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We revisit the presence of primordial gravitational vector modes (V-modes) and their
sourcing of primordial magnetic fields (PMF), i.e. magnetogenesis. As the adiabatic vector
mode generically decays with expansion, we consider exotic initial conditions which circum-
vent this issue and lead to observational imprints. The first initial condition is an isocur-
vature mode between photons and neutrinos vorticities, and the second one is a non-trivial
initial condition on the neutrino octupole. Both types of conditions sustain a constant vector
mode on super Hubble scales at early times. We also consider a third scenario in which the
adiabatic vector modes are rapidly sourced, at a given early but finite time, by an exotic
component which develops an anisotropic stress. We find the best fitting parameters in
these three cases to CMB and BAO data. We compare the resulting B-mode spectra of the
CMB to data from BICEP/Keck and SPTpol. We find that none of the proposed initial
conditions can produce large enough PMFs to seed every type of magnetic fields observed.
However, V-modes are still consistent with the data and ought to be constrained for a better
understanding of the primordial Universe before its hot big-bang phase.

1. INTRODUCTION

Explaining the origin of astrophysical mag-
netic fields (MFs) has been a challenge for many
years. In galaxies [1, 2] and galactic clus-
ters [3, 4], as well as in inter-galactic [5, 6]
and inter-cluster [7, 8] media, these MFs have
been observed with magnitudes ranging from a
few µG to ∼ 10−10 µG (see [9, 10] and refer-
ences therein for more details). One can explain
these large magnitudes with astrophysical mech-
anisms, such as the dynamo mechanism [11, 12].
Starting from an initial seed field, and in the
presence of an electrically conducting medium,
the dynamo mechanism describes the transfor-
mation of the medium’s kinetic energy into MF
energy through the act of turbulent motion.

However, there are two main issues with this
mechanism. First, an explanation for the ori-
gin of this seed MF and its strength is still
needed. Second, for such a dynamo mechanism
to work, it needs to be very efficient in ampli-
fying a tiny seed field. This could be possible
for a system such as the Milky Way where, even
if we start with an extremely small seed field (
Bseed ∼ 10−30G), assuming maximum efficiency
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of the dynamo mechanism can explain the ∼ µG
field observed. However, this cannot explain the
case for MFs found in high-redshift galaxies [13–
16]. The latter did not have enough time to
go through as many revolutions as low-redshift
galaxies, and so Bseed cannot be amplified to
reach the µG level observed in them. If these
two types of galactic MFs have the same ori-
gin, then Bseed should be ∼ 10−14 G, making it
slightly difficult to justify.

In order to solve these two problems, one
would need a magnetogenesis mechanism that
explains the origin of a seed MF with magni-
tude Bseed ∼ 10−14 G. One proposition at astro-
physical epochs is called the Biermann-battery
mechanism1 [9, 11, 18]. Explained briefly, this
mechanism occurs in a plasma when its non-
uniform rotation creates a misalignment between
electron density and pressure (or temperature)
gradients (see section 4 of [11]). This misalign-
ment acts as a source for the time evolution of
MFs, thus creating their seed. In its original
form, the Biermann-battery mechanism applies
to very small (comoving) scales (1-10 kpc), and
the resultant Bseed ∼ 10−25 − 10−24 G, mak-
ing it marginally suitable to explain galactic
scale MFs [9, 12]. More recently, the authors

1 A similar mechanism was proposed in [17].
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of [19] made substantial improvements on previ-
ous works [20, 21] and showed that, under cer-
tain initial conditions, this mechanism could be
extended to galactic clusters scales (0.1-1 Mpc).
However, it remains to be shown whether this
mechanism could be further extended to larger
scales as observed by electromagnetic cascades
of blazars (see section 2 of [10]).

An alternative explanation for the origin of
Bseed is to consider its production in the pre-
recombination Universe, i.e. a Primordial Mag-
netic Field (PMF). Being of early-Universe na-
ture allows it to act as a seed field for more
systems than in the case of an astrophysical
seed. This subject has been an active field
of research for many years [9, 10, 22] and was
studied in different contexts. The latter in-
cludes (but certainly not limited to) PMFs from
phase transitions in the early Universe (either
the Quantum Chromodynamic or the Electro-
Weak one) [23–29], including the production of
magnetic monopoles [30–32]; PMFs from infla-
tion [33, 34], with the production of a helical [35–
37] component and in connection to baryogene-
sis [38–40]; PMFs from cosmic defects [41–44]
and PMFs from second order perturbations [45–
50]. In addition, a great amount of Magne-
tohydrodynamic (MHD) simulations have been
conducted in the presence of PMFs while being
agnostic about the exact magnetogenesis mech-
anism [51–56] (see section 4 of [10] and refer-
ences therein for more details). All these differ-
ent mechanisms have rich phenomenology, and
produce signatures in one of the best cosmolog-
ical probes, the Cosmic Microwave Background
(CMB). Moreover, PMFs have been shown to be
promising in reducing the Hubble Tension, by in-
creasing the clumpiness of the plasma on small
scales which then leads to an earlier recombina-
tion and a shorter sound horizon. This property
makes it another motivation to explore PMFs in
more detail (see [57] and references therein for
more details).

There are two ways in which MFs impact
the CMB. The first is through Faraday rotation,
where MFs rotate the CMB polarization, con-
verting part of the E-modes into B-modes [58–
61]. The second is the magnetogenesis mech-
anism and the type of perturbations present at

the time. In particular, scalar, vector and tensor
perturbations, which themselves have their own
signatures on the CMB [62–65], interact differ-
ently with PMFs, thus altering their signature
on the CMB. This topic has also been stud-
ied theoretically [66–72], and later constraints
on the MF’s power-spectrum from CMB data
also presented [73–77]. Note that all these men-
tioned works assume the presence of a stochas-
tic background of PMFs with the three types
of perturbations, without specifying a magne-
togenesis mechanism from the latter. On the
other hand, some works did consider magneto-
genesis from non-trivial second-order primordial
perturbations [47, 49, 78], from cosmic strings
defects [79, 80] or from an isocurvature initial
condition (IC) between photons and neutrinos
for vector perturbations [81] (see also [63] for
the impact this type of ICs has on the CMB).

Building on the above findings, this work
presents new insights on magnetogenesis from
non-trivial ICs of gravitational vector modes (V-
modes). The main mechanism considered is
based on the presence of vorticity in the de-
coupled plasma, which induces an electric field
and subsequently sources a magnetic field due
the Maxwell-Faraday structure relation. This
vorticity can be generated either from V-modes
at linear order in perturbation theory, or from
scalar perturbations at second order. However,
as was shown in [47, 49, 78], second order per-
turbations are too small to generate enough vor-
ticity to source PMFs. Therefore, we focus on
the generation of PMFs from V-modes at lin-
ear order in perturbation theory. We start by a
brief theoretical overview of V-modes and MFs
in curved spacetime in Section 2. Then, in ad-
dition to the isocurvature IC between neutrinos
and photons [63, 81–83], we consider non-zero
IC on the neutrino octupole and a third IC we
call the Sourced Mode (SMD). In the latter, an
exotic species’ anisotropic stress directly sources
the V-modes suddenly at a given early but finite
time of the primordial Universe. We remain ag-
nostic on the origin of these ICs, and we treat
them in a phenomenological way, as elaborated
in Section 3. Moreover, we find the best-fit pa-
rameters for each IC to Planck 2018 TT, TE,
EE +lowE+lensing [84, 85], SPT-3G 2018 TT,
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TE and EE [86, 87] and Baryon Acoustic Os-
cillations (BAO) data from the 6 degree Field
Galaxy Survey (6dFGS) [88], BOSS [89, 90] and
eBOSS [91] surveys (which we collectively label
BAO). We also study the co-existence of both
tensor and V-modes in each IC case. We present
the results, including the produced PMF from
each IC, in the corresponding subsections of Sec-
tion 3. We present a brief comparison of the
CMB power spectra between the different ICs in
Section 4 before concluding in Section 5.

It is worth emphasizing that we are aware of
the challenges these ICs face with our current
understanding of the early Universe. In par-
ticular, the isocurvature and octupole ICs are
difficult to motivate given that before the MeV
scale neutrinos are tightly self-coupled and also
tightly coupled to the electron-positron plasma.
Moreover, although the presence of Dark species
in the early Universe is predicted by theories
such as String Theory [92–95] and Supersym-
metry [96–99], yet for these species to have an
abrupt rise in their anisotropic stress is more
difficult to explain. However, we are consider-
ing such ICs precisely to highlight the difficulty
of generating PMFs from V-modes, and to mo-
tivate further theoretical investigation of these
ICs.

As a summary of our results, we can say
that for each IC considered here (either with
or without tensor modes), the resultant best-fit
magnetic fields have a root-mean-square value
(smoothed with a Gaussian window function
over 1Mpc) ∼ 10−29 − 10−26G. These values are
too small to explain all astrophysical MFs ob-
served, making magnetogenesis from these ICs
less likely. Even if we fix the V-modes’ amplitude
to extremely large values, one still needs another
magnetogenesis mechanism. However, the resul-
tant V-modes from these ICs have an appreciable
impact on the CMB, with some of them being
still consistent with the B-modes measured by
BICEP/Keck and SPTpol (see section 3 for more
details). Although a further theoretical explana-
tion for the presence of these ICs is needed, this
result is an indication that we should not ignore
the effect of V-modes when drawing cosmological
conclusions from CMB B-mode measurements.

To perform our computations, we modified

the Boltzmann code CLASS [100, 101]2 to in-
corporate V-modes and each of the above men-
tioned ICs. The Boltzmann hierarchy for vector
modes is implemented with the total angular mo-
mentum approach [65, 102], reviewed hereafter,
following the implementation for tensors used
in [103]. Moreover, to find the best-fitting pa-
rameters, we use the BOBYQA algorithm [104, 105]
through its implementation in the Bayesian anal-
ysis code COBAYA [106–108].

2. THEORY

In this section, we elaborate briefly on the
theory behind V-modes and how they produce
PMFs. The following is based on the Refs. [47,
65, 109, 110], to which we direct the interested
reader for more details.

2.1. Perturbations

Let the metric of spacetime (with flat spa-
tial slices) be a perturbed Friedmann-Lemâıtre-
Robertson-Walker (FLRW) metric:

gµν = a2(η)
(
ηµν + hµν

)
, (1)

where ηµν = diag[−1, 1, 1, 1] is the Minkowski
metric of flat spacetime, hµν its perturbation and
a(η) the scale factor as a function of conformal
time, η. Since we are interested in V-modes,
we will focus on the latter’s perturbations and
ignore scalar and tensor ones, for brevity. We
choose the gauge in which the vector perturba-
tion is in the (0− i) component of the metric, so
that

h00 = 0; h0i = −Φi; hij = 0, (2)

where Φi is the (divergenceless) V-mode pertur-
bation satisfyingDiΦi = 0, withDi being the co-
variant derivative of the flat spatial background
metric.

The spacetime evolution of Φi is given by
the (0 − i) and (i − j) components of the Ein-

2 A public release of this version will be available upon
publication of the article.
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stein equations for vector modes (see eqs. (5.113-
5.114) of [110]). Written explicitly,3 the latter is
given by

D(iΦ
′
j) + 2HD(iΦj) = 8πGa2

∑
s

p̄s(πs)ij (3)

where parentheses around indices denote
symetrization, ′ denotes a derivative with
respect to (w.r.t) η, H = a′/a, G is Newton’s
constant, p̄s is the pressure of species s (at the
background level) and (πs)ij is its dimensionless
anisotropic stress. We also used the definition
of the dimensionless anisotropic stress of a given
species as

T s
ij ≡ p̄s(πs)ij . (4)

On the other hand, the (0− i) component of the
Einstein equations is

∆Φi = −16πGa2
∑
s

(ρ̄s + p̄s)(ṽs)i (5)

where ∆ = DiDi is the Laplace operator, (ṽs)i =
(vs)i−Φi with (vs)

i being the divergenceless part
of the velocity of species s (hence Di(vs)

i = 0),
and ρ̄s is the energy density of species s (at the
background level). Since for a given species the
spatial components of the velocity is defined as
(us)

i = a−1(vs)
i, then (vs)

i is the velocity seen
by observers with constant spatial coordinates.
Similarly, since (us)i = a(ṽs)i, then (ṽs)i is the
spatial velocity seen by an observer whose veloc-
ity is normal to constant-η hypersurfaces. This
is why we use ṽs in describing the dynamics in
subsequent sections.

2.2. Normal mode expansion

2.2.1. Mode functions

The dynamics of perturbations is conve-
niently analyzed using a normal mode expan-
sion. Normal modes are eigenfunctions of the
Laplace operator, and for vector perturbations

3 In units where the reduced Planck constant ℏ and the
speed of light c are unity.

they satisfy4 (
∆+ k2

)
Q̄±

i = 0 (6)

with DiQ̄±
i = 0. Using a spherical coordinates

system, with the associated orthonormal basis,
(er, eθ, eϕ), one can write the wave-vector of
a mode k as k = ker. Then a basis for the
transverse plane can be built from e1 = eθ and
e2 = eϕ (which reduce to ex and ey when the
mode is aligned with ez as in [65]) as

e± =
1√
2
(e1 ∓ ie2) . (7)

A particularly useful representation of the mode
function is5

Q̄±
j (k,x) = ±ie∓j e

ik·x (8)

with which we can expand Φi as

Φi(x) =

∫
d3k

(2π)3

∑
m=±1

Φ(m)(k)Q̄
(m)
i (k,x). (9)

The velocities (vs)i and (ṽs)i, being divergence-
less as well, are expanded in the same way, hence

defining v
(m)
s and ṽ

(m)
s for m = ±1.

We can further build normal modes for
tensor-valued perturbations of the vector type
with

Q̄
(m)
ij = − 1

2k

(
DiQ̄

(m)
j +DjQ̄

(m)
i

)
. (10)

In particular, we can expand it as

πij(x) =

∫
d3k

(2π)3

∑
m=±1

π(m)(k)Q̄
(m)
ij (k,x).

(11)
Inserting eqs. (9) and (11) into eq. (3), we

find

Φ(m)′ + 2HΦ(m) = −8πGa2

k

∑
s

p̄sπ
(m)
s , (12)

4 The overbars on normal modes indicate that we con-
sider the propagating direction convention detailed in
section 7.1 of [109].

5 We use a different sign convention compared to [65], as
we follow [109]. Spherical harmonics in both references
differ by a factor (−1)m, hence the sign difference in (8)
so that (16) holds in both conventions.
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which will be our reference equation for the evo-
lution of V-modes. For completeness, applying
the same logic to the constraint eq. (5), we find

Φ(m) =
16πGa2

k2

∑
s

(ρ̄s + p̄s)ṽ
(m)
s . (13)

2.2.2. Total angular momentum for photons

The photon temperature fluctuation Θ is not
a pure tensor, since at each point of spacetime
it also depends on the propagating direction n̄
(which is opposite to the observing direction).
Since a position on the sky is given by −χn̄,
where χ is the comoving distance, there will
be an additional angular dependence when ex-
panding Θ in modes, due to the direction of the
plane wave with respect to the observer. Hence
this implies that the angular dependence of Θ
is twofold, and they can be combined in a total
angular momentum basis [65, 109] given by the
functions

sḠ
(ℓ′m)(k, χ, n̄) =

∑
ℓ

c̄ℓ sᾱ
(ℓ′m)
ℓ (kχ)sY

m
ℓ (n̄) .

(14)
The prefactors are defined as

c̄ℓ = (−i)ℓ
√

4π(2ℓ+ 1) (15)

and the sY
m
ℓ (n̄) are the spin-weighted spherical

harmonics [111, 112] with spin s, and sᾱ
(ℓ′m)
ℓ are

radial functions (see eqs. (7.7) and appendix F
of [109] for explicit forms). Since Θ transforms
as a scalar under general coordinate transforma-
tions, we should then set s = 0.

The relation between the functions (14) and
the normal modes is given by eq. (7.4) of [109]
and convenient contractions by the propagation
direction are obtained with eq. (2.12) of [109].
In the case at hand, the most needed relations
are (suppressing the normal modes’ dependence
on k and x = −χn̄ for brevity)

Q̄
(m)
i n̄i = 0Ḡ

(1m)(k, χ, n̄) (16)

Q̄
(m)
ij n̄in̄j =

1√
3

0Ḡ
(2m)(k, χ, n̄). (17)

Using these definitions, the photon temperature
is therefore expanded as

Θ =

∫
d3k

(2π)3

∑
ℓ

∑
m=±1

Θ
(m)
ℓ (k)0Ḡ

ℓm(k, χ, n̄) .

(18)

On the other hand, the polarization Stokes pa-
rameters Q and U , which are components of the
spin-2 polarization tensor, can be expanded as

Q± iU = (19)∫
d3k

(2π)3

∑
ℓ

∑
m=±1

(E
(m)
ℓ ± iB

(m)
ℓ )±2Ḡ

ℓm

given in terms of the famous E and B modes of
the CMB.

Finally since the anisotropic stress of all
species enters the Einstein equation eq. (12), we
need to relate the photon’s anisotropic stress,

π
(m)
γ , to Θ

(m)
ℓ . The energy density fluctuations of

photons propagating in direction n̄ is 4ρ̄γΘ(n̄),
hence (see e.g. section 1 of [113])

T γ
ij = 4ρ̄γ

∫
d2n̄

4π
Θ(n̄)

(
n̄in̄j − 1

3
δij

)
(20)

where δij is the Kronecker delta. Using the or-
thogonality relation (B.16) of [109], we see that
when inserting the property (17) into the tem-
perature’s expansion (18), the directional inte-
gration selects only the quadrupolar dependence
(ℓ = 2). Given the definition (4) and its expan-
sion (11) we then get

π(m)
γ =

8

5

√
3Θ

(m)
2 . (21)

A similar method based on the evaluation of T0i

allows to show that the dipole matches exactly
the velocity, that is

Θ
(m)
1 = v(m)

γ , (22)

such that

ṽ(m)
γ = Θ

(m)
1 − Φ(m) , (23)

which enters the constraint equation (13).

2.2.3. Boltzmann hierarchy for photons

The time evolution of the temperature mul-
tipoles is given by the Boltzmann hierarchy [65,
109]:
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(Θ
(m)
ℓ )′ = k

[
0κ

m
ℓ

2ℓ− 1
Θ

(m)
ℓ−1 −

0κ
m
ℓ+1

2ℓ+ 3
Θ

(m)
ℓ+1

]
+ ΘCm

ℓ − τ ′Θ
(m)
ℓ , (ℓ ≥ m) , (24)

(E
(m)
ℓ )′ = k

[
2κ

m
ℓ

2ℓ− 1
E

(m)
ℓ−1 −

2κ
m
ℓ+1

2ℓ+ 3
E

(m)
ℓ+1 −

2m

ℓ(ℓ+ 1)
B

(m)
ℓ

]
+ ECm

ℓ − τ ′E
(m)
ℓ , (ℓ ≥ 2) ,

(B
(m)
ℓ )′ = k

[
2κ

m
ℓ

2ℓ− 1
B

(m)
ℓ−1 −

2κ
m
ℓ+1

2ℓ+ 3
B

(m)
ℓ+1 +

2m

ℓ(ℓ+ 1)
E

(m)
ℓ

]
− τ ′B

(m)
ℓ , (ℓ ≥ 2).

A few definitions are in order. First,

sκ
m
ℓ ≡

√
(ℓ2 −m2)(ℓ2 − s2)

ℓ2
, (25)

for ℓ ≥ 1 (it equals 0 for ℓ = 0) and τ ′ ≡ aneσT
is the time derivative of the optical depth, τ ,
ne is the number density of (free) electrons and
σT is the Thomson cross section. Second, the
source terms XCm

ℓ , for X = {Θ, E}, account for
gravitational effects on the CMB, in addition to
the anisotropic nature of Compton scattering.
These are given by

ΘCm
ℓ =

(
τ ′v

(m)
b + (Φ(m))′

)
δℓ1 + τ ′P (m)δℓ2,

(26)

ECm
ℓ = −

√
6P (m)δℓ2, (27)

where

P (m) ≡ 1

10

(
Θ

(m)
2 −

√
6E

(m)
2

)
. (28)

2.2.4. System of baryons and photons

The general Euler equation for vector modes,
when considering an imperfect fluid which does
not interact with other species, is6[

a4(ρ̄f + p̄f )ṽ
(m)
f

]′
= −

a4p̄f
2

kπ
(m)
f . (29)

It is then checked using eqs. (21), (23) and p̄γ =
ρ̄γ/3 ∝ 1/a4 that the first multipole (ℓ = 1)
in the Θ hierarchy of eq. (24) corresponds to the
evolution of the photon velocity, if supplemented

6 Note that in deriving this relation, one needs to use the
continuity equation as well.

with the collision term with baryons. It then
simply reads

ṽ(m)
γ

′ = −k

√
3

5
Θ

(m)
2 + τ ′δv(m) (30)

where the baryon-photon velocity difference is
defined as

δv(m) ≡ ṽ
(m)
b − ṽ(m)

γ = v
(m)
b − v(m)

γ . (31)

From the conservation of the total stress-
energy tensor, we can deduce the effect of Comp-
ton scattering on baryons. Using the fact
that the latter are well described by a perfect
((πb)ij = 0) and pressureless (ρ̄b ∝ 1/a3) fluid,
the baryon Euler equation takes the simple form

(ṽ
(m)
b )′ +Hṽ

(m)
b = −τ ′

R
δv(m), (32)

where

R ≡ 3ρ̄b
4ρ̄γ

. (33)

As a side note, since before recombination
baryons and photons are tightly coupled, they
can be described collectively as an imperfect
fluid whose velocity is

ṽ
(m)
f ≡ R

1 +R
ṽ
(m)
b +

1

1 +R
ṽ(m)
γ . (34)

By combining the Euler eqs. (30) and (32) with
the weights eq. (34), we get the Euler equation
of this imperfect fluid description

[(1 +R)ṽ
(m)
f ]′ = −k

8
π(m)
γ = −

√
3k

5
Θ

(m)
2 , (35)

which is equivalent to the general Euler equation

eq. (29) with ρ̄f = ρ̄b + ρ̄γ , p̄f = p̄γ and π
(m)
f =

π
(m)
γ .
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The equation satisfied by the velocity differ-
ence, eq. (31), is then found from the difference
of the photon and baryon Euler equations. It can
be written in a form suitable for a tight-coupling
expansion (TCA) [114]

−τ ′δv(m)

R
=

δv(m)′ +H
[
ṽ
(m)
f + δv(m)

(1+R)

]
1 +R

−
√
3kΘ

(m)
2

5(1 +R)

(36)

which we will frequently refer to later.

2.2.5. Neutrino hierarchy

The neutrinos, being relativistic like the pho-

tons, are described by a set of multipoles N (m)
ℓ .

The main difference is that, after they decouple,
neutrinos travel freely, and thus they will not
have any interactions terms. Therefore, the evo-
lution hierarchy can be read off the first equality
in eq. (24) by removing the terms proportional
to τ ′. The result is

(N (m)
ℓ )′ = k

[
0κ

m
ℓ

2ℓ− 1
N (m)

ℓ−1 − 0κ
m
ℓ+1

2ℓ+ 3
N (m)

ℓ+1

]
+ (Φ(m))′δℓ1, (ℓ ≥ m). (37)

Moreover, the neutrino anisotropic stress,
which enters the Einstein equation (12), is

related to N (m)
2 via a relation analogous to

eq. (21), while the velocity ṽν which enters the
constraint equation (13) is found via a relation
analogous to eq. (23).

The equations presented in this subsection
provide a system of differential equations de-
scribing the impact V-modes have on the CMB.
We can now move to the production of PMFs
from V-modes. As mentioned in the Introduc-
tion, the presence of PMFs creates an additional
source of anisotropic stress that will back-react
on the V-modes and the CMB hierarchy. How-
ever, we are not considering such back-reaction
since it is negligible, as we will see in Section 3.
Therefore, we first solve the V-modes’ evolution,
and then use that as a source for PMFs, as we
now detail.

2.3. Magnetic Field Production

The generation of the magnetic field proceeds
in two steps. First, as we shall review briefly,
Compton collisions between electrons and pho-
tons in the plasma create an electric field that
forces electrons and protons to behave collec-
tively as a single fluid (the baryons). Then,

from the Maxwell-Faraday equations expressed
in curved spacetime, this electric field sources a
magnetic field if the velocities generating the for-
mer are not curl free. The details of the electric
field generation, and the subsequent magnetic
field generation, is studied in [47] (and references
therein) up to second order in cosmological per-
turbations. Here, we will simplify this formalism
to first order in perturbations, and will briefly
describe the leading steps.

2.3.1. Electric field production

Let us write the Euler equation for the elec-
trons and protons individually, taking into ac-
count the presence of Compton interactions with
photons and the electric force. They read respec-
tively

ρ̄e
a
[(ṽie)

′ +Hṽie] = n̄eσT
4ρ̄γ
3

(ṽiγ − ṽie)− en̄eE i ,

(38)

ρ̄p
a
[(ṽip)

′+Hṽip] = n̄pσT
m2

e

m2
p

4ρ̄γ
3

(ṽiγ − ṽip)+en̄pE i ,

(39)
where E i is the ith component of the electric field.
The cross section of Compton scattering on pro-
tons is reduced by a factor (me/mp)

2 compared
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to the one on electrons, which allows us to ne-
glect this term hereafter since me ≪ mp. Fur-
thermore, the charge separation of electrons and
protons shall remain very small, allowing us to
approximate np ≃ ne. In addition, it was shown
by order of magnitude estimates in [47] that the
velocities of protons and electrons remain very
close due to the generated electric field. Hence,
we can define an average baryon velocity by

ṽib ≡
ρ̄eṽ

i
e + ρ̄pṽ

i
p

ρ̄e + ρ̄p
. (40)

With this definition, and adding the electron
and proton Euler equations, we recover the Euler
equation for baryons eq. (32) under the approx-
imation ρ̄b ≃ ρ̄p. On the other hand, taking the
difference between eqs. (38) and (39) leads to

(ṽiep)
′ +Hṽiep = (41)

4ρ̄γ
3ρ̄e

an̄eσT (ṽ
i
γ − ṽie)− eaE in̄e

(
1

ρ̄e
+

1

ρ̄p

)
where ṽiep = ṽie − ṽip. As this quantity remains
very small, we can neglect the left hand side of
the previous equation, and approximate ṽie ≃ ṽib,
Therefore, using the approximation ρ̄e ≪ ρ̄p, the
electric field can be simply expressed as

E i ≃ 4ρ̄γσT
3e

(
ṽiγ − ṽib

)
. (42)

This expression corresponds to a state of qua-
sistatic equilibrium. The imbalance of Compton
scattering between electrons and protons, which
is mainly efficient on the former and tends to sep-
arate them from protons, is compensated by an
electric force which drives the electrons and pro-
tons toward each other until they have the same
velocity. In other words, the photons push on the
electrons, but this interaction is also felt by the
protons which are bound to track the electrons
via the electric field which is sustained by the
tiny charge separation. Hence, even though the
Compton drag is nearly only on the electrons,
the inertia is essentially due to the much heav-
ier protons which are bound to follow the elec-
trons via this electric interaction. In Ref. [47]
it was shown that the timescale to reach this
equilibrium is much smaller than cosmological
timescales, hence it is justified to assume that

the equilibrium ṽiep ≃ 0 is preserved at all times.
Note that this mechanism does not depend on
the fraction of free electrons, hence it is efficient
even after recombination. However, its efficiency
decays as photons are diluted and their drag de-
creases.

Finally, just like the velocities, the electric
field can be decomposed on normal modes as
in eq. (9). The quasistatic equilibrium relation
then takes the form

E(m) =
4ρ̄γσT
3e

(
ṽ(m)
γ − ṽ

(m)
b

)
, (43)

or, using the definition xe ≡ n̄e/(ρ̄b/mp) for the
fraction of free electrons, this can be rewritten
in a form suitable for eq. (36),

E(m) = − mp

aexe

τ ′δv(m)

R
, (44)

which we will use in later sections.

2.3.2. Magnetic field sourcing

Maxwell’s structure equations, when written
in terms of the Faraday tensor Fµν , take the form

∇[λFµν] = 0 . (45)

Since there are no electric and magnetic fields at
the background level, ∇λ above needs only to be
evaluated on the background FLRW geometry,
thus keeping all expressions up to linear order.
Maxwell-Faraday equation then takes the simple
form

(a2Bi)′ = −a2ϵijkDjEk , (46)

where Bi is the ith component of the magnetic
field and ϵijk is the Levi-Civita symbol.

Expanding the magnetic field on normal

modes as in eq. (9), and using ϵijkDjQ̄
(m)
k =

±kQ̄
(m)
i , we find

(a2B(m))′ = −mka2E(m). (47)

When there is no electric field, the magnetic field
decays adiabatically as 1/a2. However, when
there is a non vanishing electric field initially, the
magnetic field is sourced and can be sustained
for longer periods of time before it decays. The
task then becomes to find suitable ICs in the
primordial Universe which lead to this physical
situation, which is our next topic.
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3. INITIAL CONDITIONS

In this section, we consider three different
initial conditions, the first of which has been
considered in previous works [63, 68, 81–83].
As mentioned in the Introduction 1, a fair dis-
claimer must be made about these ICs as they
require unconventional, yet physically possible,
situations. Moreover, the exact origin of these
ICs is treated agnostically in this work. To make
the notation brief, we will drop the superscripts
m from all relevant quantities, and show results
for the case m = 1. The opposite case (m = −1)
behaves similarly up to a sign flip for the MF
due to its odd parity (see eq. (47)).

3.1. Neutrino Isocurvature

As previously mentioned, V-modes decay
with expansion of the Universe as a−2, unless
they are sourced by an initial anisotropic stress.
One possibility for this to happen is if neutri-
nos and photons had opposite but equal vor-
ticities initially, i.e. an Isocurvature (ISO) IC,
as was considered for the scalar perturbations
case [115]. These modes must be generated after
neutrino decoupling, otherwise their tight cou-
pling with the primordial plasma would wash out
the difference in velocities between photons and
neutrinos. From here, the neutrino anisotropic
stress can grow and sources V-modes through
eq. (12). This is why generating such ICs is quite
difficult, yet still physically possible. For more
details, see Refs. [63, 68, 81–83].

In order to solve the differential equations
listed above, we need to specify their ICs, which
correspond to the time when modes were outside
the horizon. Seeking first regular solutions, then
all quantities can be expanded in powers of η,
since kη ≪ 1 outside the horizon. For example,
the V-mode can be written as

Φ = Φ0 +Φ1η +Φ2η
2 +O(η3). (48)

where Φi is the value of Φ for a given mode k
at the ith order in η. Moreover, tight coupling
allows to consider only the common velocity vf
of baryons and photons (34), and higher order
multipoles (Θ2, E2,Θ3, E3, . . . ) are suppressed.

Therefore, we look for a solution for the desired
quantities (Φ, vf , vν , Nℓ...) order-by-order in η.

Before finding these ICs, we need to define a
few useful relations.7 First, the solution to the
Friedmann equation when dark energy is negli-
gible is (setting the scale factor today a0 = 1)

a = H2
0Ωm

(
η

ω
+

η2

4

)
; ω =

H0Ωm√
Ωr

, (49)

where H0 is the current Hubble constant in con-
formal time and Ωi is the current energy den-
sity of species i relative to the critical density
ρcri = 3H2

0/8πG (subscripts m and r stand
for matter and radiation, respectively). Sec-
ond, starting from eq. (29), in the strong tight
coupling regime, where there are no anisotropic
stresses, ṽf satisfies

ṽf =
ṽ0

1 +R
(50)

where ṽ0 is a constant to be determined. Third,
using eq. (49), one can show that

1

1 +R
= 1− 3H0Ωb

√
Ωr

4Ωγ
η +O(η2). (51)

With these relations, applying expansion
eq. (48) to all required quantities, we find

Φ = Φ0 (1− cHη) +O(η2), (52)

ṽν = −Φ0

(
5Ωr

4Ων
+ 1

)
+O(η2), (53)

N2 = − k

2
√
3
Φ0

(
5

2

Ωr

Ων
η + cHη

2

)
+O(η3), (54)

and

ṽf =
Φ0

1 +R

(
5Ωr + 4Ων

4Ωγ

)
, (55)

where

cH =
15Ωm

√
ΩrH0

30Ωr + 8Ων
. (56)

7 Note that eqs. (49) and (51) apply to all ICs considered
here.
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We can now derive an IC for the magnetic
field. In the strongly tight coupled regime, one
can show that eq. (36) reduces to

−τ ′δv

R
=

Hṽf
1 +R

. (57)

Inserting this into eq. (44), using that at early
times xe = 1, and then integrating eq. (47), we
find

a2B = −kΦ0
mpH0

√
Ωr

e

(
5Ωr + 4Ων

4Ωγ

)
η+O(η2)

(58)
where the integration constant was set by assum-
ing that there is no magnetic field when η → 0.

3.1.1. Evolution of Perturbations and Best-Fit
Spectra

In order to compare this analysis with data,
we need to compute angular power spectra for
the relevant quantities. We define this for the
V-modes as∑
m=±1

⟨Φ(m)
0 (k)Φ

(m)⋆
0 (k′)⟩ = (2π)3δ(k − k′)PΦ(k)

(59)
where ⋆ denotes complex conjugation, δ(k − k′)
is the Dirac delta and PΦ is the primordial power
spectrum of Φ. Using eq. (59), we can compute
CMB spectra of the form (see e.g. eq. (56) of [65]
for the definition)

CXY
ℓ = σℓ

∫
dkk2TX(k, η)T ⋆

Y (k, η)PΦ(k) (60)

where X,Y = {Θ, E,B},

σℓ =
2

π(2ℓ+ 1)2
, (61)

and TX,Y (k, η) is the corresponding trans-
fer function. The latter takes into account
the evolution of the perturbations through
eqs. (12), (24) and (29). The primordial V-
modes power spectrum can be defined in analogy
to the scalar or tensor ones, and takes the form

PΦ = rvAs

(
k

k∗

)nv

(62)

where rv = Av/As is the amplitude of the V-
modes’ power spectrum, Av, relative to that of
scalars, As (same as r for tensor modes), nv is
the spectral index and k∗ is a pivot scale (taken
to be 0.05 Mpc−1). Therefore, in addition to the
classical ΛCDM parameters8, rv and nv will be
the input parameters needed to study the evo-
lution of the whole system of V-modes, MF and
the primordial plasma.

In order to solve for the spectra starting from
the ICs eqs. (52)-(55), we run CLASS providing
it with values of the main cosmological param-
eters, i.e. the six ΛCDM ones, rv and nv. We
report the best-fit values of rv, nv and r (when
applicable) in Table I.

First, let us examine the evolution of
Φ, ṽb, ṽν , ṽγ andN2 shown in Figure 19 (relative
to Φ0) as a function of a. At very early times,
when both modes k = 0.01, 0.1 Mpc−1 were out-
side the horizon, baryons and photons had the
same velocities, and the balance between Φ, ṽf
and ṽν ensured vanishing neutrino quadrupole,
as expected. However, since Φ deviates from a
constant value as ∝ cHη at early times, and since
cH is much smaller than the mode k considered,
it is expected that N2, whose leading behaviour
is∝ kη, varies before Φ does. This is particularly
evident for the smaller scale (k = 0.1 Mpc−1)
mode.

Second, once a mode enters the horizon, the
balance between the different quantities starts to
fade as the V-mode starts decaying during radia-
tion domination. At the same time, the neutrino
quadrupole stops growing and starts oscillating.
However, in contrast to the scalar perturbations
case where baryons velocity increases, it decays
(see eq. (32)) for V-modes. This means that
after reaching equality, when baryons dominate
the energy budget, they will drag the photons
with them. This explains the decrease in both
photon and baryon velocities seen in Figure 1,
which continues until they start separating as

8 These are the baryon and CDM densities, ωb and ωc

respectively, the angular scale of the sound horizon at
recombination θs, the amplitude and spectral index of
scalar perturbations, As and ns respectively, and the
optical depth to reionization τ .

9 One can compare this figure to Fig. 1 in [63].



11

they approach recombination, where tight cou-
pling is no longer applicable, and photon dipole
starts oscillating.

10 6 10 5 10 4 10 3 10 2 10 1

Scale factor a

4
3
2
1
0
1
2
3

ṽb

ṽγ

Φ

N2

ṽν

FIG. 1: Evolution of ṽb, ṽγ , Φ, N2, and ṽν
(relative to Φ0) with the scale factor a. Solid
lines correspond to scale k = 0.01 Mpc−1 while
dashed ones correspond to k = 0.1 Mpc−1. Cos-
mological parameters used are from the best-fit
to Planck [84, 85] SPT-3G 2018 [86, 87] and BAO
data [88–91].

We show the evolution of the MF produced
by δv in Figure 2. First, the vertical shifts be-
tween the different curves are proportional to k
as anticipated in the approximation (58). Sec-
ond, for small scales (k ≳ 0.1 Mpc−1), |a2B| in-
creases linearly from early times and reaches a
maximum value slightly before the onset of Silk
damping [116]10. This is expected since this is
when |δv| reaches its maximum value and then
starts decreasing (see eqs. (57) and (58)). Dur-
ing radiation domination, there’s a slight pos-
itive difference between vγ and vb, as photons
drag the baryons along with them. However,
once diffusion starts, photon perturbations start
diminishing, and baryons then start having a
larger velocity, i.e. δv > 0. This can be corrobo-
rated with the ṽγ (pink) and ṽb (orange) dashed
curves of Figure 1 for the k = 0.1 Mpc−1 case in
Figure 2. This explains why the magnetic field
changes sign (negative values are represented by
dashed line in Figure 2) for those modes, after
which its amplitudes simply asymptotes at the

10 Recall that, for a given mode k, the scale factor at
which Silk damping onsets is adamp ∼ 10−4k−2/3(see
eq. (B-16) of [117]).

last value it reached before diffusion washes out
all perturbations at the corresponding scale.

On the other hand, large scale modes (k =
0.01 Mpc−1) remain intact, as they spent most of
the time outside the horizon. Moreover, around
the time of photon decoupling, there’s a small
boost in ṽγ compared to ṽb (Figure 1), which ex-
plains the observed bump in the k = 0.01 Mpc −1

curve of Figure 2. This protects a2B from chang-
ing sign when diffusion kicks-in, after which it
asymptotes.

Lastly, and most importantly, the amplitude
of the MF on all relevant scales is too small to
be the Bseed needed to explain all astrophysical
MFs observed. As mentioned in the Introduc-
tion 1, Bseed ∼ O(10−14) G at redshifts z ∼ 0−2
is needed to explain galactic, inter-galactic and
inter-cluster MFs, which is not the case of PMFs
produced from V-modes with ISO ICs. One can
quantify the MF’s amplitude, as done in previ-
ous works [67, 118], as the average of its power
spectrum today smoothed with a Gaussian on a
scale λ1 = 1 Mpc:

B2
1(η0) =

1

2π2

∫
dkk2PB(η0, k)e

−λ2
1k

2
, (63)

where η0 is conformal time today and

PB(η, k) = |TB(η, k)|2PΦ(k) (64)

is the PMF’s power spectrum (similarly to
eq. (60)), given in terms of its transfer func-
tion, TB, and the primordial V-mode spectrum,
eq. (62). With this definition, we find B1 =
5.07 × 10−27 G, still too small to act as Bseed.
This means that the associated energy density
is subdominant compared to the one of the pho-
ton background since

ρB
ρ̄γ

≃ 10−41 ×
(

B1

10−26G

)2

. (65)

where ρB = B2
1/2 is the energy density of the

magnetic field.
Moreover, in Figure 3, we plot the best-fit

power spectrum of the CMB’s polarization B-
modes, and contrast it with data points from
BICEP/Keck [119] and SPTpol [120]. These
two data sets are complementary, as the former
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FIG. 2: Evolution of the comoving MF a2B (rel-
ative to Φ0) with the scale factor a for the four
modes listed in the legend. Dashed lines corre-
spond to negative values. Cosmological parame-
ters used are from the best-fit to Planck [84, 85]
SPT-3G 2018 [86, 87] and BAO data [88–91].

covers small ℓ ranges, while the latter interme-
diate ones, providing valuable constraints when
combined. It is evident that the B-modes spec-
trum resulting purely from V-modes differs from
that of tensor modes as the former dominates at
intermediate scales, while tensor modes do not
(see Figure 10 for a comparison). It is also ap-
parent from Figure 3 that the ΛCDM Planck
best-fit spectrum (pink dot-dash curve), which
is equivalent to lensed EE spectrum, is a bet-
ter match to the data compared to the corre-
sponding one from V-modes with ISO ICs (or-
ange dashed curve).

The above outcomes for B and the B-modes
spectra are for a best-fit value rv = 1.2 × 10−3,
as shown in Table I. In an attempt to increase
the amplitude B, we searched for the best-fit
of the other cosmological parameters after set-
ting rv = 0.01. Not only the resultant B is
still too small to explain every observable MF
(B1 = 4.12 × 10−26 G), but also the B-modes
spectrum is even a worse fit to BICEP/Keck and
SPTpol data. Moreover, we have also checked
that including tensor modes in addition to V-
modes worsens the fit even more than the previ-
ous case, with the resulting best-fit amplitudes
given in the 4th row of Table I. Both tensor and
vector modes produce not only B-modes, but
also polarization E-modes. This means that the
final lensed BB spectrum, which is what should
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Angular Multipole `
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Unlensed
Lensed
Planck Best-Fit
SPTpol Data
BICEP/Keck2018

FIG. 3: Best-fit power spectrum of CMB polar-
ization B-modes for the case of ISO ICs com-
pared to data. The latter includes data points
from BICEP/Keck [119] (purple star-shaped)
and SPTpol [120] (red x-shaped). The solid
blue curve is the unlensed BB spectrum coming
purely from V-modes, while the dashed orange
curve is for the total lensed one. The pink dot-
dash curve is the Planck ΛCDM best-fit lensed
spectrum.

be compared with data, will have almost dou-
ble the power compared to just V-modes. Since
including tensor modes with V-modes is more
realistic, this result disfavours the ISO IC even
more.

Summary: Assuming an Isocurvature IC
between neutrino and photon velocities for V-
modes in the primordial Universe cannot pro-
duce large enough seed MFs that could explain
observations. However, even if a theoretical mo-
tivation is still needed, these V-modes might still
exist and an upper bound on their amplitude
should be set. Specifically, including data from
BICEP/Keck [119] and SPTpol [120] is crucial
to that, which will be the topic of our future
work.

3.2. Neutrino Octupole

The analytical description of the initial be-
haviour provided in the previous section relies
on truncating the photon and neutrino hierar-
chies at the quadrupole level (ℓ = 2). Although
it is a good approximation, it would be a natural
generalization to relax this assumption and allow
the next multipole, specifically the neutrino oc-



13

tupole (N3), to have a non-vanishing IC, which
we abbreviate as the OCT IC. This is highly un-
conventional, and an origin for this IC is still to
be determined.

To understand the details of the dynamics,
let us look at the evolution equations at play.
On the neutrino side, from eq. (37), we get

N1
′ = −

√
3

5
kN2 +Φ′ (66)

for the neutrino dipole (ℓ = 1),

N2
′ = k

[
1√
3
N1 −

√
8

7
N3

]
(67)

for its quadrupole (ℓ = 2), and

N3
′ = k

√
8

5
N2 (68)

for the octupole (ℓ = 3) when N4 is negligible.
Substituting eq. (68) in eq. (66) for N2 and in-
tegrating, we find

N1 = −
√

3

8
N3 +Φ+ C, (69)

where C is an integration constant. The lat-
ter has to be set such that there’s no neutrino
dipole in the limit η → 0. Note also that the
absence of k means that this relationship will be
maintained through all scales in the very early
Universe, unlike the ISO case.

On the other hand, inserting eq. (69) in
eq. (67), the neutrino quadrupole’s evolution
takes the form

N2
′ = −k

[
15

7
√
8
N3 −

1√
3

(
Φ+ C

)]
, (70)

where the influence of the octupole is now ev-
ident. One can actually derive another evolu-
tion equation, by taking the time derivative of
eq. (67) and inserting eqs. (66) and (68), to get

N2
′′ +

3k2

7
N2 =

k√
3
Φ′, (71)

which highlights the oscillatory nature of the
quadrupole, with a force term given by Φ′. The

latter is given by eq (12), which we write explic-
itly as

Φ′ + 2HΦ = −8
√
3H2

0

5a2k

(
ΩγΘ2 +ΩνN2

)
, (72)

where we used the definition of the anisotropic
stress eq. (21) and Ωi(a) = Ωia

−4 for i = γ, ν.
The last ingredients we need to complete

the quantitative description is for the photo-
baryonic fluid. We use eqs. (30) and (32) for
the photon and baryon velocities’ evolution, re-
spectively, and

Θ2
′ =

1√
3
kΘ1 +

τ ′

10

(
Θ2 −

√
6E2

)
− τ ′Θ2 (73)

for the photon quadrupole’s evolution (ℓ = 2 of
eq. (24)), neglecting the octupole contribution
Θ3.

Qualitatively, these equations tell us that
having a non-trivial neutrino octupole initially
sources the evolution of its quadrupole (eq. (67))
and then its dipole (eq. (66)). The former then
sources the V-modes’ evolution (eq. (72)), hence
sustaining its constancy, but the gradual de-
viation from constancy is such that eq. (69)
must be satisfied on large scales. On the pho-
ton side, when using the TCA, this results in
Θ1 ≈ Φ if we set ṽf = 0 initially since there are
no isocurvature initial conditions in that case
(eq. (35)). Then, this affects photon diffusion,
i.e. anisotropic stress (eq. (73)), resulting in an
increase in the velocity difference between pho-
tons and baryons (eqs. (30) and (32)). This dif-
ference is what creates the electric field (eq. (44))
needed to generate the PMF (eq. (47)). Given
how indirect the production of PMFs is in this
IC, we expect a smaller photon-baryon veloc-
ity difference, and hence a smaller amplitude of
PMFs, compared to the ISO case, for the same
primordial V-modes power spectrum.

After applying the approximations eq. (48)-
(51) to all the relevant elements, we can solve
the system of coupled differential equations,
eqs. (66)-(73), (30) and (32). Up to next-to-
leading order (NLO) in η, we find

Φ = Φ0 (1− cHη) , (74)
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ṽν = −Φ0
Ωr

8Ων
(kη)2 +O(η3), (75)

N2 =
√
3kΦ0

(
5

12

Ωr

Ων
η +

1

6
cHη

2

)
, (76)

N3 = −Φ0
7

2
√
6

(
5Ωr + 4Ων

4Ων

)
+O(η2) , (77)

ṽf = O(η3) . (78)

To better understand the mechanism at
hand, we plot in Figure 4 the evolution of the
above quantities (relative to Φ0) as a function
of the scale factor a. Starting with the V-mode
(top plots of Figure 4), we can see that it dis-
plays a clear oscillatory behavior after the mode
crosses the horizon, unlike the ISO case. This is
expected given the strong oscillatory nature of
the neutrino quadrupole due to the presence of
a non-vanishing octupole.

Second, after crossing the horizon, the V-
modes’ amplitude is smaller compared to the
ISO one. This is because part of the V-modes
is being shared by the neutrino octupole along
with the dipole, as can be seen from eq. (69).
Finally, when a mode enters the horizon prior
to photon decoupling, it suffers more from diffu-
sion damping. This is why the small scale mode
(k = 0.1 Mpc−1) features more oscillations and
damping compared to the larger mode (k = 0.01
Mpc−1).

We now move to the photo-baryonic fluid.
Notice first the difference in amplitude and slope
of the velocities between the two ICs, as seen
from the middle plots of Figure 4. The small-
ness of the amplitude is again a manifestation of
the indirect sourcing of velocities with a neutrino
octupole (eqs. (30)-(32)). On the other hand, af-
ter inserting eq. (51) into eqs. (55) for the ISO
IC, we can see that ṽf will have a constant term,
whereas in the OCT case, ṽf = O(η3). This ex-
plains the slope difference between the two ICs.
Moreover, even though photons and baryons are
tightly coupled originally, their velocity differ-
ence is not exactly zero. In fact, δv initially

has an oscillatory behavior, which is particularly
apparent for the small scale case (top left plot
of Figure 4). This behavior is due to the rela-
tion between δv and Φ, which will become clear
shortly. Then, after decoupling, the evolution
of δv becomes dominated by ṽb, which can be
seen by comparing the top and middle plots of
Figure 4.

After photon diffusion dominates the dynam-
ics (when the baryon and photon velocities start
separating), different behaviors appear at small
and large scales. In the former case (k = 0.1
Mpc−1), for both ICs, photon velocities mani-
fest almost the same rapid decaying oscillations,
and baryons’ velocity simply decays as a−1. The
large scale (k = 0.01 Mpc−1) case suffers instead
less damping since it enters the horizon later.
Moreover, there’s a substantial increase in pho-
ton velocities at the onset of diffusion for the case
k = 0.01 Mpc−1, which is absent in the k = 0.1
Mpc−1 one. For the large scale mode, this bump
is due to the increase in neutrino quadrupole
amplitude that happens around the same time,
which is transferred to the ṽγ through the V-
modes as can be seen from the bottom right plot
of Figure 4. On the other hand, this increase
happens much earlier for the small scale mode
(bottom left plot of Figure 4), when photons
and baryons are still tightly coupled, resulting in
a barely noticeable bump in the photo-baryonic
speed around that time (middle left plot of Fig-
ure 4). Note that there is a similar increase for
the ISO case, as we saw in Figure 1, but it is
much smaller since the corresponding increase
in N2 is (see pink dashed curve of the bottom
right plot in Figure 4).

Lastly, a few words on the neutrino side of
the dynamics, shown in the bottom plots of Fig-
ure 4. First, if we compare small to large scale
evolution, we can see that they both show the
same patterns for both ICs. The main differ-
ence comes from the small scale mode (k = 0.1
Mpc−1) entering the horizon earlier, resulting in
it suffering more damping once neutrinos free-
stream11, while this happens later for the large

11 Recall that, for a mode k, the scale factor at which
neutrinos free-stream is afs ∼ 10−5k−1(see eq.(8.83)
of [121])
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scale mode. However, there’s a clear difference
in the dipole evolution between the two ICs. For
the ISO case, the neutrino dipole follows the evo-
lution of its main source, the V-mode, maintain-
ing a balance with the photon dipole. On the
other hand, for the OCT IC, the oscillatory be-
havior of the neutrino dipole follows that of the
quadrupole, which itself is sourced by the oc-
tupole. This also explains why in the current
case the neutrino quadrupole features higher os-
cillation amplitudes compared to the ISO IC.

Before looking at the best-fit evolution of
the MF and CMB BB spectrum, we derive an
expression for the MF’s IC. As we saw from
eqs. (74)-(78), we need to go to NLO in order
to get non-trivial expressions for the ICs. At
that order, the following approximations hold12

Θ1 ≈ Φ; Θ2 ≈
4k

3
√
3τ ′

Θ1. (79)

In this case, eq. (36) reduces to

−τ ′δv

R
= −

√
3

5
k

(
H

∫
dηΘ2 +Θ2

)
. (80)

These expressions show the relation between δv
and Φ (through Θ2), explaining the oscillatory
behavior of δv seen in the top plots of Fig-
ure 4. Inserting this into eq. (44), the latter into
eq. (47) and then integrating, we find

a2B = AΦ0k
3η4, (81)

where

A =
16πGm2

pH0Ω
3/2
r

135ΩbσT e
, (82)

and the integration constant has been set such
that there is no other magnetogenesis mecha-
nism in the limit η → 0.

12 The first approximation follows from the fact that Θ̃1 ≈
0 at leading order in TCA, while the second one can
be derived from combining the evolution equations of
Θ2 and E2 (neglecting their time derivatives w.r.t the
other terms).

3.2.1. Best-Fit MF and CMB BB spectrum

As done for the ISO IC, we find the best-fit
parameters to data from Planck [84, 85] SPT-
3G 2018 [86, 87] and SDSS-BAO data [88–91].
Specifically for the V-modes parameters, we find
rv = 15.3 and nv = 3.7 for octupole ICs, as
shown in the second row of Table I. This means
that the data can accommodate a much larger
amplitude of V-modes and more blue-shifted
spectrum compared to the ISO case. Neverthe-
less, the resultant amplitude using eq. (63) is
B1 = 1.67 × 10−27 G, which is still too small to
explain all MFs observed astrophysically.

In Figure 5, we show the evolution of the co-
moving amplitude of the MF for the three modes
k = 0.01, 0.1 and 1 Mpc−1.13 First, we can see
from this figure that the MF today is ∼ 3-7 or-
ders of magnitude smaller compared to the ISO
case. Second, akin to the opposite sign in the
IC eq. (81), the MF starts with positive values,
and then flips sign when δv does, as was the
case for ISO IC (this can be checked with the
top plots of Figure 4). Third, the smaller the
mode is, the more dominant the oscillatory part
ofN2 (and hence of Θ2) becomes due to diffusion
damping, thus the more rapid the oscillations in
a2B are. This is evident from the orange (k = 1
Mpc−1) case, as well as from the k = 10 Mpc−1,
which we omit from the plot to avoid obscur-
ing the other curves. Finally, we have checked
that increasing rv to 103 increases a2B slightly
(B1 = 1.12 × 10−26 G), and the resulting fit to
the data is worsened. Thus, it is safe to con-
clude that the octupole IC is even less plausible
to generate the required Bseed.

However, the resulting best-fit BB spectrum
is more compatible with data from BICEP/Keck
and SPTpol than in the case of ISO IC. In
fact, this holds even when Tensor modes are
included, which gives the best-fit parameters
listed in the 5th row of Table I. We show this
result in Figure 6, where we plot the best-fit
lensed BB spectrum from the OCT IC alone
(orange dash curve) and including tensor modes

13 Note that the RSA applied in Figure 4 does not af-
fect this result, since the RSA is applied after the MF
freezes.
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FIG. 4: Evolution of Φ, δv, ṽb, ṽγ , ṽν and N2 (relative to Φ0) with the scale factor a for neutrino
OCT IC. Each term is plotted in comparison with the corresponding term for ISO IC. The plots
on the left are for k = 0.1 Mpc−1, while the ones on the right are for k = 0.01 Mpc−1. The dashed
lines in the top and middle plots correspond to negative values, while the solid lines to positive
ones. The bottom plots are presented in semi-log scales to ease visualisation. In producing these
plots, we set rv = 103, nv = 0 and the Planck best-fit for the ΛCDM cosmological parameters.
In the top and middle plots, a radiation streaming approximation (RSA) [101] is applied when
oscillations become large at later times. This is equivalent to setting Θℓ = Nℓ = 0 for ℓ ≥ 1, which
means in particular that ṽγ = −Φ.

(blue solid curve) and compare it to the Planck
ΛCDM best-fit spectrum (pink dot-dash curve)
and data points from BICEP/Keck [119] and
SPTpol [120]. We should stress that this out-
come does not mean a detection of primordial
V-modes, rather a hint that such an IC could
be worth investigating with a more proper data
analysis, which is beyond the scope of the cur-
rent work.

Summary: We investigated the possibility
of having a non-zero IC on the neutrino octupole
as a way to generate PMFs from V-modes. Neu-
trino octupole sources the quadrupole, which
also sources photon quadrupole through V-
modes. Then, the photon quadrupole creates a
difference in its dipole w.r.t that of baryons, thus
generating the electric field needed to source the
MF. However, the resulting amplitude of MFs
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FIG. 5: Same as Figure 2 for the OCT IC, ex-
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is too small to act as Bseed needed to explain
astrophysical MFs, making this mechanism less
likely to be a magnetogenesis one. Nonetheless,
the resulting best-fit CMB BB spectrum has a
similar compatibility with data to that of the
Planck best-fit ΛCDM model. This motivates
further investigation of such IC.
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FIG. 6: Best-fit power spectrum of CMB polar-
ization B-modes for the case of OCT ICs com-
pared to data. The latter includes data points
from BICEP/Keck [119] (purple star-shaped)
and ones from SPTpol [120] (red x-shaped). The
solid blue curve is the total lensed BB spectrum
coming from the presence of both V-modes and
Tensor modes. The dashed orange curve is for
the total lensed spectrum due to the presences
of V-modes only. The pink dot-dash curve is the
Planck ΛCDM best-fit lensed spectrum.

3.3. Sourced Mode Initial Condition

In the previous two ICs, we have altered the
neutrino sector in a non-trivial and unconven-
tional way in an attempt to produce a Bseed

through the presence of V-modes. Given that
this was not achieved, we now attempt an even
more unconventional and speculative IC, which
we call the Sourced Mode (SMD) IC. We are
considering such a scenario precisely to highlight
the difficulty of producing PMFs from V-modes,
while the presence of the latter could still be
compatible with data.

In this IC, we seek to directly source the
V-modes with the anisotropic stress of some
Dark species (DS). The latter are expected to
be present in Super-symmetric extensions of the
Standard Model of Particle Physics [96–99], or in
higher dimensional theories such as String The-
ory [92–95]. In principle, by directly sourcing
the V-modes, one should be able to produce
a stronger velocity difference between photons
and baryons, and thus a stronger Bseed. As a
toy model for this scenario, let us assume that,
on super-horizon scales, the anisotropic stress of
this DS increases sharply at some conformal time
η∗. In other words, the DS’ anisotropic stress
takes the form

πs = π∗δ(η − η∗) (83)

where π∗ is a constant (in units of Mpc) and
δ(η − η∗) is a Dirac delta.

To understand the initial behaviour of all the
relevant quantities, we first note that near the
time η∗, the DS and neutrino velocities dominate
the r.h.s of eq. (13) at leading order in TCA. This
means that, for η > η∗, eq. (13) takes the form

14

k2Φ =
8Ων

Ωrη2
ṽν + k2Φ∗

(
η∗
η

)2

, (84)

where Φ∗ is the value of Φ just after η∗. Note
that Φ∗ is related to Φ0 of the previous ICs by

Φ∗ = Φ0

(aref
a2

)
, (85)

14 In deriving this expression, we use the equivalent of
eq. (29) for DS after inserting eq. (83).
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where aref is an arbitrary reference scale factor
that we choose to be aref = 10−4. Next, we need
the evolution equation for the neutrino velocity
(i.e. dipole) on super-horizon scales (kη ≪ 1).
Using eqs. (66) and (67) (neglecting the octupole
contribution) and inserting eq. (84), we find

ṽν
′′ +

8Ων

5Ωrη2
ṽν = −k2

5
Φ∗

(
η∗
η

)2

. (86)

The general solution of this differential equation
can be found analytically to be

ṽν = aν

{√
η

η∗
[cos(x)− bν sin(x)]− 1

}
, (87)

where

aν =
k2Φ∗η

2
∗Ωr

8Ων
, bν =

√
5Ωr

17Ων + 5Ωγ
(88)

and

x =
1

2bν
ln

η

η∗
. (89)

Inserting the solution (87) into eq. (84), we get
for η > η∗,

Φ = Φ∗

(
η

η∗

)3/2

[cos(x)− bν sin(x)] . (90)

The above presented solutions for ṽν and Φ
are at leading order in TCA. Given that the
photo-baryonic contribution is negligible at the
epoch considered here, we need to go to NLO
in TCA to find the expressions for photon and
baryon velocities, and then eventually for a2B.
Applying approximations eqs. (79) and (80), we
find

−τ ′δv

R
= −4k2

15

[
η−1

∫
dηΦτ ′−1 +Φτ ′−1

]
.

(91)
Finally, after solving eq. (91) and inserting it in
eq. (47), we get

a2B = aBk
3η5/2 [bB cos(x)− cB sin(x)] , (92)

where

aB =
32πGm2

pΦ∗H0Ω
2
r (65Ωr + 6Ων)

−1

45eΩbσT (25Ωr − 16Ων)
η
3/2
∗ ,

(93)

bB = 20
√
Ωr (65Ωr − 16Ων) , (94)

and

cB =

√
20

12Ων + 5Ωr

(
325Ω2

r − 30ΩrΩν + 96Ω2
ν

)
.

(95)

The evolution of the relevant quantities with
a is presented in Figure 7. We choose η∗ to cor-
respond to a redshift z∗ = 107, so that it’s early
enough for TCA to apply, but still after neu-
trino decoupling. The first thing to notice is
the oscillatory behavior at early times, as ex-
pected from the solutions eqs. (87) and (90),
with more extended oscillations for larger scales
(k = 0.01 Mpc−1). By comparing the top to bot-
tom plots, we can see that the amplitude of the
photo-baryonic fluid velocity near η∗ is negligi-
ble compared to that of neutrinos. This justifies
the assumption made before in deriving the ICs.

When the small scale mode (k = 0.1 Mpc−1)
enters the horizon, the photo-baryonic fluid’s ve-
locity stabilizes until photon diffusion becomes
dominant. Then, the photon velocity starts de-
caying, but without the oscillations apparent in
both OCT and ISO ICs. This is associated with
the slow decay of Φ, which can be seen in the
top left plot of Figure 7. However, for the large
scale mode, the photon and baryon velocities fol-
low a similar evolution to that of the OCT case
after horizon crossing. This occurs because for
large scale modes Φ has decayed enough to make
its effect less impactful, and since there’s no ISO
condition, the system will be similar to the OCT
case.

3.3.1. Best-Fit MF and CMB BB Spectrum

When first looking for the best-fitting param-
eters of this ICs to the Planck, SPT and BAO
data, we set z∗ = 107. However, we found the
resulting MF to be much smaller than the OCT
case, and thus we decreased z∗ to 104. This is
close to the maximum redshift where the above
mentioned approximations are still valid. We
show the evolution of B in Figure 8.

We can see from that figure the sharp increase
in B when Φ gets sourced by the DS. Then, the
amplitude for the large scale mode increases al-
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FIG. 7: Evolution of Φ, ṽb, ṽν , and ṽγ (relative to Φ0) with the scale factor a for SMD IC.
Each term is plotted in comparison with the corresponding term for ISO IC. The plots on the left
are for k = 0.1 Mpc−1, while the ones on the right are for k = 0.01 Mpc−1. The dashed lines
correspond to negative values, while the solid lines to positive ones. In producing these plots, we
set rv = 103, nv = 0 and the Planck best-fit for the ΛCDM cosmological parameters. We also set
η∗ to correspond to a redshift z∗ = 107. The RSA is applied when oscillations become large at late
times.

most linearly until it switches sign when the pho-
ton velocity becomes larger than the baryon one.
On the other hand, the amplitude for k = 0.1
Mpc−1 continues to grow in accordance with the
velocity difference between photons and baryons.
However, close to a = 4 × 10−3, the increase in
photon velocity (seen in Figure 7) causes a flip
in the sign of B, resulting in its stabilization at
a negative value close to the end of photon de-
coupling.

More importantly for the current work, this
IC produced B1 ∼ O(10−26)G (see Table I),
and thus is not a suitable magnetogenesis candi-
date. Nevertheless, unlike the ISO case, we see
from Figure 9 that the resultant BB spectrum
(dashed orange) has a similar fitting power to
the one of Planck best-fit ΛCDM case (dot-dash
pink), even when including tensor modes (solid
blue). Moreover, one can see interesting differ-
ences at large and small scales due to the pres-

ence of tensor and vector modes, respectively.
As was the case of the OCT IC, a more detailed
data analysis is needed in order to make a better
judgment about this IC.
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FIG. 8: Same as Figure 2 for SMD IC, excluding
the k = 10 Mpc−1 mode.

Summary: The presence of Dark Species in
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the early Universe could be a source of V-modes.
Using a toy model where the anisotropic stress
of these species increases abruptly at a given
redshift, we study the resultant evolution of V-
modes, and their direct effect on the velocity of
photons and baryons. The latter two develop
velocity differences that create a non-zero MF.
However, as was the case in the previous ICs,
the amplitude of this MF is not large enough
to be a candidate for Bseed. Nevertheless, the
CMB polarization B-mode spectrum shows sim-
ilar behavior to the Planck best-fit ΛCDM case
when compared to data from BICEP/Keck and
SPTpol.

rv nv 102r 1026B1[G]
ISO 0.001 0.4 — 0.5
OCT 15.3 6.7 — 0.2
SMD 6.7 1.2 — 2.6

ISO + Tensor 0.003 0.4 2.5 0.8
OCT + Tensor 2.1 8.0 2.6 0.2
SMD + Tensor 7.8 1.5 0.04 4.5

TABLE I: Best-fit values for the amplitude of
V-modes’ power spectrum (rv), its spectral in-
dex (nv), the amplitude of tensor perturbations’
power spectrum (r), when applicable, and the
amplitude of the MF (as given by eq.(63)) for the
different ICs considered in this work. The first
three rows are for only V-modes, while the last
three ones are for including gravitational tensor
modes on top of them.

4. COMPARISON OF CMB SPECTRA

Having seen the detailed mechanism of each
IC, and how they can produce PMFs, we now
turn briefly to the behavior of the CMB spectra
in each IC. From eq. (60), we see that the pres-
ence of V-modes sources the CMB anisotropies.
There will be a similar expression coming from
scalar and tensor modes, such that the final
CMB spectrum is the sum of all three:

CXY,tot
ℓ = CXY,s

ℓ + CXY,v
ℓ + CXY,t

ℓ (96)

where X,Y = {T,E,B} and s, v and t stand
for scalar, vector and tensor modes, respectively.
We provide a qualitative description of these
spectra without detailing the quantitative one.

We show the behavior of TT, TE, EE and
BB spectra, as a function of multipoles ℓ, for
each IC in Figure 10, expressed in terms of

DXY
ℓ =

ℓ(ℓ+ 1)

2π
CXY
ℓ . (97)

We also show, for each CMB spectrum, the be-
havior of the latter due to scalar (blue) and ten-
sor (orange) modes. In order to have the s, v and
t-modes on equal footings, we set rv = r = 1
and nv = nt = ns, so that the three have
the same amplitude and spectral indices, respec-
tively. Even with this setting, the three modes
produce different signatures on the CMB. This
is the result of not only the geometrical differ-
ence between the three types of modes, but for
the V-modes case also the way in which each IC
has been sourced.

Focusing first on the ISO case, we can see that
in all four CMB spectra, this IC features barely
any acoustic peaks, unlike the OCT and SMD
cases. Moreover, the ISO case shows compara-
ble amplitude to the s-mode in TT, TE and EE,
explaining why when constrained with data, this
IC had the smallest rv. This behavior is due to
the ISO case being the one which directly affects
the CMB dipole the most compared to the other.
Furthermore, the sharp rise in the BB spectrum
at intermediate to large ℓs is special to this IC,
showing that data from that ℓ range will be cru-
cial in putting upper limits on its amplitude.

On the other hand, the OCT and SMD cases
show clear acoustic peaks starting from ℓ ≳ 200.
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Another similarity between them is the compa-
rable behavior and amplitude, specially in TT ,
at large scales (ℓ ≲ 200). This is related to
what was described in Figure 7, where we saw
the similarity between SMD and OCT ICs for
large scale modes. However, one apparent dif-
ference between the two ICs is that the SMD
results in more strongly decaying spectra com-
pared to the OCT case. Finally, and most impor-
tantly for experiments measuring BB spectra,
both ICs show comparable, even slightly larger,
amplitudes compared to the t-modes spectra at
large and intermediate scales ℓ ≲ 1000. This
means that the slightest presence of V-modes
can bias the conclusions made about primordial
t-modes, and therefore about any inflationary
mechanism [122–124].

5. CONCLUSION

In this work, we revisited the possibility of
gravitational V-modes being present in the early
Universe, and how they can generate PMFs. The
main mechanism is for the V-modes to produce a
difference in velocities between baryons and pho-
tons. This then creates an electric field which in
turn produces the PMF.We considered three dif-
ferent ICs that could source such V-modes long
enough to, in principle, produce PMFs.

The first IC, the isocurvature, is the genera-
tion of V-modes due to a velocity difference be-
tween photon and neutrinos after neutrino de-
coupling. Such a difference alters the evolution
of both species’ anisotropic stress in a way that
can source V-modes. This IC has been consid-
ered in previous works [63, 68, 81–83], which we
managed to reproduce. Specifically, we high-
lighted interesting features in the temporal evo-
lution of the different species involved (Figure 1),
and showed how that can explain the evolution
of MFs (Figure 2). The result is that such IC
cannot produce large enough seed MF to explain
the origin of all the observed astrophysical MFs.
The later needs a Bseed ∼ 10−14 G on scales of 1
Mpc, whereas the ISO IC produced an amplitude
almost 12 orders of magnitude smaller (Table I).
We also showed that increasing the amplitude of
V-modes further to increase that of PMFs is not

allowed. This is because the resultant BB spec-
trum of this IC from best-fitting its parameters
to data from Planck [84, 85], SPT-3G 2018 [87]
and BAO [89–91] is already in stark violation of
data from SPTpol [120] (Figure 3).

The second IC we considered is called the
neutrino octupole. As the name suggests, we
assumed the presence of a non-vanishing neu-
trino octupole in the early Universe, which then
acts as a source for the quadrupole, i.e. the
anisotropic stress, thus sourcing V-modes. Fol-
lowing the same analysis as for the previous IC,
we compared the behavior of all relevant quan-
tities between the two ICs (Figure 4) and the
resultant MF’s evolution (Figure 5). Again, the
resultant Bseed in this case is O(10−27) G, too
small to account for all MFs observed, making
this IC also less likely to be a magnetogene-
sis mechanism. However, the resultant best-fit
BB spectrum shows similar fitting power as the
ΛCDM Planck best-fit one. This suggests that
the presence of such V-modes might not be en-
tirely excluded, and a further data analysis of
this IC is needed in order to put constraints on
its parameters.

The last IC studied is named the Sourced
Mode IC. In here, we assumed the presence
of Dark species in the early Universe with an
anisotropic stress that abruptly sources V-modes
at a particular redshift z∗. After comparing the
temporal behavior of the quantities involved to
the previous ICs (Figure 7) and looking at the
evolution of the MF (Figure 8), we also con-
cluded that this IC cannot be a good candi-
date for magnetogenesis in the early Universe
(the MF amplitude in this case is ∼ O(10−26)
G). Nonetheless, as in the OCT case, we found
that this IC can produce a BB spectrum that
is not in obvious violation of data from BI-
CEP/Keck [119] or SPTpol [120]. Therefore, a
more thorough data analysis is needed to better
constrain this IC.

We looked at such speculative ICs precisely
to highlight the difficulty of generating seed MFs
from V-modes. Therefore, another mechanism
would still be needed for that purpose. How-
ever, we also highlight that the smallest presence
of V-modes can produce BB spectra with simi-
lar power to primordial tensor modes. Hence, it
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FIG. 10: CMB spectra, Dℓ, for the three different V-modes considered in this work compared to
those of Scalar and Tensor modes. For illustration, we set the ΛCDM cosmological parameters to
those given by the Planck best-fit [84], rv = r = 1 and nv = nt = ns where nt is the tensorial
spectral index. For the SMD case, we set z∗ = 107.

is crucial to put upper limits on the amplitude
of V-modes in order to make sure that our con-
clusions from BB measurements on inflationary
mechanisms is not biased. Moreover, V-modes
are an intrinsic property of Riemannian geome-
try, the fundamental framework of General Rela-
tivity (and most gravitational theories). If their
primordial amplitude is exactly zero, this is a
fine-tuning problem that needs to be addressed,
as was the case for the flatness problem in infla-
tion [122–124]. Otherwise, this amplitude should
be constrained with data in order to make sure
that a detected primordial BB spectrum is not

confused with other mechanisms.
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K.-W. Wong, and S. A. Walker, Astrophys. J.



23

965, 33 (2024), 2401.16616.
[9] D. Grasso and H. R. Rubinstein, Physics

Reports 348, 163 (2001), ISSN 0370-1573,
URL https://www.sciencedirect.com/

science/article/pii/S0370157300001101.
[10] T. Vachaspati, Rept. Prog. Phys. 84, 074901

(2021), 2010.10525.
[11] A. Dolginov, Physics Reports 162,

337 (1988), ISSN 0370-1573, URL
https://www.sciencedirect.com/science/

article/pii/0370157388901470.
[12] P. P. Kronberg, Reports on Progress in Physics

57, 325 (1994), URL https://dx.doi.org/

10.1088/0034-4885/57/4/001.
[13] M. L. Bernet, F. Miniati, S. J. Lilly, P. P. Kron-

berg, and M. Dessauges-Zavadsky, Nature 454,
302 (2008), 0807.3347.

[14] P. P. Kronberg, M. L. Bernet, F. Miniati, S. J.
Lilly, M. B. Short, and D. M. Higdon, Astro-
phys. J. 676, 7079 (2008), 0712.0435.

[15] M. L. Bernet, F. Miniati, and S. J. Lilly, As-
trophys. J. 711, 380 (2010), 1001.2311.

[16] P. Sharma, S. Burman, S. Malik, and S. Singh
(2024), 2405.09623.

[17] R. M. Kulsrud, R. Cen, J. P. Ostriker, and
D. Ryu, Astrophys. J. 480, 481 (1997), astro-
ph/9607141.

[18] L. Biermann, Zeitschrift Naturforschung Teil A
5, 65 (1950).

[19] N. Lee and Y. Ali-Haimoud, Phys. Rev. D 109,
103536 (2024), 2404.03655.

[20] J. Flitter, C. Creque-Sarbinowski,
M. Kamionkowski, and L. Dai, Phys. Rev. D
107, 103536 (2023), 2304.03299.

[21] S. Naoz and R. Narayan, Phys. Rev. Lett. 111,
051303 (2013), 1304.5792.

[22] R. Durrer and A. Neronov, Astron. Astrophys.
Rev. 21, 62 (2013), 1303.7121.

[23] C. Caprini, R. Durrer, and G. Servant, JCAP
12, 024 (2009), 0909.0622.

[24] J. M. Wagstaff and R. Banerjee, JCAP 01, 002
(2016), 1409.4223.

[25] J. Ellis, M. Fairbairn, M. Lewicki, V. Vasko-
nen, and A. Wickens, JCAP 09, 019 (2019),
1907.04315.

[26] G. Sigl, A. V. Olinto, and K. Jedamzik, Phys.
Rev. D 55, 4582 (1997), URL https://link.

aps.org/doi/10.1103/PhysRevD.55.4582.
[27] J. M. Quashnock, A. Loeb, and D. N. Spergel,

Astrophys. J. Lett. 344, L49 (1989).
[28] B.-l. Cheng and A. V. Olinto, Phys. Rev. D 50,

2421 (1994).
[29] A. G. Tevzadze, L. Kisslinger, A. Brandenburg,

and T. Kahniashvili, Astrophys. J. 759, 54
(2012), 1207.0751.

[30] T. Vachaspati, Phys. Lett. B 265, 258 (1991).
[31] Y. Nambu, Nucl. Phys. B 130, 505 (1977).
[32] A. Achucarro and T. Vachaspati, Phys. Rept.

327, 347 (2000), hep-ph/9904229.
[33] C. Bonvin, C. Caprini, and R. Durrer, Phys.

Rev. D 88, 083515 (2013), 1308.3348.
[34] C. Bonvin, C. Caprini, and R. Durrer, Phys.

Rev. D 86, 023519 (2012), 1112.3901.
[35] T. Fujita, R. Namba, Y. Tada, N. Takeda, and

H. Tashiro, JCAP 05, 054 (2015), 1503.05802.
[36] A. Diaz-Gil, J. Garcia-Bellido, M. Gar-

cia Perez, and A. Gonzalez-Arroyo, JHEP 07,
043 (2008), 0805.4159.

[37] P. Adshead, J. T. Giblin, T. R. Scully, and E. I.
Sfakianakis, JCAP 10, 039 (2016), 1606.08474.

[38] J. M. Cornwall, Phys. Rev. D 56, 6146 (1997),
URL https://link.aps.org/doi/10.1103/

PhysRevD.56.6146.
[39] T. Vachaspati, Phys. Rev. Lett. 87, 251302

(2001), URL https://link.aps.org/doi/

10.1103/PhysRevLett.87.251302.
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