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The Hellings-Downs (HD) correlation, which characterizes the signature of a stochastic gravitational wave
background measured via Pulsar Timing Arrays (PTA), is derived using a harmonic formalism. This approach
closely follows the theoretical framework traditionally employed to compute correlations of temperature fluc-
tuations in the Cosmic Microwave Background (CMB). This parallel enables a direct comparison between the
correlations observed in PTA and those in CMB experiments. After providing analytic estimates of the trans-
mission functions due to the model-fitting procedure, we show that the covariance matrix in frequency space
becomes very nondiagonal. We then build formally the quadratic estimator for the HD correlation in multipolar
space, for both a perfect experiment, and for a realistic pulsar noise model. For a perfect experiment, we show
that the signal to noise ratio grows with the observation time and the number of frequency bins, in turn deter-
mined by the cadence of observation. For an imperfect experiment, the behaviour is similar, with an effective
multipole-dependent number of frequency, obtained after weighting with noise. We predict that with ∼ 200
pulsars monitored for 25 years, multipoles of the HD correlation up to ℓ = 4 can be measured. Our findings
clarify that what has been referred to as cosmic variance in some of the previous literature is not an intrinsic
limitation for PTA measurements. Instead, when an optimal estimator is used, this variance can be mitigated by
accumulating more observation time or improving the cadence of pulsar monitoring. Therefore, unlike CMB
angular correlations, where cosmic variance represents an irreducible constraint, it can be reduced in PTA mea-
surements and will continue to diminish in future experiments. Finally, we show that if the primordial power
spectrum of tensor fluctuations was very blue with nT > 4, the CMB angular correlation due to these tensor
modes would also exhibit a HD correlation. While our results are derived for the case of an isotropic bath of
gravitons, we also discuss the case in which the graviton distribution function is anisotropic.
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I. INTRODUCTION

Pulsar Timing Arrays (PTAs) were used to provide the
first evidence of a stochastic gravitational wave (GW) back-
ground in the nHz band [1–4], with evidence of spatial corre-
lation among different pulsar redshifts following the Hellings-
Downs (HD) function. Various detection methods are re-
viewed in [5], and the physical interpretation of the HD cor-
relation is discussed in [6, 7]. Methods for mapping the back-
ground have also been developed [8–11] (see also [12, 13] for
a discussion of polarisation with Stokes parameters), and it
has recently been proposed that a loud source may account
for the evidence of anisotropy reported in [14]. Due to the
all-sky nature of the signal, a harmonic formulation of the HD
analysis has been introduced in [15–23], which forms the ba-
sis for our harmonics analysis. The most recent analysis of
the HD signature by NANOGrav [24] is expressed in multi-
pole space, with a clear detection of the quadrupole and only
marginal evidence for the octupole. The significance of the
background detection is expected to improve in the future, as
the signal-to-noise ratio (SNR) of PTA observables increases
with the observation time [19, 25, 26]. The spectral func-
tion of the GW background from binaries is known to be ap-
proximately a power law [27], and its exponent can also be
constrained. However, to eliminate sources of contamination,
time residuals for each pulsar must be fit with a linear drift
and a spin-down, while the modulation due to Earth’s motion
must be accounted for, which alters the low-frequency part of
the spectrum [28–30].

To evaluate the error and construct estimators for the pulsar
correlation function, it is crucial to understand the covariance
of the quadratic estimators. Recent efforts have focused on
obtaining the covariance in the most general scenarios [31],
with particular attention to source discreteness [7, 31–35]
and the anisotropic nature of the underlying large-scale struc-
ture [32, 36, 37]. It has recently been argued [7, 31–35] that,
since PTAs operate in a regime where time averaging over ob-
servation periods limits the sampling of many realizations of
the Universe, any attempt to measure the HD correlation is
affected by cosmic variance. This cosmic variance is often
considered an irreducible limitation on our ability to constrain
the HD correlation with any PTA experiment, even in the ab-
sence of instrumental noise [7, 31, 34, 38]. This is in con-
tradiction with the intuition proposed a few years ago in [16]
that since PTAs are sensitive to a range of frequencies, the
effect of cosmic variance should be reduced by properly com-
bining different frequency bins. Indeed, estimates of the SNR
scaling based on simulated PTA data suggest that sensitivity
continues to improve with increasing observation time [19],

with no indication of reaching a fundamental limitation. This
intuition was further developed theoretically in the recent ar-
ticle [39] where the authors build an optimal estimator for HD
correlation as function of pulsar separation, exploiting the fre-
quency information. However, confusion persists in the liter-
ature, with cosmic variance still being referred to as a funda-
mental limitation in very recent studies.

In this article, we present a pedagogical derivation of how
the cosmic variance issue is mitigated by optimally combining
different frequency bins. Unlike [39], when building the opti-
mal estimator, we work in multipole space rather than in real
space. The advantage of working in multipole space is that,
in the strong signal limit, the covariance is fully diagonal, and
a quadratic optimal estimator can be built, with a more trans-
parent structure than the one derived in [39] in real space. We
also consider the effect of adding instrumental noise and we
present in detail how the optimal estimator is modified when
accounting for the fact that in a real experiment one has to fit
time residuals with a deterministic template, to subtract the
effect of a linear drift and a quadratic term. We show that
the final claim about the SNR is not altered by this filtering
procedure.

Since PTAs measure timing residuals, which are closely re-
lated to pulsar redshifts, the HD correlation in PTAs has an
analogous counterpart in CMB observations, when consider-
ing the correlation between redshift perturbations (or temper-
ature anisotropies) induced by GWs in the early Universe. We
identify the CMB analogue of the HD correlation, which, al-
though conceptually similar, exhibits a more complex struc-
ture compared to the PTA HD correlation. This comparison
allows us to evaluate the impact of cosmic variance in both
types of experiments. We find that while, for the CMB, cos-
mic variance is an irreducible source of uncertainty on our
ability to reconstruct the angular power spectrum, it does not
pose a fundamental limitation for PTA experiments, provided
that the correct estimator is used. When using an optimal esti-
mator, we find indeed that the SNR grows with the observation
time and with the cadence of pulsar monitoring, hence there
is no fundamental limitation in our ability to measure the HD
curve. For the CMB, the redshift is indirectly inferred from
the spectrum or the energy of the photons received, which is
already averaged over the duration of the experiment. Addi-
tionally, the intrinsic timescale of variations in the underlying
signal is of the order of millions of years. As a result, the
situation is akin to performing a single measurement of the
CMB at a specific moment in time. The duration of the exper-
iment mainly serves to reduce the experimental error in this
single measurement, while it plays no role in a perfect exper-
iment. Exploiting this parallel, we also show that, if the pri-
mordial power spectrum of tensor fluctuations was very blue
with nT > 4, the CMB angular correlation due to tensor modes
would also exhibit a HD correlation.

In our derivation of an estimator for the HD correlation,
we first work in real space of time and directions. The depen-
dence on directions can be reformulated in spherical harmonic
components, and the time dependence can be expressed in
frequency space. Hence we will consider four different but
equivalent formulations of the correlation function and the
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corresponding four (equivalent) estimators. Multipole space
turns out to be a particularly suitable represention for the HD
correlation as the angular power spectrum of pulsar redshfits
is diagonal. The advantage of this approach is that the covari-
ance of any estimator is diagonal in both frequency and mul-
tipole space, taking the standard form that is familiar from
CMB studies (see also [15] for CMB mapping methods ap-
plied to PTA mapping).

Our article is structured as follows: in section II, we present
general concepts and definitions and in section III we discuss
pulsar redshift in multipole space, followed by the computa-
tion of the two-point correlation in both real and multipole
space in section IV. Section V introduces different represen-
tations (in time and direction space, in frequency and direc-
tion space, and in multipole space) of a quadratic estimator
for the pulsar redshift correlation function. In section VI we
discuss how to consistently go from the ideal case of a con-
tinuous frequency spectrum, to discrete frequency space, and
we compute how the pulsar two-point function gets modified
when accounting for the finite observation time and filtering
out spurious contributions with a proper time modeling. In
section VII, we show that cosmic variance arises when differ-
ent time (or frequency) measurements are naively combined,
and we demonstrate that an optimal estimator that properly
weights low frequencies mitigates the cosmic variance prob-
lem. We build formally the quadratic estimator for the HD
correlation in multipolar space, for both a perfect experiment,
and for a realistic pulsar noise model. For a perfect exper-
iment, we show that the signal to noise ratio increases with
the observation time and the cadence of measurements. For
an imperfect experiment, the signal to noise ratio depends on
an effective multipole-dependent number of frequency, which
increases with the observation time, but which also depends
on the frequency dependent level of noise. We predict that
with ∼ 200 pulsars monitored for 25 years, multipoles of the
HD correlation up to ℓ = 4 can be measured. Our findings
show that variance is not an intrinsic limitation, as it can be
mitigated by accumulating more observation time or improv-
ing the cadence of pulsar monitoring. Finally in section IX
we present the terms of the analogy with the CMB and we
discuss our findings in section X. Our results are derived for
the case of an isotropic bath of gravitons. In section VIII we
discuss the case in which the graviton distribution function
is anisotropic: we build an optimal estimator for anisotropies
and we compute its variance, recovering results of [18]. The
fact that a given time-residual map has a finite angular resolu-
tion fixed by the number of pulsars in a network reflects on our
ability to constrain the angular power spectrum of the back-
ground energy density, even for a perfect experiment. Tech-
nical details and mathematical derivations are presented in a
series of appendices.

II. GW BACKGROUND: GENERAL CONCEPTS AND
DEFINITIONS

In this section we detail how gravitational waves are ex-
panded on tensor valued plane waves, or harmonic functions,

and we review the statistical properties of the modes of this
expansion. Note that we are eventually interested in writing
the redshfit of a pulsar in terms of GW from the pulsar to
the observer. Since the pulsars monitored are galactic objects,
we can assume spacetime to be flat (neglecting cosmological
expansion). This implies that GWs satisfy □hi j = 0 where
the d’Alembertian is the flat space one. On the other hand,
when working out the CMB analogy, we will have to extend
the treatment of this section to a cosmological background,
accounting for the Universe expansion.

A. GW mode expansion

Tensor fluctuations, describing GW, can be expanded on
a suitable basis of tensor valued harmonic functions. In flat
space, and for a wave propagating along the z axis, the har-
monic functions are given by1

Q(±2)
i j (k = kez,x) = e(±2)

i j (ez)eik·x , (1)

where the helicity tensor basis is

e(±2)
i j (ez)≡ (ex

i ± iey
i )(e

x
j ± iey

j) . (2)

For a wave propagating in a general direction, we simply
rotate the previous construction. If the mode direction is k̂ =
(θk,φk), then we use the rotation Rk̂ = R(φk,θk,0), with the
Euler angles defined in (A2), so as to build another harmonic
function

Q(±2)
i j (k,x) = Rk̂[Q

(±2)
i j (kez,x)] . (3)

Hence a general harmonic function can be expressed in terms
of a suitable helicity basis as

Q(±2)
i j (k,x)≡ e(±2)

i j (k̂)eik·x , (4a)

e(±2)
i j (k̂)≡ (Rk̂)

k
i (Rk̂)

l
j e

(±2)
kl (ez) . (4b)

The essential properties of this construction are

e(±2)
i j (−k̂) = e(∓2)

i j (k̂) , (5a)

Q(±2)
i j (−k,x) = Q(±2)⋆

i j (k,x) . (5b)

With this basis, there are several, but equivalent, ways to de-
compose a GW background as a superposition of plane waves
coming from different directions, depending on how we treat
the time dependence. The first method consists in using pro-
gressive waves. The GW reads in the local Minkowski metric
with time coordinate η

hi j(η ,x) = Re

(∫ d3k

(2π)3 ∑
m=±2

h(m)(k)eikη Q(m)
i j (k,x)

)
,

(6)

1 The normalization is different from the one used in [40] or [41] in the
context of CMB fluctuations (tensorial contributions), but it is consistent
with the usual notation for the treatment of a stochastic background of GW.
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where we used the definition (4a) and h(m)(k) is the coefficient
in front of a plane wave propagating in the direction −k̂, that
is a wave which we see coming from the direction k̂.2 For
future use we introduce the following modes

h(m)
cos (k,η)≡ 1

2

(
h(m)(k)eikη +h(m)⋆(−k)e−ikη

)
, (7)

such that

h(m)⋆
cos (k,η) = h(m)

cos (−k,η) , (8)

and using (5b) the GW expansion reads

hi j =
∫ d3k

(2π)3 ∑
m=±2

h(m)
cos (k,η)Q(m)

i j (k,x) , (9)

without need to take the real part as in (6). Finally, we intro-
duce the combination

H(m)(k,η)≡ 1
2

(
h(m)(k)eikη +h(−m)⋆(k)e−ikη

)
, (10)

which satisfies

H(m)⋆(k,η) = H(−m)(k,η) . (11)

B. Statistics of the GW background

For an unpolarized and stationary background, the two-
point function of the wave modes satisfy the following rela-
tions

⟨h(m)(k)h(m
′)⋆(k′)⟩ = (2π)3

δmm′δ (k−k′)2A(k) ,

⟨h(m)(k)h(m
′)(k′)⟩ = 0 , (12)

which are independent correlation rules. The average ⟨. . .⟩ de-
notes an ensemble average over the many possible realization
of the GW background.

The 2-point function of the modes h(m)
cos can be derived from

their definition (7)

⟨h(m)
cos (k,η)h(m

′)⋆
cos (k′,η ′)⟩=δmm′(2π)3

δ (k−k′)

×A(k)cos[k(η −η
′)] , (13)

⟨h(m)
cos (k,η)h(m

′)
cos (k′,η ′)⟩=δmm′(2π)3

δ (k+k′)

×A(k)cos[k(η −η
′)] .

where the latter is not independent from the former because
of the relation (8). The fact that the time dependence of the
two-point correlation is only a function of η −η ′ is a conse-
quence of the assumed stationarity. Similarly, using the defi-
nition (10) we get for for H(m)

⟨H(m)(k,η)H(m′)⋆(k′,η ′)⟩ = δmm′(2π)3δ (k−k′)

×A(k)cos[k(η −η ′)] . (14)

Again the result for ⟨H(m)H(m′)⟩ is not independent and can
be found from property (11).

2 This decomposition is close to but different from the (7.1) of Allen [22]:
we do not use negative frequencies and we introduce both left and right
polarizations. The normalization we use is also different.

C. GW background spectrum

The GW spectrum A(k), introduced in section II B, can be
interpreted as a distribution function of a gas of gravitons up to
some factors and powers of k. In the context of PTA observa-
tions, this interpretation implicitly assumes that the function
A(k) has been promoted to a local function A(k,x = 0) at
the observer position, in turn identified with the pulsar net-
work position. In other words, we consider that the set of pul-
sars is very localized and that we have a distribution function
describing the gas of gravitons at the pulsar network position.
This approach is valid only if the sources are very far com-
pared to the distance between pulsars (local detector assump-
tion). Note that when defining a distribution function from
quantum field theory we do exactly the same thing: we de-
fine an occupation number average which is in full generality
global, and then we localize it (e.g. with a Wigner transform),
see [42, 43].

Let us parametrize the angular dependence of the distribu-
tion function as

A(k) =A(k)Â(k̂) , Â(k̂) = ∑
LM

ÂLMY M
L (k̂) , (15)

where k = |k| and ÂL−M = (−1)MÂ⋆
LM since the GW spec-

trum is real valued. This decomposition assumes the exis-
tence of a factorization between a spectral shape A(k), and
an angular-dependent function Â(k̂). Unless stated otherwise
we shall assume an isotropic function, that is Â(k̂) = 1.

The isotropic part A(k) is related to the background energy
density, which can be quantified in units of the critical energy
density with

ΩGW =
∫

∞

0
ΩGW( f )dln f , ΩGW( f ) =

8π2

3H2
0

f 3P̂( f ) , (16)

where k = 2π f , and the (two-sided, meaning that needs to be
integrated on both positive and negative frequencies) spectral
function is

P̂( f )≡ 4π f 2A(2π f ) . (17)

The spectral function in turn is directly related to the variance
of the norm of the GW fluctuations since with (9) and (13) we
find

⟨hi j(η0)hi j(η0)⟩= 4h2 , (18)

where following the notation of [22] we introduced

h2 ≡ 2
∫

∞

0

4πk2dk
(2π)3 A(k) =

∫
∞

−∞

P̂( f )d f , (19)

with the convention P̂(− f ) = P̂( f ). The factor 4 in (18)
comes from the normalization of the polarization basis (2),
and the factor 2 in (19) is the contribution of the two polar-
izations. The quantity 2h2 is interpreted as the variance due
to one polarization, and we therefore define the characteristic
strain in a (one-sided) log-frequency band as h2

c( f ) = 4 f P̂( f )
so that 2h2 =

∫
∞

0 h2
c( f )dln f .
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It is common in the literature to parametrize the spectral
density as [44]

P̂( f ) = P̂⋆

(
f
f⋆

)γ

, (20)

with a spectral index γ =−7/3, such that ΩGW( f ) ∝ f 2/3, for
a background composed by the superposition of GW emitted
by a population of compact binaries in the inspiralling phase
(see e.g. chapter 23 of [44]).

III. PULSAR REDSHIFT

We detail how gravitational waves induce a redshift z of the
pulsar signal, distinguishing an observer and a pulsar contri-
bution, and discussing their multipolar decomposition.

A. General expression

For a pulsar in a given direction n and at distance χ ≡ |x|=
η0−η , the redshift to the pulsar is defined as (see e.g. chapter
23 of [44])

z(χ,n) =
1
2

∫
χ

0
dχ

′nin j
∂η hi j(η0 −χ

′,χ ′n) , (21)

where to simplify the notation the dependence on η0 is omit-
ted here on the left-hand side of equations. In the following,
we split the redshift into an observer term and a pulsar term as

z(χ,n) = zo(n)− zp(χ,n) , (22)

with

zo(n) =
1
2

∫
∞

0
dχ

′nin j
∂η hi j(η0 −χ

′,χ ′n) , (23a)

zp(χ,n) =
1
2

∫
∞

χ

dχ
′nin j

∂η hi j(η0 −χ
′,χ ′n) . (23b)

The first contribution corresponds to the redshift one would
measure for an infinitely distant pulsar, the second term is the
same but computed from the pulsar position (as if the observer
was located on the pulsar).

We now seek to expand the observer and pulsar terms as the
product of a wave term and a geometrical factor expanded in
spherical harmonics, in the form

zo/p(n) =
∫ d3k

(2π)3 ∑
m=±2

∑
ℓ

zo/p
ℓm (k,η0)Rk̂[Y

m
ℓ ](n) , (24)

where from now on we always consider ℓ ≥ 2, unless speci-
fied otherwise. To that purpose, we use the GW plane wave
expansion (6), hence we need an explicit expression for the
tensor Q(m)

i j (k,x) contracted with nin j. For a GW propagat-
ing along the ez axis one has (just like for tensor modes in the
CMB context [40, 41])

Q(m)
i j (kez,x)nin j =− ∑

ℓ≥2
cℓ

√
(ℓ+2)!
(ℓ−2)!

jℓ(kχ)

(kχ)2 Y m
ℓ (n) , (25)

and

cℓ ≡ iℓ
√

4π(2ℓ+1) . (26)

If the plane wave is in a general direction as defined in (3) we
only need to rotate the result using that

Rk
i R l

jQ
(m)
kl (kez,x)nin j = Q(m)

kl (kez,x)Rk
i R l

jn
in j (27)

= Q(m)
i j (kez,x)(R−1 ·n)i(R−1 ·n) j ,

and one finally gets

Q(m)
i j (k,x)nin j =− ∑

ℓ≥2
cℓ

√
(ℓ+2)!
(ℓ−2)!

jℓ(kχ)

(kχ)2 Rk̂[Y
m
ℓ (n)] ,

(28)
where, using (A3), a rotated spherical harmonics is

Rk̂[Y
m
ℓ (n)]≡ ∑

M
Dℓ

Mm(Rk̂)Y
M
ℓ (n) , (29)

where Dℓ
Mm are Wigner rotation coefficients defined in ap-

pendix A.

B. Observer term

We now focus on the observer term. From eqs. (6), (23a)
and (28) we first get the expansion

zo(n) = Re

(∫ d3k

(2π)3 ∑
m=±2

h(m)(k)eikη0F(m)
o (k̂,n)

)
, (30)

where F(m)
o is the antenna pattern function in the helicity basis,

explicitly given by

F(m)
o (k̂,n) = ∑

ℓ≥2
Fo
ℓ Rk̂[Y

m
ℓ (n)] , (31)

with multipolar coefficients

Fo
ℓ ≡− i

2

√
4π(2ℓ+1)

∫
∞

0
iℓ
√

(ℓ+2)!
(ℓ−2)!

jℓ(x)
x2 e−ixdx . (32)

Using the relation [21]3

∫
∞

0

jℓ(x)
x2 e∓ixdx = 2(±i)1−ℓ (ℓ−2)!

(ℓ+2)!
, (33)

one gets the compact expression

Fo
ℓ ≡

√
4π(2ℓ+1)

√
(ℓ−2)!
(ℓ+2)!

, (34)

3 It is a special case of Eq. 6.621.1 in [45] using jℓ(x) =
√

π/(2x)Jℓ+1/2(x),
α = ±i, β = 1, ν = ℓ + 1/2 and µ = −5/2 along with 2F1(ℓ/2 −
1/2, ℓ/2;ℓ+3/2;1) = 22+ℓΓ(ℓ+3/2)/Γ(ℓ+3)/

√
π .
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where we recall that ℓ ≥ 2. Given the relation (A7) between
Wigner rotation coefficients and spin-weighted spherical har-
monics, the expansion (31) with (29) is equivalent to (2.10) in
[22].

Let us examine the properties of the antenna pattern func-
tion (31). It is first clear that

F(m)
o (R · k̂,R ·n) = F(m)

o (k̂,n) , (35)

which implies that changing the direction of a GW wave or
the direction of observation in the opposite direction have the
same effect. From the conjugation properties (A10) and (A8)
we deduce

(Rk̂[Y
m
ℓ ])⋆ = (−1)mRk̂[Y

−m
ℓ ] , (36)

hence using that for antenna patterns m =±2, we deduce

F(m)⋆
o (k̂,n) = F(−m)

o (k̂,n) . (37)

With this property, the real part in (30) can be removed if we
use the H(m) combination (10), as

zo(n) =
∫ d3k

(2π)3 ∑
m=±2

H(m)(k,η0)F
(m)
o (k̂,n) , (38)

hence we deduce that the multipole expansion (24) is satisfied
with

zo
ℓm(k,η0) = H(m)(k,η0)Fo

ℓ . (39)

However, we also get from (A9)

R−k̂[Y
m
ℓ (n)] = (−1)ℓRk̂[Y

−m
ℓ (n)] = Rk̂[Y

−m
ℓ (−n)] , (40)

hence we deduce

F(m)
o (−k̂,−n) = F(−m)

o (k̂,n) = F(m)⋆
o (k̂,n) . (41)

Therefore, the expansion (24) is equally satisfied with

zo
ℓm(k,η0) =

1
2

[
h(m)(k)eikη0 +(−1)ℓh(m)⋆(−k)e−ikη0

]
Fo
ℓ .

(42)

C. Pulsar term

We now consider the pulsar term. We get

zp(n) = Re

(∫ d3k

(2π)3 ∑
m=±2

h(m)(k)eikη0F(m)
p (kχ, k̂,n)

)
,

(43)
where the antenna pattern function is now defined as

F(m)
p (kχ, k̂,n) = ∑

ℓ≥2
Fp
ℓ (kχ)Rk̂[Y

m
ℓ (n)] , (44)

with

Fp
ℓ (kχ) =− i

2

√
4π(2ℓ+1)

∫
∞

kχ

iℓ
√

(ℓ+2)!
(ℓ−2)!

jℓ(x)
x2 e−ixdx ,

(45)

2 5 10 20 50
0.001

0.005

0.010

0.050

0.100

FIG. 1. Multipolar coefficients of the antenna pattern function: ob-
server term (Fo

ℓ , black dashed line), pulsar term (Fp
ℓ , dotted lines)

and total term (Fℓ, continuous lines). The thin solid straight lines
correspond to the approximation (50). Different colors correspond
to different values of kχ used for evaluating the pulsar term.

and it explicitly depends on the distance χ and on the fre-
quency k (no compact expression of the type of (34) exists
in this context even though the integral can be expressed in a
quite involved manner with hypergeometrical functions).

One can derive an approximation for the pulsar angular pat-
tern modes Fp

ℓ . Recalling that for large arguments, spherical
Bessel functions behave as

jℓ(x)∼
1
x

sin
(

x− ℓ
π

2

)
, (46)

and using that

∫
∞

X

cos2(x)
x3 dx ≃

∫
∞

X

sin2(x)
x3 dx ≃ 1

4X2 , (47)

we can evaluate approximately (45) for low ℓ (meaning ℓ ≪
ℓmax ≡ kχ)

−Fp,low
ℓ√

4π(2ℓ+1)
≃ 1

8ℓ2
max

√
(ℓ+2)!
(ℓ−2)!

. (48)

For larger ℓ, one can approximate the norm of the left-hand
side by a constant. Choosing

−Fp,high
ℓ (kχ)√

4π(2ℓ+1)
≃ 1√

3ℓmax
, (49)

allows to recover the expected form of the correlation function
at zero separation, as it will become clear in section IV E. A
reasonable description consists in choosing

−Fp
ℓ = min

(
−Fp,low

ℓ ,−Fp,high
ℓ

)
, (50)

for 2 ≤ ℓ ≤ ℓmax = kχ . In Fig. 1 we plot Fℓ for the observer
term and for the pulsar contribution for various kχ .
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IV. PULSAR REDSHIFT CORRELATION

We now want to compute the expectation of the pulsar red-
shift correlation zo(n1,η1)zo(n2,η2) under the statistics of
the graviton gas introduced in section II B. We will from now
on denote this average as ⟨. . .⟩A to avoid confusion with other
averaging procedures that will be introduced later in the text.
We will focus on the observer term only, and add the contribu-
tion of the pulsar term to the pulsar redshift in a second step.
The dependence on directions can be reformulated in spher-
ical harmonic components, and the time dependence can be
expressed in frequency space. Hence we will consider four
different but equivalent formulations of the correlation func-
tion.

A. Direction and time basis

The distributional average of the pulsar redshift correlation
is

⟨zo(n1,η1)zo(n2,η2)⟩A =
∫ d3k1

(2π)3
d3k2

(2π)3 ∑
m1m2

(51)

⟨H(m1)(k1,η1)H(m2)⋆(k2,η2)⟩AF(m1)
o (k̂1,n1)F

(m2)⋆
o (k̂2,n2) .

With the statistics (14), this selects p1 = p2, and assuming an
isotropic distribution A(k) for the graviton gas, this reduces
to a single integral on momenta

⟨zo(n1,η1)zo(n2,η2)⟩A =
∫ d3k

(2π)3 (52)

∑
m=±2

A(k)cos[k(η1 −η2)]F
(m)
o (k̂,n1)F

(m)⋆
o (k̂,n2) .

Expressing the antenna pattern functions with (31) and using
the definition (29) we need to take the angular average over
the mode direction k̂ since d3k = k2dkd2k̂. From (A7) and
the orthogonality relation (A13), this is∫

d2k̂Dℓ1
M1m(Rk̂)D

ℓ2⋆
M2m(Rk̂) = δ

ℓ1
ℓ2

δ
M1
M2

4π

2ℓ1 +1
. (53)

Finally, using the addition theorem (A14) we get

⟨zo(n1,η1)zo(n2,η2)⟩A =P(η1 −η2)µ(β12) , (54)

where the unequal time power is

P(η1 −η2)≡
∫ 4πk2dk

(2π)3 2A(k)cos[k(η1 −η2)] , (55)

while the function µ , expressed in terms of the angle β12 be-
tween n1 and n2 (cosβ12 ≡n1 ·n2), is the HD curve (without
pulsar term)

µ(β12) = ∑
ℓ≥2

µℓ(β12) , µℓ(β12)≡
|Fo

ℓ |2

4π
Pℓ(cosβ12) . (56)

With the results of appendix E, this takes the famous re-
summed form

µ(β12) =
1
3
− 1

6
x+ x lnx , x ≡ 1− cosβ12

2
. (57)

For equal times, we recover

⟨zo(n1,η)zo(n2,η)⟩A = h2
µ(β12) , (58)

where h2 is defined in (19). The shape (57) of the HD corre-
lation is plotted in Fig. 10.

B. Direction and frequency basis

Defining the Fourier transform of the pulsar redshift as

z(n,η) =
∫

∞

−∞

ẑ(n, f )ei2π f η d f (59)

where

ẑ⋆(n, f ) = ẑ(n,− f ) , (60)

and using

P(η1 −η2) =
∫

∞

−∞

P̂( f )ei2π f (η1−η2)d f , (61)

where the spectral function is defined in (17), the correlation
in frequency basis becomes

⟨ẑo(n1, f )ẑo,⋆(n2, f ′)⟩A = δ ( f − f ′)P̂( f )µ(β12) . (62)

C. Multipolar and time basis

The spherical harmonics expansion of the pulsar redshift is
defined as

zo(n,η) = ∑
ℓm

zo
ℓm(η)Y m

ℓ (n) . (63)

Since z is real valued, (−1)mzo
ℓ−m = zo⋆

ℓm. We want to find
the two-point function of multipolar coefficients (the angular
power spectrum). To this aim, one can repeat the steps of the
computation leading to to (54) until the point in which the
summation on spherical harmonics is used. Then using the
orthogonality of spherical harmonics (A13), the statistics of
the zo

ℓm is inferred immediately and one gets

⟨zo
ℓm(η)zo⋆

ℓ′m′(η ′)⟩A = δℓℓ′δmm′Co
ℓ (η ,η ′) , (64)

with

Co
ℓ (η ,η ′) =P(η −η

′)CHD
ℓ , (65)

and the HD multipoles are

CHD
ℓ ≡

|Fo
ℓ |2

2ℓ+1
= 4π

(ℓ−2)!
(ℓ+2)!

. (66)

For equal times we get simply Co
ℓ (η)≡Co

ℓ (η ,η) which is

Co
ℓ (η) = h2CHD

ℓ , (67)

and does not depend on η .
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D. Multipolar and frequency basis

Finally, we consider the Fourier transform of (63). The
statistics of the multipoles ẑo

ℓm( f ), which are the Fourier trans-
form of zo

ℓm(η), is given by

⟨ẑo
ℓm( f )ẑo⋆

ℓ′m′( f ′)⟩A = δℓℓ′δmm′δ ( f − f ′)Co
ℓ ( f ) , (68)

where

Co
ℓ ( f ) = P̂( f )CHD

ℓ , (69)

is the Fourier transform of (65). From the reality of z the
multipoles in Fourier space ẑo,⋆

ℓm ( f ) = (−1)mẑo
ℓ−m(− f ). In the

multipolar and frequency basis, the correlation is fully diag-
onal. For the frequency part, this is due to the assumed sta-
tionarity of the underlying GW background. For the multi-
polar components, this is due to the fact that we assumed an
isotropic function A(k).

Let us briefly discuss the effects of an anisotropic spec-
trum: if Â(k̂) ̸= 1, the correlation in equation (68) acquires
off-diagonal contributions. This can be demonstrated by fol-
lowing the steps outlined in section IV A up to equation (53).
However, this latter expression cannot be directly applied due
to the angular dependence of Â(k̂). Therefore, one must rely
on the properties of spherical harmonics, as detailed in ap-
pendix A. The Wigner coefficients are written in terms of spin-
weighted spherical harmonics, as shown in equation (A7), and
the integral involving three spin-weighted spherical harmon-
ics is given by equation (A16). Ultimately, we obtain

⟨ẑo
ℓ1m1

( f1)ẑo
ℓ2m2

( f2)⟩A = δ
even
ℓ1+ℓ2+Lδ ( f1+ f2)P̂( f1)Fo

ℓ1
Fo
ℓ2

×∑
LM

Â⋆
LM√
4π

√
2L+1

(
L ℓ1 ℓ2
M m1 m2

)(
L ℓ1 ℓ2
0 −2 2

)
, (70)

where δ even
ℓ1+ℓ2+L = 1 if ℓ1 + ℓ2 + L is even and vanishes if it

is odd. The isotropic result (68) is easily recovered when us-
ing ÂLM = δ 0

L δ 0
M

√
4π and (A19). The structure of the cor-

relations (70) is similar to the one induced in the CMB by an
anisotropic power spectrum [46, 47]. Note that the anisotropic
part of Â(k̂) is responsible for the off-diagonal contributions,
but it also modifies the diagonal correlations.

E. Adding the pulsar term

Let us now look at the contribution of the pulsar term to
the correlation defined in (57). We define the total correlation
function including both observer and pulsar terms as

µ
tot(kχ,β12) = ∑

ℓ≥2

|Fo
ℓ −Fp

ℓ (kχ)|2

4π
Pℓ(cosβ12) , (71)

and we plot it in Fig. 2, using for the mode functions Fℓ
eqs. (34) and (45). Interference between pulsar and observer
terms can be neglected and the pulsar contribution converges
to the usual (1/3)δn1n2 variance in the limit kχ ≫ 1. Indeed,

using for the pulsar term the parametrization in (50), we ob-
serve that for kχ → ∞

∞

∑
ℓ=2

|Fp
ℓ (kχ)|2

4π
≃

ℓmax

∑
ℓ=2

|Fp,high
ℓ (kχ)|2

4π
→ 1

3
. (72)

In other words, at zero separation the pulsar contribution to
the correlation function tends to 1/3 for kχ → ∞ (this is not
exact for finite kχ). Explicitly, for kχ ≫ 1

µ
tot(β12)≃ µ(β12)+

1
3

δ
c(β12) , (73)

where δ c(β12) is a kind of generalized Kronecker function δ ,
on the set of real numbers, i.e. a function which is 1 when
β12 = 0, and vanishes otherwise. In other words, we have
µ tot(0)→ 2/3 as both the observer and pulsar parts converge
to 1/3, but µ tot(β12) = µ(β12) for β12 > 0. The total correla-
tion is plotted in the left panel of Fig. 2, and the pulsar term
alone is plotted in its right panel.

Notice that in a realistic PTA situation the condition kχ ≫ 1
is largely satisfied. Indeed even for a distance χ as small as
156 pc (distance to the closest pulsar) and k of order of the
minimum value in the PTA frequency range, k = 2π f ≃ 2π ×
3× 10−9 Hz, kχ is of order 300, which becomes about 1900
for a millisecond pulsar at a more typical distance of 1 kpc.

From now on in our analysis we discard the contribution of
the pulsar term, since its support is zero (and in observations
often only pairs of different pulsars are used to get rid of noise
in individual pulsars).

F. Timing residuals

In PTA experiments we observe timing residuals which are
related to the pulsar redshift evolution by

r(η) =
∫

η

η0

z(η ′)dη
′ . (74)

This implies that timing residuals are easily obtained from the
redshift expressions by integration. As detailed below in sec-
tion VI B, we can ignore the constant term, related to the time
of reference when expressing residuals, as it is removed when
fitting the residuals [28, 30]. Therefore, the expressions for
timing residuals are obtained from the redshift ones just by
the replacements

z → r , P̂( f )→ P̂( f )
(2π f )2 , A(k)→ A(k)

k2 , (75)

meaning that in practice for residuals one has to use γ =
−13/3 in (20) when considering a background from massive
black hole binaries.

V. QUADRATIC ESTIMATORS

We now introduce a quadratic estimator for the pulsar 2-
point function. Similar to how we defined four types of
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FIG. 2. Left: Total correlation function, including the pulsar term contribution. Different lines correspond to different values of kχ while the
black line is the HD curve. We observe that as we increase kχ the pulsar term rapidly converges to give a contribution equal to 1/3 at zero
separation, and vanishing contributions for finite separation. Right: Pulsar term contribution to the correlation function. The continuous line
is the exact result, and the dashed line is the approximation (50).

quadratic averages based on different combinations of direc-
tion or multipoles, and time or frequency domain, we will
have four corresponding flavors of quadratic estimators. In
section VIII, we will also comment on how, in the presence of
background anisotropies, an estimator can be built to extract
multipoles of the spectral function.

A. Directional space and time estimator

Observationally, in order to build the correlation function,
one measures pulsar redshifts and take a spatial average over
all pulsar pairs separated by a given angle: a pulsar average.
We define the following estimator

Γ
e(β12;η1,η2) = ⟨z(n1,η1)z(n2,η2)⟩R , (76)

where β12 is the angle between n1 and n2. The average over
pairs is defined as

⟨z(n1,η1)z(n2,η2)⟩R ≡
∫ d3R

8π2 z(R ·n1,η1)z(R ·n2,η2) ,

(77)
where the differential rotation element d3R is defined in ap-
pendix A. Using (31) along with orthogonality of Wigner ro-
tation matrices (A11), we get

⟨F(m1)(k̂,n1)F(m2)⋆(k̂,n2)⟩R = δm1m2 ∑
ℓ

|Fℓ|2

4π
Pℓ(n1 ·n2) ,

(78)
hence using (38), the estimator is expressed as

Γ
e(β12;η1,η2) =

∫ d3k1

(2π)3
d3k2

(2π)3×

∑
m=±2

H(m)(k1,η1)H(m)⋆(k2,η2)∑
ℓ

|Fℓ|2

4π
Pℓ(cosβ12) . (79)

We want to compute the mean and variance of this estima-
tor, averaging over graviton realizations (distributional aver-
age). With the statistics (14), the mean is

⟨Γe(β12;η1,η2)⟩A =P(η1 −η2)µ(β12) , (80)

hence (76) is a good estimator which averages to what we
are looking for. The assumption of statistical isotropy implies
that the mean of the estimator depends only on the difference
of directions, while stationarity implies it depends only on the
difference of times. In both cases the reciprocal space is much
better adapted as we shall detail below.

To simplify the notation, to compute the covariance we con-
sider equal-time correlators and we define

Γ
e(β12;η)≡ Γ

e(β12;η ,η) . (81)

The covariance is given by

Cov(β12,η ;β
′
12,η

′)≡
⟨Γ̂(β12,η)Γ̂(β ′

12,η
′)⟩A −⟨Γ̂(β12,η)⟩⟨Γ̂(β ′

12,η
′)⟩A . (82)

Using the definition of the estimator (76) and replacing (38),
we see that the distributional average acts on products of 4
modes H(m)(k): Wick’s theorem gives three pair of terms.
The first is canceled by the product of averages, hence we are
left with two contributions, the first pairing 13 and 24, and
the second pairing 14 and 23, which are equal. We have to
perform the integral on the relative direction between k1 and
k2 for which we use

⟨F(m1)(k̂1,n1)F(m2)⋆(k̂2,n2)⟩R =

∑
ℓ

|Fℓ|2

4π
Dℓ

m2m1
(R−1

k̂2
·Rk̂1

)Pℓ(n1 ·n2) , (83)

which is consistent with (78) since Dℓ
m2m1

(I) = δm1m2 . Even-
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tually, we get

Cov(β12,η ;β
′
12,η

′)

=

(
P(η −η ′)

2

)2

∑
ℓ

|Fℓ|4

(4π)2 Pℓ(cosβ12)Pℓ(cosβ
′
12)

× ∑
m1=±2

∑
m2=±2

∫ 1

−1
dcosθ |dℓ

m1 m2
(θ)|2 . (84)

Using (A5) and (A6), the integrals are∫ 1

−1
dcosθ |dℓ

22(θ)|2 =
∫ 1

−1
dcosθ |dℓ

2−2(θ)|2 =
2

2ℓ+1
,

(85)
and the final result is

Cov(β12,η ;β
′
12,η

′) =

2P2(η −η
′)∑

ℓ

|Fℓ|4

(4π)2(2ℓ+1)
Pℓ(cosβ12)Pℓ(cosβ

′
12) , (86)

in agreement with (8.4) of [22].

B. Directional space and frequency estimator

One can introduce the Fourier transform of the estimator
(76) to work in frequency space. The mean and the covariance
are

⟨Γe(β12; f1, f2)⟩A = δ ( f1 − f2)P̂( f1)µ(β12) (87)

and

Cov(β12, f ;β
′
12, f ′) = δ (0)δ ( f − f ′)

P̂2( f )∑
ℓ

2|Fℓ|4

(4π)2(2ℓ+1)
Pℓ(cosβ12)Pℓ(cosβ

′
12) , (88)

and we observe that everything is diagonal in frequency space,
as a consequence of stationarity. In section VI A, we will show
that the function δ (0) has to be interpreted as δ (0) = T , where
T is the observation time.

C. Multipole space and time estimator

Now we can build an estimator for the angular power spec-
trum

Ce
ℓ (η ,η ′)≡

ℓ

∑
m=−ℓ

zℓm(η)z⋆ℓm(η
′)

2ℓ+1
. (89)

We observe that averaging over all m for a given ℓ, is the mul-
tipole space equivalent of averaging over all pulsar pairs with
a given separation in direction space. The relation to the esti-
mator (76) can be easily found using the expansion (63) and

⟨Y m
ℓ (n)Y m′⋆

ℓ′ (n′)⟩R = δℓℓ′δmm′
1

4π
Pℓ(n ·n′) . (90)

One finds indeed the relations

Γ
e(β12;η1,η2) = ∑

ℓ

2ℓ+1
4π

Ce
ℓ (η1,η2)Pℓ(cosβ12) , (91)

hence the estimator Ce
ℓ is the counterpart of the estimator

Γe(β12) in multipole space.
From the Gaussian statistics (64), the average of the esti-

mator (89) gives

⟨Ce
ℓ (η ,η ′)⟩A =P(η −η

′)CHD
ℓ . (92)

with definition (66). Also here, for simplicity we just focus on
equal time for the covariance, introducing

Ce
ℓ (η) =Ce

ℓ (η ,η) , (93)

whose variance, found from Wick theorem and the statis-
tics (64), is given by

Covℓℓ′(η ,η ′) ≡ ⟨Ce
ℓ (η)Ce

ℓ′(η
′)⟩A −⟨Ce

ℓ (η)⟩A⟨Ce
ℓ′(η

′)⟩A

= δ
ℓ′
ℓ

2
2ℓ+1

[Cℓ(η ,η ′)]2 . (94)

This is the usual expression of cosmic variance on an angu-
lar power spectrum estimator, where the factor 2ℓ+ 1 at the
denominator corresponds to the independent values of m at a
given ℓ. As expected, the covariance of the estimator (89) is
related to the one of (76) (eq. (86)) via

Cov(β12,η ;β
′
12,η

′)

= ∑
ℓ

(2ℓ+1)2

(4π)2 Covℓℓ(η ,η ′)Pℓ(cosβ12)Pℓ(cosβ
′
12) , (95)

as it can be checked directly. At equal time and for equal
separations it is exactly Eq. (7) of [48] which was obtained in
the CMB context.

D. Multipole space and frequency estimator

Finally, we introduce the Fourier transform of the estimator
(89)

Ce
ℓ ( f , f ′)≡

ℓ

∑
m=−ℓ

ẑℓm( f )ẑ⋆ℓm( f ′)
2ℓ+1

. (96)

Its average is given by

⟨Ce
ℓ ( f , f ′)⟩A = δ ( f − f ′)P̂( f )CHD

ℓ . (97)

We compute the covariance only at equal frequency defining

Ce
ℓ ( f ) =Ce

ℓ ( f , f ) , (98)

and we get

Covℓℓ′( f , f ′) = ⟨Ce
ℓ ( f )Ce

ℓ′( f ′)⟩A −⟨Ce
ℓ ( f )⟩A⟨Ce

ℓ′( f ′)⟩A

= δ
ℓ′
ℓ

2
2ℓ+1

δ (0)δ ( f − f ′)[Cℓ( f )]2 . (99)

We observe that the covariance is now fully diagonal. As
a result, the multipole and frequency representation of the
quadratic estimator is the most convenient, since the inverse
covariance is straightforward to compute due to its diagonal
form.



11

VI. FITTING THE RESIDUALS

In this section, we discuss how to consistently go from the
ideal case of a continuous frequency spectrum, to discrete
frequency space, and we compute how the pulsar two-point
function gets modified when accounting for the finite observa-
tion time and filtering out spurious contributions with a proper
time modelling.

A. Discrete Fourier series

In practice, we do not have access to the full spectrum of
frequency as the experiment is run only for a finite duration.
For an observation time T , we can only access the discrete
Fourier series coefficients for the frequency

fp = p/T with 1 ≤ |p| ≤ T fmax , (100)

where

f−1
max ≡ 2∆η , (101)

is set from the cadence of observations ∆η and the Nyquist
criterion. The discrete Fourier series coefficients are defined
as

z̃( fp) =
∫ T/2

−T/2
z(t)e−2πi fptdt . (102)

Hence the relation between the Fourier discrete series coeffi-
cients and the Fourier transform is

z̃( fp) = T
∫

d f ẑ( f )sinc(π( f − fp)T ) . (103)

It is standard to use the approximation

sinc(πx)≃ δ (x) , (104)

such that

z̃( fp)≃ ẑ( fp) . (105)

We chose not to normalize (102) with the observation time
1/T to get this approximate equality between the Fourier
transform and the Fourier series coefficients.

The relations traditionally used when going from discrete
to continuous and backward are

1
T ∑

n
↔
∫

obs
d f ≡

∫ −1/T

− fmax
d f +

∫ fmax

1/T
d f , (106a)

T δpq ↔ δ ( fp − fq) . (106b)

By using these results, the correlations (62) and (68) for dis-
crete frequencies fp, fq, are approximately replaced by

⟨z̃(n1, fp)z̃(n2, fq)⟩A ≃ µ(β12)T δpqP̂( fp) , (107a)

⟨z̃ℓ1m1( fp)z̃ℓ2m2(n2, fq)⟩A ≃ δ
ℓ2
ℓ1

δ
m2
m1

CHD
ℓ1

T δpqP̂( fp) (107b)

Finally, given the correspondence (106b), it follows that the
terms δ (0) appearing in the expressions for the covariance
found in the previous section for a continuous frequency spec-
trum ((88) and (99)) have to be interpreted as δ (0) = T .

B. Templates fitting

The approach in section VI A to go from a continuous fre-
quency spectrum to a discrete one and back, is too simplistic
in two aspects. First for a very red spectrum the approxima-
tion (104) in (103) fails badly. And second we also need to
take into account the fact that the observed timing residual is
fitted with a deterministic template, and this has the effect of
removing the low frequencies. We now deal with both com-
plications.

As shown in [30], errors in the estimate of timing model
parameters lead to deterministic features in the timing residu-
als. For example, an error in the pulse period leads to timing
residuals that grow linearly with time, while an error in the pe-
riod derivative leads to residuals that grow quadratically with
time. Thus, we can improve our estimates of the timing model
parameters by fitting for a constant, linear and quadratic term
(in some cases also a cubic spin-down model is fitted for), and
subtract these terms from the observed residuals. When work-
ing with redshift, related to time residual via the time integra-
tion (74), one fits with a constant and a linear term (eventu-
ally with a quadratic term as well if a cubic spin-down effect
is considered in the timing residuals). In the following part
of this section, for consistency with the rest of the paper, we
will work with pulsar redshifts. However, the treatment of
time residuals is straightforward, recalling the relation (74),
and when showing results we will consider both these observ-
ables.

The redshift of a given pulsar in real space is expressed as
a function of the pulsar direction n and in multipole space as
a series of multipoles (ℓ,m). The treatment we will present in
the following can be applied to both real and multipole space,
hence, to keep the discussion general, we will simply denote
redshift as z(t), omitting direction/multipole dependence. Pul-
sar redshift is related to its Fourier transform through

z(t) =
∫

ẑ( f )ei2π f td f , (108)

with autocorrelation

⟨ẑ( f )ẑ⋆( f ′)⟩A = δ ( f − f ′)S( f ) . (109)

Concretely, for autocorrelations in direction space S( f ) =
P̂( f )µ(0), and for multipole space autocorrelations S( f ) =
P̂( f )CHD

ℓ . Let us define the scalar product (this corresponds
to the ordinary least square described in [30])

{ f (t),g(t)}= 1
T

∫ T/2

−T/2
f ⋆(t)g(t)dt . (110)

We notice that a set of functions which are orthogonal for this
scalar product are the Legendre polynomials Pn since

{Pn(2t/T ),Pn′(2t/T )}= δnn′
1

2n+1
. (111)

Using

{Pn(2t/T ),ei2π f t}= in jn(π f T ) , (112)
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the pulsar redshift is expanded on Legendre polynomials as

z(t) = ∑
n

znPn(2t/T ) , (113)

with coefficients

zn ≡
{Pn(2t/T ),z(t)}

{Pn(2t/T ),Pn(2t/T )}
= in(2n+1)

∫
jn(π f T )ẑ( f )d f .

(114)
Since we want to subtract spurious effects by fitting a con-
stant, a linear drift and a quadratic shape (corresponding to a
pulsar spin-down), the signal after fitting is

zpos(t) = z(t)−
2

∑
n=0

znPn(2t/T ) . (115)

The total initial power (before subtraction) is

⟨{z(t),z(t)}⟩A =
∞

∑
n=0

⟨znz⋆n⟩A
2n+1

(116)

=
∞

∑
n=0

∫
(2n+1) j2

n(π f T )S( f )d f ,

which using ∑n(2n+1) j2
n(x) = 1, can be resummed to give

⟨{z(t),z(t)}⟩A =
∫

S( f )d f , (117)

as expected. For the residual signal after fitting polynomials,
we get simply

⟨{zpos(t),zpos(t)}⟩A = ⟨{z(t),z(t)}⟩A −
2

∑
n=0

⟨znz⋆n⟩A
2n+1

=
∞

∑
n=3

∫
(2n+1) j2

n(π f T )S( f )d f ,

(118)

or equivalently

⟨{zpos(t),zpos(t)}⟩A =
∫

S( f )T( f )d f , (119)

where we introduced the transmission, or damping, function

T( f ) = 1−
2

∑
n=0

(2n+1) j2
n(π f T ) . (120)

It is easy to check that T( f ) ∝ f 6 when f T ≪ 1 as found in
[30].

If we also want to fit an annual modulation with frequency
fearth, then we only need to fit e±i2π feartht along with the previ-
ous polynomials. If fearth ≫ 1/T then we have approximately
{Pn(2t/T ),e±i2π feartht} ≃ 0 for n = 0,1,2, hence we can pro-
ceed in two steps and fit the annual modulation after the low
order polynomials. This amounts to projecting in the space
orthogonal to P0,P1,P2 first and then in the space orthogonal
to e±i2π feartht . After fitting we then get the residual

zpos,earth = zpos − ∑
s=±1

{ei2πs feartht ′ ,zpos(t ′)}ei2πs feartht , (121)
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FIG. 3. Transmission function T (thick lines) and TTearth (thin
lines) for T = 3 years (continuous lines) and T = 10 years (dashed
lines). In the red curves, only P0,P1 where used in the fitting, whereas
for the blue curves P2 was also used. Hence the first case corresponds
to the transmission function for redshifts and the second to the trans-
mission function of time residuals. The slope at low frequency in the
former case is ∝ f 4 and it is ∝ f 6 in the latter case. The dip at the
Earth frequency has a typical width ∆ f = 1/T hence gets narrower
for longer observations. This figure is to be compared with Fig. 2 of
[30], where a similar results is obtained with different filtering meth-
ods.

where the projections are

{e±i2π feartht ′ ,z(t ′)}=
∫

ẑ( f )sinc[π( f ∓ fearth)T ]d f . (122)

This translates into a damping of the initial power as

⟨{zpos,earth(t),zpos,earth(t)}⟩A ≃
∫

S( f )T( f )Tearth( f )d f ,

(123)
where a product of two transmission functions appears, the
transmission function defined in (120) and a new damping
term

Tearth( f ) = 1− sinc2[π( f − fearth)T ]− sinc2[π( f + fearth)T ] .
(124)

This transmission function is plotted in figure 3, together with
the transmission function T defined in (120). Hereafter, we
ignore the Earth frequency filtering and consider that we only
fit the lowest order polynomials which are essential for the
regularity when f → 0. Finally, if a given pulsar noise is
not stationary, one might weight the functional scalar prod-
uct (110) by replacing dt → W (t)dt, and one must revise the
previous construction by using the polynomials which are or-
thogonal with this new measure [30]. For simplicity we ignore
this aspect.

Up to now we assumed a continuous frequency spectrum.
However, to make our model realistic, we need to take into ac-
count that the frequency spectrum is discrete with fp = p/T ,
and the redshift in Fourier space has the form (102). The
Fourier modes after filtering can be found from the real space
ones as a projection

z̃pos( f ) = T{ei2π f t ,zpos(t)} . (125)
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Hence, for fp = p/T , using the decomposition (115), with
coefficients (114) and the projections (112), we get

z̃pos( fp) =
∫

d f ẑ( f )δ T ( f , fp) , (126)

where the pseudo Dirac is

δ
T ( f , fp) = T sinc[π( f − fp)T ]

−T
2

∑
n=0

(2n+1) jn(π f T ) jn(π fpT ) . (127)

Since δ T ( f , fp) = δ T (− f ,− fp) the reality property (60) im-
plies z̃pos,⋆( fp) = z̃pos(− fp).

Restoring the directional dependence in (126), let us com-
pute the two-point function in direction space. From (126)
and (62), we find

⟨z̃pos(n1, f1)z̃pos,⋆(n2, f2)⟩A = µ(β12)P
pos( f1, f2) , (128)

where

Ppos( f1, f2)≡
∫

P̂( f )δ T ( f , f1)δ
T ( f , f2)d f . (129)

This matrix can be defined for general values of f1, f2 but it
only makes sense for the discrete frequency values and we
use the compact notation P

pos
pq ≡Ppos( fp, fq). If we correlate

multipoles, from (68), we now get

⟨z̃pos
ℓ1m1

( fp)z̃
pos,⋆
ℓ2m2

( fq)⟩A = δ
ℓ1
ℓ2

δ
m1
m2

CHD
ℓ Ppos

pq . (130)

The diagonal part of this correlation matrix P
pos
pp is plotted

in Fig. 4. We observe that there is a huge leakage from the
low frequencies to the high frequencies since at high frequen-
cies Ppos( fp, fp) differs substantially from T( f )P̂( fp) that
is what one obtains assuming the spectrum of frequencies is
continuous (see eq. (62)) and applying a transmission func-
tion that accounts for the effect of having filtered out linear
drift and constant term. The effect becomes more apparent
the more the spectrum is red, i.e. γ ≪ −1. Let us try to de-
velop an intuition of why this is the case, by inspecting the
definition of the correlation Ppos( fp, fp) (129). We consider
first only the term sinc[π( f − fp)T ] in the definition of the
pseudo-Dirac function δ T ( f1, f2) (see eq. (127)). With the ap-
proximation sinc(π( f − fp)T ) ∼ f T/p valid at small f , and
using the parametrization (20) of the spectral function, the in-
tegral (129) defining Ppos is dominated by a term of the type
∼ T 2 ∫ d f f γ+2/(pq). For timing residuals this strongly di-
verges in f → 0 since γ = −13/3. However with the extra
terms of (127) coming from the fitting, δ T ( f − fp)∼ ( f T )3/p
and the integral is regular. However, it is still the low fre-
quency part of the integral (129), that is the range in which
| f |T is of order unity, which dominates, even for large values
of fp and fq. It follows that

Ppos
pq ∝

T 2

pq
. (131)

This dominant contribution has very strong off-diagonal cor-
relations.4 However, in a realistic data analysis, one will max-
imize the likelihood with respect to the injected parameter,
e.g. as in Fig. 2a of [49], instead of measuring the diago-
nal values of Ppos

pq . Because of the off-diagonal structure, it
is expected that the eigenvalues of the correlation matrix are
the relevant quantities to estimate the effect of power removal
at low frequencies, and we find that they differ substantially
from the diagonal value as the eigenmodes mix substantially
the various functions fp. This is illustrated in Fig 5: while for
large frequencies the eigenvalues of Ppos

pq tend to follow the
values of P̂( fp), the first eigenvalues are lower since power
has been removed at low frequency via the fitting process.

To summarize, when working with the postfitting residu-
als z̃pos

ℓm ( fp) or z̃pos(n, fp), the correspondence (106b) between
Fourier transform (evaluated on the discrete set of frequen-
cies) and Fourier series coefficients is modified to

Ppos( fp, fq) =Ppos(− fp,− fq)↔ δ ( fp − fq)P̂( fp) . (132)

In other words, once postfitting residuals are used, when going
from continuous to discrete frequency space the correlation
function acquires off-diagonal terms.

VII. COMBINING DIFFERENT ESTIMATORS

In section V, we considered quadratic estimators of pulsar
redshifts for a given pair of times or frequencies. Exploit-
ing statistical isotropy, directions were combined with a ro-
tational average (pulsar average), which in multipole space
corresponds to a summation over m. We now need to com-
bine the various times or frequencies to construct estimators
that account for the entire dataset, making use of the under-
lying stationarity of the GW background. There are two key
features of the signal we wish to measure.

• First, we aim to verify that the multipole correlations
follow the shape of the CHD

ℓ given in equation (66),
which involves measuring these multipoles individu-
ally [1]. We thus use the parametrization

CHD
ℓ → cℓCHD

ℓ (133)

and wish to constrain the cℓ. In the CMB context, this
corresponds to revealing the Sachs-Wolfe plateau [50]
dependence CCMB

ℓ ∝ 1/[ℓ(ℓ+ 1)] for a scale-invariant
primordial scalar spectrum (see e.g. Fig. 2.4 of [51]).

• Second, we seek to constrain the global amplitude P̂⋆

and, possibly, the spectral index γ , by gathering all
available information. In the CMB context it is equiv-
alent of constraining the global amplitude A2

s of scalar

4 Note that we assumed that the biggest contribution to the integral comes
from | f |T of order unity, but part of the integral comes from the usual
Dirac type contribution of sinc[π( f − fp)T ] and sinc[π( f − fq)T ] which is
around f = fp and f = fq. However, the redder the spectrum is, the less
important these contributions are compared to the low f part.
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FIG. 4. Diagonal part of the correlation matrix defined in (130) and (129). In the left panel we consider a spectral index γ =−7/3 (correspond-
ing to redshift measurements) whereas the right panel uses γ = −13/3 (time residual measurement). In red we subtract from redshift/time
residuals only P0 and P1 whereas in blue we fit P0,P1,P2. The continuous line is Ppos( f , f ) and the dots are the same function evaluated for
finite frequency values, i.e. f = fp with p = 1,2, . . . which are the only values of frequency accessible in a realistic observation. The dashed
line is the simple estimate via T( f )P̂( f ) which is the initial spectrum multiplied by the transmission function (120). We see that for timing
residuals (right panel) a lot of power from the low f spills to larger frequencies, i.e. Ppos( fp, fp) differs substantially from T( f )P̂( fp) for
high frequencies. The spectrum of redshift and timing residuals is so red that even a tiny spillover of low frequency over large ones completely
modifies the resulting spectrum.
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FIG. 5. Eigenvalues of T−2Ppos( fp, fq) in red (when only P0 and P1
are fitted) and in blue (when P2 is also fitted). The black dots corre-
sponds to the values T−1P̂(1/T ) = T−1P̂(−1/T ), T−1P̂(2/T ) =
T−1P̂(−2/T ), . . . .

fluctuations and the primordial spectrum spectral index
nS [50, 52].

PTA work in the regime where the average over the obser-
vation time does not allow to sample many realisations of the
Universe, contrary to the case of Earth-based and space-based
instruments. For a given observation time T , the frequency
resolution of a given instrument is ∆ f ≃ 1/T . Assuming T of
the order of three year, one has ∆ f ≃ 10−8 Hz, which is about
two orders of magnitude below the maximum frequency set
by the cadence of pulsar observations. Note that for Earth-
and space-based detectors the frequency resolution is similar
to the PTA one, being set by the observation time, however
the frequency we have access to is order of magnitude higher

(mHz for space-based and Hz for ground-based instruments).
Recently, some studies have claimed that cosmic variance im-
poses an irreducible limitation on our ability to reconstruct
the Hellings-Downs correlation [7, 22, 34]. In this section, we
demonstrate in multipole space that this limitation arises only
when different time measurements are combined in a naive
manner (see [39] for an analogue result derived in configura-
tion space). However, in section VII C we detail that when
appropriate weighting is applied, the impact of the so-called
cosmic variance is mitigated.

A. Nonweighted time average

Let us introduce the time-averaged version of the equal-
time estimator (89) (observationally taking such an average
helps in reducing instrumental noise disturbance)

CTe
ℓ =

1
T

∫ T/2

−T/2
dηCe

ℓ (η) . (134)

From (92) and using P(0) = h2 where h2 is defined in (19),
its distributional average is given by

⟨CTe
ℓ ⟩A = h2CHD

ℓ . (135)

From (94), the variance of the estimator reads

⟨CTe
ℓ CTe

ℓ′ ⟩A −⟨CTe
ℓ ⟩A⟨CTe

ℓ′ ⟩A

= δℓℓ′
2

2ℓ+1

∫ T/2

−T/2

dη

T

∫ T/2

−T/2

dη ′

T
[Cℓ(η ,η ′)]2 . (136)
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To simplify our notation, and following [22], we introduce

h4 ≡
∫ T/2

−T/2

dη

T

∫ T/2

−T/2

dη ′

T
P2(η −η

′) (137)

= 4
∫ 4πk2

1dk1

(2π)3
4πk2

2dk2

(2π)3 A(k1)A(k2) fT (k1,k2) ,

where

fT (k1,k2)≡
∫∫ T/2

−T/2

dηdη ′

T 2 cos[k1(η −η
′)]cos[k2(η −η

′)]

=
1
2
[
sinc2((k1 + k2)T/2)+ sinc2((k1 − k2)T/2)

]
,

as in (7.14) of [22]. Then the variance can be written as

⟨CTe
ℓ CTe

ℓ′ ⟩A −⟨CTe
ℓ ⟩A⟨CTe

ℓ′ ⟩A =
2δℓℓ′

2ℓ+1
h4

(h2)2 (⟨C
Te
ℓ ⟩A)2 .

(138)
The relative size variance to mean is set by the ratio h4/(h2)2.
Indeed for an ideal experiment, one gets for a given ℓ

SNR2
ℓ =

2ℓ+1
2

Neff
f , Neff

f ≡
(

h4

h4

)
. (139)

Approximating sinc(πx)≃ sinc2(πx)≃ δ (x) we have roughly

h4 ≃ 1
T

∫
obs

[P̂( f )]2d f , h2 =
∫

obs
P̂( f )d f . (140)

If the frequency integrals in (140) are not sensitive to the
low frequency boundary 1/T , that is if the spectrum is not red,

then it is clear
√

Neff
f = h2/h2 ∝

√
T and the SNR improves

with time. However for a red spectrum (expected in PTA
experiment, see eq. (20)) with γ < −1 there is always more
power at low frequency, hence h4 ∝ T−2−2γ and h2 ∝ T−1−γ ,
such that

Neff
f ≃− (2+4γ)

(1+ γ)2 , (141)

implying that the
√

T scaling is lost. For the time residual
spectrum with γ = −13/3 as expected from an astrophysical
population, Neff

f is of order (slightly larger than) unity and one
gets SNR2

ℓ ≃ (2ℓ+1)/2. This fact is at the origin of the cos-
mic variance problem discussed in [7, 22, 34].

In order to understand the issue more clearly, let us insert
the Fourier transform (59) in the time average estimator (134),
to cast it as

CTe
ℓ =

∫
d f
∫

d f ′sinc[π( f − f ′)T ]Ce
ℓ ( f , f ′) . (142)

Using approximation (104), this is approximately

CTe
ℓ ≃ 1

T

∫
Ce
ℓ ( f )d f =

∫
∑
m

ẑℓm( f )ẑ⋆ℓm( f )
(2ℓ+1)T

d f , (143)

where it is understood that the integral over frequencies is
∫

obs
defined in (106a). The integral (143) is not an optimal way to

combine the various frequencies because all frequencies are
weighted in the same way. As a consequence, the SNR, which
is given by (139), is not optimal either. Combining frequen-
cies as in (143) effectively amounts to consider as contributing
to the signal only the lowest frequency 1/T and a few larger
ones, and as explained in appendix B this is the worst choice
if one aims to have a high SNR estimator. The effective num-
ber of frequencies used with this estimator is precisely Neff

f .
If we instead aim to constrain the global amplitude P̂⋆, in the
infinite pulsar number we will combine the information from
all ℓ, and even though the frequencies are not optimally com-
bined, this brings and infinite number of angular modes as
PTA are sensitive to all ℓ in perfect experiments, hence the
cosmic variance in that case vanishes (see e.g. section VII.A
of [31]).

We conclude this section with a remark. As detailed in sec-
tion VI, the integral on frequencies in (143) is in fact a sum
on the discrete functions fp = p/T , and the ẑℓm( f ) are to be
replaced by the z̃pos

ℓm ( fp) obtained as in (115) from ẑℓm( f ) by
fitting low order polynomials and extracting the Fourier series
components. Since the power in low frequencies is reduced
by this procedure, one might wonder whether this alleviates
the variance problem, giving rise to a higher SNR compared
to the case in which the SNR size is set by Neff

f given by (141).
The estimator (134) for a discrete frequency spectrum and af-
ter having filtered low-order polynomial, becomes

CTe
ℓ ≡ 1

T

∫ T/2

−T/2

ℓ

∑
m=−ℓ

z̃pos
ℓm (η)z̃pos⋆

ℓm (η)

2ℓ+1
dη

=
1

T 2 ∑
|p|≥1

ℓ

∑
m=−ℓ

z̃pos
ℓm ( fp)z̃

pos⋆
ℓm ( fp)

2ℓ+1
, (144)

where the Parseval relation has been used to obtain the second
line. Repeating the computation of the signal-to-noise ratio
and using (130) we find that we must replace in (139)

Neff
f →

(
∑|p|≥1P

pos
pp
)2

∑|p|,|q|≥1 |P
pos
pq |2

. (145)

A comparison between these two quantities is presented in
Fig. 6, which shows that the correct estimation with Fourier
series coefficients (145) leads to a slightly better SNR (Neff

f ≃
1.9 for γ = −13/3), but overall the approximation (141) is
not far off. For very negative γ we checked that it converges
toward the minimum value which is unity.

After reviewing briefly in the next section the various noise
contributions that affect the measurements of the angular
power spectrum of the pulsar redshift two-point function, we
explain in section VII C how cosmic variance can be mitigated
by properly weighting the different frequencies so that the ef-
fective number of frequencies reaches the maximum.

B. Noise contributions

The first noise contribution arises from the fact that, in our
theoretical derivation of the correlation function, we assumed
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FIG. 6. The effective number of frequency modes Neff
f as a function

of the spectral index γ . The dashed line is the approximation (141).
The colored lines are the estimation from the Fourier series coeffi-
cients correlations (145). The red line corresponds to the residual
after fitting only P0,P1 whereas the blue line corresponds to also fit-
ting P2 from the raw signal.

an infinite number of pulsar pairs. However, in a realistic ex-
periment, the number of pairs is finite, which introduces a
Poisson noise, or shot noise, contribution to the angular power
spectrum. We emphasize that this shot noise is due to the dis-
crete distribution of pulsars, not the discreteness of the emit-
ting sources. This effect has been discussed in [22, 34], where
the authors examine the redshift correlation function in real
space.5 The second noise contribution comes from the noise
of individual pulsars, that add up and give a flat in ℓ-space
(shot-noise-like) offset to the angular power spectrum of the
pulsar redshift correlation function, usually modeled as a sum
of white and red noises [53].

We find it more convenient to work in multipole space,
where the structure of the estimator is diagonal, as discussed
in Section V.

1. Noise due to Poissonian pulsar statistics

Let us estimate the effect of extracting the zℓm coefficients
from a finite number of pixels, which may not necessarily be
optimally placed. If we have a finite number N of pulsars we
get the naive estimation of the multipoles (either functions of
time or frequency) as

zN
ℓm =

4π

N

N

∑
i=1

z(ni)Y m⋆
ℓ (ni) . (146)

5 Although the authors in these references do not explicitly mention pulsar
shot noise, they introduce the concept of the total variance of the HD cor-
relation, which accounts for the fact that a realistic experiment involves a
finite number of pulsars.

If we perform a double average on realization of the GW back-
ground, and on pulsar positions, we get

⟨zN
ℓmzN⋆

ℓ′m′⟩A,P = δ
ℓ′
ℓ δ

m′
m (CGW

ℓ +NP
ℓ ) , (147)

where we have split the total angular power spectrum on the
right hand side into a contribution that is always present and a
contribution going to zero in the limit N → ∞, that we identify
with a shot noise contribution. It is given by

NP
ℓ =

1
N

(
−CGW

ℓ +∑
L
(2L+1)CGW

L

)
. (148)

The computation is quite technical and can be found in ap-
pendix D. Note that the second term in the parenthesis is
4πµ tot(β12 = 0), that is it is directly proportional to the total
variance at zero separation and this contributes equally for all
multipoles Nℓ. We observe that this noise contribution (148)
scales as 1/N with nearly no ℓ dependence as the second term
is the dominant one: this is precisely the reason why we de-
cided to call it shot noise, even if it is not ℓ-independent. To
summarize, even in a perfect experiment we will have shot
noise from the finite number of pulsars used to evaluate the
multipoles.

We observe that the shot noise of the estimator (146) can be
reduced by introducing proper weights in the sum over pulsars
(using a quadrature scheme). Concretely, the estimator can be
replaced by

zN
ℓm = 4π

N

∑
i=1

wi z(ni)Y m⋆
ℓ (ni) , (149)

where the wi are appropriate weights (the naive estimate (146)
corresponds to wi = 1/N). A simple choice consists in ex-
tending the trapezoidal Riemann sum to a sphere. For a set of
points randomly placed this is equivalent to weighting each
point by the fraction of the area encompassed. The frac-
tional area wi around each pulsar direction can be obtained by
generating many random directions and evaluating the frac-
tion which are the closest to each individual pulsar. Another
choice consists in finding the best quadrature coefficients, see
e.g. [54, 55], such that (146) is exact when z(n) can be ex-
pressed as a finite sum of spherical harmonics.

The pulsar shot noise with the naive method (146) and with
the quadrature scheme (149) (using area weights) is repre-
sented in Fig. 7 and we check that with the quadrature the
pulsar shot noise decreases as 1/N2.6

2. Noise of individual pulsars

Finally, we need to account for the noise in individual pul-
sars, either coming from intrinsic irregularity or experimental

6 This does not mean that we can beat the optimal estimator (165) whose
SNR2 scales as 1/N, because when estimating the total variance we must
add the contributions of all multipoles (all ℓ values) and the prefactor in
front of the 1/N2 scaling increases with ℓ, as shown in Fig. 7.
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FIG. 7. Ratio of the shot noise contribution and the correlation func-
tion (rescaled by the pulsar number), as a function of the pulsar num-
ber. The dashed lines are the pulsar shot noise (148) of the naive
estimate (146) whereas the continuous lines are obtained with the
quadrature weighting (149) where the weights are the area of each
pulsar direction. The curves are from bottom to top for ℓ= 2,3,5,10
respectively. The thin black line corresponds to CGW

ℓ =NP
ℓ where the

pulsar noise is as large as the HD correlation, hence points located
above this line are dominated by pulsar shot noise. We check that
NP
ℓ ∝ 1/N with the naive estimate whereas it scales as 1/N2 when

weighting by the area. However we see that the prefactor of this lat-
ter scaling increases with ℓ, i.e. the weighting suppression is more
efficient at small multipoles.

errors. Each pulsar signal is supplemented with an indepen-
dent noise ni, and if stationary, the statistics in Fourier space
is of the form

⟨n̂i( f )n̂⋆j( f ′)⟩N = (4π)−1
δi jδ ( f − f ′)Ni( f ) . (150)

where the average on the left-hand side has to be understood
as an average of different noise realisations. Different noise
contributions will add up to give a shot noise contribution to
the angular power spectrum, flat in multipole space. Indeed,
replacing ẑ(ni, f ) → ẑ(ni, f )+ n̂i( f ) in (146), and repeating
the analysis which led to (147), the average over the GW en-
semble, the pulsar directions and the pulsar noises becomes
(accounting for weights as in eq. (149))

⟨ẑN
ℓm( f )ẑN⋆

ℓ′m′( f ′)⟩A,P,N = δ
ℓ′
ℓ δ

m′
m δ ( f − f ′)[

CGW
ℓ ( f )+NP

ℓ ( f )+N( f )
]
, (151)

where

N( f )≡
N

∑
i=1

w2
i Ni( f ) , (152)

and where from (68) CGW
ℓ ( f ) = P̂( f )CHD

ℓ . It is understood
that the pulsar shot noise now takes the same form as in (148)
if the naive estimate (146) is used, but with Cℓ( f )→Cℓ( f )+
N( f ). For a family of pulsars whose noises are of the same
order of magnitude, increasing their number reduces the noise
since the weights are of order 1/N hence N( f ) ∝ 1/N.

In the case where the noise (152) is larger than the pulsar
shot noise, we could decide to use weights that minimize this

contribution instead of weights that minimize the pulsar shot
noise. Under the constraint ∑i wi = 1, this leads to the choice

wi =
N−1

i

∑
N
j=1N

−1
j

, (153)

such that

N−1( f ) =
N

∑
i=1

N−1
i ( f ). (154)

However, with this choice while N( f ) is minimized, the sec-
ond term of the pulsar shot noise (148) is worsened by a mul-
tiplicative factor

N
(
∑

N
i=1N

−2
i

)(
∑

N
i=1N

−1
i

)2 . (155)

This factor is always larger than unity unless all the noises
are equal.7 In that case, this corresponds to directly using the
naive estimate (146). Ideally, a good set of weights would take
into account both the area of each pixel and its intrinsic noise
to minimize the total noise.

C. Optimal weighting

In this section, we explain how cosmic variance can be mit-
igated by properly weighting the angular power spectrum of
pulsars at different frequencies, to build an optimal estima-
tor. We work in multipole space as this makes derivations
simpler. We first consider the case of a perfect experiment,
for which an optimal quadratic estimator for the correlation
amplitude can be built using the procedure detailed in ap-
pendix B. When adding instrumental noise, optimal estima-
tors are formally more involved and use the Fisher informa-
tion matrix. We will show that in the limit of strong signal,
the SNR scales as the product of the observation time and ca-
dence of observation, hence there is no fundamental limitation
that prevents one from improving it in future observations.

1. Perfect experiment

Let us first discuss how an optimal estimator can be built
in a perfect experiment, that is one in which there is no
noise (no intrinsic pulsar noise nor pulsar shot noise). The
ẑN
ℓm( f ) = ẑℓm( f ) can be viewed as independent measurements

where it is understood that we must consider the discrete set
of frequencies (one should use the z̃pos

ℓm ( fp)). Let us use a gen-
eralized index a = (ℓ,m, f ) to make the notation compact. If
we know the shape of the correlation of these measurements,

7 This follows from Cauchy-Schwarz inequality applied to the N dimen-
sional vectors A and B with components Ai = 1/Ni and Bi = 1. It saturates
when A is aligned with B hence when all noises are equal.
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and want to measure its global amplitude, as detailed in ap-
pendix B, we need to form an optimal estimator as

Q ∝ ∑
ab

z⋆bC−1
ba za . (156)

This estimator, applicable to perfect experiments, is formally
simpler than the estimator for imperfect experiments reviewed
in appendix C. As a result, it offers a simpler explanation of
how the optimal combination of frequencies consistently mit-
igates cosmic noise.

When detecting the HD correlation, we are first interested
in measuring the correlation for each ℓ separately [24], that is
we aim at constraining the cℓ defined in (133), hence we fix ℓ
and perform the previous sums on a,b = (m, f ) only. Using
that the correlation matrix (151) is diagonal (and ignoring the
noise), the optimal estimator (with the continuous frequency
approximation) is

Qℓ =
ℓ

∑
m=−ℓ

∫
obs

d f
N f

ẑℓm( f )ẑ⋆ℓm( f )

(2ℓ+1)P̂( f )CHD
ℓ

=
∫

obs

d f
N f

Ce
ℓ ( f )

P̂( f )CHD
ℓ
(157)

where P̂( f ) ≡ P̂( f )/P̂⋆ is the normalized spectral function
and N f = 2T fmax the number of frequency modes. The aver-
age and variance of this optimal estimator are

⟨Qℓ⟩A = P̂⋆ , (158a)

⟨(Qℓ)
2⟩A − (⟨Qℓ⟩A)2 =

2
2ℓ+1

(2T fmax)
−1P̂2

⋆ , (158b)

hence the estimator can be used to measure the cℓ. The asso-
ciated signal-to-noise ratio (SNR) is

SNR2
ℓ =

2ℓ+1
2

(2T fmax) . (159)

In practice, when considering the Fourier series coefficients
z̃pos
ℓm ( fp) instead of the Fourier transform ẑℓm( f ), the correla-

tion is not diagonal anymore, as detailed in section VI B. But
the argument is the same and one needs only to retain the cor-
rect correlation matrix in (156) to combine the discrete set of
measured frequencies, that is we must replace∫

obs

d f
N f

ẑℓm( f )ẑ⋆ℓm( f )

P̂( f )
→ 1

N f
∑
pq

z̃pos
ℓm ( fp)z̃

pos⋆
ℓm ( fq)S̄pos,−1

qp ,

(160)
where the sums on p,q run on the values 1 ≤ |p| ≤ T fmax and
1 ≤ |q| ≤ T fmax and where the normalized covariance matrix
S̄pos

pq is defined from (129) with P̂( f ) instead of P̂( f ). In all
cases for a perfect experiment we have 2ℓ+1 modes at a given
ℓ from the isotropy assumption (all the possible values of m),
and we have 2T fmax frequency modes. The product of these
quantities gives the number of modes available and the (square
of) SNR is 1/2 for each of them.

Now if we aim at constraining the global amplitude P̂⋆, that
is the second goal mentioned at the beginning of section VII,
several ℓ can also be optimally combined as

Qopt ≡ Σ
−1
max

ℓmax

∑
ℓ≥2

(2ℓ+1)Qℓ , (161)

where Σmax ≡∑
ℓmax
ℓ≥2 (2ℓ+1)= (ℓmax+3)(ℓmax−1) is the num-

ber of multipoles available until ℓmax. This estimator is also
obtained directly from (156) with a,b = (ℓ,m, f ). The corre-
sponding SNR with which P̂⋆ can be measured is

SNR2 =
Σmax

2
(2T fmax) . (162)

Since we can only combine NP pulsars, it is expected that
Σmax ≃ NP.

Let us show that this is indeed the case by building the op-
timal estimator in real space directly from the pulsar pairs so
that we do not have to account for the pulsar shot noise in-
herently contained in the multipole estimators (146). With the
results of appendix B, that is using (156) with a,b = (n, f )
and the covariance (62), an optimal estimator for P̂⋆ is

Qreal
opt =

1
NP

NP

∑
i=1

NP

∑
j=1

∫
obs

d f
N f

ẑ(ni, f )ẑ⋆(n j, f )

P̂( f )
[µ(β ji]

−1 . (163)

It is clear using (62) that ⟨Qreal
opt ⟩A = P̂⋆ and ⟨(Qreal

opt )
2⟩ −

(⟨Qreal
opt ⟩)2 = (2T fmax)

−1P̂2
⋆/NP. Again, in a rigorous treat-

ment, one should not use the continuous frequency ap-
proximation, and one should consider a modification of the
type (160) for pulsar directions, that is

Qreal
opt =

1
NPN f

NP

∑
i, j=1

∑
pq

z̃pos(ni, fp)z̃pos⋆(n j, fq)S
pos,−1
qp [µ(β ji]

−1 ,

(164)
but this does not alter these results. Hence, when measuring
P̂⋆ with this optimal estimator

SNR2 =
NP

2
(2T fmax) . (165)

This result is to be compared with (7.12) of [31] in which
N f = 2T fmax is replaced by Neff

f = h4/h4 ≪ 2T fmax. Indeed
in this reference while the angular information is optimally
combined, frequencies are not. It corresponds to the perfect
experiment version of (30) in [39].

2. Imperfect experiment

When considering an imperfect experiment with noise, a
similar procedure has to be followed to weight different fre-
quencies in an optimal manner. If the noise is exactly known,
then a quadratic estimator which takes noise into account can
be built [39]. Since the noise influences the signal, the sig-
nal in turn affects the estimation of the noise, meaning that
the noise can never be fully separated from the signal. There-
fore, to accurately measure the correlations induced by the
gravitational wave (GW) background, the estimation should
involve maximizing the likelihood over the GW parameters,
the template-fitting parameters, and the noise parameters. The
final step is to analyze the marginalized distribution. With
the compact index notation, the Gaussian likelihood which is
maximized is of the form

L = G(0,Cab;za) , (166)
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where G(Ma,Cab;za) is a multidimensional Gaussian of aver-
age Ma and total covariance Cab evaluated in the set of values
za.

The set of variables which is directly related to what is ob-
served is the set of ẑ(ni, f ), or more precisely the z̃pos(ni, fp)
(after filtering). As detailed in appendix C, if we can estimate
the noise statistics independently, it becomes possible to build
quadratic estimators for imperfect experiments, either to mea-
sure the cℓ of (133) or to constrain the global amplitude P̂⋆.
However estimating the SNR is very difficult analytically as it
requires the inversion of the covariance matrix, and this is not
feasible analytically for noisy experiments with finite number
of pulsars.

Due to the impossibility of assessing analytically the SNR
in imperfect experiments with the optimal quadratic estima-
tors built in appendix C, let us work directly on the multipole
estimators (146) and let us assume that they follow a Gaussian
distribution of the type (166), whose covariance (151) is due
to three sources of randomness: the GW signal, the intrin-
sic noises, and the pulsar directions. Instead of considering
the fundamental likelihood of the z̃pos(ni, fp) observables, we
thus consider a likelihood in the intermediate quantities (146)
built on sums of the former observables. In addition, even
though the directions of the pulsars are well measured, we
will estimate the pulsar noise induced by the finite number of
pulsars, that is the pulsar shot noise, by averaging over the
realizations of the pulsar directions. This means that we re-
place the pulsar noise of a given realization by the average
pulsar noise on all possible direction realizations. Hence an
estimator which maximizes this hybrid likelihood will not be
optimal. Nonetheless its associated SNR will shed light on the
SNR of the optimal estimator. Indeed, under these three av-
erages (GW signal, intrinsic noises and pulsar directions) the
covariance is diagonal in the a = (ℓ,m, f ) indices, hence its
inversion, which is required to estimate the SNR, is straight-
forward. In fact, as we work with the Fourier series coeffi-
cients after fitting, one should use (130) which is not diagonal
in frequency space. For simplicity and to make our derivation
more transparent, we use the continuous frequency approxi-
mation hereafter. The Fisher matrix provides the SNR with
which different parameters can be measured. Focusing on the
space of the parameters cℓ, the corresponding Fisher matrix is
diagonal and given by

Fℓℓ ≡
1
2

Tr
[
C−1 ·∂cℓC ·C−1 ·∂cℓC

]
, (167)

where the matrix products and trace are taken in the space
a = (m, f ) at fixed ℓ. We find (using the continuous frequency
approximation for simplicity)

Fℓℓ =
2ℓ+1

2
T
∫

obs

[
CGW
ℓ ( f )

cℓCGW
ℓ ( f )+NP

ℓ ( f )+N( f )

]2

d f .

(168)
Then the SNR for the cℓ is

SNR2
ℓ = c2

ℓ/F−1
ℓℓ

∣∣
cℓ=1 = c2

ℓFℓℓ
∣∣
cℓ=1

=
2ℓ+1

2
Neff

f (ℓ) , (169)

where the ℓ-dependent effective number of frequencies8 is de-
fined by

Neff
f (ℓ)≡

∫
obs

T
[

CGW
ℓ ( f )

CGW
ℓ ( f )+NP

ℓ ( f )+N( f )

]2

d f . (170)

We deduce immediately that when increasing observation
time or the number of pulsars (the latter improvement decreas-
ing both the pulsar shot noise and the total intrinsic noise)
the SNR increases, as already predicted with mock PTA data
(see e.g. Fig. 4 in [19]). When translated into discrete fre-
quencies with (106a), and retaining only the dominant fre-
quency mode 1/T (and its mirror negative frequency −1/T ),
this reduces to the estimation (26) of [16]. When ignoring pul-
sar shot noise Neff

f (ℓ) ≃ 2T f eff
max(ℓ) where the effective max-

imum frequency is the frequency for which CGW
ℓ ( f eff

max(ℓ)) =

N( f eff
max(ℓ)) since for larger frequencies the integrand becomes

negligible. If the noise has a spectral index γn > γ defined
by N( f ) ∝ ( f/ f⋆)γn then from the shape (66) we deduce the
scaling f eff

max ∝ ℓ4/(γ−γn). Therefore the effective number of
frequencies depends on ℓ contrary to what is assumed in the
equivalence (7) of [39]. This explains why, even when using
many pulsars such that the pulsar shot noise becomes sub-
dominant, the larger multipoles remain the most challenging
to constrain [24].

We now seek to get a rough estimate of Neff
f (ℓ) with the

pulsar noise characteristics of [56]. For any pulsar in a set, the
covariance matrix of timing residuals is written as

⟨r(ηa)r(ηb)⟩=CGW
ab +CN

ab , (171)

where we have distinguished a signal and a noise component,
with noise covariance

CN
ab =

∫ fmax

− fmax
d f cos(2π f (ηa −ηb))

N( f )
4π

. (172)

N( f ) is defined in (150) for a given pulsar and PN( f ) ≡
N( f )/(4π) is the two-sided noise spectral density (for timing
residuals it has dimensions of inverse cubic frequency). This
quantity is usually parametrized for each pulsar separating a
contribution of white noise and a red noise one

PN( f ) =
N( f )
4π

= σ
2
∆η +

1
2

A2
RN

(
f

1yr−1

)γRN

, (173)

where σ is the standard deviation due to white noise and ∆η

is the cadence of observation. We consider the 68 pulsars in
tables 5 and 6 of [56], and take into account red noise only
for the 23 pulsars for which it has been measured. The ca-
dence of observation is estimated by dividing the time of ob-
servation by the number of epochs for each pulsar, which is

8 Note that in section VII A, we used the term "effective number of fre-
quencies" Neff

f when an optimal estimator is not used. Here effective
rather means that the computation accounts for instrumental noise. We
always have Neff

f (ℓ) ≤ N f with the total number of available frequencies
N f = 2T fmax, and the equality is only reached for perfect experiments with
an infinite number of pulsars.
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a crude estimation of the cadence since there are a few gaps
in the observations. The noises, divided by the transmission
factor (120) computed with their respective observing time,
are combined with (154), that is using weights which are op-
timized to reduce the total noise. As a consequence, when
estimating the shot noise due to the finite number of pul-
sars which we also take into account, we must replace 1/N
by ∑

N
i=1 w2

i in (148) and this factor is approximately 0.12 for
f = 1yr−1, hence larger than 1/N = 1/68. Finally, the signal
spectrum amplitude at f⋆ = 1yr−1 is set to P⋆ =

1
4 (h

1yr
c )2 yr

with h1yr
c = 3×10−15, taking into account (75) for time resid-

uals.
Eventually, we find that Neff

f (ℓ = 2) ≃ 4.2, Neff
f (ℓ = 3) ≃

0.43 and Neff
f (ℓ= 4)≃ 0.06. This corresponds to SNR2 ≃ 3.2

and SNR3 ≃ 1.2 (and a combined SNR ≃ 3.5) which is in
line with the constraints on the HD quadrupole and octupole
in Fig. 2 of [24] and the amplitude detection at (3.5− 4)σ
reported in [1]. If we had three times more pulsars (204)
with the same observational characteristics we would find
Neff

f (ℓ= 2)≃ 10 (SNR2 ≃ 5) and Neff
f (ℓ= 3)≃ 2.2 (SNR3 ≃

2.7). If the 68 pulsars were all observed during 25 years, we
would get Neff

f (ℓ= 2)≃ 8.6 (SNR2 ≃ 4.6) and Neff
f (ℓ= 3)≃ 1

(SNR3 ≃ 1.9). If we combine both improvements, that is 204
pulsars all monitored during 25 years, we would get Neff

f (ℓ=

2) ≃ 18 (SNR2 ≃ 6.8), Neff
f (ℓ = 3) ≃ 4.7 (SNR3 ≃ 4.0), and

Neff
f (ℓ= 4)≃ 1 (SNR4 ≃ 2.1) and a combined SNR ≃ 8.3 for

the amplitude of the background. Since both the observing
time and the number of pulsars monitored is set to increase,
we can state that we have entered the era of effective number
of frequencies much larger than unity. From the above values
we can hope that the octupole of the HD correlation should
soon be clearly detected, and in the long run one should be
able to detect the hexadecapole (ℓ = 4). The multipole ℓ = 5
would however require around 450 pulsars monitored during
25 years.

We also recover that in a regime where the sources of noise
are negligible (ideal experiment), the SNR scales as in (159).
Again, this has to be compared to (139), which is what we
obtain when combining naively different frequencies. Taking
one residual per month, that is 2T fmax = 1/12yr−1, and an
observation time of 15 years, one gets (independent of the
spectrum) SNR2

ℓ ∼ 180(2ℓ+ 1)/2, i.e. a factor about 120
larger than what one gets by doing (139) for a spectrum with
γ = −13/3. Notice that both the cadence of observation,
which determines fmax, and the observation period will im-
prove in the future, further increasing the SNR.

Summarizing: if we correctly combine the contributions of
different frequencies (using optimal weights), in the context of
a perfect experiment, we improve the SNR over a single fre-
quency by a factor corresponding to the number of frequency
modes. In contrast, by performing a brute-force computation
as in Eq. (139), where no weights are applied, we only gain
a factor which is an effective number of frequency modes
Neff

f = h4/h4, and it can be very small for red spectra (since
we effectively give too much weight to a few low frequen-
cies). For an imperfect experiment (i.e. when instrumental
noise is accounted for) the counting of the frequency bins is

weighted by the noise, and given by the multipole-dependent
integral (170). Still, it grows with the observation time. Our
simple derivation in multipole space makes it clear that by op-
timally combining different frequency bins, we can construct
an estimator for the HD correlation multipoles whose SNR
grows with observation time, even for red spectra. Hence,
cosmic variance is actually not an irreducible noise compo-
nent in this context, contrary to what happens for the CMB
where we effectively have access to one single measurement
for each direction and there is nothing to combine to improve
the SNR of the correlation estimator.

VIII. BACKGROUND ANISOTROPY ESTIMATOR

Up to now we have considered an isotropic bath of gravi-
tons, see section II C: in this context, the HD correlation
is a signature of an isotropic spectral function A(k). The
anisotropic part Â(k̂) of the GW background is reflected
instead in the off-diagonal correlations in the (ℓ,m) space,
see (70). For a finite number of pulsars, the constraints
on anisotropy are better placed using a set of adapted func-
tions [57, 58]. However for a large number of pulsars one
can estimate (see section VII B 1) zℓm( f ), and estimators
of anisotropy can be built out of the two-point function of
zℓ1m1( f1)zℓ2m2( f2), looking at the off-diagonal structure of the
correlation. As an illustration, let us restore the anisotropic
part of the GW spectrum in this section only. Our starting
point is (70) for the two-point function of pulsar redshift in
the presence of anisotropy. Our goal is to build an estima-
tor for the anisotropic coefficient ALM in (70), evaluate its
variance (along the lines of [18]) due to the limited angular
resolution of a time-residual map, in the context of a perfect
experiment with zero instrumental noise. We will then dis-
cuss how this noise propagates into a variance on the angu-
lar power spectrum of the background energy density, which
is the observable usually used to quantify the deviation from
isotropy. We will show that, even for a perfect experiment
and in the absence of other noise components, the fact that
the time-residual map has a limited angular resolution, limits
our ability to measure the angular power spectrum from the
background intensity (energy density) map.

A. Anisotropy in the time residual map: estimator and
variance

We start by isolating the ALM modes in (70) by exploit-
ing the orthonormality of Wigner 3j. Hence we introduce
the combinations (contractions of the 2-point function with
Wigner 3j symbol)

ELM
ℓ1ℓ2

( f1, f2)≡
√

2L+1 ∑
m1m2

(
L ℓ1 ℓ2
M m1 m2

)
× ẑℓ1m1( f1)ẑℓ2m2( f2) , (174)
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which satisfies ELM ⋆
ℓ1ℓ2

( f1, f2) = (−1)MEL−M
ℓ1ℓ2

(− f1,− f2) and
obviously

ELM
ℓ1ℓ2

( f1, f2) = ELM
ℓ2ℓ1

( f2, f1) . (175)

The average of (174) can be computed using (70) and (A17)
and is given by

⟨ELM
ℓ1ℓ2

( f1, f2)⟩A = δ
even
ℓ1+ℓ2+Lδ ( f1 + f2)P̂( f1)

Â⋆
LM√
4π

Fℓ1Fℓ2

(
L ℓ1 ℓ2
0 −2 2

)
. (176)

Hereafter we only consider parameters for which ℓ1+ℓ2+L is
even. In the case where the anisotropy is mild, we can assume
the covariance is only due to the isotropic part. In that case,
using (68) and (A17), the covariance takes the simple form

⟨ELM
ℓ1ℓ2

( f1, f2)E
L′M′⋆
ℓ′1ℓ

′
2
( f ′1, f ′2)⟩A (177)

−⟨ELM
ℓ1ℓ2

( f1, f2)⟩A⟨EL′M′⋆
ℓ′1ℓ

′
2
( f ′1, f ′2)⟩A

≃ δ
L′
L δ

M′
M

[
δ
ℓ′1
ℓ1

δ
ℓ′2
ℓ2

δ ( f1 − f ′1)Cℓ1( f1)δ ( f2 − f ′2)Cℓ2( f2)

+ δ
ℓ′2
ℓ1

δ
ℓ′1
ℓ2

δ ( f1 − f ′2)Cℓ1( f1)δ ( f2 − f ′1)Cℓ2( f2)
]
.

If we want to combine the expressions (174) to form an
optimal estimator for the ÂLM , we must normalize them and
weight them by their inverse variance [18]. Explicitly, after
having discretized the frequency space (with the f = 0 mode
removed), one builds the following estimator

Â
ℓ1ℓ2,e
LM, f ≡

√
4π

T Fℓ1Fℓ2

1
P̂( f )

(
L ℓ1 ℓ2
0 −2 2

)−1

ELM
ℓ1ℓ2

( f ,− f )∗ ,

(178)
where on the left-hand side we have explicitly indicated that
one can build an estimator for each given value of ℓ1 and
ℓ2. From (176) the mean of this object is trivially given
by ÂLM while, assuming that anisotropies are mild, and us-
ing (177), the variance of this object (we define Var(X) ≡
⟨XX⋆⟩−⟨X⟩⟨X⋆⟩ hence

√
Var is the associated error) is given

by

Var
(
Â

ℓ1ℓ2,e
LM, f

)
=

4π

(2ℓ1 +1)(2ℓ2 +1)

(
L ℓ1 ℓ2
0 −2 2

)−2

.

(179)
We recall that all averages here are taken over GW realisa-
tions, i.e. we make use of the average ⟨. . .⟩A defined in sec-
tion IV. We then combine all the estimators Â

ℓ1ℓ2,e
LM, f with in-

verse variance weighting to obtain the minimum-variance es-
timator. However, from (175) we deduce the symmetry prop-
erty

Â
ℓ1ℓ2,e
LM, f = Â

ℓ2ℓ1,e
LM,− f , (180)

hence in order to avoid double counting when combining es-
timators we can either restrict to f > 0 and use all ℓ1, ℓ2 com-
binations, or we can use both f > 0 and f < 0 and restrict
to ℓ1 ≤ ℓ2. We make the former choice which is simpler in

our case;9 and obtain (with an implied restriction of the sums
below to ℓ1 + ℓ2 +L being even)

Âe
LM ≡

∑ℓ1ℓ2 ∑ f>0 Â
ℓ1ℓ2,e
LM, f Var−1

(
Â

ℓ1ℓ2,e
LM, f

)
∑ℓ1ℓ2 ∑ f>0 Var−1

(
Â

ℓ1ℓ2,e
LM, f

) . (181)

The variance of this estimator is by construction

Var−1 (Âe
LM
)
= ∑

ℓ1ℓ2

∑
f>0

Var−1
(
Â

ℓ1ℓ2,e
LM, f

)
, (182)

or explicitly

Var−1 (Âe
LM
)

(183)

=
N f

2
1

(4π) ∑
ℓ1ℓ2

δ
even
ℓ1+ℓ2+L(2ℓ1 +1)(2ℓ2 +1)

(
L ℓ1 ℓ2
0 −2 2

)2

.

In this equation we assumed that in the absence of instrumen-
tal noise all frequencies equally contribute, and N f is equal
to the number of frequency modes, i.e. N f = 2T fmax. In the
presence of noise, a proper weighting should be introduced.
This result agrees with what obtained in [18] (where it is im-
plicitly assumed that N f = 1). Notice that all these sums run
over ℓ1, ℓ2 ≤ ℓmax with ℓmax ∼

√
Np, where Np is the num-

ber of pulsars in the network, and the multipole measured is
constrained by 0 ≤ L ≤ 2ℓmax.

B. Angular power spectrum of energy density: estimator and
variance

We conclude this section by relating this anisotropy es-
timator to the estimator of the energy density angular
power spectrum, which is the observable usually used to
quantify anisotropies [59]. Let us define (ΩGW)LM =

8π2/(3H2
0 ) f 5A(2π f )ÂLM whose estimator is

(ΩGW)e
LM ≡ 8π2

3H2
0

f 5A(2π f )Âe
LM . (184)

The mean and variance of this estimator can be trivially com-
puted from the ones of Âe

LM . An estimator for the angular
power spectrum of the anisotropies is given by

C
ΩGW,e
L ≡ 1

2L+1 ∑
M
(ΩGW)e

LM (ΩGW)e∗
LM , (185)

9 The latter choice is however more adapted when we consider an equal time
correlator, as is implicitly the case in [18]. The associated estimator is
Â

ℓ1ℓ2 ,e
LM ≡ ∑ f Â

ℓ1ℓ2 ,e
LM, f where the sum is on both positive and negative fre-

quencies. When considering the symmetry property (180) for ℓ1 = ℓ2, we
deduce that Var

(
Â

ℓℓ,e
LM

)
is twice its counterpart with ℓ1 ̸= ℓ2 due to co-

variance between positive and negative frequencies, that is Var
(
Â

ℓ1ℓ2 ,e
LM

)
is given by the r.h.s of (179) multiplied by 1+δℓ1ℓ2 as in Eq. (26) of [18].
When combining the estimators we must also restrict to ℓ1 ≤ ℓ2 so as to
avoid double counting. Then, when the variance of the optimal estimator is
recast as a sum on all ℓ1, ℓ2 combinations, the 1/(1+δℓ1ℓ2 ) is exactly what
is needed to recover (183) with N f = 1, as is expected when only a single
equal time measurement is performed.
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with variance given by

Var
(
C

ΩGW,e
L

)
=

2
(2L+1)2 (186)

×∑
M

[
Var2 ((ΩGW)e

LM)+2Var((ΩGW)e
LM) |(ΩGW )LM|2

]
.

We stress again that the average is an average over GW real-
izations, and there is a residual stochasticity due to cosmolog-
ical initial conditions (see also [36] for a detailed discussion
of this double average procedure). In other words, the result
above holds for any cosmological realization. To get predic-
tions, one has to take an additional average over cosmological
initial conditions, and using (16) and (17) the cosmological
average of the variance is

⟨Var
(
C

ΩGW,e
L

)
⟩cos =

2
2L+1

× (187)[(
Ω̄GW

4π

)4

Var2 (Âe
LM
)
+2
(

Ω̄GW

4π

)2

Var
(
Âe

LM
)
C

ΩGW
L

]
,

which can be directly computed from (183). It follows that for
a given pulsar number Np (determining the angular resolution
of a time-residual map, as ℓmax ∼

√
Np), (187) provides us

with the precision with which, in a perfect experiment, the
angular power spectrum of the background energy density can
be computed from a time-residual map.

IX. THE HELLINGS-DOWNS CURVE IN THE CMB

There is a formal analogy between the redshift to a pulsar
and the tensor modes contribution to the CMB temperature
fluctuations. We want to address the following questions: is
there a HD-like correlation in the context of the CMB temper-
ature fluctuations? And what is cosmic variance in this case?
These questions have been addressed in [60, 61] in the case of
a narrow GW background generated within the horizon. We
study them for the GW background generated by amplifica-
tion of the vacuum fluctuations in the primordial Universe,
highlighting the main differences when identifying the HD-
like correlation. In this section, η will denote the conformal
time associated with a cosmological scale factor a(η).

A. GW in cosmology

The background of gravitational waves generated in the
early Universe [50] during an inflationary phase, differs from
the background considered so far for PTA by three important
details.

• First, the modes satisfy a damped wave equation instead
of a simple wave equation, because of Hubble friction.
Namely the GW, which are tensor cosmological pertur-
bations, satisfy

h′′i j +2Hh′i j + k2hi j = 0 . (188)

where a prime indicates a derivative with respect to con-
formal time η . In a matter dominated era, the conformal
Hubble rate scales as H= a′/a = 2/η and the indepen-
dent solutions of this equations are

j1(kη)

(kη)
,

n1(kη)

(kη)
. (189)

When generalizing (7) to a matter dominated cosmo-
logical context, we thus need to use the replacement

eikη → s(kη) , e−ikη → s⋆(kη) , (190)

with the cosmological solution s defined in terms of
Hankel functions

s(x) =− j1(x)+ in1(x)
x

. (191)

The solutions (189) are only valid for a matter dom-
inated Universe. In radiation domination, H = 1/η

and the solutions are simply j0(kη) and n0(kη), and
s(x) = [ j0(kη)+ in0(kη)].

• The solution must be regular when outside the Hub-
ble horizon at early times (kη ≪ 1). Hence since only
j1(x)/x is regular for the matter era solution (resp.
j0(x) for the radiation era solution), the initial condi-
tions for a mode k and −k must be related to eliminate
n1(kη)/(kη) (resp. n0(kη)). It follows that the initial
conditions are not set with random phases in cosmol-
ogy. This translates into a modification of the statistics
of the modes as we must have

h(m)⋆(k) = h(m)(−k) , (192)

such that

h(m)
cos (k,η) = h(m)(k)Re[s(kη)] . (193)

The link (192) implies that the statistics of the mode is
modified, and instead of (12), they must obey

⟨h(m)(k)h(m
′)⋆(k′)⟩A =(2π)3

δmm′δ (k−k′)A(k) ,

⟨h(m)(k)h(m
′)(k′)⟩A =(2π)3

δmm′δ (k+k′)A(k) .
(194)

The statistics of h(m)
cos is also altered compared to (13),

and it becomes

⟨h(m)
cos (k,η)h(m

′)⋆
cos (k′,η ′)⟩A = δmm′(2π)3

δ (k−k′) (195)

×A(k)Re(s(kη))Re(s⋆(kη
′)) .

• The general expression for the redshift (21) and its split-
ting between an observer and a pulsar term remains
valid, if we replace the pulsar distance χ by the last-
scattering surface (LSS) distance χLSS (and the inte-
grals (23) do not extend to infinity but go up to the big-
bang distance). However a major difference, detailed
hereafter, is that it is generally not correct to neglect the
pulsar term by assuming kχlSS ≫ 1 since in cosmology
the spectrum is nearly scale invariant, and large modes
which evade this condition, contribute substantially.
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The difference in statistics, that is namely the replacement
of (12) with (194) when the time evolution is modified accord-
ing to (190), has an important consequence for the equivalent
of the HD correlation in the CMB correlations. Apart from
the argument of regularity on super-Hubble scales, the origin
of the difference is rooted in the quantum origin of fluctua-
tions. A correlation of the type (12) might be of classical ori-
gin, due to independence of a large number of binary sources.
But equivalently it could be of quantum origin as we could
promote, as in (2) of [61], the tensor perturbations to a quan-
tum field by promoting the mode functions to operators (note
that in this discussion a hat refers to an operator and not to a
Fourier transform)

h(m)(k)→ ĥ(m)(k) = âm(k)h(m)(k) , (196)

where the creation and annihilation operators satisfy the usual
commutation rules

[âm(k), â
†
m′(k

′)] = (2π)3
δmm′δ

3(k−k′) . (197)

The statistics (12) is then interpreted as an average in the
quantum vacuum using âm(k)|0⟩= 0, and defining 2A(k) =

|h(2)(k)|2 = |h(−2)(k)|2 for an unpolarized background. How-
ever tensor fluctuations generated during inflation are as-
sumed to be generated in the Bunch-Davies vacuum when
asymptotically inside the Hubble radius, and then this leads
to frozen solutions when their scale exits the Hubble radius.
It is this frozen value which serves as an initial state for the
subsequent standard cosmological model, but the statistical
properties are then inherited from the inflationary phase. The
important consequence is that in inflation this translates for
the initial conditions of the standard model into the operators

ĥ(m)(k) = Âm(k)h(m)(k) , Âm(k)≡
âm(k)+ â†

m(−k)√
2

(198)
and the mode functions must satisfy (192). Although
of quantum origin, the tensor modes behave classically
since [Âm(k), Âm′(k′)] = 0, and we find the modified statis-
tics (194). Physically, the tensor modes of inflationary origin
are a superposition of counter propagating waves forming a
standing wave, hence a mode with wavevector k and the one
with opposite wavevector −k are not statistically indepen-
dent. This is very different from a classical GW background
from binary sources, where the binary sources in one direc-
tions have absolutely no reason to be correlated with the ones
in the opposite direction. As we detail hereafter this triggers a
small difference for the HD correlation in the CMB.

B. Redshift multipole transfer function

Similarly to the PTA case, we can decompose CMB red-
shifts in a basis of spherical harmonics [51] as (24)

zCMB(n) =
∫ d3k

(2π)3 ∑
m=±2

∑
ℓ

zCMB
ℓm (k,η0)Rk̂[Y

m
ℓ ](n) . (199)

Observe that what is measured in CMB observations is
the temperature: on this context zCMB(n) stands for
−δT CMB(n)/T̄ CMB as the GW affect energies, and thus tem-
peratures, via the integrated Sachs-Wolfe effect. This can be
split into the sum of an observer and a pulsar term, where the
pulsar term is in fact a LSS term as we must use χ = χLSS
in (21). Note that η cannot go infinitely in the past but is
restricted to 0 ≤ η ≤ η0.

The multipole transfer function is defined in Boltzmann
codes such as CLASS [62, 63], as the ratio

Tℓm(k)≡
zCMB
ℓm (k,η0)

h(m)(k)
. (200)

A key difference with the background measured by PTA, is
that we must replace the evolution of the modes with the
damped solution according to (190). The general form of the
transfer requires the resolution of the Boltzmann hierarchy,
usually with a line of sight method. However we can estimate
rather easily the observer contribution by approximating the
time evolution for large modes (locally, near the observer) by

s(kη)∼ eikη

(kη)2 ≃ eikη

(kη0)2 , (201)

that is we keep the oscillatory behaviour but we consider only
the final value for the damping which has occurred due to
Hubble friction. Then we can just follow the same steps as for
a GW background observed with PTA. The final result (42) is
then only altered by this damping 1/(kη0)

2 but can be written
in a simpler form due to the relation (192). Eventually we find
that the observer contribution can be approximately written as

zCMB,o
ℓm (k,η0)≃ (−i)ℓ

cos
(
kη0 + ℓπ

2

)
(kη0)2 h(m)(k)Fo

ℓ , (202)

with the same Fo
ℓ as in (34). The observer part of the transfer

function To
ℓm can be read directly from this result (202) recall-

ing its definition (200), and it depends only on k.
The multipole transfer function (200) is plotted in Fig. 8,

for different values of k. The modulation cos
(
kη0 + ℓπ

2

)
, is

the main difference with a classical GW background mea-
sured by PTA. Since cosmological GW are standing waves,
they have nodes and maxima, and depending on where these
are located with respect to the observer, this affects how the in-
tegrated SW effect is split in the various multipoles. It is fun-
damentally due to using the statistics (194) instead of (12) as
required by the origin of primordial GW modes. This feature
is absent for backgrounds generated within inside the horizon
in a later phase, hence the modulation is not seen in the Fig. 1
of [61] even though it corresponds to sharply peaked spec-
tra. Apart from this modulation we see that the rescaled trans-
fer function Tℓm/

√
4π(2ℓ+1) scales like the observer term

Fo
ℓ /
√

4π(2ℓ+1) ∝
√

(ℓ−2)!/(ℓ+2)! for small ℓ and large
modes and then it gets dominated by a pulsar term (which is a
last scattering term in cosmology).

We also notice that this pulsar term, which has roughly a
slope ∝ ℓ2 stops when ℓ≥ kη0 as expected since the distance
to the last scattering surface is approximately η0. For small
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FIG. 8. Transfer function (200) for several modes and m= 2 obtained
from a modified version of the Boltzmann solver CLASS [62, 63].
For large modes (k > 0.01/Mpc approximately) and low ℓ we see
an observer term with its characteristic decay ∝ (ℓ− 2)!/(ℓ+ 2)!
with a modulation coming from the factor cos

(
kη0 + ℓ π

2
)
, which

is then dominated by the pulsar (also known as the LSS term) for
large values of ℓ. It is the observer part of the transfer function
which is responsible for the appearance of a HD-like correlation in
the CMB correlation function. The background cosmology parame-
ters are ΩΛ = 0, τreio = 0 and h0 = 0.4.

modes k, we are not in the regime where the wavelength is
much shorter than the distance to the last scattering surface
(playing the counterpart of pulsars in our analogy) and the
observer term is always subdominant compared to the pulsar
term.

C. Correlation function

In full analogy with the PTA case, we define a redshift
(or CMB temperature fluctuations) correlation function or its
equivalent in multipolar space when decomposing zCMB(n) =
∑ℓm zCMB

ℓm Y m
ℓ (n) which is

⟨zCMB
ℓm zCMB⋆

ℓ′m′ ⟩A = δℓℓ′δmm′CCMB
ℓ . (203)

All time dependence has been eliminated compared to the
PTA case because an observation of the CMB sky amounts
to a single observation given the extremely slow evolution of
the CMB (over a scale of millions of years) compared with the
observation time. The expression of the correlation in multi-
pole space (the angular power spectrum) is rather simple in
terms of the transfer function

CCMB
ℓ =

∫ k2dk
2π2 A(k) ∑

m=±2
|Tℓm(k)|2 . (204)

In Fig. 9 we plot the CCMB
ℓ for various spectral indices de-

fined in the cosmological context as A(k) ∝ (k/k⋆)nT−3. We
see that for the scale invariant cosmological spectrum with
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FIG. 9. Multipoles of the CMB fluctuations from tensor modes ob-
tained from CLASS [62, 63]. The background cosmology parame-
ters are ΩΛ = 0, τreio = 0, h0 = 0.4, As = 2.1 ×10−9 and unit tensor
to scalar ratio. We plot (ℓ+ 2)!/(ℓ− 2)!Cℓ so that a HD correlation
appears as a plateau, which is visible for nT = 6 and nT = 8.

nT = 0, we do not see the Hellings-Downs correlation as large
angular scales are dominated by small modes which exhibit
only the pulsar contribution (see Fig. 8). However if we con-
sider a very blue spectrum, then these small modes are sub-
dominant and even the large scale angular correlations are
dominated by the observer Hellings-Downs correlation of the
large modes. As we plot (ℓ+2)!/(ℓ−2)!CCMB

ℓ , the HD corre-
lation appears as a plateau. The modulation in cos

(
kη0 + ℓπ

2

)
of the transfer is not visible because when integrating on k it
is averaged over since the modes which contribute to the HD
plateau satisfy kη0 ≫ 1. In order to have a large scale HD
plateau we need at least nT > 4 so that the primordial con-
ditions can compensate the subsequent damping [1/(kη0)

2]2

due to Hubble friction.
Finally, as done in the PTA context, we can build an es-

timator for the redshift correlations as (we stress that for
the sake of the comparison with PTA, we are here assum-
ing unrealistically that there are no scalar fluctuations in the
CMB anisotropies) CCMB,e

ℓ = ∑m zCMB
ℓm (η0)zCMB⋆

ℓm (η0)/(2ℓ+
1). Since in this context there are no different time of obser-
vations, nor frequency bins, this is the only estimator one can
build. The variance is estimated in the usual way with Wick’s
theorem and the signal to noise reduces to SNR2

ℓ = (2ℓ+1)/2
which is the usual CMB cosmic variance, irreducible, since
there is no way to mitigate it, contrary to the PTA case.10

10 When we say that nothing can be done to mitigate cosmic variance in the
context of the CMB, we mean that we will never achieve the sensitivity
required to directly observe the timescale of GWs that influence the CMB.
If we could observe over a timescale of one million years, techniques like
those used in PTA might allow us to mitigate cosmic variance. In other
words, when we refer to a perfect experiment, we are implying an experi-
ment that can be conducted within a humanly feasible timescale.
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X. DISCUSSION AND CONCLUSIONS

In this article, we critically examined the derivation of the
cosmic variance associated with the HD correlation curve and
explored its implications for PTA observations. By working in
real and multipole space, we showed that an optimal estimator
for the angular power spectrum of the HD correlation can be
constructed. This estimator’s signal-to-noise ratio improves
with increased observation time and increasing the cadence of
observations, even in the presence of a very red spectrum (see
eq. (159)), hence it will keep on improving in the future. The
key to this improvement lies in the introduction of an optimal
weighting scheme, which reduces the impact of cosmic vari-
ance by mitigating the contribution of low-frequency compo-
nents in the presence of a red spectrum. We also considered
the effect of instrumental noise, we accounted for pulsar shot
noise, and discussed a weighting procedure to minimize the
impact of these noise components. Additionally, we provided
a detailed analysis of how the optimal estimator is modified
when accounting for the fact that, in a real experiment, time
residuals must be fitted with a deterministic template to sub-
tract the effects of a linear drift and a quadratic term. We
showed that this filtering procedure does not alter the final
conclusion regarding the SNR in the strong signal limit.

In this regard, the term cosmic variance is somewhat of an
abuse of language in the PTA context, as it suggests that noth-
ing can be done to reduce its impact, even with perfect ex-
periments, and the authors of [19] have advocated to rename
it sample variance. This stands in contrast to the situation in
CMB observations, where even in a perfect experiment, more
observation time cannot reduce cosmic variance as the CMB
signal is essentially static on any human time scale. In the
CMB context, cosmic variance is indeed an irreducible limi-
tation.

To make this point clear, we developed a formal analogy
between the redshift to a pulsar and the tensor modes contribu-
tion to the redshift to the large scattering surface. We showed
that two contributions can be distinguished in the CMB red-
shift: an observer term which dominates small multipoles and
a pulsar term which becomes important at higher multipoles
(smaller scales). The transition scale depends on the mode
k under consideration (the observer term becoming visible at
small ℓ for k > 0.01/Mpc approximately). We computed the
redshift correlation function, and we showed that its multipo-
lar decomposition (i.e. the angular power spectrum) exhibits a
HD-like behaviour at small ℓ for a sufficiently blue spectrum
with nT > 4, while for redder spectra small modes, which
exhibit only the pulsar contribution, dominate the spectrum
hence the HD-behaviour is lost. Since the tensor modes have
a subdominant effect compared to the scalar modes, and since
in standard inflationary models the tensor spectrum is nearly
scale-invariant, the HD correlation in the CMB will realisti-
cally never be observed. We recovered that any estimator for
the angular power spectrum is cosmic-variance limited in this
context since no time weighting is possible.

We conclude with two remarks. First, we stress that in PTA
data analysis techniques, estimators for the correlation func-
tion are constructed using optimal weightings, as discussed,

for example, in [44]. However, since several recent theoret-
ical papers have referred to cosmic variance as a fundamen-
tal limitation for PTA observations, we believe it is important
to avoid further confusion by providing a pedagogical deriva-
tion of the weighting procedure used to optimally combine
frequency bins. To this end, we also draw a parallel with the
CMB case, where such a weighting procedure is not possible,
even though a HD correlation os present for very blue primor-
dial spectra. While working in multipole space offers a direct
parallel with CMB observables, it is also the simplest repre-
sentation for HD analysis. Indeed, we have shown that in mul-
tipole space, the covariance matrix is diagonal, significantly
simplifying computations. This suggests that the multipole
space framework, rather than real space, is the most effective
approach for studying HD correlations in PTA observations.
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Appendix A: Rotations and spherical harmonics

We gather all relations related to spherical harmonics and
rotations which are used in this article. We use the conven-
tions of [64] to define spherical harmonics and the Wigner
rotation coefficients, which are defined by

Y m
ℓ = ⟨n|ℓm⟩ , Dℓ

m′m = ⟨ℓm′|R|ℓm⟩ (A1)

where an active rotation is parameterized with Euler angles as

R(φ ,θ ,γ) = Rz(φ) ·Ry(θ) ·Rz(γ) . (A2)

The active rotation of spherical harmonics is defined by the
inverse passive transformation of the direction since

R[Y m
ℓ ](n)≡ ⟨n|R|ℓm⟩= Y m

ℓ (R−1 ·n) = Dℓ
Mm(R)Y

M
ℓ (n) .

(A3)
The Wigner coefficients are related to the small Wigner coef-
ficients dℓ

mm′ assocoiated with a Ry rotation only by

Dℓ
mm′(φ ,θ ,γ) = e−imφ dℓ

mm′(θ)e−im′γ . (A4)

In particular when m = ±2 and m′±2 and noting cosθ = β ,
the small Wigner coefficients are expressed in terms of Jacobi
polynomials as

dℓ
m′m(θ)=

(
1+β

2

) |m+m′ |
2
(

1−β

2

) |m−m′ |
2

P(|m−m′|,|m+m′|)
ℓ−2 (β ) ,

(A5)
which satisfy from their orthonormality relation the particular
relations

2
2ℓ+1

=
∫ 1

−1
dx
(

1+ x
2

)2(
P(0,4)
ℓ−2 (x)

)2

=
∫ 1

−1
dx
(

1− x
2

)2(
P(4,0)
ℓ−2 (x)

)2
. (A6)
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The Wigner coefficients are also related to the spin-
weighted spherical harmonics through

Dℓ
ms(φ ,θ ,γ) = sY−m

ℓ (θ ,φ)(−1)m

√
4π

2ℓ+1
e−isγ . (A7)

The most useful properties are

Dℓ
m′m(R

−1) = Dℓ⋆
mm′(R) = (−1)m−m′

Dℓ
−m−m′(R) , (A8)

Dℓ
Mm(ϕ +π,π −θ ,0) = (−1)ℓDℓ

M−m(ϕ,θ ,0) , (A9)

from which we deduce in particular

sY m⋆
ℓ = (−1)s+m

−sY−m
ℓ . (A10)

The orthogonality property of Wigner coefficients is ex-
pressed as∫ d3R

8π2 Dℓ
ms(R)D

ℓ′⋆
m′s′(R) =

δℓℓ′δmm′δss′

2ℓ+1
, (A11)

where an integral on all rotations is defined as∫
d3R ≡

∫ 2π

0
dγ

∫
π

0
sinθdθ

∫ 2π

0
dφ = 8π

2 . (A12)

In particular this leads to the orthonormality of spin-weighted
spherical harmonics∫

d2nsY m
ℓ (n)sY m′⋆

ℓ′ (n) = δℓℓ′δmm′ , (A13)

whose counterpart for s = 0 are the addition theorems

∑
m

Y m
ℓ (n)Y m⋆

ℓ (n′) =
2ℓ+1

4π
Pℓ(n ·n′) , (A14)

∑
ℓ

(2ℓ+1)
4π

Pℓ(n ·n′) = δ
2
D(n,n

′) , (A15)

where δ 2
D is the Dirac delta on the unit sphere.

The integral of three spin-weighted spherical harmonics is∫
s1Y m1

ℓ1 s2Y m2
ℓ2 s3Y m3

ℓ3
d2n=

√
(2ℓ1 +1)(2ℓ2 +1)(2ℓ3 +1)

4π

×
(

ℓ1 ℓ2 ℓ3
m1 m2 m3

)(
ℓ1 ℓ2 ℓ3
−s1 −s2 −s3

)
. (A16)

The Wigner 3j symbols which enter the previous expression
satisfy

∑
m1m2

(
ℓ1 ℓ2 L
m1 m2 M

)(
ℓ1 ℓ2 L′

m1 m2 M′

)
=

δ L
L′δ

M
M′

2L+1
, (A17)

when the triangular inequality is satisfied, and

∑
LM

(2L+1)
(

L ℓ1 ℓ2
M m1 m2

)(
L ℓ1 ℓ2
M m′

1 m′
2

)
= δ

m1
m′

1
δ

m2
m′

2
.

(A18)
Compatibility of (A16) with (A13) implies(

0 ℓ ℓ
0 m −m′

)
= δmm′

(−1)ℓ+m′

√
2ℓ+1

. (A19)

Appendix B: Quadratic estimator for perfect experiments

Let us assume we have N real-valued Gaussian random
variable xi with corelation ⟨xix j⟩ = ACi j. The xi correspond
to residual or redshift measurements at the i/T frequency for
instance. We want to evaluate A which is unknown, assum-
ing that the overall shape of the correlations, Ci j, is known
theoretically.

Let us consider a quadratic estimator (we use implicit Ein-
stein summation)

Q = x jWjixi , (B1)

where Wi j is symmetric. Its average and variance are

⟨Q⟩= AWi jC ji = ATr(C ·W ) , (B2a)

⟨Q2⟩− (⟨Q⟩)2 = 2A2C j′iWi jC ji′Wi′ j′

= 2A2Tr(C ·W ·C ·W ) . (B2b)

With a positive definite symmetric matrix Q one can always
define a scalar product in the space of symmetric matrices by

{Mi j;Ni j}Q ≡ Q j′iMi jQ ji′Ni′ j′ = Tr(Q ·M ·Q ·N) , (B3)

which is positive definite since the correlation matrix is also
positive definite. Then we can rewrite

⟨Q⟩= A{Wi j;C−1
i j }C , (B4a)

⟨Q2⟩− (⟨Q⟩)2 = 2A2{Wi j;Wi j}C . (B4b)

The SNR ratio is

SNR =
⟨Q⟩√

⟨Q2⟩− (⟨Q⟩)2
, (B5)

which can be written as SNR =
√

Neff/2 with

Neff ≡
{Wi j;C−1

i j }2
C

{Wi j;Wi j}C
. (B6)

We find from Cauchy-Schwarz inequality

SNR ≤

√
{C−1

i j ;C−1
i j }C

2
=

√
N
2
, (B7)

and this inequality saturates for

W opt
i j =C−1

i j . (B8)

To summarize, the optimal weight in (B1) is the inverse of the
correlation shape for which the effective degrees of freedom
used is Neff = N, which is the maximum available. Note that
since {Wi j;C−1

i j }C can be made as small as desired (it can be
made to vanish by projection of Wi j in the space orthogonal to
C−1

i j ) the SNR can be extremely small, by taking a suboptimal
choice for W .

Clearly the minimum requirement is that Wi j is positive def-
inite. But even in that case the SNR can be quite damaged
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without optimization, as in full generality Neff is only con-
strained by Neff ≥ 1. To show this we can diagonalize the
correlation in an orthogonal basis, hence there exists an or-
thogonal matrix P and diagonal matrix D with positive en-
tries such that C = P · D · P−1 and the square root is de-
fined by

√
C = P ·

√
D · P−1. Then C ·W =

√
C · (

√
C ·W ·√

C)
√

C
−1

shows that C ·W is similar to the symmetric matrix√
C ·W ·

√
C which can also be diagonalized in an orthonor-

mal basis by using the matrix R, with diagonal matrix d such
that

√
C ·W ·

√
C = R · d · R−1. The diagonal values di are

positive if W is positive definite. Indeed for any vector X ,
T X ·

√
C ·W ·

√
C ·X = TY ·W ·Y with Y =

√
C ·X . Eventually

on obtains C ·W = (
√

C ·R) ·d · (
√

C ·R)−1 and

Neff =
(Tr(C ·W ))2

Tr(C ·W ·C ·W )
=

(∑i di)
2

∑i d2
i

. (B9)

Multiplying all di by the same factor does not alter this ratio.
However if we have two different eigenvalues dI and dJ with
dI > dJ then for ε > 0, the shifts dI → dI + ε and dJ → dJ − ε

reduce the denominator. Therefore for a given fixed ∑i di the
minimum of Neff is reached when one eigenvalue is maximal
and all other vanish and in that case Neff = 1. For instance we
could choose Wi j = δ 1

i δ 1
j (plus negligible positive values for

all other diagonal entries to make sure it is positive definite),
such that SNR ≃ 1/

√
2. It amounts to throwing all points

except the first one. This is essentially what is achieved when
considering the naive time-average with a very red spectrum
for which Neff is only slightly larger than unity.

Finally, redshift Fourier components are complex valued,
but satisfy the condition (60). Let us build an estimator
for complex-valued random variables such that x⋆i = x−i and
⟨xix⋆j⟩ = ACi j. The hermitian correlation satisfies C− j−i =
C⋆

ji =Ci j. The general quadratic estimator of A is of the form

Q = x⋆jWjixi , (B10)

with W− j−i = W ⋆
ji = Wi j. Repeating the previous analysis,

now (B3) becomes a hermitian product on hermitian matri-
ces which is again positive definite because C is. The average
and variance of the estimator are then similar to (B4), hence
we find that the optimal estimator is (B8) also in this context.

Appendix C: Quadratic estimator for imperfect experiments

We aim at finding an estimator which maximizes the likeli-
hood (166) where the set of variables are the z̃pos(ni, fp). We
use the multi-indices of the type a = (ni, fp), b = (n j, fq),
or in compact form a = (i, p), b = ( j,q), c = (k,r), d = (l,s),
such that in (166) za = z̃pos(ni, fp). In that case the correlation
in (166), which we separate into signal and noise, is

Cab ≡ ⟨zaz⋆b⟩A =CS
ab +CN

ab

≡ µ(βi j)P
pos( fp, fq)+δi j(4π)−1N

pos
i ( fp, fq) , (C1)

where N
pos
i ( fp, fq) is defined from Ni( f ) in the same way as

the signal part was defined using (129). The correlation of the

signal is further expanded as

CS
ab = ∑

ℓ

cℓC
S,ℓ
ab , CS,ℓ

ab ≡ µℓ(βi j)P
pos( fp, fq) , (C2)

where we used the multipolar component of the HD curve
µℓ(β ) defined in (56).

Following [65], a simple quadratic estimator can be devised
to update the values of the cℓ of (133) in an iterative procedure
which aims at maximizing the likelihood. Let us first define
a hermitian inner product in the space of hermitian matrices
using the (inverse) total covariance matrix in (B3). With the
current notation, this is

{Mab;Ncd}C−1 ≡ Tr(M ·C−1 ·N ·C−1) = MabC−1
ca C−1

bd Ndc ,
(C3)

with implicit summation in the last expression. The Fisher
matrix for the cℓ parameters is

Fℓℓ′ ≡
1
2

Tr
[
C−1 ·∂cℓC ·C−1 ·∂cℓ′C

]
=

1
2
{CS,ℓ

ab ;CS,ℓ′
cd }C−1 .

(C4)
The quadratic estimator which updates cℓ, requires to inverse
the Fisher matrix, see e.g. (2.18) of [65], and is

ce
ℓ = F−1

ℓℓ′ Xℓ′ , Xℓ ≡
1
2
{CS,ℓ

ab ;zcz⋆d −CN
cd}C−1 . (C5)

From (C1) and the expansion (C2) it is immediate to obtain
⟨Xℓ⟩A = Fℓℓ′cℓ′ , hence the estimator (C5) is unbiased, that is
if the guess was correct, there is nothing to update. This can
also be seen by rewriting ce

ℓ−cℓ = 1
2 F−1

ℓℓ′ {CS,ℓ;zcz⋆d −Ccd}C−1

which vanishes if the initial guess is already unbiased, as can
be seen using (C1). This estimator is the counterpart in mul-
tipole space of the estimator in angular separation space built
in [39]. While submitting the present article, a similar ap-
proach based on the Fisher matrix inversion was developed
in [66], where the sums are only performed on pairs of pulsars
such that there is no need for an offset in the definition of Xℓ.
The estimator is obtained by approximating that the quadratic
observables zazb follow a Gaussian distribution with covari-
ance Cab;cd = CacCbd +CadCbc and thus it uses a maximiza-
tion of the associated χ2. On the other hand, the method [65]
that we follow is directly based on the maximization of the
Gaussian distributions for the za with correlation Cab. Con-
trary to the former approach, in the latter one the estimator
must be computed iteratively until convergence is reached so
as to take into account that the Fisher matrix itself depends on
the estimated parameters.

The SNR can be evaluated with the Fisher matrix. Indeed,
since ⟨ce

ℓc
e
ℓ′⟩A = F−1

ℓℓ′ , the SNR for cℓ is SNR2
ℓ = c2

ℓ/F−1
ℓℓ .

Sadly it is in general impossible to find analytic forms for the
Fisher matrix and thus for the SNR, since when there is noise
(C1) does not factorize into a frequency part and an angular
part. Hence let us first lower our ambitions and consider the
case where there is no instrumental noise but shot noise due to
the finite pulsar number is present, i.e. the imperfection comes
from the finite number of pulsars. We assume that there are
N f = 2T fmax frequencies which are measured perfectly. The
inverse of the correlation factorizes as

C−1
ab = [µ(βi j)]

−1
Ppos,−1

pq , (C6)
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where it is understood that [µ(βi j)]
−1 means the inverse of the

matrix µ(βi j). Hence the Fisher matrix reduces to

Fℓℓ′ =
N f

2 ∑
i jlk

µℓ(βi j)[µ(βik)]
−1[µ(β jl)]

−1
µℓ′(βkl) , (C7)

where the frequency-dependent part has disappeared into a
trace of the identity of the frequency space, which yields a fac-
tor N f . Again we must accept that there is no general simpli-
fication for a generic given set of pulsar directions. We would
like to average this expression over the possible realizations
of the pulsar directions to assess the noise introduced by the
randomness of a finite number of pulsars, but there is to our
knowledge no simple analytic method. At best, we could use
the approximation [µ(βi j)]

−1 ≃ (4π/NP)
2µ−1(βi j), where the

latter is the inverse in the limit of infinite pulsar number, ob-
tained by inversion in the ℓ≥ 2 multipolar subspace (see sec-
tion IV.C of [31])

µ
−1(βi j) = ∑

ℓ≥2

1
CHD
ℓ

(2ℓ+1)
4π

Pℓ(cosβi j) . (C8)

In that case the Fisher matrix simplifies drastically, as sums
over pulsar directions are replaced by angular integrations,
and with (A13) and (A14) we recover

Fℓℓ′ = δℓℓ′
N f

2
(2ℓ+1) . (C9)

Having neglected noise, and assumed an infinite number of
pulsars, our imperfect experiment is now perfect hence we are
not surprised to recover (159). The difference between (C7)
and (C9) is precisely due to the finite number of pulsars. How-
ever we know no simple method to assess the magnitude of
this difference, hence in section VII C 2 we take an alterna-
tive approach based on the estimators (146) and their variance
under the realizations of the pulsar directions to estimate this
pulsar shot noise.

Finally, if we want to constrain the global amplitude P̂⋆

with an imperfect experiment, the Fisher matrix is just a num-
ber

F =
1
2
P̂−2
⋆ {CS

ab;CS
cd}C−1 (C10)

and the estimator is simply

P̂e
⋆ ≡ F−1X , X ≡ 1

2
P̂−1
⋆ {CS

ab;zcz⋆d −CN
cd}C−1 . (C11)

Up to the constant shift due to noise, this is exactly
the estimator (7.2) of [31]. For a perfect experiment
CS

ab = Cab, F = 1/2P̂−2
⋆ N f NP, and this reduces to P̂e

⋆ =

P̂⋆/(NPN f )∑ab zaz⋆bC−1
ba , hence to the estimator (164) when

using (C6).

Appendix D: Pulsar shot noise

Let us start from the estimator (146). We want to compute
its covariance when averaging over both the statistics of z(ni)

which is a statistics of the zℓm, and over the randomness of the
position of the pulsars (indicated with ⟨⟩P in that case). The
underlying redshift function is decomposed as

z(n) = ∑
L≥2

L

∑
M=−L

zLMY M
L (n) , (D1)

and the multipole ensemble statistics is of the form

⟨zLMz⋆L′M′⟩A = δ
L′
L δ

M′
M Cℓ . (D2)

Now we shall also need

⟨Y m
ℓ (ni)⟩P =

∫ d2n

4π
Y m
ℓ (n) = δ

ℓ
0 δ

m
0

1√
4π

, (D3)

⟨Y m
ℓ (ni)Y m′⋆

ℓ′ (ni)⟩P =
∫ d2n

4π
Y m
ℓ (n)Y m′⋆

ℓ′ (n) =
δ ℓ
ℓ′δ

m
m′

4π
,

(D4)

whereas for two distinct pulsars

⟨Y m
ℓ (ni)Y m′⋆

ℓ′ (n j)⟩P =
δ ℓ

0 δ m
0 δ ℓ′

0 δ m′
0

4π
. (D5)

Let us evaluate now the statistics of the estimator (146) under
the distribution of pulsar positions. The one-point function is
simply

⟨zN
ℓm⟩P = zℓm . (D6)

In order to evaluate the covariance, we need to distinguish
when we have the same pulsar or not hence this brings the
two contributions

⟨zN
ℓmzN⋆

ℓ′m′⟩P (D7)

=
N −1

N
zℓmz⋆ℓ′m′ +

4π

N ∑
LL′MM′

zLMzL′M′

∫
d2nY m⋆

ℓ Y M′⋆
L′ Y m′

ℓ′ Y M
L .

The first term comes from the N(N −1) terms for which ni ̸=
n j and the second term from the N other terms.

Then we take the GW ensemble statistics and get

⟨⟨zN
ℓm⟩P⟩A = ⟨zℓm⟩A = 0 . (D8)

For the covariance we have a product of four spherical har-
monics. We can pair them using the addition of spherical har-
monics which is inferred from (A17), (A13) and (A10)

Y m
ℓ Y m′

ℓ′ = ∑
LM

(−1)M

√
(2ℓ+1)(2ℓ′+1)(2L+1)

4π(
ℓ ℓ′ L
m m′ −M

)(
ℓ ℓ′ L
0 0 0

)
Y M

L . (D9)

We pair Y m⋆
ℓ with Y M′⋆

L′ to give YM′⋆
L′ , and we pair Y m′

ℓ′ with Y M
L

to give YM
L . Using the GW ensemble average brings δ L′

L δ M′
M

and using the orthogonality property of spherical harmonics
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brings δL
L′δ

M
M′ . Putting all this together we obtain

⟨⟨zN
ℓmzN⋆

ℓ′m′⟩P⟩A =
N −1

N
δ
ℓ
ℓ′δ

m
m′Cℓ (D10)

+
1
N ∑

LM
∑
LM

CL(2L+1)(2L+1)
√
(2ℓ+1)(2ℓ′+1)(

L ℓ′ L

M m′ −M

)(
L ℓ′ L

0 0 0

)(
L ℓ L

M m −M

)(
L ℓ L

0 0 0

)
.

With the orthonormality (A17), we get

⟨⟨zN
ℓmzN⋆

ℓ′m′⟩P⟩A =
N −1

N
δ
ℓ
ℓ′δ

m
m′Cℓ (D11)

+
1
N ∑

LL
CL(2L+1)(2L+1)δ ℓ

ℓ′δ
m
m′

(
L ℓ L

0 0 0

)2

.

Using finally

∑
L
(2L+1)

(
ℓ1 ℓ2 L
0 0 0

)2

= 1 , (D12)

which is a particular case of (A18), this reduces to

⟨⟨zN
ℓmzN⋆

ℓ′m′⟩P⟩A = δ
ℓ
ℓ′δ

m
m′(Cℓ+NP

ℓ ) , (D13)

where the pulsar shot noise is

NP
ℓ =− 1

N
Cℓ+

1
N ∑

L
(2L+1)CL . (D14)

Finally if we repeat the analysis of this section starting
from (149), that is with general weights wi ̸= 1/N, then
the factors 1/N in the previous expression are replaced by
∑

N
i=1 w2

i ≥ 1/N.

Appendix E: Hellings-Downs correlation in angular space

We summarize how (57) is obtained with a method adapted
from Sec III.E of [15]. Let us start by decomposing lnx, where
x=(1−cosβ )/2= sin2(β/2), on Legendre polynomials, that
is we seek lnx = ∑ℓ aℓPℓ(β ) and the coefficients are given
from the orthogonality of Legendre polynomials as

aℓ =
2ℓ+1

2

∫ 1

−1
lnxPℓ(cosβ )dcosβ

= (2ℓ+1)
∫ 1

0
lnxPℓ(1−2x)dx . (E1)

Using

Pℓ(1−2x) =
1
ℓ!

dℓ

dxℓ
[xℓ(1− x)ℓ] , (E2)

and

dn

dxn lnx =
(−1)n−1(n−1)!

xn , (E3)
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FIG. 10. Hellings-Downs correlation (57) in thick dashed line and
Sachs-Wolfe plateau correlation from scalar perturbations (E6) in
thick continuous line, the latter being normalized to the same value
as the former when θ = π . The thin lines correspond to the one stan-
dard deviation contour due to cosmic variance for Neff

f = 1, obtained
from (95). The contours will of course shrink when the value of Neff

f
is increased by improving observation time and pulsar monitoring
cadence.

the coefficients are easily evaluated with successive integra-
tion by parts and for ℓ≥ 1we get

aℓ =− 2ℓ+1
ℓ(ℓ+1)

, (E4)

whereas a0 =−1. Therefore we find

− lnx =− lnsin2(θ/2) = 1+ ∑
ℓ≥1

2ℓ+1
ℓ(ℓ+1)

Pℓ(cosθ) . (E5)

The Sachs-Wolfe plateau in the CMB temperature fluctuations
for a scale-invariant spectrum of scalar perturbations behaves
as CSW

ℓ ∝ 1/[ℓ(ℓ+ 1)]. Hence once translated with (E5) as a
correlation for angular separation where the dipole is conven-
tionally removed, the Sachs-Wolfe plateau correlation func-
tion is

µ
SW(θ) ≡ ∑

ℓ≥2

(2ℓ+1)
4π

CSW
ℓ Pℓ(θ)

∝ −1− lnsin2(θ/2)− 3
2

cosθ . (E6)

This captures the shape of the CMB correlations in angular
separation space (see e.g. Fig. 2 of [48]), and it diverges for
θ → 0 contrary to the Hellings-Downs curve, see Fig. 10.

Finally, we need only to use

cosθPℓ(cosθ) =
ℓ+1

2ℓ+1
Pℓ+1(cosθ)+

ℓ

2ℓ+1
Pℓ−1(cosθ) ,

in combination with (E5), and rearranging the summations so
as to sum only on the Pℓ, we obtain

x lnx = ∑
ℓ≥2

(2ℓ+1)
(ℓ−2)!
(ℓ+2)!

Pℓ(cosθ)− 1
3
+

x
6
, (E7)
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which can be used to find the Hellings-Downs correlation function (57).
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