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Homogeneous and nearly-isotropic cosmological models are natural extensions of stan-
dard Friedmann cosmologies. Constraining their features is crucial, as any detection of their
properties would impact our understanding of inflation and the cosmological principle. Since
these models evolve as a set of non-interacting scalar, vector, and tensor modes on top of
homogeneous and isotropic spacetimes, their imprints on cosmological observables, particu-
larly the CMB, can be obtained using standard line-of-sight methods. This requires (1) that
one resorts on Laplacian eigenmodes on spatially curved spaces and (2) that radial functions
for these modes are analytically continued to accommodate complex (i.e., supercurvature)
wavenumbers. We introduce two line-of-sight integrators implementing the evolution of the
CMB anisotropies in these models: AniLoS, a user-friendly and easy to modify Python pack-
age, and AniCLASS, an advanced and efficient extension of the Boltzmann solver CLASS. We
discuss possible initial conditions that could generate such fluctuations and provide illustra-
tive examples using our codes. This work offers a pathway for leveraging diverse cosmological

datasets to constrain superhorizon anisotropies of the late-time universe.

I. INTRODUCTION

A long-standing cosmological question con-
cerns the global shape of the universe. Ac-
cording to the inflationary paradigm, our par-
ticle horizon is just a smooth patch of a larger
manifold whose exact geometrical and topolog-
ical properties are unknown. The extension
of this patch beyond our particle horizon and
the details of the underlying spacetime man-
ifold are uncertain, and both have profound
implications for inflation and the cosmological
principle. At the same time, the existence of
large-angle statistical anomalies in the cosmic
microwave background (CMB) and persistent
tensions between low- and high-redshift data
[1, 2], suggest that new physics may be lurk-
ing just beyond the horizon. These consid-
erations motivate the search for observational
signatures that could reveal the global struc-
ture of spacetime while also testing the robust-
ness of the concordance Friedmann-Lemaitre-
Robertson-Walker (FLRW) model. This pro-
gram requires relaxing the foundational symme-
try assumptions of our universe, namely, that it
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is spatially homogeneous and isotropic at large
scales, and with topologically trivial boundary
conditions. While past searches for nontriv-
ial topologies resulted inconclusive [3-5], this
is an active area of research that might be
settled with existing and future cosmological
data [6]. Another possibility is to keep the triv-
ial topology, but change the geometrical setup.
In this case the simplest option is to describe
the universe using homogeneous and spatially
anisotropic Bianchi models.

Among all Bianchi models, those built out of
maximally symmetric three-dimensional spaces
are phenomenologically interesting, due to their
FLRW limit of zero anisotropy. This includes
the Euclidean models I and VIIj, the hyperbolic
models V and VII;, and the spherical model
IX. When their anisotropies are perturbatively
small, these models are usually called nearly-
1sotropic.

Nearly-isotropic models possess two indepen-
dent classes of solutions [7]. The first class in-
cludes solutions diverging at the Big Bang sin-
gularity, and are called irregular. Regular solu-
tions, on the other hand, are finite at the sin-
gularity, and can develop nontrivial dynamics
at later times. It is thus natural to seek con-
straints for these models using both high- and
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low-redshift cosmological data.

At very high redshifts (z ~ 10'!), Big Bang
nucleosynthesis (BBN) provides the strongest
observational constraints available. This follows
since any deviation of the expansion rate from
isotropy will alter 7) the time at which weakly
interacting particles decouple and i) the time
elapsed between this decoupling and the onset
of nucleosynthesis, hence affecting the amount
of neutrons lost by beta decay. The modified
neutron-proton ratio abundance when nuclear
reactions take place then affect the deuterium
and helium-4 mass fractions [8]. Since mea-
surements of these quantities are in excellent
agreement with FLRW predictions, they trans-
late into strong limits to the simplest anisotropic
models [9-12], though more sophisticate models
are still consistent with BBN data [7, 13].

At redshifts z ~ 102, cosmic microwave back-
ground (CMB) anisotropies are arguably the
best observational window to constrain large
scale deviations from isotropy. In fact, since
CMB probes the universe at horizon-scales, it
allows us to test the isotropy hypothesis at the
onset of inflation [14]. To date, the tightest
and most comprehensive constraints on large
scale anisotropies were obtained with Planck’s
temperature and polarization data in Ref. [15],
where it was shown that the anisotropic ex-
pansion rate produced by vectors modes are
(oy/H)o < 10719 and thus largely consistent
with zero. Tensor modes were found to produce
much weaker constraints, (o7/H)o < 1076 [15],
though this will certainly improve with the next
generation of CMB polarization experiments.

At intermediate and low redshifts, there are
many observables available to test isotropy, such
as luminosity distances [16-19], cosmological
drifts [20, 21], and gravitational weak-lensing
[22-24], to name a few. For example, a mea-
surement of E- and B-modes of the weak-lensing
shear by Euclid can be translated in constraints
of the order (0/Hy) < 1% [23]. While these are
not as stringent as CMB or BBN constraints,
they are complementary, since the physics lead-
ing to late-type anisotropy can in principle evade
high-redshift constraints.

In principle, any cosmological observable in a
given nearly-isotropic model can be computed

and compared against observations. In prac-
tice, however, this is a much more involved task
than its isotropic analogous, and its success de-
pends strongly on the type of observable chosen.
Nonetheless, if spatial anisotropies are small,
as observations suggest, one can show that the
anisotropies will evolve as an independent set of
modes on top of a maximally symmetric space—
just as it happens with the usual scalar, vec-
tor and tensor modes of linear perturbation the-
ory. This idea was originally introduced in [25-
27], where homogeneous tensor perturbations of
spherical FLRW universes were identified with
the dynamics of Bianchi IX models. It was then
generalized in [28] to include the proper defini-
tion of scalar, vector and tensor modes of nearly-
isotropic models, and their identification with
the dynamics of perturbative modes of FLRW
spacetimes.

More recently, it was shown that, starting
from linear perturbation theory in synchronous
gauge, there exists a long-wavelength (i.e., ho-
mogeneous) limit where FLRW perturbations
are dynamically equivalent to the Bianchi per-
turbations [29].  This result has an impor-
tant practical implication: provided that the
anisotropies are small, the expression for a cos-
mological observer in a nearly-isotropic universe
can be obtained by computing that same ob-
server in a perturbed FLRW universe, and then
taking the long-wavelength limit of the result-
ing expression. This expedient has been used
to compute weak-lensing [30] and cosmological-
drifts [21] observables in Bianchi I spacetimes.

In the simplest case of a Bianchi I universe,
where the identification is made with perturba-
tions of a flat FLRW metric, the long-wavelength
limit corresponds to taking k& — 0, where k is the
perturbation’s wavenumber. However, for other
Bianchi spacetimes, including those where the
correspondence is made with perturbations of
curved FLRW geometries, the proper definition
of the long-wavelength limit is not trivial, and al-
lows for the presence of supercurvature modes,
i.e., modes whose wavelength is larger than the
curvature radius of the universe [29, 31].

In this work we complete a program started
in [32] and [29], and show that, given a set
of initial conditions and cosmological param-



eters, the CMB signatures of nearly-isotropic
models can be extracted from standard line-
of-sight integration techniques, provided that
the appropriate generalization of plane-waves
and spherical Bessel functions to curved spaces
[33]—accounting in particular for the possibility
of supercurvature modes—is numerically imple-
mented. To this end, we introduce two numeri-
cal line-of-sight integrators for homogeneous cos-
mological perturbations: AniLoS and AniCLASS.
While they execute the same tasks, they target
different use cases. AniLoS (Anisotropic Line-of-
Sight) is a user-friendly Python package that is
easy to read and modify. AniCLASS (Anisotropic
CLASS) is a branch of the popular CLASS code
[34], inheriting several advanced features from
it, and targeted at performance. Both codes are
freely available at [35].

The details of the formal correspondence be-
tween nearly-isotropic models and homogeneous
FLRW perturbations are highly technical, and
it is not our purpose to rederive them here. In-
stead, we give in Section II a qualitative exposi-
tion of the main ideas, leaving the details to [29]
and the references therein. In Section Il we ex-
plain how CMB anisotropies in nearly-isotropic
models can be derived from the dynamics of lin-
ear perturbations in FLRW universes, empha-
sizing the necessary modifications in standard
line-of-sight integrators to achieve this task. In
Section IV we explain how AniLoS and AniCLASS
are organized. We compare the two codes and
give some examples of their use in Section V. We
conclude in Section VI.

II. HOMOGENEOUS FLRW
PERTURBATIONS AS BIANCHI MODELS

The connection between homogeneous FLRW
cosmological perturbations and Bianchi models
arises from a simple observation: in standard
perturbation theory, spacetime is assumed to
possess maximal spatial symmetry. Perturba-
tions are then introduced as small fluctuations
that break these symmetries.
these perturbations are arbitrary (apart from
having small amplitudes), one may ask whether
a subset of the original symmetries can be re-

However, since

covered in a limit where perturbations become
invariant under a subgroup of the initial sym-
metry group. In the particular case at hand,
we are looking for a limit where the inhomoge-
neous metric perturbations of FLRW spacetimes
in synchronous gauge

g MW — At + a?(t)[yij + 2hiy]dat @ e, (1)

can be identified with the homogeneous metric
perturbations of nearly-isotropic Bianchi mod-
els,

Bianchi

g = —d¢? + a2(t) [(5” + Qﬁij]ei & e’ (2)
In other words, we look for the identification

hij — Bij (3)
in a suitably-defined homogeneous limit.

Naturally, this identification comes with im-
portant caveats. The first and most obvious is
related to the choice of basis, since the tensor
h;i; is usually implemented in a coordinate basis
{dz'}, whereas f3;; is better described in terms
of the so-called invariant basis {e;}, defined so
as to respect the Bianchi symmetries. In par-
ticular, this distinction means that the homoge-
neous limit does not necessarily imply a homoge-
neous (i.e., position-independent) h;; [28]. Sec-
ond, this identification can only hold for Bianchi
models having maximally symmetric spaces as
their isotropic limits. This includes models I and
VIIp (having E? as limit), models V and VIIj,
(H?), and model IX (S?). Finally, since f3;; is
traceless (because it is a volume-preserving de-
formation tensor), the trace of h;; does not play
a role in the identification.’

That this identification is possible can be in-
formally illustrated with the example of gravi-
tational waves in flat FLRW spaces, where the
homogeneous limit is trivially reached by making
perturbations independent of position. Comput-
ing the linearized Einstein equations for a sym-
metric, traceless and transverse tensor h;j, we

I The trace of hi;j corresponds to a local curvature of the
space in the homogeneous limit, and can be absorbed in
a redefinition of the scale factor in Friedmann’s equa-
tion to account for this curvature — see [36].



find in this limit the well-known gravitational
wave equation
hi; + 2Hhj; = (4)
where H is the conformal Hubble factor and
a prime means derivative with respect to n =
[dt/a. This is dynamically equivalent to the
equation for the symmetric and traceless shear
tensor” 3;; in a Bianchi-I spacetime:
Bl + 2HBl, =0, (5)
as one can easily check by computing the trace-
free part of Einstein equations from (2) using
= da*. An important difference in the two
approaches is related to the choice of initial con-
ditions. While in FLRW we are interested in the
growing mode of h;;, the growing mode of 3;; is
constant in this case, and thus a gauge artifact.
Since decaying modes of 3;; usually diverge to-
wards the Big Bang, some care is needed to chose
a non-trivial growing mode of the shear, as we
will see.

In the general case, the identification (3) is
done in terms of the modes of the perturba-
tions that transform as scalars, vectors, or ten-
sors under spatial rotations. For h;;, it is usual
to consider rotations around a fixed Fourier vec-
tor v when defining these modes, which leads to
well-known scalar-vector-tensor (SVT) decom-
position®

2 d3v (m)
hi; =m§2/(2w)3h(m)(’/ mQ;; (V). (6)

where Qg-n) are symmetric and traceless tensor
harmonics of maximally symmetric 3-spaces [see
Ref. [32] for their derivation] and m = 0, £1,
and £2 represent scalars, vectors or tensors per-
turbations, respectively.

2 We caution the reader that we are reserving the term
shear for the metric perturbation B;;, while in most
references this term is associated with the tensor
Oij = ,8,{]

3 For closed FLRW universes, eigenfunctions are peri-
odic, so that v = (v, £, M) is discrete, and the integral
is replaced by a sum.

Similarly, for 3;;, we can define the equivalent
SVT modes, henceforth svt modes, using rota-
tions around any chosen vector of the invariant-
basis defining a particular Bianchi model. Quite
generally, it is convenient to consider es as a
reference direction, and work with the so-called
polarization basis (e(*),e(7) e3), with e =
(e1 Fiez)/v/2. In this basis, Bi; is decomposed
as

2
Bij = Z B(m)qE}”)(eg), (7)

m=—2

where the symmetric and traceless tensors ql-(;l)
are the homogeneous equivalent of the tensors

an), and given by
(8)
(9)
(10)

6y (e3) = (—eled +63/3)

+
qZ'(j 1)(‘3 ) = ie?z ET)’

qz(]:i:Q) (63) _ _ /3/2 6£$)€‘§-$) .

Finally, the proof of the equivalence (3) is
done in two steps. First, from the linearized
Einstein equations for the metrics (1) and (2),
one looks for the wavenumber v, such that the
SVT and svt modes are dynamically equivalent.
Second, for each such vy, one verifies the equiv-
alence of Egs. (6) and (7), along with all their
derivatives, at the origin of the coordinates. This
leads to [29]

3
™
in the homogeneous limit. Here, &, is a constant

depending on the curvature radius £, of the spa-
tial sections (equal to oo in E?) and given by

h(m) — ﬁ( (11)

m|
Em = H m (12)
where
K==+1/2, K=K/IK|, (13)
and & = 1. Note also the appearance of the

flat-space wavenumber k,,, which is identical to
Vm when K = 0, and otherwise given by [32]
2 2
m = km

+ 1+ |m|)K (14)



Type K v, ¢
I =0 0 &
VI, =0 m/l, (1)
IX >0 £3/C, 67, |m| =2 only
. m l—m m(m
Vo <0 i/t (£1)™ (1) zguﬁ)
m i m1Te . (p—1)Vh=Eim
VI <0 2+ 3 (ED) e G i

TABLE I. Wavenumbers v,,, defining the limits where
FLRW metric perturbations become homogeneous.
Note that the limits are different for different pertur-
bative modes m, and it is only trivial (v, = 0) for
model I. The ¢;* coefficients result from the general-
ization of the plane-wave expansion to curved spaces
(see [32]), and appear explicitly in the hierarchy.

The expressions for v, in each nearly-
isotropic model is given in Table I. Note that
it is only in the model I that the homogeneous
limit corresponds to perturbations with infinite
wavelength (v,, = 0) for all modes. Even for
model VIIy, which also has flat spatial sections,
the homogeneous limit will in general correspond
to perturbations of finite wavelength, with the
exact length depending on whether the pertur-
bation is a scalar, vector or tensor. Notice also
the appearance of a new dimensional scale (¢;),
known as spiralling scale, which corresponds to
the helicoidal isometries of some models, and
which is responsible to a nontrivial multipolar
structure in CMB anisotropies, as we will see.
Remarkably, the homogeneous limit of hyper-
bolic models (V and VII};) corresponds to com-
plex wavenumbers. This means that such per-
turbations will have wavelengths larger than the
curvature radius of the universe, and are thus
supercuvature [31].

III. CMB IN THE LINE-OF-SIGHT

APPROACH

One of the main advantages of the identifica-
tion between FLRW perturbations and nearly-

4 See also [38] for a numerical implementation of temper-
ature anisotropies in model VII; considering only the

isotropic models is the fact that observables of
the latter can be computed from known expres-
sions of the former, allowing for a unified de-
scription. In particular, the imprints of nearly-
isotropic models on CMB anisotropies, which
so far have been obtained using two separate
codes, one for deterministic Bianchi anisotropies
and another for stochastic FLRW perturbations
[15, 37], can be unified into a single line-of-sight
integrator’. This requires two main modifica-
tions in the structure of standard codes, one re-
lated to the Boltzmann hierarchy, and another
to the domain of the radial Bessel functions en-
tering the line-of-sight integrals.

A. Boltzmann-Bianchi hierarchy

To derive the hierarchy for Bianchi
anisotropies from the standard FLRW case
(see, e.g., Egs. (33) and (34) in Ref. [33]),
one simply replaces the spin-multipole coupling
constants sxy" there with a new set of constants,

according to the following rule [29]:

Cm
sky' — sky' £

Gy
¢"
Kbl = sk cm
r+1

where

ohp = \/ s m2£)2(g2 —S) ke, (1)

and where the constants (;", which are given in
Table I, account for the introduction of “pseudo
plane-waves” in curved spaces—see [32] for de-
tails. The resulting Boltzmann-Bianchi hier-

archy for the neutrinos (M(m

)), temperature
(@ém)), and polarization F and B multipoles

(Eém) and Bém)), is given by:

Sachs-Wolfe effect.
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where 7 is the optical depth, and the coefficients
Qém) and XCém) (X = T,E, B) represent the
gravitational and collisional terms, respectively.
As we can see, the anisotropic dynamics have a
direct impact on the free-streaming terms (in-
side square brackets) through the constants s}
and ;.

The system of equations (17)-(20) is not
closed, and for that we also need a dynami-
cal equation for the gravitational term Qém), as
well as the expressions for the collisional terms
XCém). For tensor modes (|m| = 2), the non-
vanishing contributions are

gf”:&@m, (21)
EC :|:2) _ /fP i2 (23)
where
(m) _ (m) _ (m)
pim = — (@ V6ES ) (24)

+2)

accounts for the linear polarization and, in Qg ,
we have used Eq. (11) to identify the shear with
the gravitational potential. The tensor modes of
the shear, in turn, satisfies

Blagy + 2HB (10 + (Vi — K)Bao) =

8a? 2 2
T (ngg )+ pVNQ( )) ;

(25)

where p, and p, are the photon and neutrino en-
ergy densities, respectively. Note that this equa-
tion follows formally from the FLRW equation

(

for tensor perturbations through the identifica-
tions (3) and (14).

For the vector modes (|m| = 1), the non-zero
terms are

1,1
+ Ky G
gé n_ 072?215@:1 (26)
+1 +1)
e =7y + ), D)
@C(il) _ IP(:tl) (28)
B — _\/6r' P (29)
Here, ’Uéil) is the (transverse) vector mode of the

baryon velocity, whose dynamical equations is

(o) +

+1
( Ho ) =

(il) (il)
with R = 3p,/4p,. Finally, the shear equation

for the vectors modes is

Blary + 2HB(41) =
8v/3a?

5,/v3, — 4K

We stress that these equations are formally the
same equations for metric perturbations hy,,)
written in CLASS, and that the connection with
the shear is done through Eq. (11).

Before concluding this discussion, let us note
that the vector equations above use the velocity
and potential definitions given in Ref. [39], which
are not standard. In AniLoS and AniCLASS, we
also provide the vector hierarchy using the con-
ventions adopted in CLASS, which can be ob-

(31)

(pVN2(i1) 4 pVGéﬂ» '



tained by setting 'gauge: newtonian’ in the in-
put parameters file.”

B. Radial functions

The Boltzmann-Bianchi system formed by
Egs. (18)-(20) has a formal line-of-sight solution
given by

0" (m) (™. e (m) 4 gm)
o S ()
Cogg 00, (32)
o
(m)
E, (no)_/ PN m)Cz grm)
(33)
(m)
By (o) _ N B e 3
20+ 1 _/0 dne Z e (00,
(34)
where x = np—n, and sEylm) and sﬁézlm) are elec-

tric and magnetic radial functions, which also
depend on v,,. Their definitions and overal prop-
erties are collected in [32]. The set of integral so-
lutions also include a solution for the neutrinos,
which is trivial, and thus not shown here.

These integral solutions are formally identical
to those of FLRW perturbations, except for two
important modifications: the appearance of the
¢, terms, and the domain of the radial functions
in the case of open universes. The latter follows
from the presence of supercurvatures modes (i.e.,
complex v, in Table I), which requires an ana-
lytical extension of these functions.

In order to implement this extension, we note
that both the electric and magnetic radial func-
tions can be written in terms of hyperspherical
Bessel functions ®) and their derivatives [32].
For open universes, these functions can be writ-
ten in terms of Legendre functions [40, 41]

TI'Né/
2 sinh y

—1/2—¢

—1/2+iv (35)

/(%) = (cosh ),

5 Note that the term 'newtonian’ is rather misleading,
as all our equations are actually implemented in the
synchronous gauge.

where Pg(z) is defined for complex «, 8 and
|z] > 1 [42], and N/ is a normalization factor.

For real and large v and ¢, these functions
can be efficiently computed using the algorithms
described in [43, 44], and which are implemented
in CLASS. Thanks to (35), these routines can be
adapted to work with complex v. To this end, we
choose the normalization factor V) that matches
that used in CLASS [43]:

¢

H(V2 + 712)

n=1

NY = (36)

so as to keep the same recurrence formulas given
in [44]. Thus, in AniCLASS, the generalization to
complex numbers was carried by using C’s native
complex library. A complex version of CLASS’s
hyperspherical routines was introduced, with mi-
nor differences from the original ones to account
for the complex domain. In AnilLoS, these al-
gorithms were implemented using Cython, and
are contained in the module hybess.pyx. We
have compared our results against the arbitrary-
precision implementation of Pg‘(z) found in the
Python library MPmath [45], and found excellent
agreement within the range of parameters we
considered.

C. Initial conditions

An important difference between the usual
SVT and the homogeneous svt modes refers to
their initial conditions. While the former are be-
lieved to result from some quantum random pro-
cess during the early universe, the latter evolve
from classical initial conditions. We now briefly
discuss the initial conditions used to evolve ;)
and the baryon velocity v in time in our numer-
ical implementations.

In the absence of sources, the shear evolves
as [7]

By + 2HB{pmy — 8™ By = (37)
where S™ is a constant accounting for the spa-
tial curvature—see [7, 29]. As remarked earlier,
the solutions of the shear are classified as reg-
ular and irregular, according to their behavior
at n = 0. For S(™ = 0, B(m) is either a pure



constant, or divergent at n = 0, so that these so-
lutions are not cosmologically interesting. Since
this is the case in model I, this model is not im-
plemented in AniLoS or AniCLASS.

Regular and cosmologically interesting solu-
tions can be found in the case of tensor pertur-
bations (|m| = 2), where

SE) = 2 1 K. (38)

They can be interpreted as superhorizon and
non-stochastic gravitational waves which are
frozen, but which become dynamical after en-
tering the horizon. For example, in model
VII;, and in a matter-dominated universe, one
finds B9 o ji(wsn)/(wtn), where wy =
\/1=£ils/l.. This solution can display regular
solutions which are either constant or oscillat-
ing, depending on the values of the constants /.
and (s [7].

In the case of CMB, we set initial condi-
tions deep in the radiation era, during the tight-
coupling regime. Using H = 1/n, it follows from
(37) that the regular solution in this case is

_S(*2) )
e

sin(

. (39)

For modes which are in the superhorizon regime,
initial conditions are chosen as

B2y (Mni) =1,
Bligy (ini) = — (Koo + 2K)1ini /3,

where we have used (14).

Regular vector modes (|m| = 1) could also be
observed in the presence of free-streaming neu-
trinos and isocurvature initial conditions. For
example, an initial condition (after neutrino de-
coupling) where photons and neutrinos have
non-zero and nearly opposite velocities leads to
a constant vector mode [39, 46]. In the ho-
mogeneous limit, this corresponds to a vector
part of the shear that does not decay, but re-
mains constant on superhorizon scales at early
times; in the codes, this conditions is labeled
iso. Another possibility (labeled oct) is if neu-
trinos only have an initial octopole moment [47].
Through the Boltzmann equation, this octopole
moment induces an anisotropic stress at early

times, which can also lead to a regular vector
mode of the shear. In AniLoS and AniCLASS,
we implement the tensor regular solution and
both isocurvature quadrupole and octopole ini-
tial conditions for vector modes.

IV. ANILOS AND ANICLASS

Having summarized the main modifications
of standard Boltzmann codes needed to im-
plement the CMB anisotropies from nearly-
isotropic Bianchi models, we now proceed to de-
scribe our numerical implementations.

In a nutshell, AniLoS and AniCLASS are inte-
grators that evolve Egs. (32)-(34) from a given
set of cosmological parameters and initial con-
ditions, and in the context of nearly-isotropic
Bianchi models, thus providing the determinis-
tic CMB anisotropies at large scales resulting
from these models. In both codes, the output
is the set of CMB multipolar coefficients @ém) ,

Eém), and Bém), which can be readily converted
into CMB maps using healpy. These coefli-
cients should be seen as additional modulations
to the existing primordial (and stochastic) CMB
anisotropies.

AniloS is implemented in Python, which pro-
vides a high-level interface that simplifies the
coding process and modifications by the user.
Numerical solvers are offered by standard NumPy
and SciPy libraries, which also handle array op-
erations efficiently. It also relies on Numba, which
speeds up functions by compiling them to opti-
mized machine code, and Cython, used in the
implementation of the radial functions. Com-
plex types are also handled with ease, making
the implementation of new initial conditions or
exotic physics straightforward. However, this
comes at the cost of Python’s inherent perfor-
mance limitations. Note that, despite being fully
developed in Python, AniLoS relies on CLASS’s
Python wrapper to provide common background
and thermodynamical quantities. In particular,
AniloS uses CLASS’s conventions for fixing di-
mensionful quantities.

In contrast, AniCLASS is a low-level C code.
It is a minimal modification of CLASS, which al-
ready includes native and well-tested implemen-
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FIG. 1. Time performances in AniCLASS and AniLoS
as a function of increasing multipole ¢, running on
a Intel Core I5-8250U laptop. Overall, AniCLASS is
about 10 times faster than AniLoS.

tations of the Boltzmann hierarchy and the line-
of-sight integral. However, CLASS is highly inter-
connected, meaning that localized changes often
impact the entire codebase. The main departure
from the original CLASS code is the introduction
of complex numbers required to handle super-
curvature modes. This is facilitated by C’s na-
tive support for complex types. While AniCLASS
is more difficult for end users to modify, its com-
putational performance is unmatched, making it
a powerful tool for intensive Monte Carlo simu-
lations. Additionally, AniCLASS presents a mod-
ified version of the Python wrapper classy, al-
lowing users unfamiliar with the C language to
compute and call the CMB multipoles directly
from a Python interface. The time performances
of both codes as a function of the output multi-
pole £ is shown in Figure 1.

Both codes give the resulting anisotropies for
vectors and/or tensor modes having the initial
conditions described above. Since scalar modes
do not possess regular solutions, they are not im-
plemented. With the exception of model I, which
does not possess regular solutions, the codes
give the resulting anisotropies from all models
in Table I. In practice, however, we only need
to implement models VII; and IX, since models
VIIg and V result from the former in the lim-
its /. — oo and f; — o0, respectively. Model
IX is implemented separately, since in this case
the coefficient (;* achieves a very simple form,

implying that only modes with ¢ = |m| = 2
are excited, thus greatly simplifying the hier-
archy and radial functions (see Egs. (6.9) and
(6.10) in [29]). Thus, the central core of AniLoS
and AniCLASS is devoted to solving model VII}.
In what follows we will detail the structure of
AniloS, while stressing some important differ-
ences with AniCLASS.

AniLoS is organized into three main modules:
anilos.py, hierarchy.py, and hybess.pyx.
The central module, anilos.py, serves as the
entry point to the code and is initialized with
a Python dictionary that provides the key vari-
ables needed for execution. This includes:

¢ Bianchi parameters: only two parame-
ters are needed to determine a model from
Table I. In AniLoS, these are vVh = ls/l.
and today’s curvature density, Q(}(. The
latter fixes ¢, and, when combined with
Vh, also fixes ¢;. In AniCLASS, the in-
put parameters are mf; ', which is the
matched Fourier mode k, and Q‘}(. Note
that the Fourier mode k is an input pa-
rameter in standard CLASS, so, to min-
imize the number of modifications, we
opted to keep it instead of using v/h. We
choose Q% = 107° and vh = 10* as the
default values for models VIl and V, re-
spectively. It is possible to input values of
Q% or Vv h respectively smaller or higher
than these values, but note that precision
may be affected if the user chooses Q?( too
small. If Q(}( = 0 is chosen, then the de-
fault Q(I)( = 1077 is used instead. Finally,
note that model IX only requires the spec-
ification of Q% If the user inputs Vh or k,
these parameters will be ignored.

e FLRW parameters: here the user can
provide the usual background cosmologi-
cal parameters, such as Hy and €,,. If
needed, the user can also specify the con-
ditions defining the tight-coupling regime,
which is used in the computation of the
Boltzmann-Bianchi hierarchy.

e Precision parameters: these refer to
the maximum multipole £;,.x used to com-
pute the line-of-sight integral, as well as
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Input
Bianchi parameters (v, Q%)
FLRW parameters (Hy, €, etc.)
Precision parameters ({max, Lcutoffs Treio)

Pert. type (i.e., m|) and vector initial
conditions (isocurvature or octopole)

e

Bianchi model <+ Homog. limit
Computes the wavenum-
ber v, from Eq. (42)

Y
Boltzmann-Bianchi Hierarchy

e Computes ;x7* and ;"

e Solves (17)-(20) up to £max

Y
Sources

.

Background
Calls CLASS to obtain back-
ground parameters as a func-
tion of time (#, a, x, T, etc.)

Y
Radial functions
Computes electric and
magnetic radial functions

Y

Line-of-sight integrals

Y

Computes the gravita-
tional and collisional sources

Integrates Egs. (32)-(34).

/

CMB multipolar coefficients

T E
A A

and o

FIG. 2. Flowchart of the Python package AniLoS. The colors refer to the module where each step is found:

green for anilos.py, red for hierarchy.py and yellow for hybess.pyx.

containing the CMB multipolar coefficients al | af

the cutoff multipole f.utog needed to con-
verge the Boltzmann-Bianchi hierarchy.
Regarding the latter, we adopt the same
truncation scheme used for stochastic lin-
ear perturbations (see Ref. [48]). The
user also has the ability to choose preci-
sion targets for the differential equations
in AniLoS. In AniCLASS, the optimization
options are inherited from CLASS.

e Perturbation type and initial condi-
tions: the user can specify the perturba-
tion type (i.e., the |m| value) among vec-
tor, tensor, or both, as well as the initial
condition for the vector modes, which can
be either iso or oct. Regarding the hi-

m

The final output is an array
and a?  (blue box).

erarchy (17)-(18), all multipole moments
are internally chosen as zero at the initial
time.

Given these input parameters, anilos.py de-
termines the associated Bianchi model. More
precisely, it computes the wavenumber v, cor-
responding to the homogeneous limit of FLRW
perturbations. As discussed above, this falls into
two cases:

Lt Q9 <o,
T K (42)
it QF >0.
This module also calls CLASS in order to com-
pute the FLRW background quantities as func-
tions of conformal time, such as H, a, x and 7. In



AniLoS this is obtained by calling CLASS’ Python
wrapper classy, while in AniCLASS these are ob-
tained directly from the main code. The back-
ground quantities consist of arrays in confor-
mal time, with starting and ending values de-
termined by CLASS’s native limits [49].

The second module, hierarchy.py, contains
the implementation of Boltzmann-Bianchi hier-
archy for vector and tensor modes. Since the
main function of this module is to provide the
sources appearing in the kernels of the integrals
(32)-(34), and given that the sources are re-
stricted to ¢/ < 2, it is enough to solve the hier-
archy up to a small (and fixed) cutoff-multipole,
and then obtain the CMB multipoles from those
integrals. Thus, when calling this module we set
Ecutoﬁ" = 30.

The hierarchy is implemented as y = My,
with y a vector and M a matrix, and inte-
grated with SciPy’s solve_ivp integrator using
the default Runge-Kutta method. Although M
is sparse, implementing it as a sparse matrix
proved inefficient. Instead, we found that us-
ing Numba—which compiles Python code into
machine code at runtime—Iled to better perfor-
mance. One drawback of this approach is that
the first function call results in additional over-
head due to compilation. However, this can be
mitigated by explicitly specifying variable types,
as done in AniLoS.

The third module, hybess. pyx, is dedicated
to the computation of the electric and magnetic
radial functions entering the line-of-sight inte-
grals. Since these functions will be integrated in
time, they need to be sampled at a large num-
ber of time intervals, and for a many indepen-
dent multipoles (¢, m). Thus, their computation
is numerically intensive. As we have seen, these
functions are given by combinations of hyper-
spherical Bessel functions and their derivatives,
which obey the following recursive relations

1

Py = N [(2¢ — 1) coth x ®_,

— V=120, (43)
doy
dxé = {coth x®; — \/m‘bhu (44)

where we have omitted the index m in v, for
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simplicity. These relations provide a highly ef-
ficient computation method for real v, which is
the approach adopted in CLASS. In our case, as
we have seen, v can take complex values. Fortu-
nately, the recurrence relations remain valid for
complex v, which means that CLASS’s implemen-
tation can be extended to support complex v, al-
though this is not a trivial task. In AniLoS, this
module is implemented using Cython, whereas
in AniCLASS these functions are obtained by a
direct modification of CLASS’ routines. In im-
plementing these functions, both forward and
backward recursion methods are employed for
computing ®;. In the forward approach, ®f
is computed from ®;_;, and ®]_,, while in the
backward approach, it is obtained from @y ,
and @7, ,. The use of both schemes is necessary
because forward recursion is numerically stable
only in the region x > sinh™'(\/4(¢ +1)/|v|)
[44]. To initialize the sequence for backward re-
cursion, we follow the procedure implemented in
CLASS.

The integration between these three mod-
ules is illustrated in the flowchart of Figure 2.
Given the input parameters and the compu-
tation of auxiliary variables, anilos.py calls
hierarchy.py to obtain the source terms. A call
to hybess. pyx then provides the radial functions
which, when combined with the sources, allows
for a direct evaluation of the line-of-sight inte-
grals. These integrals are schematically of the
form

;™ () i)
| VLRSI

where M é(m) stands for either temperature or po-
larization multipoles, S](-m) represents the source
terms, and Réj ™) the radial functions. The ra-

dial functions are stored as two-dimensional ar-
rays,

4 RY™ () -+ RY™ (10)
Réjm) — array : : ’

Pmax lmax

(Mini 70)

and, since the source terms do not depend on /,
they could be stored as one-dimensional arrays



as [S](.m)(nini),--o ,S](.m)(no)]. In practice, it is
more efficient to use NumPy’s function tile to
convert it into two-dimensional arrays,

ST (ini) -+ ™ (10)
(m) . . .
5, — array : . : 7
S]('m)(nini) Sj(m)(ﬁO)

and then vectorize their product with the ra-
dial functions. The time integrals are then im-
plemented using trapezoid from SciPy, which
leads to the multipoles @ém), E,Em), and Bém) for
=0, ,lmax and |m| < 2. Finally, in order to
connect these multipoles to the more commonly
adopted multipoles accounting for observed di-
rectional anisotropies, (ie. al , af . al ) we

use [29]
47
T _ ¢ (m)
Um =T\ 55779

with similar formulas for the polarization mul-
tipoles (with an additional —1 factor for the B
mode). These are the main output of our codes.
The coefficients of both the total angular mo-
mentum basis and the usual spherical harmonic
basis are available in AniCLASS (that is, the user

can choose to output agm or (__)ém)’ for example).
In AniLoS, only the former is implemented.

(46)

Note that, since nearly anisotropic models
can only excite coefficients with |m| = 1,2,
many of the resulting coefficients will be zero.
Thus, both in AnilLoS and AniCLASS, the user
can choose between a dense output (i.e., with
only non-zero coefficients) or the full output in
healpy format (a Jupyter notebook with ex-
amples can be found in [35]). However, in
AniCLASS, the full output is not available in
the Python wrapper. Another important as-
pect of both codes is that the equations im-
plemented are specialized to the (fixed) polaria-
tion basis (e(*), e(~), e3). When doing forecasts
or real-data search for anisotropies, one should
also allow for three Euler angles correspond-
ing to the orientation of the (unknown) axes of
anisotropies. In practice, this can be done by
rotating the output ag,s with HEALPix/healpy
rotation routines.
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V. EXAMPLES

Let us now illustrate our codes with a few
examples. Figure 3 illustrates the evolution of
vector and tensor modes of the shear and neu-
trino quadrupole. Note how the tensor compo-
nent of the shear is initially constant despite the
small values of anisotropic stress (right panel).
Conversely, the vector component of the shear
is only initially constant because of the inten-
sity of the anisotropic stress. Figures 4 to 7
showcase the expected temperature and polar-
ization CMB anisotropies in all nearly-isotropic
models (except model I), both for regular ten-
sor modes and the two possible regular vector
modes we considered. In all these figures, the
z-axis was chosen to point along the normal to
the screen, so as to help with the visualization
of the anisotropic features.

Models VIIy and VII; are the only cases
where spatial translations are accompanied by
corkscrew rotations. Consequently, these models
display a clear spiraling pattern seen in Figures 4
and 5 (see also [7]). Notice how the spiralling
patterns for the vector modes are stronger than
those found in the tensor modes (2nd and 3rd
rows in both figures). This is because the typical
spiral scale is given by 275 /|m/| in these models.
However, from the observational point of view,
the most important feature of these models lies
in the multipolar structure, which goes beyond
a simple quadrupole ¢ = 2. This follows from
the non-trivial structure of the ;" coefficients
entering the hierarchy (see Table I), which in
turn reflects the non-trivial kinematics of light
in these models. This is in sharp contrast to the
anisotropies of models V and IX shown in Fig-
ures 6 and 7, which can only display quadrupolar
anisotropies. Models V and VII;, also display a
focusing of the quadrupole pattern along the 2z-
axis, which is a typical signature of hyperbolic
spaces [50].

Finally, let us comment on the numerical dif-
ferences between AniLoS and AniCLASS. Figure 8
shows a comparison of the two main outputs:
i) solutions of the Boltzmann-Bianchi hierarchy
for the source terms and ii) the integration of
these sources along the line of sight. As we
can see, for cosmological parameters not too far
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— IX
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FIG. 3. Evolution of 3, and the neutrino quadrupole NQ(m) for vector (left) and tensor (right) modes,
and both for real (continuous) and imaginary (dashed) parts. For this plot we have used: Q% = 0.1 (VI
and V), 107° (VIIy), and —0.1 (IX); VA = 0.01 (VII;), 10* (V), and 10~ (VIIy). For the vector modes,
the neutrino isocurvature quadrupole initial condition was used. Recall that model IX has no vector modes,
and is thus shown only on the right panel.

O ©r6»

a) Regular tensor ( b) Regular tensor (E) ¢) Regular tensor (B)
) Vector isocurvature ( ) Vector isocurvature ( ) Vector isocurvature (
) Vector octopole (T ) Vector octopole (FE) ) Vector octopole (B

FIG. 4. CMB anisotropies in model VIIj, with three different initial conditions: regular tensor modes (top
row), isocurvature vector modes (middle row) and octopole vector modes (botton row). The cosmological
parameters used in this plot are Q9 = 0.31, Q} = 0.69, Qx = 107° and ¢, = 884 Mpc ~ 20%H, *.



14

O Br»

a) Regular tensor (

b) Regular tensor (E)

c¢) Regular tensor (B)
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Vector 1socurvature
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) Vector octopole (B

FIG. 5. Same as Figure 4 but for model VIIj. For this plot we have used Q9 = 0.3, Q% = 0.6, Q% = 0.1,

and ¢4 = 800 Mpc.

from observational limits, relative differences no
larger than 2% are observed at the lowest mul-
tipoles, but are overall smaller than ~ 0.1% for
¢ > 10. Typically, extreme values of Q0., V/h,
and /s will lead to numerical instabilities, and
thus larger relative differences. For example, in
model VIIy, a spiralling scale of ¢; ~ 0.1Gpc,
thus much smaller than the Hubble radius, will
lead to ~ 10% relative differences between the
outputs of the two codes. This isn’t surprising
since AniLoS uses Scipy’s default settings for
accuracy, and was not particularly optimized for
dealing with stiff systems. This aligns with the
philosophy of AniLoS, of being user-friendly and
easy to modify. Overall, when targetting preci-
sion, AniCLASS should be preferred over AniLoS,
since it relies on CLASS infrastructure, whose nu-
merical precision is under control [49].

VI. CONCLUSIONS

Upcoming cosmological observations hold the
potential to deepen our understanding of the
universe, including a better assessment of its ge-
ometry at horizon scales. This task will not only
benefit from new tools allowing an efficient com-
parison between data and models, but also an in-
tegration of existing tools. In this work, we have
introduced two numerical softwares, AniLoS and
AniCLASS, allowing for a unified treatment of
stochastic and deterministic CMB anisotropies.
In particular, when the deterministic compo-
nent arises from nearly-isotropic cosmological
models, it was shown in [29] that the resulting
anisotropies can be obtained from standard line-
of-sight CMB codes with minimal modifications.

Although both softwares perform the same
tasks, they have different use cases. AniLoS
is a user-friendly Python package allowing for
easy inclusion of new initial conditions and ex-
otic physics, whereas AniCLASS, an extension of
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FIG. 6. Same as Figure 4 but for model V. For this plot we have used QY = 0.3, Q% = 0.6, Q%

¢y = 10° Mpc, or Vh = 10°.
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(c) Regular tensor (B)

(f) Isocurvature (B)

(i) Octopole (B)

= 0.1, and

OCOCIOC

a) Regular tensor (

b) Regular tensor (E)

¢) Regular tensor (B)

FIG. 7. CMB anisotropies for model IX. Note that in this case we only have a quadrupolar modulation. For

this plot we have used Q0 = 0.3, Q% = 0.8, and QY

CLASS, targets at efficiency and intensive Monte
Carlo simulations. Both codes are free to down-
load and use at https://github.com/jgvicente.

AniloS and AniCLASS can be extended in
many interesting ways beyond the inclusion of
new (regular) initial conditions. One obvious
example is the inclusion of massive neutrinos,
which would directly affect the tensor modes of
the shear. From a more phenomenological per-
spective, one can consider that dark energy de-
velops anisotropic pressure at late times [23, 51,

= —0.01.

52], which could act as a direct source to the
right-hand side of Eq. (37). In this case, regu-
lar solutions can develop even if S(™ = 0, and
scalar modes of the shear (m = 0) can develop
interesting signatures.

More generally, this work paves the way for
a unified framework to describe the imprints
of mnearly-isotropic cosmologies on all cosmo-
logical observables described as past light-cone
integrals over source fields (e.g., weak lensing
shear, galaxy number counts, redshift and po-


https://github.com/jgvicente
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FIG. 8. Relative differences between the main outputs of AniLoS and AniCLASS, both for vector (lower panel)
and tensor modes (upper panel). Left: relative differences between the multipolar coefficients resulting from
the hierarchy (17)-(20) up to £ = 6, which is the cutoff used for integrating the source terms. Right: relative
differences between the full harmonic coefficients for temperature and polarization. For this plot we have
used Q9 = 1075 and Vh = 8x10~%, which corresponds to £, ~ 1000 Mpc, and isocurvature initial conditions

for the vector modes.

sition drifts, etc.). Since so far only the ef-
fect of scalar modes is implemented for these
observables, one would need first to implement
the effect of vector and tensor perturbations on
them. As in the case of the CMB, applying
this method to a given observable would then in-
volve two key steps: properly incorporating the
homogeneous limit and the pseudo plane-wave
coefficients (;* into the corresponding equations
of motion, and analytically extending the radial
Bessel functions that appear in the light-cone in-
tegrals. Given the constraining power of current
and upcoming large-scale structure surveys on
late-time anisotropies, this direction holds sig-
nificant promise and will be pursued in future
work.
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