑

m

nmum

m!
= Tn

0

∑

m

nm qm
m!

. (18)
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The inverse relation reads

un = n!

∞∑

m=0

s(m,n)

m!

pT̄m
T̄m

, (19a)

qn = n!

∞∑

m=0

s(m,n)

m!

pT0
m

Tm
0

, (19b)

where the s(m,n) are Stirling numbers of the first kind,
and with moments centered around a given temperature
Tc defined by

pTc
n ≡ ⟨(T − Tc)

n⟩ =
n∑

m=0

(
n

m

)
(−Tc)

n−mpm . (20)

2. Spectrum reconstruction

The log-temperature transform can be reconstructed
from its moments qn or from its central moments un

(along with T and g) thanks to

q(T ) = (1− g)

∞∑

n=0

(−1)n

n!
un δ

(n)(T − T̄ ) , (21a)

=

∞∑

n=0

(−1)n

n!
qn δ

(n)(T ) . (21b)

With integration by parts, the initial spectrum is then
obtained from the moments via

f(E) = (1− g)

∞∑

n=0

un

n!

dn

dT n
B(βE)

∣∣∣∣
T =T

, (22a)

=

∞∑

n=0

qn
n!

dn

dT n
B(βE)

∣∣∣∣
T =0

. (22b)

We introduced, for brevity, the notation β ≡ 1/kBT . For
the arbitrary reference temperature T0, we will also use
β0 ≡ 1/kBT0 such that β depends on T as β = β0e

−T .
A practical description of a distorted spectrum consists
in keeping only a few multipoles up to nmax.

3. LTT moment extraction à la Stebbins

The temperature transform is a convolution since

F(E) ≡ f(E) =

∫ +∞

−∞
k(E − T )q(T )dT , (23)

with the kernel

k(z) ≡
(
ee

z ± 1
)−1

. (24)

The moments of the functions, defined by

Fn ≡
∫ +∞

−∞
F(E)EndE , (25a)

kn ≡
∫ +∞

−∞
k(z)zndz , (25b)

are related via

Fn =

n∑

p=0

(
n

p

)
kn−pqp . (26)

In practice, the qn (which are the moments of the log-
temperature distribution) should be obtained iteratively
via

qn =
Fn −∑n−1

p=0

(
n
p

)
kn−pqp

k0
(27)

once the moments Fn (which are directly moments of
the spectrum) are known. The T , g and un moments
(for n ≥ 2) are then obtained via

g = 1− q0 , T = q1/q0 , (28a)

(1− g)un =

n∑

m=0

(
n

m

)
(−T )n−mqm . (28b)

Unfortunately, the kernel k(z) does not vanish when
E → 0 (or E → −∞), such that the moments are not
well defined and the above procedure cannot always be
used in practice. It was proposed in [14] to use a reg-
ularization method, so as to get the moments directly
from the spectrum, without computing the temperature
transform. We will use this approach on an example in
Sec. IV and show its limitations. In the next subsection,
we improve on this method by using a slightly different
kernel, which has a proper behavior as E → 0.

C. Number density log-temperature transform
(NLTT)

Fundamentally, the problem encountered with the ker-
nel k(z) when E → 0 arises because the temperature
transform is defined from the distribution function f(E),
instead of the number density spectral function. We now
review how the log-temperature transform can be modi-
fied to be defined with the number density, and how this
approach avoids the problems associated with k(z).

1. General formalism

Let us consider the number density log-temperature
transform (NLTT) defined by

F̃(E) ≡ e2EF(E) = (β0E)
2
f(E)

=

∫ +∞

−∞
k̃(E − T )q̃(T )dT ,

(29)

where the new kernel and the modified temperature
transform are

k̃(z) = e2z
(
ee

z ± 1
)−1

, q̃(T ) ≡ e2T q(T ) . (30)
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We call it the number density log-temperature trans-
form because the number density distribution n(E) ful-
fills n(E) ∝ E2f(E) for massless or ultra-relativistic par-
ticles.1 For E → 0, E2f(E) goes to zero, or equivalently

limz→−∞ k̃(z) = 0 sufficiently fast so that the moments
of this new kernel are well defined.

We then work at the level of the Fourier transforms,
since a convolution becomes a product in Fourier space.
We need only to perform a division of functions to ob-
tain the Fourier transform of q̃ from that of F̃ . When
dividing the Fourier transforms, division by zero issues
appear, since the Fourier transform of the kernel tends
to vanish for z → ±∞. This numerical problem can be
avoided by regularizing the division, as is done in Wiener
deconvolution. If F (resp. K and Q) is the Fourier trans-

form of F̃ (resp. k̃ and q̃), one can write (for all points
where K ̸= 0) that Q = F/K = FK∗/|K|2. Then, to
regularize this expression in the cases where K = 0, one
introduces the (small) regularization parameter α and
the replacement

Q =
F

K
=

FK∗

|K|2 −→ FK∗

|K|2 + α
. (31)

The NLTT q̃(T ) can then be obtained by applying the
inverse Fourier transform on Q.

In principle, once we have the modified log-
temperature transform q̃(T ), we can simply use Eq. (30)
to calculate the original temperature transform q(T ). In
practice, we find that the exponential in the relation be-
tween them tends to amplify numerical errors, making
q(T ) unusable, so it is generally better to work with q̃(T ).

2. Moments

We can define moments of the NLTT as we did for the
LTT. The modified moments, central moments, average
temperature and grayness are simply defined as

q̃n ≡
∫ ∞

−∞
dT T nq̃(T ) , (32a)

T̃ ≡ q̃1/q̃0 , (32b)

ũn ≡
∫ +∞

−∞

q̃(T )

q̃0
(T − T̃ )ndT , (32c)

(1− g̃) ≡ e−2T̃ q̃0 , (32d)

with ũ0 = 1 and ũ1 = 0 by construction. These defini-
tions ensure that for a pure graybody spectrum, g̃ = g

and T̃ = T .

1 For massive particles, this can no longer be interpreted as a num-
ber density, but the method is in principle still applicable.

Under redshifting, the NLTT transforms as

q̃(T ) → q̃z(T ) = (1 + z)−2q̃[T + ln(1 + z)] (33)

hence all central moments ũn are invariant. The gray-
body parameter g̃ is also invariant thanks to the defi-
nition (32d). Therefore, under redshifting the transfor-

mation reduces to shifting the average energy as T̃ →
T̃ − ln(1 + z).
The relation between moments and central moments is

similar to (28b), that is

ũn =

n∑

m=0

(
n

m

)
(−T̃ )n−m q̃m

q̃0
. (34)

The reconstruction of the distribution in terms of the
central moments is finally similar to (22) and reads

f(E) = (1− g̃)e2T̃
∞∑

n=0

ũn

n!

dn

dT n

[
e−2T B(βE)

]
T =T̃

. (35)

The moments of q(T ) and q̃(T ) are related. Indeed,
from (30), and performing a Maclaurin expansion of the
exponential, we get

qn =

∞∑

k=0

(−2)k

k!
q̃n+k , q̃n =

∞∑

k=0

2k

k!
qn+k . (36)

3. Moment-generating function

The main advantage of the aforementioned method is
that it allows to calculate the temperature transform it-
self, from which we can subsequently extract the mo-
ments which describe the distortion.
However, even though we can calculate q̃(T ), getting

the moments directly from the definition (32a) turns out
to be numerically problematic, especially at higher or-
ders, where the integral gives a lot of weight to large
values of T , where q̃(T ) is small and can be dominated
by numerical noise. Instead, we find that it is better
to calculate the moments via the imaginary moment-
generating function, defined as

Mq̃(t) ≡
∫ +∞

−∞
eitT q̃(T )dT . (37)

The moments can be computed from the derivative of
this function according to

q̃n = i−n d
nMq̃

dtn
(t = 0) . (38)

Central moments are then obtained thanks to (34) and
the spectrum reconstruction is performed with (35).
The spectrum can also be reconstructed from the mo-

ments of q(T ) with (28) and (22), since they are related
to the moments of q̃(T ) via (36). However, in practice
we can only calculate a finite amount of moments, so us-
ing (36) requires a truncation. This alternative method
to compute the moments of the LTT for a given spectrum
is illustrated in section IV on idealized cases.
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III. POLYNOMIAL DESCRIPTION

A more direct description of a distorted spectrum con-
sists in expanding it onto a suitably normalized polyno-
mial basis, and keeping only a few coefficients.

A. Orthonormal basis

For reasons which become clear hereafter, we consider
a set of polynomials which are orthonormal for the Fermi-
Dirac or Bose-Einstein weights. The scalar product with
such weights is defined by

⟨f | g⟩ =
∫ ∞

0

w(x)f(x)g(x)dx , w(x) ≡ x2

ex ± 1
. (39)

These weights are not classical weights and the associated
orthonormal polynomials do not belong to a known class
of special functions, in particular we ignore both which
differential equation they might satisfy and the closed
form of their generating function.

We define Pi(x) =
∑i

p=0 Aipx
p which are orthonormal

with respect to this scalar product, that is, which satisfy

⟨Pi |Pj⟩ =
i∑

p=0

j∑

q=0

AipAjq⟨xp|xq⟩ = δij . (40)

Using a vector notation P = (P0, P1, P2, . . . )
T , X =

(x0, x1, x2, . . . )T , the notation A for the lower triangular
matrix whose components are Aip and the notation H
for the Hankel matrix whose components are expressed
with integrals (7) as

Hpq ≡ ⟨xp|xq⟩ = Ip+q+2 , (41)

this is rephrased as

P = A ·X , A ·H ·AT = I . (42)

The components Aip can be found by Gram-Schmidt or-
thogonalization, and we report their numerical values in
Appendix A. An alternative procedure consists in using
the recursion relation satisfied by the polynomials, as de-
tailed in Appendix B. The components of the inverse ma-
trix A−1, which is also lower triangular, can be obtained
by the forward substitution method, and from (42) they
also satisfy A−1 = H ·AT which implies in particular

(A−1)p0 = Hp0A00 = Ip+2A00 . (43)

The first polynomials are depicted in Fig. 1.
Let us introduce a reference temperature Tref , which

can in principle be freely chosen, and define

βref ≡
1

kBTref
. (44)

For any Tref , the Pi satisfy
∫ ∞

0

E2

eβrefE ± 1
Pi (βrefE)Pj (βrefE) dE = β−3

ref δij . (45)

We can interpret this as a Tref -dependent scalar prod-

uct, with respect to which the polynomials β
3/2
ref Pi(βrefE)

form an orthonormal basis.
Since the FD or BE weight functions (39) do not differ

much from the weights w(x) = x2 exp(−x), the polyno-
mials do not differ much from the normalized associated
Laguerre polynomials

Q(2)
n (x) ≡ (−1)n√

(n+ 1)(n+ 2)
L(2)
n (x) , (46)

which are associated with this weight, as can be seen on
Fig. 1.

0 2 4 6 8 10
-3

-2

-1

0

1

2

3

FIG. 1. Orthonormal polynomials with respect to the
weights (39) with plus sign for fermions (continuous lines) and
minus sign for bosons (dashed lines). The dotted lines are the
normalized Laguerre polynomials (46). The black lines are the
corresponding weight functions (rescaled for better visibility).

B. Expansion on polynomial basis

We then define the decomposition of the spectrum
f(E), with an associated number density distribution
n(E) and a reference temperature Tref , as

E2f(E) =
2π2(ℏc)3

gs
n(E)

=
E2

eβrefE ± 1

∞∑

i=0

ciPi (βrefE) ,

(47)

where gs is the number of spin degrees of freedom. The
prefactor in front of n(E) is chosen such that the number
density n is given below by Eq. (49). The coefficients ci
can be calculated by using property (45), which yields

ci = β3
ref

∫ ∞

0

E2f(E)Pi (βrefE) dE

=

i∑

p=0

Aipβ
3+p
ref fp+2 , (48)

where the energy moments are defined in (6), hence show-
ing that the OPE is equivalent to linear combinations



7

of the TT moments. Any truncation of the decompo-
sition (47) provides an approximation for the full spec-
trum.

C. Properties

The total number and energy densities associated with
a given spectrum are

n ≡
∫ ∞

0

n(E)dE , ρ ≡
∫ ∞

0

En(E)dE . (49)

Since any monomial En can be decomposed as a sum on
the Pi(βrefE) with 0 ≤ i ≤ n, and given the orthonor-
mality property (40), we obtain

n =
gs(kBTref)

3

2π2(ℏc)3
c0
A00

, (50a)

ρ =
gs(kBTref)

4

2π2(ℏc)3

[
c1
A11

+ c0
(−A10)

A11A00

]
, (50b)

where we used 1 = A−1
00 P0(x) and x = A−1

11 [P1(x) −
A10/A00P0(x)].

A key property of the decomposition (47), which stems
from the choice of the weight (39), is that the number
density is solely determined by c0, and only c0 and c1
contribute to the energy density (for a given reference
temperature). This is the key property that allows us to
describe distorted spectra with only a few coefficients, as
we show in the following. We can generalize this to any
energy moment, since (48) is recast as

fp+2 =

∫ ∞

0

Ep+2f(E)dE = (kBTref)
3+p

p∑

i=0

(A−1)pici .

(51)
When applied to a blackbody spectrum, this relation im-
plies the identity (43).

D. Reference temperature

As mentioned earlier, the reference temperature Tref

can be chosen freely, and there is no unique perfect
choice. Given a spectrum, one often needs to tune it
to whatever yields the best convergence. Sets of coef-
ficients with different reference temperatures Ta and Tb

are related via

ci|Tb
=

i∑

p=0

p∑

j=0

Aip

(
βb

βa

)3+p

(A−1)pj cj |Ta
, (52)

as is directly seen from (48) and (51), when using that
the energy moments fp do not depend on the reference
temperature chosen. In matrix notation this reads

C|Tb
= A · exp[−D ln(Tb/Ta)] ·A−1 · C|Ta

, (53)

where the diagonal matrix D has components Dpq =
(3+p)δpq. In addition, using (10) in (48), it is immediate
to see that under redshifting the ci transform exactly like
when Tref → Tref(1+z), that is the redshifted coefficients
are related to the initial ones via

Cz = A · exp[−D ln(1 + z)] ·A−1 ·C . (54)

Equivalently, the ci are invariant under redshifting pro-
vided the reference temperature is rescaled as Tref →
Tref/(1+ z) at the same time, as can be seen by combin-
ing (54) with (53).
In this subsection, we present three possibilities for the

choice of Tref . For a given number and energy density,
there is an infinity of parameters {c0, c1, Tref} that satisfy
Eqs. (50). The three possibilities we present in the follow-
ing consist in making a simple additional choice, which
then determines uniquely the values of {c0, c1, Tref} given
n and ρ. With any of these choices, redshifting leads to
the same set of ci but with a redshifted Tref .

1. Number density choice

We can decide that the reference temperature is the
one of the blackbody which has the same number density
as the full spectrum. By construction this corresponds
to c0 = 1/A00 such that

f(E) =
1

eβrefE ± 1

[
1 +

∞∑

i=1

ciPi(βrefE)

]
, (55)

Note that, for this choice, the zeroth order truncation of
the expansion is a blackbody spectrum. For any other
choice, the zeroth order truncation will be a rescaled
blackbody spectrum, i.e., a graybody spectrum.
In practice, from a known spectrum and its associ-

ated number density n, the reference temperature corre-
sponding to this “number density choice” is read from
Eq. (50a),

(kBTref)
3 =

2π2(ℏc)3

gs
A2

00 n . (56)

2. Energy density choice

We can also choose Tref as the temperature of the
blackbody which has the same energy density (“energy
density choice”). From (50b) applied with a blackbody
(c0 = 1/A00, c1 = 0), we see that this corresponds to

(kBTref)
4 =

2π2(ℏc)3

gs

A11A
2
00

(−A10)
ρ . (57)

Note that (−A10)/(A11A
2
00) is π4/15 for bosons and

(7/8)(π4/15) for fermions. Once this temperature is cho-
sen, from (50b) we see that the coefficients describing the
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spectrum must satisfy

c0 +
A00

(−A10)
c1 =

1

A00
. (58)

However we are not free to choose c0 since it is con-
strained by n given the choice of reference temperature,
thanks to (50a).

3. Graybody choice

Another simple choice of reference consists in imposing
c1 = 0. We see from Eq. (50) that in that case the ratio
ρ/n, which is the average energy per particle, does not
depend on c0. In other words, this choice consists in
picking a reference temperature such that the associated
blackbody has the same average energy per particle. This
gives the condition

kBTref =
A11

(−A10)

ρ

n
, (59)

and with (50a) this also fixes c0 to

c0 =
2π2(ℏc)3

gs

A00(−A10)
3

A3
11

n4

ρ3
. (60)

The expansion is then of the type

f(E) =
1

eβrefE ± 1

[
c0A00 +

∞∑

i=2

ciPi(βrefE)

]
. (61)

Note that with this choice, the condition c1 = 0 implies
that the zeroth order truncation is the unique graybody
(with g = 1 − c0A00) which has the same number and
energy densities as the full spectrum. In reference to
that specific zeroth order truncation spectrum, we refer
to this choice of reference temperature as the “graybody
choice”.

4. Graphical interpretation

It is convenient to illustrate these possible choices for
Tref in a number density/energy density plane, as in
Fig. 2. Indeed, there is a one-to-one correspondence be-
tween a pair (n, ρ) and a choice of (T, µ) in a thermal
spectrum (2). Choosing a reference temperature amounts
to choosing a method to project a point in the plane onto
the curve of blackbodies (defined by µ = 0). The num-
ber density and energy density reference temperature are
simply the two natural projections onto the blackbody
curve, namely the vertical (constant n) and horizontal
(constant ρ) projections. Furthermore, there is also a
unique graybody spectrum [identified with T, g as in (3)]
associated to a pair (n, ρ). Hence the graybody tempera-
ture is a direct identification using both mappings in the
plane. It also corresponds to the projection on the black-
body curve through the line which crosses the origin of
the plane as all graybodies at a given T but different g
have the same ratio ρ/n.

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.65 0.7
0.55

0.6

0.65

FIG. 2. Illustration of the determination of the various Tref

for a given thermalized spectrum (solid point) of fermions.
Solid lines correspond to lines of thermal spectra. When µ
is specified, T is varied along the line (black and gray lines),
and conversely when T is specified to the three Tref defined in
the text, µ is varied (colored lines). Dashed lines correspond
to the directions of projection, with a vertical projection for
constant number density, an horizontal projection for con-
stant energy density, or a line of fixed ratio ρ/n for constant
average energy per particle.

IV. IDEALIZED DISTORTED SPECTRA

Once a reference temperature Tref is chosen, a spec-
trum can be expressed as a sum of a blackbody at that
temperature and a distortion. That is for any spectrum
f(E) we define

E2f(E) = E2B(βrefE) + E2δf(E) . (62)

In this section, we consider idealized distortions and we
will compare the reconstructions from a finite number of
moments obtained as described in Sec. II B for the LTT
and Sec. II C for the NLTT, or with a finite number of
coefficients in the OPE method described in Sec. III B.

A. Gray spectrum

A gray spectrum at temperature T , given by (3), is di-
rectly and exactly described by g ̸= 0 in the LTT method,
with all un = 0 (n ≥ 2), or equivalently by g̃ = g and all
ũn = 0 (n ≥ 2). In the OPE, it is fully captured by the
value of c0 = (1− g)/A00 with all ci = 0 for i ≥ 1 if the
reference temperature is the one of the gray spectrum.

B. Incorrect reference temperature

In the LTT description of distortions, all the central
moments vanish for a pure blackbody at temperature
T and the spectrum is completely characterized by the

value of T = T̃ = ln(T/T0). However when using the
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FIG. 3. Left: Reconstruction of q̃(T ) for the spectrum (67) of either bosons or fermions, using α = 10−25 in the regulariza-
tion (31). The Dirac functions of the analytical result (68a) are marked by the vertical dashed lines. Right: Moments of the
logarithmic temperature transform of the spectrum (67), calculated for the bosonic case. Our method and Stebbins’ method
are very close the analytic result (70) at low n, but our implementation of Stebbins’ method breaks down around n ∼ 7 whereas
our method works for larger n.

OPE description, we must choose a reference tempera-
ture Tref , and if it differs from T when performing the
OPE, we might interpret the coefficients as the distor-
tion since

E2f(E) = E2B(βrefE) + E2 [B(βE)− B(βrefE)] . (63)

Since when using the correct reference temperature the
coefficients can only be c0 = 1/A00 and ci = 0 for i ≥ 1,
the coefficients with the incorrect reference temperature
can be deduced from (52), that is

ci|Tref
=

1

A00

i∑

p=0

Aip(A
−1)p0

(
T

Tref

)3+p

, (64)

which can be further simplified with (43). One can also
directly use (48), noting that for this particular distribu-
tion we have fp+2 = Ip+2/β

3+p, and then use Eq. (43). If
we restrict to terms linear in δT = T − Tref , this reduces
to

A00c0|Tref
≃ 1 + 3 δT/T , (65)

ci|Tref
≃

i∑

p=0

AipIp+2(3 + p)δT/T , (66)

where the value of A00 is given in (A1).

C. Toy model with two blackbodies

Let us consider a toy model spectrum made of a super-
position of two blackbodies with different temperatures,
defined by

f(E) = B
(

E

kBT0/2

)
+

1

24
B
(

E

2kBT0

)
, (67)

where T0 is an arbitrary temperature, which we also take
as the reference temperature for the temperature trans-
form [see Eq. (12)]. The advantage of this spectrum is
that the LTT (and NLTT) have analytic forms which are

q̃(T ) =
1

22
δ

(
T − ln

1

2

)
+

1

22
δ (T − ln 2) , (68a)

q(T ) = δ

(
T − ln

1

2

)
+

1

24
δ (T − ln 2) , (68b)

hence it can be used to test our procedure to numerically
reconstruct the logarithmic temperature transform.
Using the regularization parameter α = 10−25 in (31),

we calculate the NLTT q̃(T ). The left panel of Fig. 3
shows our result, both for bosons and fermions. The re-
construction recovers the expected analytical result rea-
sonably well, with the sharpness of the peaks controlled
by the smallness of α. We also check that we recover the
original spectrum using Eq. (29).
The moments of the temperature transform are also

known analytically and are

qn = (ln 2)n
[
(−1)n +

1

24

]
, q̃n =

(ln 2)n

2

[1 + (−1)n]

2
.

(69)
Using (28), we get the central moments

un =
16

17

(
2 ln 2

17

)n [
(−1)n + 16n−1

]
. (70)

In our method, we compute the un in the following way.
From q̃(T ), we calculate the moment-generating func-
tion (37) to obtain the moments q̃n via (38). We deduce
the LTT moments qn through (36), and finally obtain
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FIG. 4. Left: Reconstructions of the number density distribution of the spectrum (67) in the bosonic case using the LTT and
Eq. (22) (dotted lines), or the NLTT and Eq. (35) (dashed lines), truncated to various orders. The order 0 truncation is labeled

as g, T (resp. g̃, T̃ ) to highlight that it is the graybody spectrum with the corresponding grayness and temperature. Right:
OPE of the spectrum (67) in the bosonic case for various orders. The reference temperature corresponds to the graybody
choice (59). We see that the approximations quickly converge towards the true spectrum.

un from Eq. (28). On the right panel of Fig. 3, we plot
the central moments obtained with this procedure and
compare them with those obtained with Stebbins’ proce-
dure [14] and the analytic prediction (70). Both are very
close to the expected analytic results at low n. How-
ever, for larger n values our Fourier method still works
well whereas our numerical implementation of Stebbins’
procedure breaks down.2

The initial spectrum is in principle reconstructed from
its moments with (22), but this can only be approximate
when we truncate the infinite sum on moments, which we
illustrate in Fig. 4. When comparing the reconstruction
of the number density n(E), the NLTT performs better
than the LTT as seen on the left panel of Fig. 4. For com-
parison, we also decompose the spectrum using the OPE.
When choosing the graybody reference temperature, the
decomposition converges rapidly to the exact spectrum,
as illustrated in the right panel of Fig. 4. We find that
the OPE does not work well if we instead try to use the
number density choice, which shows the importance of
choosing a suitable Tref for each spectrum.

D. y-type distortion

The general shape of y-type distortions stems from the
Kompaneets equation [4, 16] evaluated in the single scat-

2 Stebbins’ procedure [14] is in principle exact, but we find that in
practice it runs into numerical difficulties that heavily amplify
numerical errors for large values of n.

tering approximation. It is given by

fy(E) = B(βE) + y

(
∂2

∂ lnE2
+ 3

∂

∂ lnE

)
B(βE) . (71)

By construction, if the reference temperature is the tem-
perature T = 1/kBβ of the previous spectrum, the coef-
ficients ci are proportional to y except c0 = 1/A00 which
does not depend on y since this distortion preserves the
number density. Evaluating (48) via integration by parts
and combining with (43), we obtain for i ≥ 1

ci = y ×
i∑

q=0

Aiq q (q + 3) Iq+2 . (72)

Numerically, we find for bosons

c1 ≃ 9.58458y , c2 ≃ 7.16155y ,

c3 ≃ 0.447752y , c4 ≃ −0.293001y , (73)

and for fermions

c1 ≃ 9.75912y , c2 ≃ 6.93075y ,

c3 ≃ −0.248779y , c4 ≃ 0.115988y . (74)

The smallness of ∂c3/∂y and ∂c4/∂y ensures that re-
stricting to cn with n ≤ 2 provides a very good approxi-
mation of the y-distortion.
On the other hand, the expected LTT moments can be

read by direct comparison of (71) with (22b) and we find
q0 = 1, q1 = −3y, and q2 = 2y which leads to g = 0 and

T̃ = ln(T/T0)− 3y ,

un = (n− 1)y(n− 9y)(3y)n−2 .
(75)
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FIG. 5. Left: Reconstructions of the number density distribution of a y distortion spectrum (i.e. the true spectrum minus
the undistorted blackbody spectrum) of bosons with y = 0.1, using the LTT and Eq. (22) (dotted lines), or the NLTT and

Eq. (35) (dashed lines), truncated to various orders. The order 0 truncation is labeled as g, T (and g̃, T̃ ) to highlight that
it is the graybody spectrum with the associated grayness and temperature. We see that both methods work well, but the
NLTT method converges faster. Right: OPE of the same bosonic y distortion for various truncation orders. The reference
temperature corresponds to the number density choice (56), which is especially natural for y distortions because they do not
alter the number density. We see that the approximations quickly converge towards the true spectrum.

We checked that the method based on the NLTT (sec-
tion IIC) recovers these values with exquisite precision.
Figure 5 shows the reconstruction of a bosonic y distor-
tion with y = 0.1 using the LTT, NLTT and OPE meth-
ods. For the LTT and NLTT methods, the reference
temperature T0 is the one of the undistorted spectrum,
and since the y distortion conserves the number density,
it corresponds to a “number density choice” Tref (56).
This same Tref is used for the OPE method, such that
c0 = 1/A00 and the n = 0 truncation of the distorted part
of the spectrum is exactly zero (see dash-dotted blue line
on the right panel). We see that, in this case, all three
methods work very well, although the LTT method con-
verges more slowly than the others.

E. µ-type distortion

A thermal spectrum with a chemical potential is not
strictly speaking a distorted spectrum. Nonetheless, we
can decompose its spectral shape in the form (62). A
µ-type spectrum is of the form

fµ(E) = B
(
E − µ

kBT

)
. (76)

It is customary to characterize it with its reduced chemi-
cal potential ξ ≡ µ/kBT , and natural to choose Tref = T .

From the definition of integrals (8), the energy mo-
ments, and thus the ci when using (48), have the simple

analytic form

βp+1
ref fµ,p = p!Jp(ξ) ,

ci =

i∑

q=0

Aiq(q + 2)!Jq+2(ξ) .
(77)

We must now distinguish the case of fermions and
bosons.
a. Fermions Using ∂ξLis(±eξ) = Lis−1(±eξ), and

−Lis(−1) = η(s) and the definition (8), we recover the
series expansion of Jq(ξ) for fermions which is

Jq(ξ) =

∞∑

k=0

η(q + 1− k)

k!
ξk . (78)

From (77) we then deduce the expansion of the coeffi-
cients

ci =

∞∑

n=0

(
i∑

q=0

Aiq
(q + 2)!

n!
η(q + 3− n)

)
ξn . (79)

We obtain a very good approximation for |ξ| < 0.2 for
fermions when including terms of order ξ3 in the previous
expansion. The numerical values of the first coefficients
in (79) are (with 1/A00 ≃ 1.34279)

c0 ≃ 1/A00 + 1.22501ξ + 0.51620ξ2 + 0.12412ξ3 ,

c1 ≃ 0.0968034ξ + 0.121527ξ2 + 0.0720994ξ3 ,

c2 ≃ −0.0628209ξ − 0.073359ξ2 − 0.038081ξ3 ,

c3 ≃ 0.0355277ξ + 0.0368396ξ2 + 0.014439ξ3 ,

c4 ≃ −0.0177428ξ − 0.0145829ξ2 − 0.00161364ξ3 .

(80)
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b. Bosons The distortion is only defined if ξ ≤ 0.
The analytic expression (77) is still correct but counter-
part of the expansion (78) is more involved (since Jq(ξ)
is not analytic anymore at ξ = 0) and reads3

Jq(ξ) =

∞∑

k=0
k ̸=q

ζ(q + 1− k)

k!
ξk +

ξq

q!
[Hq − ln(−ξ)] (81)

where Hq is the q-th harmonic number. When re-
placed (77) we obtain a good numerical approximation
for |ξ| < 0.2 with (using 1/A00 ≃ 1.55052)

c0 ≃ 1/A00 + 2.12178 ξ + 0.644945 ξ2[3/2− ln(−ξ)]

− 0.107491 ξ3 ,

c1 ≃ −0.617741 ξ

+ ξ2[1.82085− 0.996685(3/2− ln(−ξ))]

+ ξ3[0.166114 + 0.368982(11/6− ln(−ξ))] ,

c2 ≃ 0.577711 ξ

+ ξ2[−2.92885 + 1.28254(3/2− ln(−ξ))]

+ ξ3[0.645299− 0.975145(11/6− ln(−ξ))] ,

c3 ≃ −0.522797ξ + ξ2[4.01956− 1.53019(3/2− ln(−ξ))]

+ ξ3[−2.10719 + 1.78013(11/6− ln(−ξ))] ,

c4 ≃ 0.472838ξ + ξ2[−5.07069 + 1.7519(3/2− ln(−ξ))]

+ ξ3[4.22125− 2.76026(11/6− ln(−ξ))] .
(82)

In both cases c0 = 1/A00 for the undistorted spectrum
as expected, and ∂c0/∂ξ = 2I1/

√
I2. Knowing this, it

is possible to combine a µ-distortion with a tempera-
ture distortion such that at linear order the number den-
sity of the combined distortion vanishes [19]. Using (65)
with (A1), we need to choose δT/T = −(2/3)(I1/I2)ξ.
This is δT/T = −(2/9)ζ(2)/ζ(3)ξ ≃ −0.304096ξ for
fermions and δT/T = −(1/3)ζ(2)/ζ(3)ξ ≃ −0.456144ξ
for bosons.

We show in Fig. 6 that a fermionic spectrum with a
chemical potential can be well described by the OPE
method. However, we also see in the figure that the OPE
method does not converge very well for µ-distortions of
bosons. This is still an improvement over the tempera-
ture transform methods which all fail in that case. In-
deed, it was shown in Ref. [15] that the LTT method
does not work for µ-type distortions of bosons, and we
recover numerically that this is indeed the case for both
bosons and fermions, even when using the improved
NLTT method.

As it is easier to implement numerically, and since it
converges in more situations than the log-temperature
transforms, we advocate for a use of the OPE in a wide

3 See e.g. (9.5) in Ref. [17] or (9.554) in Ref. [18] using the rela-
tion between the polylogarithm and Lerch transcendent functions
Lis(z) = zΦ(z, s, 1).
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FIG. 6. Top: OPE of the distortion of a fermionic spectrum
with a chemical potential ξ = µ/kBT = −0.1 with respect
to a thermal spectrum with the same number density, but a
different temperature, in analogy to the “M(ν)” µ-distortions
from Ref. [6]. The reference temperature corresponds to the
number density choice. We see that the method works very
well in the fermionic case. Bottom: same, but for a bosonic
distortion with the same ξ. We see that the method converges
much more slowly than in the fermionic case.

range of situations where distorted fermionic or bosonic
spectra are involved. To illustrate how it can be used
in practice, we apply the OPE in several cosmological
contexts in the following section.

V. DISTORTED SPECTRA IN COSMOLOGY

We now proceed to apply the polynomial formalism
introduced in Sec. III to various situations where dis-
torted spectra arise in cosmology and astrophysics. In
general, the decoupling of any species, which is inher-
ently an out-of-equilibrium process, leaves some nonther-
mal distortions on the spectra of the decoupled species.
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FIG. 7. Left: polynomial decomposition of the distribution function of νe throughout the neutrino decoupling epoch, for a
reference temperature Tref = Tcm. The neutrino spectrum is taken from Ref. [11]. Right: flow of the ci coefficients describing
the frozen-out νe spectra (for kBTcm ≪ 1MeV) when changing the reference temperature. In the middle panel, we zoom in on
the various Tref choices discussed in Sec. IIID.

This happens for the cosmic neutrino background (CνB),
when the temperature of the Universe is kBT ∼ 1MeV,
and also for the cosmic microwave background (CMB),
for kBT ∼ 0.25 eV. More generally, nonstandard sce-
narios can lead to much larger distortions of these relic
backgrounds. The measurements of cosmological observ-
ables can then be used to constrain such nonstandard
scenarios. In this section, we show that the polynomial
method we introduced can describe the small, expected,
distortions in the standard decoupling scenario, but they
also provide a convenient framework to constrain non-
standard scenarios.

A. Primordial neutrino spectrum

1. Standard neutrino decoupling scenario

The standard cosmological model predicts the presence
of a background of nearly-thermal neutrinos known as
the cosmic neutrino background (CνB). Describing the
decoupling of neutrinos from the electromagnetic plasma
of photons, electrons and positrons for a temperature
kBT ∼ 1MeV requires solving the Boltzmann equations
for the neutrino distribution functions throughout the de-
coupling era [20]. Furthermore, if one wants a permille
prediction of the standard value of the effective num-
ber of relativistic species Neff , a number of phenomena
must be taken into account: flavor oscillations, QED cor-
rections to the plasma thermodynamics... Such precision
calculations have been developed in the last decades, see,
e.g. [8–12].

The nonthermal distortions resulting from the out-of-

equilibrium decoupling process are small (at the percent-
level), such that our polynomial description should be
extremely effective in describing the neutrino spectra.
We note that an expansion of the spectral distortions
on a set of orthonormal polynomials was previously used
to compute neutrino decoupling in [21–23], although the
weight function did not include the factor x2 compared
to Eq. (39). Similarly to the difference between the LTT
and the NLTT in Sec. II, we choose to work at the level
of the number density distributions. To illustrate the
adequacy of our OPE approach, we use the electron neu-
trino distributions from Ref. [11] and calculate the asso-
ciated polynomial coefficients via Eq. (48). We show in
the left panel of Fig. 7 the evolution of the first three
ci coefficients through the decoupling era. The x-axis
shows the “comoving temperature” Tcm, which is the
temperature neutrinos would have in the instantaneous
decoupling approximation. It scales inversely with the
scale factor Tcm ∝ a−1. The reference temperature is
also this comoving temperature, Tref = Tcm. Because
of this choice, after neutrino decoupling, when the only
change in the spectrum is due to redshifting, the coeffi-
cients do not change anymore, consistent with the dis-
cussion after Eq. (54). On the right panel, we show
how these coefficients describing the frozen-out spectrum
(kBTcm ≪ 1MeV) vary when using different reference
temperatures. To account for the fact that all physical
temperatures decrease with the expansion of the Uni-
verse, we consider the ratio of Tref with Tcm. Since the
distortions of the CνB are at the percent-level, the three
choices discussed in Sec. IIID span a small range of val-
ues, on which we focus in the middle panel. We note that
the “energy density choice” (57) allows to define an un-
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perturbed spectrum with the correct energy density, and
thus corresponding to the correct Neff . This choice was
notably used in [11, 23] to distinguish various effects of
neutrino distributions on BBN, but the remaining non-
thermal distortions were not fitted into our OPE frame-
work. We clearly see in the middle panel that the curve
c0(Tref)− 1/A00 [resp. c1(Tref)] crosses 0 for the number
density choice (56) [resp. the graybody choice (59)].

2. Constraints on non-standard CνB distortions

Few observational constraints exist on the spectrum
of the CνB, potentially allowing for large distortions in
non-standard cosmologies [24, 25]. Besides, standard cos-
mology predicts that neutrino masses should have an ef-
fect on large-scale structure, but this effect has not been
seen yet. In fact, recent results by DESI [26, 27] show
a ∼ 3σ tension between the cosmological measurements
and the minimum mass compatible with neutrino flavor
oscillations [28–31], which motivates us to consider the
possibility of non-standard features in the cosmic neu-
trino spectrum. Certain types of non-standard CνB dis-
tortions have been studied and constrained, such as neu-
trino µ distortions caused by a neutrino asymmetry [32–
41], neutrino y distortions [42] and gray distortions [13].
Here, instead of assuming a specific model, we want to
characterize and constrain CνB distortions in a generic,
model-independent way. The orthonormal polynomial
expansion introduced in Sec. III offers a natural frame-
work to do so (see for instance [43] for another approach).

Here, we assume that all neutrinos and antineutrinos
have the same spectrum, of the form (47), but truncated
at order 2 (i.e., ci = 0 for i ≥ 3), which is sufficient
given the low constraining power that existing observa-
tions have on the CνB spectrum. We take the comov-
ing temperature as the reference Tref = Tcm, and assume
constant coefficients as the temperature changes. For the
standard CνB distortions, we have verified that setting
the ci coefficients to their final asymptotic values (see left
panel of Fig. 7) leads to a subdominant change in the
primordial abundances. In addition, we must be careful
and make sure that our distorted spectrum is physical.
Indeed, a truncated OPE is not guaranteed to correspond
to a physical spectrum. We thus impose two additional
conditions on the set of {ci}: the distribution must be
positive, and since neutrinos are fermions, it must be
smaller than 1 to satisfy Pauli’s exclusion principle. How-
ever, there are some cases where the spectrum only be-
comes negative at very high energies, where the spectrum
is so heavily exponentially suppressed that this is irrele-
vant in practice. To allow this case, we actually only im-
pose the condition 0 ≤ f(E) ≤ 1 for 0 ≤ E/kBTref ≤ 20,
considering that unphysical values beyond this range are
harmless features of the truncation.

a. Experimental data The main observational con-
straints on the neutrino spectrum come first from theNeff

parameter, which measures (anti)neutrino total energy

density relative to the photon energy density. Further-
more, since neutrino weak interactions affect the neutron-
to-proton freeze-out ratio, BBN observations are also sen-
sitive to the shape of the spectrum of νe and ν̄e.
To constrain the coefficients, we employ BBN obser-

vations of deuterium from Kislitsyn et al. [44] and of
helium-4 from Aver et al. [45]:

Y obs
p = 0.2453± 0.0034 [45] , (83)

D/H
obs

= (2.533± 0.024)× 10−5 [44] . (84)

As a check, we also examine how our results change if we
instead use helium-4 observations from EMPRESS [46]:

Y obs
p |EMPRESS = 0.2387+0.0036

−0.0031 [46] . (85)

In those expressions, Yp is the helium baryon frac-
tion [47]. We also use the Neff constraint from CMB [48–
50] and CMB lensing [51–53] that does not use infor-
mation from BBN theory, as we are using non-standard
BBN. Specifically, we use the constraint from the CMB-
SPA combination with Yp as a free parameter4 in Table V
in Ref. [48]. As mentioned in that reference, one should
not combine the constraints from the CMB-SPA combi-
nation with BAO data from DESI [26] because they are
discrepant with each other. Hence, since we are dealing
with an early-time description of the CνB, we use the
CMB-SPA constraint:

Neff = 2.99+0.22
−0.26 [48] . (86)

The baryon abundance ωb = Ωbh
2 is treated as a free

parameter, but with a prior from the abundance in-
ferred by the aforementioned CMB-SPA observations.
More specifically, this is a Gaussian prior with ωb =
0.022381 ± 0.000093 (see Table I in [48]). In practice,
we find that this prior constrains ωb much more than
BBN, so the ωb posterior remains prior-dominated.
b. Predictions for cosmological observables To ob-

tain the BBN abundances of helium-4 (Yp) and deu-
terium (D/H) for each set of coefficients describing the
CνB spectrum, we use a modified version of PRIMAT [54].
Similarly to what was done in [13], we include the OPE-
parameterized neutrino spectra, in order to take into ac-
count the changes in the neutrino energy density (with

4 This is an approximation. In reality, we can model BBN in our
non-standard scenario, so Yp is not a free parameter, and can be
predicted from the coefficients describing the CνB distortions,
as done in Ref. [13] for gray distortions. If one were to use
such a procedure, the qualitative results would not change, but,
quantitatively, the Neff constraint would become tighter, closer
to the CMB-SPA Neff constraint with standard Yp in Ref. [48],
Neff = 2.81± 0.12. This tight constraint also shows a ∼ 2σ pref-
erence for Neff being below its standard value. However, when
combining with DESI, Neff is significantly pushed upwards and
this preference disappears. Due to the discrepancy between the
two types of experiments, it is questionable whether it is justified
to use such a tight constraint. Hence, we prefer to use the more
conservative constraint that leaves Yp as a free parameter and is
fully compatible with the standard model prediction.
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FIG. 8. Primordial abundances of helium-4 (left) and deuterium (right) obtained with PRIMAT, varying the OPE coefficients
describing the neutrino spectra during the BBN epoch. The baryon abundance is fixed here at ωb = 0.0224. The top panels
(resp. bottom panels) show the dependence of Yp and D/H at fixed c2 = 0 (resp. at fixed c1 = 0). The dash-dotted lines
correspond to the fitting functions (87)–(88). The colored bands correspond to the measured spectroscopic values (83)–(85).

contributions from all three flavors) and in the weak
n ↔ p interconversion rates (modified by the νe, ν̄e dis-
tributions). Finite nucleon mass and radiative correc-
tions are computed at the level of the reference neutrino
spectrum, and the spectral distortions enter at the Born
approximation level (with a multiplicative factor describ-
ing radiative corrections [23, 54]). Since we do not con-
sider a specific scenario giving rise to the neutrino spec-
tral distortions, we assume an instantaneous neutrino
decoupling occurring sufficiently before BBN, such that
the polynomial coefficients describe frozen-out, distorted
neutrino spectra.

The output of PRIMAT for a subset of the parameter
space is shown on Fig. 8. The baryon abundance is ωb =
0.0224; the top (resp. bottom) panels show the results
for c2 = 0 (resp. c1 = 0). On the bottom panels, we
see that there are “missing” data points for c2 = 0.4 and
c0 − 1/A00 ≥ 0.3: this is because the associated spectra
do not satisfy our physicality criteria.

We have obtained the following fitting functions for the

abundances of helium-4

Yp = Yp e
1.751∆ωb

− (0.01711 + 0.00993 c1 + 0.01139 c2) (c0 − 1/A00)

+ (0.03623− 0.01532 c2) c1 + 0.03955 c2 , (87)

and of deuterium

105 ×D/H = 105 ×D/He−73.48∆ωb

+ (0.4827− 32.69∆ωb) (c0 − 1/A00)

+ (0.5230− 34.75∆ωb) c1

+ (0.2205− 14.28∆ωb) c2 , (88)

with ∆ωb = ωb−0.0224, and Yp = 0.2469, D/H = 2.431×
10−5. These fits are shown with dash-dotted lines on
Fig. 8.
We can understand the dependence of the primordial

abundances on the coefficients of the CνB OPE, by scru-
tinizing the changes to the neutron/proton fraction at
freeze-out. If we write Γn→p (resp. Γp→n) the rates of
n → p (resp. n → p) reactions, as long as equilibrium is
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maintained the neutron fraction is given by

nn

nn + np

∣∣∣∣
eqb

=
Γp→n

Γp→n + Γn→p
. (89)

Since most neutrons fuse into helium-4, a good proxy for
Yp is given by twice the neutron fraction at the onset of
BBN. This value is modified by the {ci} with respect to
the standard scenario in three ways. First, the freeze-out
of n ↔ p reactions occurs at different temperatures TFO,
since the reaction rates and the Hubble expansion rate H
are modified by ν distributions. Second, the equilibrium
value of nn/(nn + np) is in itself modified through the
changes of rates in Eq. (89). Third, the neutron fraction
decreases between freeze-out and the onset of BBN (be-
cause of neutron decay, but see discussion in [55]). The
extent of this decrease depends on the expansion rate,
through the so-called “clock effect” [23, 56, 57]: a larger
Neff changes the time-temperature relation to leave less
time for neutron decay and this results in a larger neu-
tron fraction at the onset of BBN, so a larger helium-4
abundance. In order to check that our results are phys-
ically sound, we show in blue lines on Fig. 9 a proxy for
Yp, namely

Yp|proxy = σ
2Γp→n

Γp→n + Γn→p

∣∣∣∣
TFO

, (90)

where the freeze-out temperature is estimated by numer-
ically solving5 Γp→n + Γn→p = 2H(TFO). The prefactor
σ ≃ 0.666 allows us to crudely describe the decrease of
the neutron fraction after freeze-out, it is set so that our
estimate agrees with the actual value of Yp for {ci} = {0}.
On the top panel of Fig. 9, we see that our estimate,

although quite good, underestimates Yp as c0 increases.
This is consistent with the clock effect discussed above:
since a larger c0 corresponds to a larger Neff , the pref-
actor σ in (90) should be larger for large c0, since less
neutron decay takes place. On the bottom panel, we see
that the discrepancy between the actual values and our
estimate is smaller, which is expected since Neff does not
depend on c2. However, the limitations of our crude esti-
mate of TFO make a perfect agreement unattainable. Re-
garding deuterium, the same clock effect leads to a larger
value of D/H for larger Neff , since most of BBN consists
in a decrease of D/H from its peak value [23]. This is con-
sistent with the trends observed in Fig. 8. The increase
of D/H with c2, although smaller for instance than the
increase with c1, is also expected since with a larger c2,
the neutron fraction at the onset of BBN is larger, and a

5 There is no strict definition of the freeze-out temperature, which
is usually expressed “Γ/H ∼ 1.” But Γ can be either the total
reaction rate, or only the n → p one. Also, the exact numerical
value on the right-hand side is not rigorously determined, see for
instance the discussion in [23] where different choices allow to
understand precisely the changes in freeze-out.
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FIG. 9. Helium-4 abundance obtained with PRIMAT varying
c0 (top panel, setting c1 = c2 = 0) or c2 (bottom panel,
setting c0 = 1/A00 and c1 = 0), in brown lines. The values
correspond to what is depicted on Fig. 8. We show in blue
the estimate (90) based on neutron-to-proton freeze-out.

smaller proton fraction increases the value of D/H at con-
stant deuterium density. All in all, these results confirm
our physical understanding of our BBN predictions.
To get Neff for a given set of ci, since Neff only de-

pends on the total energy density of the spectrum, we
can employ (50b) to deduce

Neff

Neff,s
= c0A00 + c1

A2
00

(−A10)
, (91)

or equivalently

Neff

Neff,s
= c0A00 + c1

(
A10 +A11

2700ζ(5)

7π4

)
, (92)

where Neff,s is the Neff value corresponding to the ref-
erence spectrum with c0 = 1/A00, ci>0 = 0, and A00,
A10 and A11 are the coefficients of P0 and P1, given in
Appendix A. In our case,6 Neff,s = 3.010.

6 This value corresponds to the standard model prediction if neu-
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FIG. 10. Left: Constraints on the first three coefficients of the OPE describing the CνB using observational data from BBN
abundances of deuterium (84) and helium (83), as well as Neff constraints from CMB, lensing and BAO (86). The figure
shows each constraint separately, as well as the combined bound. Right: Constraints on the first three coefficients of the OPE
describing the CνB using observational data from BBN and Neff constraints. We compare the bounds obtained with helium
observations from Aver et al. [45] and EMPRESS [46].

c. Constraints in the OPE framework Once we
know how to obtain the observables for a given set of ini-
tial parameters, we derive constraints on the parameters
from observational data using the MCMC code Cobaya
[60].

The left panel of Fig. 10 shows the observational
bounds on the coefficients. Note that the individual
bounds (deuterium, helium and Neff) are not stronger
than the used prior, but the combined constraint is, as it
can restrict the parameters to a bounded region within
the prior volume that does not touch its boundaries.
Since the coefficient c2 does not affect the energy den-
sity of neutrinos, it is insensitive to the Neff constraint
(see the red contours).

The right panel of Fig. 10 shows how the combined
bounds are modified depending on the chosen helium ob-
servations: Aver et al. (blue) and EMPRESS (purple).
Note that using the EMPRESS value slightly increases
the preferred value of c0, leading to a >∼ 2σ preference
for c0 − 1/A00 > 0. It also tightens the constraints on c1
and c2. This slight shift towards nonzero distortions is
consistent with the preference for nonstandard scenarios
to explain the EMPRESS value, such as a y-type dis-
tortion [13] or a nonzero electron (anti)neutrino asym-
metry [37, 38, 61, 62] (although we emphasize that in

trino decoupling is assumed to be instantaneous, but QED cor-
rections to the plasma thermodynamics are included [58]. Due
to the instantaneous decoupling approximation, this differs by
about 1 % from the “true” standard value Nstd

eff = 3.044 [10–
12, 59]. This is not really an error, Neff,s = 3.010 should instead
be seen as a definition of the spectrum we consider “undistorted”,
so that the standard spectrum has percent-level distortions with
respect to this reference spectrum. In any case, this difference
lies well below current experimental sensitivities [48].

our analysis, the spectra of νe and ν̄e are identical and
described by the same {ci}).
We note that since our analysis uses the PRIMAT de-

termination of the deuterium abundance, there is slight
tension in the nondistorted case with the measured abun-
dance [63]. This is clear in the right panels of Fig. 8,
where the points for {ci} = {0} are away from the
measured value band. This tension, which is absent
from the predictions of the BBN code PArthENoPE [64],
can be traced to different choices made in PRIMAT and
PArthENoPE regarding the rates of the nuclear reactions
D(d, n)3He and D(d, p)3H [65, 66].
In principle, there are at least two other cosmological

observables that can constrain the neutrino spectrum.
One of them is the lithium abundance from BBN, whose
measured value [67, 68] is incompatible with the stan-
dard model prediction, which is known as the “lithium
problem” [69]. Even though a different neutrino spec-
trum could lead to a different lithium abundance, we
have checked that this cannot solve the lithium prob-
lem without compromising the agreement with the other
BBN abundances. Another source of constraint on the
neutrino spectrum is the determination of the sum of
neutrino masses. Existing upper bounds on this sum are
starting to be in tension with lower bounds from oscil-
lation experiments. When one measures the cosmolog-
ical sum of neutrino masses, one is actually measuring
the neutrino density at late times, when the neutrinos
are non-relativistic. This late-time neutrino density de-
pends on the number density of the neutrinos at early
times, which, as we saw in Eq. (50a), only depends on
c0. Hence, one could think about reducing the cosmic
neutrino number density by reducing c0, which could ex-
plain why the cosmological sum of neutrino masses has
not been seen and therefore ease the tension with oscil-
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FIG. 11. Left: Number radiance spectrum S(ν) [related to the number density as nSD(ν) = (4π/c)S(ν)] of CMB spectral
distortions in the ΛCDM model and its polynomial decomposition, truncated to various degrees of the expansion. Right:
Polynomial decomposition of the CMB distortion caused by a δ-shaped energy injection at redshift z = 4 ·104, when distortions
are neither of the µ nor y type. A fit of the distortion to a combination of µ and y distortions is also shown. The polynomial
decomposition can capture the details of the distortion more precisely, even with just a few coefficients.

lation experiments. However, as we see in Fig. 10, con-
straints from BBN abundances do not allow c0 to shrink
significantly below its standard value, so they disfavor
such a solution to the neutrino mass tension. Neverthe-
less, a varying c0 that took its standard value at BBN
times and decreased later—as would be the case, for ex-
ample, in neutrino decay models (see [29] and references
therein)—could be a viable solution, but such discussions
are outside the scope of this paper.

B. CMB distortions

1. Standard model distortion

Even though the CMB spectrum is very close to a
blackbody with temperature TCMB, it can still exhibit
spectral distortions, defined as the difference between the
real CMB spectrum and a blackbody spectrum at TCMB.
The standard cosmological model (ΛCDM) predicts such
distortions to be nonzero, albeit very small [5, 14, 70, 71],
because of the differential cooling of the relativistic pho-
tons by the non-relativistic baryons during cosmological
expansion [4]. Besides, several non-standard cosmologi-
cal models predict different distortions [5, 71–73]. The
current constraints on spectral distortions set by COBE
/ FIRAS [1] are upper bounds, but an actual observation
of these distortions could be made by future experiments
such as PIXIE [74–76] and others [77–81].

CMB distortions are usually characterized in terms of
three theoretically well-motivated components: temper-
ature difference, µ, and y distortions. However, these
components do not capture the full distortions in most
models, and a residual component is expected to exist

[6, 19, 82]. This residual distortion is often character-
ized via a principal component analysis [19, 83], but this
analysis is detector-dependent and often truncated after
a couple of terms. Here, we use our OPE framework as an
alternative model- and detector-independent approach to
characterize the full distortions.
Since CMB distortions are so small, it is numerically

challenging to calculate directly the OPE of the full spec-
trum. We therefore split the distribution as in Eq. (62),
taking as a reference temperature the CMB temperature
βref = 1/kBTCMB. In the following, we focus on the de-
composition of the distortions alone, which are orders of
magnitude smaller than the blackbody part. Note that
the coefficients describing the full spectrum are the same,
except for c0 which is increased by 1/A00.
The left panel of Fig. 11 shows the polynomial de-

composition of the standard spectral distortions. The
spectrum of spectral distortions was computed with
CLASS [83–85]. Even truncated to few terms, the OPE
provides an accurate reconstruction of the distortion.
The main noticeable problem is an error in the negative
peak at very low frequency, which does not improve if we
add more terms, and is likely due to the limited energy
resolution of the spectral distortion spectrum provided
by CLASS.

2. Energy injection in the plasma

Additional CMB distortions from possible energy in-
jections have been characterized with Green functions [6],
defined as

∆Iν(ν) =

∫
Gth(ν, z)

d(Q/ργ)

dz
dz , (93)
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where ∆Iν(ν) is the observed intensity of the CMB spec-
tral distortion at redshift z = 0, Gth(ν, z) is the Green’s
function, and d(Q/ργ)/dz is the so-called “energy injec-
tion history,” which encodes the amount of energy that is
injected into the plasma at each redshift. This expression
involving a Green’s function is particularly useful since, if
one assumes a fixed background cosmology, the Green’s
function is fixed and only needs to be computed once.
It can then be used to compute the distortions associ-
ated with any standard or nonstandard energy injection.
From Eq. (93), we see that a physical way to interpret the
Green’s function is to state that Gth(ν, z) equals the dis-
tortion caused by a Dirac-delta-shaped energy injection
at redshift z.

As the temperature of the universe decreases and inter-
actions in the plasma change, different regimes appear for
the injected spectral distortions, and these regimes are re-
flected in the redshift dependence of the Green’s function.
The three main regimes for the distortions are: tempera-
ture shifts (z >∼ 2·106), µ distortions (3·105 <∼ z <∼ 2·106)
and y distortions (z <∼ 104). Between the latter two red-
shift ranges, there is an intermediate regime where dis-
tortions do not have a known analytical form, nor are
they a linear combination of µ and y distortions. As a
consequence, they need to be characterized numerically,
which is usually done in a detector-dependent way via a
principal component analysis [19, 83].

Here, we instead employ our OPE framework as an
alternative detector-independent method to characterize
these intermediate distortions. To that end, we take the
Green’s function from CLASS [83–85] and evaluate it at
a redshift z = 4 · 104, where intermediate distortions are
expected to be the most important [19]. The actual spec-
trum, a µ + y fit and several truncations of the OPE
are shown on the right panel of Fig. 11. We see that a
few polynomials can accurately characterize these distor-
tions, without requiring to invoke a detector-dependent
principal component analysis on top of the µ+y fit.

We can carry out the same analysis for any energy-
injection redshift. To characterize the error of an ap-
proximation to a function S with a single number, we
employ the L1 distance, and define the L1 relative error
as

ϵ(z) =

∫
|Sexact(x, z)− Sapprox(x, z)|dx∫

|Sexact(x, z)|dx
. (94)

In Fig. 12, we show how the L1 relative error of the dif-
ferent approximations evolves with redshift. We show
different truncations of the OPE, as well as fits to µ dis-
tortions, y distortions, and combinations thereof. For
the error calculation of the OPE method, we employ a
cutoff νmin = 10GHz. This avoids a bad numerical be-
havior caused by the lowest-energy part of the spectrum
which is anyway irrelevant in practice since the CMB is
not expected to be observable below that frequency for
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FIG. 12. Relative L1 error, defined in (94), of the approxima-
tion to CMB distortions caused by a δ-shaped energy injection
at redshift z. Only deviations from a blackbody are shown
here, and temperature difference distortions are not included.
We show polynomial approximations of various degrees, as
well as fits to µ-distortions, y-distortions and a combination
of both. For the polynomials and for the error calculation, we
employ a cutoff νmin = 10GHz. As expected, a y-distortion is
the best fit at low redshifts, whereas a µ-distortion works bet-
ter at high redshifts. The µ-distortion low-energy behavior is
difficult to capture for the polynomials, which converge very
slowly in this regime, as anticipated in Fig. 6, right panel.
On the other hand, the OPE method is ideal to describe the
CMB distortions in the intermediate redshift regime.

current or future experiments.7 As expected, µ (resp.
y) distortions describe very well the high (resp. low)
redshift regime, whereas intermediate redshift energy in-
jections cannot be described by either of them, nor by
their combination. For these intermediate redshifts, the
OPE is ideal. In the y-distortion regime at low redshifts,
the OPE performs very well, consistent with the pure y-
distortion case studied in Sec. IVD. The comparatively
poor convergence of the OPE error for high redshifts is
due to the larger difficulty of the OPE method to de-
scribe µ-distortions for bosons, see Sec. IVE. However,
one could parameterize distortions by a combination of
a µ-type spectrum and an OPE, which would optimize
the accuracy of the description without the need to use
a principal component analysis.
Similarly to what we did for the CνB in Sec. VA, we

constrain the possible CMB spectral distortions using our
OPE framework, truncating the expansion to its first four

7 For comparison, the lowest energy at which PIXIE expects to
observe the CMB is 28GHz [74]. Only TMS expects to see the
CMB at νmin = 10GHz [79].
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terms. Except for the truncation error, which should be
small for all reasonable spectra, this serves as a way to ob-
tain model-independent bounds on the spectrum of CMB
distortions. We conducted an MCMC analysis with the
code Cobaya [60], that compares the spectrum associated
with each set of coefficients with the data available from
COBE / FIRAS [1]. We present the results in Fig. 13.
We see that all coefficients are compatible with zero, in
accordance with the fact that no CMB spectral distortion
was detected by FIRAS.
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FIG. 13. Constraints from COBE / FIRAS data [1] on the
coefficients of the OPE of the CMB distortions, assuming the
decomposition can be truncated to order 3. All coefficients are
compatible with zero, meaning that no distortion is detected
and the measured spectrum is fully compatible with a pure
blackbody.

VI. EXTENSION TO MASSIVE CASE

So far we have assumed that particles are massless,
or ultrarelativistic. For nonrelativistic massive particles,
the previous framework is not particularly suitable. Let
us introduce the classical kinetic energy Ec by

E ≃ mc2 + Ec , Ec ≡
p2

2m
, (95)

such that dEc = (p/m)dp =
√

(2Ec/m)dp. The phase

space element p2dp therefore becomes
√
2m3EcdEc. In

order to build a suitable basis for nonrelativistic particles,
we must however distinguish between the degenerate case
and the classical case so as to choose the appropriate
weight in (39).

For the case of degenerate fermions8, we can expand
around a thermal spectrum with µ = mc2, so that

8 The more complicated case of degenerate massive bosons, which
form a Bose-Einstein condensate, is not discussed here.

E − µ = Ec. By using x ≡ Ec/kBT as a variable in-
stead of E/kBT we see that the natural weight is w(x) =√
x/(ex ± 1). The orthonormal polynomials Qi(x) (and

thus the coefficients AQ
ip defined by Qi(x) ≡

∑i
p=0 A

Q
ipx

p)

associated with this weight are built as the Pi(x), but
with the Hankel matrix components Hpq = Ip+q+1/2 in-
stead of (41). The distribution function is then expanded
similarly to (47) for fermions as

√
m3Ecf(Ec) =

2π2ℏ3√
2gs

n(Ec)

=

√
m3Ec

eβrefEc + 1

∞∑

i=0

ci Qi (βrefEc) ,

(96)

where the total number density is given by n =∫∞
0

n(Ec)dEc. The coefficients are extracted similarly
to (48), namely,

ci = β
3/2
ref

∫ ∞

0

√
Ecf(Ec)Qi (βrefEc) dEc

=

i∑

p=0

AQ
ipβ

3/2+p
ref fp+1/2 , (97)

where the classical energy moments are fn ≡∫∞
0

En
c f(Ec)dEc.

In the classical case, the suitable approximation is a
thermal spectrum with µ ≪ mc2 such that f(E) ≪ 1.
This reference distribution function is then well approx-
imated by a Maxwell-Boltzmann distribution, that is

1

exp

(
E − µ

kBT

)
± 1

≃ exp

(
µ−mc2 − Ec

kBT

)
. (98)

Therefore the natural weight to build a set of orthonor-
mal polynomials is w(x) =

√
xe−x and the Hankel matrix

components are Hpq = Γ(p+ q + 3/2). The orthonormal
basis is actually known in this case and is given by the
set of normalized associated Laguerre polynomials

QMB
n (x) ≡ (−1)nL(1/2)

n (x)

√
n!

Γ(n+ 3/2)
. (99)

The polynomial components defined by QMB
n (x) =∑n

p=0 A
MB
np xp are

AMB
np = (−1)p+n

√
Γ(n+ 3/2)n!

(n− p)! p! Γ(p+ 3/2)
. (100)

The decomposition of the classical energy distribution
function is similar to (96) without the +1 in the denomi-
nator, and withQi → QMB

i , and the coefficient extraction

is given by (97) with AQ
ip → AMB

ip .

VII. CONCLUSION

Distortions in the distribution function of a particle
species is the signature of out-of-equilibrium processes.
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FIG. 14. Summary of the constitutive relations in the different formalisms used to describe spectral distortions. The various
definitions of temperature transforms are depicted with red arrows. Calculation of moments or extraction of coefficients from the
spectrum are depicted with black arrows, and relations between moments are depicted with blue arrows. The practical methods
to obtain the temperature transform quantities from the spectrum are shown with green arrows. They can either be Stebbins’
method which estimates directly the LTT moments qn, or our Fourier transform method which estimates first the NLTT q̃(T )
and then extracts its moments via the moment-generating function. Finally, the approximate spectrum reconstructions are
depicted with dashed arrows.

Theoretical predictions and experimental constraints are
easily compared if distortion shapes can be approxi-
mately described by a few parameters. A generic idea
by Stebbins [14] consists in describing a distorted spec-
trum as a sum of thermal spectra, the associated distribu-
tion of temperatures being called the “temperature trans-
form.” It is then possible to describe the spectrum from
the moments of the temperature transform. The log-
temperature transform summarized in Sec. II B is par-
ticularly suited when gravitational effects redshift the
energies, since the associated central moments remain
invariant. However, it is numerically challenging to ex-
tract the moments from a given distribution, rendering
these methods hardly usable in practice. In Sec. II C,
we generalized those existing temperature transforms by
working at the level of the number density distribution
E2f(E), which removes numerical instabilities at low en-
ergies. With this “number density log-temperature trans-
form” (NLTT), we can use Fourier transform techniques
to easily go from the distribution to the NLTT moments,
and vice versa. We summarize in Fig. 14 the relations
between the distribution function and the various tem-
perature transform moments.

An independent approach, which we found to be more
stable numerically and applicable to more cases, consists
in expanding the number density distribution on a set of
orthonormal polynomials, which are adapted to the par-
ticle statistics (fermions/bosons), see Sec. III. Increasing
order coefficients of this Orthonormal Polynomial Expan-
sion (OPE) describe increasing order energy moments of

the distributions, such that truncating the OPE is a nat-
ural way to approximately describe the spectrum. We
verified (Sec. IV) that the OPE method with a few coeffi-
cients is sufficient to capture the main distortion shapes,
whereas the NLTT method fails for µ-type distortions.
We thus advocate for the use of the OPE method as a
model-independent, instrument-independent parameter-
ization of distortions that can be implemented in many
different setups. As a proof of concept, we described
in Sec. V the CνB and the CMB in the OPE frame-
work, which works particularly well given the small size
of distortions involved. Furthermore, this formalism is
very well suited to constrain nonstandard scenarios which
would result in large distortions.
For neutrinos, using the BBN code PRIMAT, we com-

puted the primordial abundances of helium-4 and deu-
terium, scanning through the parameter space of the {ci}
coefficients of the OPE, see Fig. 8. Using the most recent
BBN spectroscopic measurements and CMB constraints
of the effective number of relativistic species, we obtained
in Fig. 10 the current constraints on spectral distortions
of the CνB, expressed in the model-independent language
of the OPE.
For photons, we showed that the OPE can describe the

range of distortions that result from a redshift-localized
energy injection, as summarized in Fig. 12. In particu-
lar, for an energy injection in the “intermediate” redshift
regime (2 × 104 < z < 3 × 105), where the resulting
distortions are neither of the µ or y type, our approach
is very competitive. We note that the standard descrip-
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tion of CMB distortions in CLASS in this regime involves
a principal component analysis, which suffers from be-
ing instrument-dependent. As shown in the simple case
of a pure bosonic µ distortion in Sec. IVE, the OPE
method encounters the most difficulties in the µ distor-
tion regime, but the error is still reduced by increas-
ing the degree of truncation, and the use of a spectrum
with chemical potential as a reference would be a natu-
ral extension of the method. We also obtained the con-
straints on the OPE coefficients using the data from FI-
RAS, which show as expected that the spectrum is fully
compatible with a blackbody. Future experiments look-
ing specifically at spectral distortions of the CMB (see
e.g., [74–81]) will strongly improve these constraints, and
the OPE provides a natural framework to express them.
The OPE approach is easily adapted for nonrelativistic
matter, as we detailed in Sec. VI.

Although we have focused on cosmological applica-
tions, we emphasize that the improved NLTT or the OPE
approach are far more general. They could be applied
across a wide range of contexts, from astrophysical sig-
nals (such as the diffuse supernova neutrino background
spectrum [86]) to condensed matter systems (e.g., the
electron blackbody spectrum of vertically aligned carbon
nanotube arrays [87]). Overall, these methods provide
a powerful and flexible framework for describing generic
spectra in cosmology and beyond.
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Appendix A: Determination of polynomial
coefficients

The orthonormal polynomials that serve as a basis for
the expansion we develop in Sec. III are of the form

Pi(x) =
∑i

p=0 Aipx
p. By applying the Gram-Schmidt

orthogonalization procedure, these coefficients can be de-
termined up to a desired nmax. Their expressions are
analytic, involving Riemann ζ functions. For instance

A00 =
1√
I2

=

{√
2/[3ζ(3)] [fermions] ,

1/
√
2ζ(3) [bosons] .

(A1)

The next coefficients are

A10 =
−I3

I2
√

I4 − I23/I2
, A11 =

1√
I4 − I23/I2

, (A2)

whose explicit expressions require to replace the inte-
grals (7). However, the complexity of these analytic ex-
pressions increases dramatically with n, such that we re-
port below numerical values. The first coefficients up to
n = 4 are

A ⊃




0.744718 0 0 0 0
−1.35311 0.429373 0 0 0
1.97441 −1.2475 0.151237 0 0
−2.6059 2.46541 −0.596317 0.0389148 0
3.24492 −4.09116 1.48209 −0.193148 0.00792035


 [fermions] , (A3)

A ⊃




0.644945 0 0 0 0
−0.996685 0.368982 0 0 0
1.28254 −0.975145 0.130561 0 0
−1.53019 1.78013 −0.482551 0.0338102 0
1.7519 −2.76026 1.13368 −0.159954 0.00692472


 [bosons] . (A4)

Appendix B: Recursive construction of the
orthonormal polynomials

The orthonormal polynomials Pn(x) used throughout
this work are defined with respect to the scalar prod-

uct (39), and satisfy (40). These polynomials satisfy the
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standard three-term recurrence relation

βn+1Pn+1(x) = (x− αn)Pn(x)− βnPn−1(x) , (B1)

with initial conditions

P−1(x) = 0 , P0(x) =
1√
I2

. (B2)

The recurrence coefficients are

αn = ⟨xPn |Pn⟩ =
∫ ∞

0

w(x)xPn(x)
2 dx , (B3)

βn = ⟨xPn |Pn−1⟩ =
∫ ∞

0

w(x)xPn(x)Pn−1(x) dx .

(B4)

Using (B1), one can compute βn+1Pn+1(x) from
the previous polynomials and their coefficients. From
there, one can get βn+1 and Pn+1(x) by normalizing
βn+1Pn+1(x).

9 Note that this already yields the βn for
the next step, so it is not required to compute the βn

coefficients from their definition.

For polynomials with a very high degree, directly cal-
culating them with the recurrence relation on the grid of
desired x values is numerically more stable than calculat-
ing their coefficients first and calculating the polynomials
from the coefficients later. Indeed, high-degree polynomi-
als require precise cancellations between terms that will
heavily amplify any error in the coefficients, even tiny
errors due to machine precision.
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