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We study lensing of gravitational waves by a black hole in the deep wave optics regime, i.e. when
the wavelength is much larger than the black hole Schwarzschild radius. We apply it to triple
systems, with a binary of stellar mass objects in the inspiraling phase orbiting around a central
massive black hole. We describe the full polarisation structure of the wave and derive predictions
for the polarisation modes of the scattered wave measured by the observer. We show that lensing in
the wave optics regime is not helicity preserving, as opposed to lensing in the geometric optics regime.
The amplitude of the total wave is modulated due to interference between the directly transmitted
and lensed components. The relative amplitude of the modulation is fixed by the lensing geometry
and can reach unity in the most favourable settings. This indicates that wave optics lensing is
potentially detectable by LISA for sufficiently high SNR systems. Our findings show that in the
wave optics regime it is necessary to go beyond the usual lensing description where the amplification
factor is assumed to be the same for both helicity modes. While motivated by GW190521 and the
AGN formation scenario, our results apply more broadly to stellar-mass binaries orbiting a third
body described as a Schwarzschild black hole, with a period comparable to the GW observation

time.

I. INTRODUCTION

Lensing of gravitational waves (GW) beyond geomet-
ric optics has been the subject of several studies in the
last few years. Geometric optics is an approximation
that holds when 2M G /c? > X, where M is the lens mass
and A the wavelength of the wave. While this condi-
tion is always satisfied when considering lensing of GW
in the frequency band of ground-based detectors, beyond
geometric-optics effects are expected to appear in the fre-
quency band of the Laser Interferometer Space Antenna
(LISA).

The existing literature on lensing beyond geometric
optics can be divided into two categories. Refs.[1-3]
relax the geometric optics assumption and consider the
regime in which the GW wavelength is either comparable
or larger than the lens size. However, they still neglect
the spin-nature of the wave, effectively treating it as a
scalar wave. On the other hand, there are studies of GW
lensing beyond geometric optics that do not neglect the
spin-2 nature of the wave, either introducing a pertur-
bative approach [4-7] or importing quantum scattering
techniques, see Refs. [8] for a review and [9] for a more
recent work on the subject.

It is however not straightforward to compute the phe-
nomenology of realistic situations from these formal re-
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sults.

In this article, we present a framework to study lens-
ing of GW in the deep wave optics regime, i.e. when
the wavelength is much larger than the black hole
Schwarzschild radius. We keep track of the full tenso-
rial structure of the wave and we develop an approach to
apply our results to realistic situations. We stress that
GW lensing in wave optics regime is not polarisation pre-
serving, i.e. the ratio of the two helicity modes is not con-
served during propagation, unlike in the geometric optics
limit. We derive the transformation properties of the two
polarisation modes under lensing, showing that helicity
modes are mixed, in contrast with what is usually as-
sumed in the literature when studying GW lensing with
a common amplification factor both polarisation modes
(see e.g. Ref. [1]). We then apply our finding to study
lensing phenomenology of triple systems, in which a bi-
nary of compact objects in the inspiralling phase orbits
around a central massive black hole. We show that in-
terference between the scattered and transmitted compo-
nents of the wave gives rise to a modulation of the total
waveform, potentially detectable by LISA.

Our study is motivated by the features of black hole
merger GW190521, measured by LIGO and Virgo dur-
ing the last observing run, which suggest the binary
might have undergone stronger than expected interac-
tions with its environment. GW190521 had component
masses 85775 M, and 66715 M, [10, 11], with the larger
lying within the pair-instability gap ~ [50, 130] M, [12—-
14]. A possibility is that the progenitor black holes
(BHs) may have formed via a “dynamical” formation
channel, i.e. by repeated coalescences in dense environ-
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ments such as globular or nuclear stellar clusters [15-17]
or active galactic nuclei (AGNs) [18-20]. Moreover, the
Zwicky Transient Facility (ZTF) detected an optical flare
(dubbed ZTF19abanrhr) about 34 days after GW190521,
in AGN J124942.3+344929 at redshift z = 0.438. The
position and distance of this system are compatible with
the inferred position and distance of GW190521. This
event was then interpreted as due to the BH remnant
from GW190521 moving in the AGN disk, Ref. [21],
as a result of the recoil produced by the anisotropic
gravitational wave emission during the merger. Refer-
ence [21] argued that the distance of the GW190521 bi-
nary from the nucleus should be about 700G M /c?, with
M ~ 10® — 10° Mg, the mass of the BH at the center of
the AGN.

If indeed GW190521 lived in an AGN disk, it could
belong to a significant population of binary BHs located
in dense environments that will be detected in the com-
ing years by ground and space detectors [22-24]. The
presence of the central super massive black hole can sig-
nificantly affect the waveform, as a result of the acceler-
ated motion of the stellar-origin BH binary around it [25—
27], or because of lensing [28-31] and Shapiro time de-
lay [30-32]. Several of these environmental effects could
be observable with LISA, by targeting the early inspi-
ral of stellar-origin BH binaries months/years before they
merge in the band of ground detectors [24, 26, 27, 30, 33—
37).1

In Refs. [28-31], lensing of such systems is described
importing results developed to study lensing of electro-
magnetic radiation in the geometric optics regime, and
treating the wave as a scalar object. The condition defin-
ing the regime of validity of wave optics can be written

as
M /
(3 x 107M@) <mHz) <l S

It follows that while for the particular system of
GW190521, geometric optics is a good approximation of
lensing phenomena, wave optics lensing has to be consid-
ered for a broader range of triple systems.

In our phenomenological illustration, we consider a bi-
nary system with chirp mass 80M¢ in a scenario where
the lens is located at the low end of the AGN redshift
distribution [38]. The radius of the circular orbit of the
binary around the central lens is chosen to be 662G M /c?,
following a numerical prescription by [39] 2.

We take f =3 x 1073Hz to be within the LISA band,
and consider an AGN mass of M = 1.2 x 105M. Such

IThese effects appear at negative post-Newtonian (PN) orders in
the GW phase relative to the vacuum quadrupole emission [23, 30],
hence they are expected to be relevant at low frequencies.

2Note that with a chirp mass of 80Mg, the system has massive
components reaching the intermediate mass gap. However, AGN
migrations traps have been found to be a favorable environment
for the production of black holes in this mass range [39], making
the assumption reasonable.

an AGN mass is not unrealistic as is shown in [40]. Such
a system lies well inside the undulatory regime (1) and,
if detected by LISA, the wave optics modulation leaves
an observable signature on the waveform.

In Fig. 1 we depict the type of systems that we con-
sider, and whose geometrical configurations are intro-
duced step by step in the subsequent sections.

FIG. 1. A binary in the inspiraling regime orbits around a
massive black hole, with é, along the binary’s angular mo-
mentum. Waves emitted by the binary scatter off the third
body’s potential and reach the observer. Freezing the orbital
motion, the static geometry (in blue) is described using the
€s,y,~ basis, naturally associated with the binary, and the de-
rived eg,y,. naturally associated with the incoming wave on
the third body. Adding the effect of orbital motion (orange)
requires the introduction of a third set €, ,. from which é; 4 -
may be related via Euler rotations of angles a2 3.

We stress that, while motivated by GW190521 and the
AGN formation scenario, our results apply more broadly
to stellar-mass binaries orbiting a third body with a pe-
riod comparable to the GW observation time, in the ab-
sence of gas (if matter is present around the black hole,
additional effects are in principle present and have to be
included in the waveform description, see e.g. [41] for a
review).

The article is structured as follows: in Section II we
summarize the method followed to construct the wave at
the observer, in a static situation in which a binary sys-
tem emits a spherical wave lensed by a black hole. In
Section III we explicit the wave emitted by the source
(and that we assume to be described by the quadrupole
formula) in a reference frame centered on the lens, and
in terms of Regge-Wheeler variables. In Section IV we
construct the scattered wave and show how the two he-
licity modes of the scattered wave (at the observer) are
related to the emitted ones. In Section V we compute
the cross section of this process, showing that we recover
known results of the literature when taking proper lim-
its. Finally, in Section VII we consider the dynamical
situation in which the binary system rotates around the
central back hole and we discuss phenomenological im-
plications of lensing. In Section VIII we discuss our find-
ings and present our conclusions. Technical derivations



are presented in a series of appendices. Table I lists the
geometrical quantities introduced in this work, and pro-
vides definitions. In this article, we work in natural units
in which G =c=1.

II. SUMMARY OF OUR APPROACH

When studying the lensing of GWs off black holes in
the wave optics regime, it is convenient to express the
strain in terms of Regge-Wheeler variables. When using
a reference frame e, , . centered on the lens (with the
polar axis aligned with the lens-source direction), these
variables satisfy a Schrodinger-like scattering equation,
describing Rutherford scattering of a charged particle off
a Coulomb-like potential. Then one can import tech-
niques developed in the context of quantum scattering
to compute phase shifts that characterise the deviation
of the scattered wave with respect to an incoming plane
wave. While this analogy is apparent at a formal level,
Rutherford scattering and classical scattering of GW off
black holes share some common features: in both cases
the potential associated to the target object is Coulomb-
like. Moreover, a charged particle is electromagnetically
charged in the same way as the gravitational wave travel-
ling in the black hole space time is gravitationally charged
and feel the gravitational potential of the lens [42].

On the other hand the waveforms emitted by as-
trophysical objects are conveniently expressed in terms
of plus and cross polarisations of the strain in the
transverse-traceless (TT) gauge, since this allows one to
easily compute the effect on detectors. Moreover, the
waveforms emitted by compact binaries, are also more
conveniently expressed using a system of axes €, , . cen-
tered on the source, with polar axis normal to the orbital
plane of the binary. Therefore, the frame used to study
GW scattering and the one used in waveform modelling
are different, and we must relate them.

Assuming that the source emits a monochromatic sig-
nal well described by the quadrupole formula (in TT
gauge), we need to:

1. assume that locally at the lens the wave front can
be described as a plane wave and write the wave in
a frame e, , . centered on the lens and with polar
axis aligned with the source-lens direction. This
leads to Eq. (29);

2. rewrite this plane wave using Regge-Wheeler vari-
ables associated to a multipolar decomposition, see
Egs. (35) and (36);

3. compute the scattered wave using phase shifts re-
sults derived in the literature, i.e. Egs. (10) and

(11);

4. write the final scattered wave in TT gauge in terms
of plus and cross polarisation, leading to Eqs. (40)
and (41);

5. reconstruct the total wave at the observer, in real
space (scattered plus transmitted) in order to ob-
tain observable lensing signatures.

FIG. 2. Two dimensional schematic visualisation of the wave
lensing as a scattering process: a spherical wave that is locally
plane scatters off a third body, producing a scattered spherical
wave centered on the latter. This scattered wave interferes
with the incident one.

This description of wave optics lensing as a scattering
phenomenon is summarised in Fig. 2. In the remain-
ing part of this article, we will go through these various
steps, and the notation introduced is summarized in Ta-
ble I. We start with a review of results on scattering
of GWs off black holes in Regge-Wheeler variables. We
first consider the static situation, in which the geometry
lens-source-observer is fixed, and we then move to the
time-dependent situation, in which the source is in orbit
around the central lens.

A. Regge-Wheeler variables

Let us consider a plane GW with wave vector k as a
perturbation of a Schwarzschild black hole. We choose
the system of coordinates such that the z axis is along k,
and |k| = w. The background metric is given by

ds® = gabdxadxb +1r2Qpdzdda? , (2)

where a,b = t,r, A, B = 0, ¢, the background metric on
the 2-sphere is Q4 p = diag(1,sin®#), and

gapdztda’ = —B(r)dt2 + l")’(?“)_ldr2 , (3)

with B(r) =1—2M/r.

Linearising the Einstein equations around this
Schwarzschild background leads to a set of perturbation
equations. It is standard lore to recast them into two
“master equations”: the Regge—Wheeler and the Zer-
illi equations for respectively the Regge—Wheeler func-
tion and the Zerilli “master functions”, each containing



€x,y,z Cartesian basis vectors centered on the source, with €, along the source’s internal angular momentum
(9~, ®, 7) spherical coordinates associated to the Cartesian system €.y,
(0x,¢x)| angular spherical coordinates of object X w.r.t. é,, ., for X = L (lens) or O (observer)
€5.5.7 spherical unit basis vectors of the system of spherical coordinates associated to €5y, -
€x,y,z Cartesian basis vectors centered on the lens, defined as eg,y,. = éé,&i'(ébh)
6,0,r) spherical coordinates associated to the Cartesian system e y,»
(fo,d0)| angular spherical coordinates of the observer w.r.t. the lens’s ey -

€0,é,r spherical unit basis vectors of the system of spherical coordinates associated to ey, -
n angle between eglo and ézlo

€x,y,z fixed Cartesian basis vectors centered on the lens, with &, along the observer direction
L inclination angle of the outer orbital plane w.r.t. the source-lens axis

01,2,3 Euler angles that allow one to rotate the triad € ,,. into €5y,

TABLE 1. We summarise our notation, for the static (upper part) and circular orbit (full table) settings.

modes of a given parity (odd and even, respectively); see  with 8y = (£—1)(¢+2)/2. In principle, the full perturbed
Ref. [43] for a pedagogical derivation. In vacuum, the metric in the Regge-Wheeler gauge can be reconstructed

Regge-Wheeler and Zerilli functions (Uoqq and Weyen, re- from these two master functions, and it can then be ex-
spectively) satisfy the Schrodinger-like equation pressed in TT gauge.

d?v, 9

dirz‘f'(w —V.)\I/.:(L (4)

where o = (even, odd) and dr,/dr = 1/B defines the

. . . . B. Gravitational wave scattering: phase shifts
tortoise coordinate once we integrate it to & p

ro(r)=7r—2MIn (ﬁ — 1) . (5) In direct analogy with quantum scattering theory, the

differential equation (4) can be solved such that the so-

The choice of integration constant above is made such lution reduces to the original plane wave in absence of
that it is compatible with the phase shifts of [44]. For  scattering (M = 0). The scattered part of the solution
the odd (axial) mode the potential is can be described using a phase shift approach. The initial
incoming wave is expressed as a superposition of spheri-
cally ingoing and outgoing waves, and the scattering pro-
cess induces an extra outgoing spherical (scattered) wave.
The effect of scattering can be recast into the ratio of the
and for the even (polar) one in- and outgoing spherical wave amplitudes (the former
contains only the incoming wave contribution while the

2B(r) OM?® + 387 Mr* + 57 (1 4 Be)r® + 9M?Byr latter contains both incoming and scattered wave contri-

(e+1) GM} | ©

Voaa = B(r) |:,r2 e

Veven = r3 (3M + Ber)? ’ butions). For a scalar initial plane wave e'X*, the general
(7)  expansion of the wave v is
J
Yy o— ;(—1)6(% +1) 797 — (—1)% ™ Sy(w)] Pu(cost) (8)
[
with |k| = w, k || z and wave function coincides with the plane wave (asymptotic

limit of the partial waves expansion).
Sp(w) = 20%w) | (9)
The gravitational case which we consider is analogous,
This set of functions describes the departure of the with some caveats. First, the wave is not scalar but ten-
wave function from the plane wave, i.e. for d, = 0 the sorial, so the partial wave expansion is not as straightfor-



ward as in Eq. (8), since the expansion of a tensor valued
wave has more multipolar indices (¢, m, s). In place of the
gravitational wave itself, the scattering process is conve-
niently phrased in terms of the scalar valued functions
Regge-Wheeler and Zerilli ¥,. This comes at the price
of needing to translate the initial conditions on the lo-
cally plane metric perturbation into conditions on W,.
Hence we must first relate ¥, and the GW, a procedure
built up from Ref. [45] and detailed in § IIT A, where we
show that ¥, can still be expanded as a superposition of
incoming and outgoing spherical waves, thus allowing us
to use the phase shift formalism.

In the (wM) < 1 long wavelength limit, analytic forms
for the phase shifts associated with Eq. (4) have been
found by Poisson and Sasaki [44], thus solving the differ-
ential equation. They read:

exp(2i699) = (10)

2o s T(f+1 - 2iMw)
_ iP—2iMw 8iMw/l(£+1) M2 2
¢ ¢ Tt 1o T oM,

with ® = —4MwIn(4Mw). The phase shifts of even par-
ity are related to those of odd parity by

exp(2id;¥°") =

_(+2)(+ 1)L - 1) + 12iMw o
T+ 2)(C+ D)l —1) — 12iMw exp(2i67). - (11)

Note that these phase shifts are independent of m since
the potential is spherically symmetric. The solution of
Ref. [44] shows that in the phases of the spherical wave
modes, the radial coordinate r has to be substituted by
the tortoise r, that appears in the radial derivative of the
differential equation (4). The appearance of logarithmic
radial corrections in the phases is a generic feature of 1/r
potentials and also appears in quantum Coulomb scatter-
ing [42]. With this, we have all the ingredients to recon-
struct scattering solutions for ¥,, in the long wavelength
limit.

III. INCOMING WAVE

We consider the simple static setup, as in Fig. 1. The
source emits a spherical wave, well described by the
quadrupole formula in a system of axes centered on the
source. We then rewrite this wave in a reference system
centered on the lens, and in terms of Regge-Wheeler vari-
ables (instead of + and X polarisations). We will assume
that locally (around the lens) the spherical wavefront can
be approximated with a plane wavefront, i.e. we treat the
wave impacting on the lens as a plane wave.

A. Metric perturbations and Regge-Wheeler
variables

Ref. [45] provides the relations between Regge-Wheeler
variables and the metric perturbations expanded in terms

of even parity and odd parity spherical harmonics for a
generic perturbation A, of the Schwarzschild metric as

hab - Z hﬁ@”Yem s (12)
m

hap = Z (GEmYE™ + himX gy (13)
m

hap =Y (PK™QapY"™ + r*G YL + W X53)
m

(14)

where Y™ are the standard spherical harmonics, while
Yi™ (resp. X4m™) are even (resp. odd) vector spher-
ical harmonics and Y} (resp. X47) are even (resp.
odd) tensorial spherical harmonics. These are functions
on the sphere with given parity, whose relation to spin-
weighted spherical harmonics is outlined in Appendix A.
The expansion factors h“ him jém Ktm Gem pim are
functions which depend on r and t.

The asymptotic identification of the even and
odd Regge-Wheeler and Zerilli gauge invariant po-
tentials is then found from gauge invariant combi-
nations of metric perturbations, once the functions
hg’gl, hf;m, jf;m, Ktm gtm. hgm are known. For instance in
the odd case, with appendix C of [45], we find in terms
of gauge invariant quantities (denoted with a hat)

m 2r e m d 4 m 2 m
\Ijédd:’u<arhf —ahﬁ —;hf )’ (15)

where © = (£ —1)(¢+2). These gauge invariant variables
are defined as

’ 1
hEm = pim — §8th§’", (16)
. 1 1

hfm = ptm — 5arhgm + ;hé’". (17)

For the even parity we have (see appendix C of Ref. [45])

% [ 2 ) )
yhm = HT2 {Kfm 4 XB <BhfﬁT - r;Kfmﬂ , (18)

where A = p + 6M/r and where the gauge invariant
quantities are defined as

2M

W = Bl = 20,5 — gt 4 P 02G
r2B
2 — 3M
+ TTaTGfm , (19)
) 28 2
K = K™ — S50 4 B0, G + £r= ; GI™ . (20)

B. Quadrupole formula in the lens frame

The source emits a spherical wave, described by the
quadrupole formula. For any fixed lens angular posi-
tion (01, ¢r) in the source sky, we take as basis vectors



(€xs€y,€2) = (€5, €5, €7)| (5, 5, Where (€5, €5, €7) are the
spherical basis vectors of the source sky, at the lens posi-
tion. The metric, in this (01, ¢ 1) direction can be written
as

hy hy 0
hij: hx —h+ 0 ’ (21)
0 0 0

j

in the (ez, ey, e,) Cartesian coordinate system, for a

generic lens direction (éL, (;;L) For a binary system of
compact objects of masses m; 2, the chirp mass is

(m1m2)3/5

(my +mg)'/5 " (22)

c =

When the binary is in the inspiraling phase, which we
describe to lowest order by a circular motion, the emit-
ted wave in the lens (L) direction is [46] (note our dif-
ferent convention for spherical coordinates w.r.t. that
reference)

o~ o~ Ainl—i—cosQé
h+(taT70L7¢L): 7 fL

coslw(t — 7) — 261]
(23)

h>< (ta "~, 6~L; ¢L) ~i COos 6~L Sin[o“ (t 7 ) 2¢L} ’ (2 1)
T
where

A = AM?B3(n )23, w=2nf, (25)

which holds along the source-lens direction (9~L,¢~>L),
i.e. T denotes the radial distance from the source in the
fixed e, direction. Note that the dependence on the phase
¢, corresponds to a physically arbitrary choice of initial
phase in the binary orbital motion, which propagates in
the relative choice of orientation for €, , in Fig. 1. Rather
than reabsorbing it, we keep track of this phase antici-
pating the treatment of a superposition of scattered and
transmitted waves.

We are interested in considering the wave impacting
on the lens, i.e. we rewrite the radial variable as 7 =
dsy, + z, with dgr, distance source-lens, and z the line of
sight distance measured from the lens (along the source-
lens direction). In this (61, ¢y) direction, one can check
that the local plane wave can be written as®

3Note that (es,ey) of the source and the lens coincide, hence ex-
pressions below can be interpreted as a wave expansion around the
lens.

hij X
i } 71"’00;2 2 icoséL~ 0
kT 1200 5 o) —% 0 + c.c.
0 0 0/ ..
ij
(26)
(1 o
o< FTD L Yoo (0L, 1) | —i —1 0
0o 0 0/ .
ij
1 1 0
—oYoo(Or,é) [ i -1 0 +cc
0 0 0/ .
ij
(27)

For a locally plane wave in the lens neighbourhood,

pilki—wt)  i(kdsp—wt) ks pilkdsr—wt)

— ~ 6ikz ,
T ds. 14 dst,
(28)
we have
m==+2
with
3 )
Q2+ = _\/; (e £iey),; (ea tie,) ™, (30)
and
H(m::I:Z) —
-2 /2 -~ .
iAin Y2 (0, ¢p) eldsi=t), (31)

dst, V 15

The choice of normalisation for the basis Q?" in Eq. (29)
is taken in agreement with Refs. [47] and f4 ], allowing
to use results therein for the decomposition of a plane
wave (with spin) onto a basis of spin-weighted spherical
harmonics. We observe that the modes H™ can be
related to standard helicity modes h(¥2), defined as

RED = hy +ihy . 32
+
The relation is given by*
(-2) _ 3 (2) ikz (—2)% —ikz
h =— §(H e+ H € ), (33)
R+2) = _\/g (H(_z)eikz + H(Q)*e_ikz) - (39

4This is derived writing the wave as hij = @E?m)h(m) with ©(2£2) =
1/2(ex +iey);(es * iey); and comparing with (29).



C. Final form of the incoming wave

We want to identify the even and odd Regge-Wheeler
potentials associated with the plane wave (29), in a sys-
tem of spherical coordinates centered on the lens. To
do so, we need to decompose the plane wave in spheri-
cal components (radial and tangential) in spherical coor-
dinates, i.e. find the explicit expression for the func-
tions appearing in the decomposition (12)-(14). De-

J

tails can be found in appendix A. Given the explicit
expression of the plane wave, the Regge-Wheeler vari-
ables (15) and (18) associated to it are found by using
the corresponding functional form of the radial func-
tions him KO G pEm pfm M (other components
vanish).

We obtain that the complexified incoming wave (emit-
ted by the binary) around the lens, in the lens frame
corresponds to the Regge-Wheeler variables

H™) [(0—2)! , .
m - +1 _—ikr ikr
vor =i % Vorv20+1 (52) [(-1)"e +€e*] + cm., (35)

H(m)

—9)!
((+2)

[(—1)e+1e_”” + eik’“} + cam., (36)

where c.m. refers to the “conjugate mode”: for a given \Ilf’m, its conjugate mode is (_1)m\1,f,7m* as introduced in
Appendix A. Egs. (35) and (36) are the main result of this section.

IV. SCATTERED WAVE

We compute the scattered wave. Indeed, we know that
Regge-Wheeler variables obey the scattering equation (4)
and that, after scattering, they are related to the ones
before scattering via a phase shift; see Egs. (10) and (11).
The radiated polarisations at infinity are recovered from
Ref. [45]

hED =N Ly mal? (37)
Im
and
/2
n 1 [e+21" o
hémQ) = 27,,“ |:(€ — 2)| (\Ijgven + 1\:[If)dd) . (38)

Note that for hgf) multipoles indices ¢m are put down
rather than up for ease of reading, in practice we use

J

h§i2) _ i\/6ﬂ'(2£ + 1)

4kr

Hm) [(eziégven 1T (6215;"“ B 1)ﬂ ik
( ]

This expression has to be inserted in Eq. (37) to com-
pute the resummed series defining helicity modes and +
and X polarisations. A detailed discussion of the con-
vergence and summability of this series can be found in

. (71)mH(7m)* (672162"’5’"

(

both up/down notation interchangeably.

Here polarisations h y are defined with respect to the
basis (eg, e4) in the polarisation plane transverse to the
propagation direction e,..

To extract the scattered part of the wave which we are
interested in, we use the scattered part of the \I/g,’én’ odd
master functions in Eq. (38). Following the procedure
outlined in Sec. II B, the scattering process modifies the
full \I/f;vmen’ odd Waves by altering the spherically outgoing
partial waves with the phase shifts given by (10) and
(11). The scattered part then consists of these full waves
to which we remove all the contributions from the initial
incoming wave. The coordinate r is further promoted to
r. in the phase of the functions, and accordingly for the
incident radial quantity dsr,, since we use phase shifts
computed with respect to this radially corrected phase
[44]. We find that the scattered modes are given by

— 1) F (e 2

(

the dedicated appendix E while its resummation is de-
scribed in appendix D. The final asymptotical result for
the scattered polarisations is
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hoe = "7 dgt, (1 — cosf) 2 [COS (2 cos (¢ — 2¢) + sin 5 ] cos (p+29)| , (40)
. 2M Ain 1 4 éL . 4 éL )

hx = r dsr, (1 —cosf) cos(0) lCOS ( 2 > sin (¢ — 2¢) — sin < 5 ) sin (¢ +2¢) | , (41)

with Aj, is defined in (25), and a phase ¢(r, ) defined
as

o(r,t) = w(t — dsLx — 74) — 261, (42)

+® —2Mw[In (1 —cosf) —1—1n2],
where we recall that @ is defined after Eq. (10). Equa-
tions (40) and (41) describing the scattered wave are
the main results of this section. They are expressed for
any (r,0,¢) observer location, in the polarisation basis
(eg,€e4)|o. These results have the structure of a double
projection of the original source quadrupole, as is further
detailed in Appendix D.

The (1 — cos 9)71 divergence in the limit § — 0 is
expected from the corresponding Coulomb problem, i.e.
Rutherford scattering, which can be treated in multipole
space analogously to our problem; see Ref. [42] for a de-
tailed study that includes the analogy with scalar waves
on Schwarzschild spacetime. In the Coulomb case, an ex-

act solution exists, of which the (1 — cos 9)_1 expression
is only an approximation in the asymptotically limit of
wr(l — cos 0) > 1, thereby explicitly excluding § = 0.
Since the Rutherford scattering is free from any diver-
gence issue (and a similar feature is expected for scalar
wave propagation on Schwarzschild spacetime [42]), the
same may naturally be expected for GW scattering, de-
spite the fact that in this context there is no known exact
closed form solution. One may thus use the regime of va-
lidity of the latter, i.e. wr(l —cos 9) > 1 as a benchmark
for the region of validity of our GW plane wave scattering
process derivation.

Computing the two helicity modes h*? from Eqgs. (40)
and (41), and comparing with the incident helicity, one
can explicitly check that the scattered and incident he-
licity are in general different. The (absolute value of

(

flat universe, a GW carries an energy flux, that, for a
transverse-tranceless h;; reads [46]

dFE 1 .
dAdt 327 (hihis) (43)
where dA = r2d(Q is the area element at radial distance
r, and (---) denotes time averaging over a few periods.
The differential scattering cross section is then defined
as the ratio of outgoing differential (i.e. angular) energy
flux to the incident energy flux, that is

do dE ‘ / dE 2 <hz] h1]> |scat
= - _— =rf—""—
dQ dQadt scat dAdt in <hijhij>|in

From Egs. (40) and (41), the numerator of Eq. (44) reads

(44)

.. A\ 2
T2<hijhij>|scat = (d1n> w2M2
SL

= )
(o) )]

(45)

1 .4z 0
1 sin® A, cos? (2> cos(4¢)

For the incoming wave, we have

; ; Ain 2 2 8 éL .. 8 9~L
(hijhij)|in = (dSL> w (cos (2 +sin® | ) )

(46)
Therefore, the differential cross section can be written as

do e (8) +sin® (9)

the) ratio of the two helicity modes is not conserved dur- dQ sin? (%)

ing propagation on Schwarzschild spacetime, unlike what 1 it P

happens in geometric optics. This fact is rooted in the +=M? ~ S oL —_ cos® <> cos(4¢) .
scattering process being not helicity preserving [9, 49]. sin® (%L) + cos® (TL) 2

The appropriate quantity to illustrate this property is
the degree of circular polarisation V' of a wave, that will
be introduced in Sec.V.

V. CROSS SECTION

We now consider the differential cross section of the
scattering process. We recall that in an asymptotically

(47)

This result agrees with what is obtained in the litera-
ture for special geometrical configurations, see appendix
F. The [sin(6/2)]"* behaviour when 6 — 0 is a shared
feature with Rutherford scattering, as previously men-
tioned.

We further observe that the first contribution to the
differential cross section depends only on the geometry



between the lens and the observer. Contrariwise, the sec-
ond contribution depends both on the geometry between
source and lens, and on that between lens and observer.
However, this second contribution vanishes for exactly
two source-lens configurations, namely 8 = 0, 7. These
particular configurations correspond exactly to those for
which the incoming plane wave has + and x polarisa-
tions of the same (absolute) amplitude, as is easily seen
from Egs. (23), (24).

For all other values of éL, the incoming plane wave
has a preferred polarisation by virtue of the geometry
between the source and the lens. The resulting scatter-
ing differential cross section carries the imprint of this
preferred polarisation in its second term, while the first
term is polarisation independent. R

Based on that, we investigate how this 01-dependence
is related to the degree of circular polarisation of the
incoming plane wave. We introduce the latter from the
Fourier-modes hy »(f) of the polarisations:

_ 2mfayhy]  [APR - [P
e 2+ k]2 R 4 R

where it is understood that one must consider only the
prefactors to the Dirac distributions (the latter being in-
herently present due to the assumed monochromatic sig-
nal).

Note that V corresponds to the ratio of the Stokes pa-
rameter V describing circular polarisation and the inten-
sity I, see Ref. [50]. V is bounded between -1 (for pure
helicity -2) and 1 (for pure helicity 2), and vanishes for
linearly polarised waves. It is further invariant under a
rotation of the basis used in the plane transverse to the
direction of propagation of the wave. One can verify that
the polarization dependent part of the cross section (48)
can be re-expressed in terms of the degree of polarization
of the incoming wave, using that

sin* 0, 5
= = =8y/1-Vy ident
.8 0L 8 GL ciden
sin” | 3 4+ cos 5

(49)

where Vincident 1S computed from the incident iL+>< at the
lens.

Consider a situation in which the degree of circu-
lar polarisation of the impinging wave is exactly 0
(9 = m/2). Then, an observer at § = /2 would be
placed at a location where the scattering cross section is
%MQ [1 + cos(4¢)], by Eq. (47). In that particular con-
figuration, depending on the observer’s azimuthal posi-
tion ¢ with respect to the lens, the cross section may
be doubled (when ¢ = nn/2,n € N) with respect to
that of a circularly polarised wave, or may vanish (when
¢=(1+2n)7/4,n € N).

This is illustrated in Fig 3, where we display the ratio
of the total cross section to the polarisation independent-
part of the cross section (i.e. the first term of Eq. (47))
for the particular source-lens geometry mentioned here.

do /do

dQ2/ dQ
2.0
-1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2
0

unpol.

FIG. 3. Ratio of the total cross section to the polarisation
independent-part of the cross section as a function of observer
angular position, for a purely A4 incoming plane wave from
the —z direction reaching a lens situated at the origin. This
corresponds to fixed 8, = /2 so that the incident wave has
no circular polarisation. While for forward (positive z) and
backward (negative z) scattering, the total cross section is
dominated by the polarisation independent cross section, the
polarisation dependent part is significant for scattering angles
0 about /2.

We have mentioned the condition wr(l —cosf) > 1 as
a benchmark for the regime of validity of our results. It
may be used to define a minimal value for = 0,,,;,, where
the results may be used, given wr, for a plane GW scat-
tering process. While we effectively solve a plane wave
scattering equation, we should recall that the real case of
interest involves the scattering of a spherical wave that
is only locally plane. A spherical wave is perceived as lo-
cally plane if dgr,, the distance from the emitter, is much
larger than the characteristic size of the scattering center.
More than the lens’s Schwarzschild radius 2M, the (in-
tegrated) cross section naturally provides a constraining
effective length scale that is relevant for the scattering
process. In this view, on top of the validity condition
wr(l — cos®) > 1 of the plane wave computation, we
may set the further constraint that for spherical waves,
the results should remain valid for values of 6., such
that the (incompletely) integrated cross section

T 27 d
/ a0 / dpsin é <10% 7d3,,  (50)
6 0

min

where 10% is an arbitrary threshold. Below this 6,
value, the scattering process associates an effective size
to the scattering center that is too large compared to
dsr, for the incident wave to be judged locally plane. For
cases of interest, the criterion of local planarity (50) is
more constraining than the regime of validity of plane
wave scattering wr(1 — cosfmin) > 1. We observe that
such criteria would in principle not be necessary if an an-
alytic framework designed to study scattering of spherical
waves existed for our context.



VI. TOTAL WAVE

In standard scattering theory, the total wave received
by the observer is given by the superposition of scat-
tered and transmitted wave. These two waves will in-
terfere, creating an interference pattern in the observed
total waveform. The scattered wave is given by Egs. (40)
and (41), however the computation of the transmitted
part is not trivial.

In our case the source emits a non isotropic spherical
wave that we have approximated by a plane wave only at
the lens scale. It is clear that as M — 0, the transmitted
wave should reduce to the incident spherical wave evalu-
ated at the observer position, and assuming that this is
the correct answer also for M # 0 has been proven valid
in electromagnetic and acoustic scattering processes in-
volving spherical waves interacting with a sphere [51],
and this is what we assume in our context for illustra-
tion®. In other words, we assume that the transmitted
wave is what we would find if we computed the two po-
larisation models out of \I'ﬁ;::m odq Without adding the
scattering phase shifts, reversing the operations of sec-
tion III.

We observe that when computing the total wave in
the analogous context of scattering of scalar wave off
Coulomb potentials, the incident wave has to be cor-
rected by an angle dependent logarithmic phase modi-
fication for which there exists a closed form, see e.g. [42].

A closed result for the phase shift in the case of a spher-
ical wavefront does not exist to date. Nevertheless, any
non trivial phase correction would only modify the result-
ing interference pattern between incoming and scattered
wave, but not the order of magnitude of the interference
effect, i.e. the strength of scattering phenomenon.®

For illustrative purposes, in section VII, we will thus
approximate the transmitted wave as the incident spher-
ical wave emitted by the source in the observer (O) di-
rection, i.e. (23), (24) evaluated at observer rather than
lens position:

Ain 1+ cos? éo

ptrans — ; 5 coslw(t — dso) — 260, (51)
SO
< Ain n : "
ht;anb — df cos 90 sm[w(t — dSO) - 2¢O] ) (52)
SO

acknowledging that the exact expression will have addi-
tional phase corrections.

When summing the scattered and transmitted waves
to build the total wave at observer, we should make sure

5The validity of this assertion in our case should be assessed in a
rigorous framework of gravitational spherical wave scattering.

6 A quantitative prediction of the total wave would require to nu-
merically solve the scattering problem (probably making use of
algorithms from numerical relativity), and including line of sight
effects that have been neglected in our study. We postpone this to
a future work.
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to make a unique choice of polarisation basis with respect
to which h4 x are expressed. Indeed, the scattered h x
(40), (41) are expressed in a polarisation basis (eg, €4)lo,
transverse to the propagation direction e,|o, while the
aforementioned transmitted polarisations would be ex-
pressed in a polarisation basis (é5,€5)|o, transverse to
the propagation direction é7|o. In the distant observer
approximation, the two propagation directions match,
é7lo = er|o, but transverse to that, the polarisation
modes should be properly rotated to be added. We
choose to rotate the polarisation basis associated to the
scattered wave into that of the transmitted wave. That
is, for scattered hy x,

hy — hy cos(2n) — hy sin(2n) , (53)
hx — hysin(2n) 4+ hy cos(2n), (54)

with cosn = (€5 - ea)lo = (€5 - ep)o and sin(—n) =
(€5 eo)lo-

VII. PHENOMENOLOGICAL IMPLICATIONS

Having at hand analytical expressions for the quan-
tities involved in a process of wave optics lensing, we
now attempt to derive phenomenology. To quantify the
strength of the scattering effect, we note that leaving
aside all angular geometrical factors but the scaling at
small angles, the amplitude ratio p of scattered to trans-
mitted wave is [e.g. compare Eqgs. (40) and (51)]

dso 1 2M 1
dsrdro (1 —cos@) — dgr, (1 —cosf)

(55)

We identify two important factors governing the ampli-
tude of the scattered wave in terms of the transmit-
ted one: the source-lens distance, in units of the lens
Schwarzschild radii and the alignment of the lensing ge-
ometry. The work by Ref. [39] shows that stable orbits
around an AGN are found in disc migration traps located
at dsp, ~ 24.5x2M and ds, ~ 331 x2M (assuming a par-
ticular disc model). For dgi, ~ 50M one expects orbital
velocities of order O(0.1) and there should be relativis-
tic orbital dynamics involved. For the sake of ease in
illustration, we thus consider dg;, = 331 x 2M.

Then, the scattered wave is suppressed with respect to
the transmitted wave by a factor of 1073(1 — cos )1,
where the factor (1 — cosf)~! can reach ~ 80 for e.g.
0 ~ 0.15, which is still within the regime of validity given
by see Eq. (50). In addition to this forward magnifica-
tion, to get a large relative modulation effect, one can
also think of geometrical configurations where one of the
transmitted polarisations is trigonometrically strongly
suppressed while the corresponding scattered polarisa-
tion is not. In such a case the scattered to transmitted
amplitude ratio may excess 50%, leaving a strong imprint
in the total wavefront.

To get a detectable modulation signal, one has to make
sure that the transmitted wave (i.e. what one would



get without lensing) is detectable with a sufficiently high
SNR. This is the case for systems hosted in the low red-
shift tail of the AGN distribution, e.g. z ~ 0.01 [38].
Using [52] to estimate SNR for LISA and adapting re-
sults of [31], we find that a hierarchical triple system like
ours with M, ~ 80M¢, f ~ 0.03Hz is detectable by LISA
with SNR above 100 for a 4-year mission, if located at
z ~ 0.01 7. This implies that the modulation in the total
wave due to interference between scattered and trans-
mitted wave would be detectable for such a signal, in the
most favourable geometrical configurations.

In this phenomenological illustration, we stick to the
reference case of a M, = 80M, inspiral of Ref. [31] and
consider the optimistic scenario where the lens is located
at the low end of the AGN redshift distribution, i.e.
z ~ 0.01 [38], with dg;, = 662M. Note that with the
choice M, = 80M, the system has massive components
reaching the intermediate mass gap. However, AGN mi-
grations traps have been found to be a favorable envi-
ronment for the production of black holes in this mass
range [39], making the assumption reasonable. We em-
phasise that any choice of source redshift and chirp mass
gives only a scaling of the overall amplitude of the to-
tal wave (and thereby the SNR), but does not impact
the relative strength of the scattering effect that we are
describing, which is fully given by the geometry once
dsr, is fixed. As for the Mw < 1 requirement, we take
w=2nf =27 x 3 x 1073Hz to be within the LISA band,
and consider an AGN mass of M = 1.2 x 105M, to reach
Mw ~ 0.11. Such an AGN mass is not unrealistic even
at z ~ 1072, as is shown in [40]%.

So far, we considered a static lensing configuration. In
realistic situations, the binary of solar mass objects orbits
around the central black hole, as was depicted in Fig. 1.
To study this dynamical setting, we evaluate our static
scattering results letting geometrical quantities become
functions of time (in other words, we do not include any
further kinematic effect apart from the evolution of the
geometry and the corresponding time-delay).

To study the evolution of the waveform with time, we
need to parameterise the motion of the binary around the
AGN, and to take into account how the various angular
quantities in Egs. (40) and (41) evolve with time. For
illustration, and motivated by the stability of the disk
migration traps, we assume that the source is in a New-
tonian circular orbit around the AGN, under the approx-
imation of axial parallelism (no precession) for the inspi-
raling binary system. We do not include any relativistic
effect in the motion. Our description of the dynamics is

"It was found by [31] that such a hierarchical triple is detectable
by LISA with SNR of 5 — 10 for a 4-year mission, if located at
z =~ 0.27. Transposing this system to a lower z ~ 0.01 would allow
a boost in SNR for the transmitted wave by a factor ~ dgo(z =
0.27)/dso(z = 0.01) ~ 30.

8We observe that for a binary with equal mass and the geometry
chosen above, their separation is 2.2 x 10° Rg, hence very far from
merging but very small compared to dgr,.

11

presented in detail in appendix G. There, three relevant
free parameters that specify the scattering geometry, are
introduced: (¢, 12). The angle ¢ describes the inclina-
tion of the orbital plane of the outer binary with respect
to the source-lens axis (see Fig.1). It corresponds to the
minimal scattering angle 6 that is reached along the or-
bit. Note that by fixing ¢ # 0, any forward divergence
is avoided. When we consider a time varying scattering
geometry, the source is sending a varying polarisation
to the lens over time, because the emitted signal is not
isotropically polarised. The angles «; 2 describe the ori-
entation of source’s angular momentum with respect to
the observer-lens rest frame, and thereby parametrise the
emitted polarisation.

Under the assumption of circular motion, and for our
mass and distance values the orbital period is

A2 d
T:\/%:lweek, (56)

hence for such a system one expects to observe multiple
periods of revolution of the binary around the AGN. The
scattering effect is thus periodic as long as the binary
emitting frequency and distance to the third body remain
constant. Using Q@ = 27/T and Eq. (55), the relative
strength p of the effect has the maximal value

Pmax = 2 (MQ)Q/3 (1 —cost)™t. (57)

Figure 4 shows the scattered wave polarisations given
by Egs. (40) and (41) over the course of one orbit, for a
particular configuration. The inclination ¢ is chosen so
as to have sizeable amplification factor, while remaining
in the bound of Eq. (50). We see that the amplitude

h (x10%)

t [days]

FIG. 4. Configuration ¢+ = 0.15, a; = 0.16, o = 6.12. En-
velope of scattered waves (40) and (41), for both polarisa-
tions, over the course of one orbit. The strong (1 — cos6)™*
amplification is taking place at the point of best alignment.
Even in the absence of the (1 — cos#)™' amplification, for
this configuration the scattered waves show strong interfer-
ence patterns between the two subcomponents of (40), resp.
(41). These submodulations of the polarisation’s amplitudes
are correspondingly amplified at small inclination.



of both polarisation modes increases at a certain point
in the orbit, which coincides with the situation of best
source-lens-observer alignment. It is interesting to look
at the total wave, sum of transmitted and scattered com-
ponents, which is the observable quantity at the observer.

It is shown in Figs. 5 and 6, for two configurations with
respectively low and high amount of circular polarisation
in the transmitted wave. In both Figs.5 and 6, the to-
tal wave signal is dominated by the (constant) amplitude
of the transmitted wave. The interference effect with
the scattered wave results in a modulation of the am-
plitude, apparent at the point of best alignment. The
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oscillatory pattern arises from interference between the
scattered and transmitted waves. Unlike the scattered
wave, the transmitted wave’s propagation time to the
observer varies along the orbit due to changing dy,o. No-
tably, interference oscillations occur when dro changes
by one wavelength. The peak spacing is larger at quasi-
alignment points (extrema of dro(t)), decreasing as the
source moves away from these points. The polarisa-
tion modes h » shown in Fig. 6 have similar amplitude
throughout the orbit, for both the transmitted and scat-
tered parts of the waves, leading to an approximately
common modulation factor of the amplitudes.

of — by — by
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FIG. 5. Configuration ¢ = 0.16, a; = 0.90, a2 = 1.50

Top : Envelope of the total wave, for both polarisations, over
the course of one orbit in a configuration of low total circular
polarisation. For this configuration with hy > hy, the rel-
ative modulation due to interference is of order 12% on hy
and excesses 180% on the (weak) hy signal. Bottom : Cor-
responding degree of circular polarisation. We show Vincident
as the degree of circular polarisation of the incoming wave at
the lens, Vscat that of the above scattered wave, Virans the
(constant) one of the transmitted wave at the observer, and
Viot that of the total wave. The oscillations in the individual
polarisations amplitudes propagate in the total degree of cir-
cular polarisation.

— hy — hy
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FIG. 6. Configuration ¢ = 0.12, a; = 1.40, a2 = 1.00

Top : Envelope of the total wave, for both polarisations, over
the course of one orbit in a configuration of high total circu-
lar polarisation. Both transmitted h4 x show a similar ampli-
tude. The interference between the scattered and transmitted
waves acts as a ~ 30% to 45% modulation of the wave ampli-
tude, with the modulation being approximately identical to
both polarisations in this geometry. Hence, while the inter-
ference effect leaves a clear imprint on the polarisations, the
total degree of circular polarisation remains approximately
constant. Bottom : Corresponding degree of circular polari-
sation. Along the orbit Viot ™~ Virans =~ 1, the maximal possi-

ble value.



At best alignment, helicity is preserved with Vipcidens =~
Vscat, While in anti-alignment (i.e. a configuration lens-
source-observer, reached round ¢ ~ 5 days), Vincident =~
—Vscat, showing that helicity is then reversed by the scat-
tering process. This feature due to the fact that the
process is not helicity preserving is general, however the
time evolution of Vijcident and Vscat are not universal but
configuration dependent. Note that in Figs.5 and 6 the
degree of polarization of the incident wave Vipcigent and
of the scattered one Vi.a: have a similar behaviour. How-
ever, the resulting Vit is quite different in the two cases.
In the first case indeed, one has hy > hy, hence the
relative modulation due to lensing is larger for the first
mode than for the second one. The oscillations in ampli-
tude of the total degree of circular polarisation are due
to the oscillations of the single polarisation modes. In
the second case, the amplitude of both polarisations is
similar, and they are affected in a similar way by lensing.
The resulting degree of polarisation is very close to one
and shows a small modulation around the point of best
alignment.

We stress that Vincident and Viear do not need to reach
the extremal values of +1 for a generic orbit, and may
actually remain close to 0 at all time. As an example, in
Fig. 7 we show a configuration of medium total circular-
ity (it is the same geometry considered in Fig. 4 for the
scattered wave).

Vincident oo Vscat Vtrans Vtot
1.0
- S ]
N 00— e
-0.5¢ ]
L0
0 1 2 3 4 5 6 7
t [days]

FIG. 7. Configuration ¢t = 0.15, a1 = 0.16, a2 = 6.12. Degree
of circular polarisation corresponding to the setting of Fig. 4,
with a medium total circularity. Again, we display Vincident
as the degree of circular polarisation of the incoming wave at
the lens, Vscas that of the above scattered wave, Virans the
(constant) one of the transmitted wave at the observer, and
Viot that of the total wave. Both incident and scattered wave
have a very low degree of circular polarisation.
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VIII. DISCUSSION AND CONCLUSION

In this paper we have presented a framework to study
lensing of GWs from a black hole, in the deep wave op-
tics regime (i.e. in the case of the wavelength being much
larger than the lens Schwarzschild radius), and keeping
full track of the tensorial structure of the wave. Unlike
previous works on GWs lensing in wave optics, we relax
the assumption that the wave is a scalar wave. We show
that the two helicity modes of the wave do not transform
in the same way under lensing: the degree of circular
polarisation is not preserved by wave optics lensing, un-
like what happens in geometric optics and in wave optics
when treating the wave as a scalar wave. Our approach
shows the limit of the standard treatment of lensing in
wave optics where lensing effects are described introduc-
ing a common amplification factor for both polarisation
modes, and indicates the need to go beyond this approx-
imation to have an accurate description of the lensing
signal.

The formalism used builds up on existing results on
phase shifts for spin-2 waves, found in the context of
plane wave scattering (see e.g. Ref. [9]). We adapted
these results to describe the case of scattering of a wave
emitted by a binary system of compact objects, in orbit
around a central massive lens, under the assumption that
the emitted spherical wave can be considered as a plane
wave at the lens scale.

We presented analytical results for the polarisation
modes of the scattered wave, and for the total wave at
the observer. We showed that the lensing process is not
helicity preserving, unlike what happens in geometric op-
tics. The degree of circular polarisation of a wave is the
appropriate basis-independent quantity to highlight this
property. Although it is not a physical observable in this
context, see [42], we also computed the differential cross
section characterising the scattering process and checked
that we recover results known in the literature, in some
specific limits.

We then turned to the dynamical situation in which
the binary system moves around the central lens, on a
circular orbit. We illustrated the evolution of the scat-
tered wave with observation time, for an orbital period
comparable with the observation time.

We showed that the total wave received by the observer
presents a modulation arising from interference between
the scattered and transmitted components of the wave.”

Hierarchical triple systems of this type are a target for
the LISA mission [30, 31]. We found that the magni-
tude of the scattered wave is suppressed with respect to

9We illustrated this result for a reference choice of the phase of
the transmitted part. As explained in the body of this paper, the
computation of the phase distortion of the transmitted component
can be done only numerically, and goes beyond the scope of this
work. The choice of this phase does not affect quantitatively our
findings.



the un-lensed signal as the distance between source and
lens increases: sources in disk migration traps around an
AGN systems are interesting systems where lensing sig-
nals could be sizable. Moreover, the relative magnitude
of the scattering effect highly depends on the degree of
best alignment, given by the inclination parameter ¢ of
the plane of the outer orbit, with respect to the lens-
observer direction. This is summarised by the dimen-
sionless pmax in Eq. (57), which approximates the maxi-
mal value that relative size of the modulation for a given
configuration. Notice that this modulation can be large,
even in the wave optics regime. We indeed found that
the modulation effect can be of the order of 100% for
the most favourable geometries and can be detectable by
LISA for systems with SNR (in the absence of lensing)
sufficiently high, e.g. if triple systems sufficiently close
are detected.'’

Properly studying lensing effects, accounting for the
full tensorial structure of the wave is relevant since mat-
ter effects could either be degenerate with tests of gen-
eral relativity with low-frequency GW signals, or bias
the results of such tests if not properly taken into ac-
count. Indeed, some modifications of general relativ-
ity also predict low-frequency phase contributions, some
already partially constrained by LIGO/Virgo observa-
tions [53, 54]. LISA has the potential to improve low-
frequency constraints by about 8 orders of magnitude (in
the flux) [55, 56], provided that matter effects are absent
or accurately modelled.

We note that in our study we have focused on the ef-
fect of lensing, assuming that kinematic effects (entering
e.g. via the variation of redshift over time see e.g. [25])
and other line-of-sight-effects are vanishing. However, for
the systems under study, Refs. [28, 33, 36, 57] found that
the Doppler modulation could be measured and used to
infer the SMBH mass. If the binary is even closer to
the SMBH, its spin can also be measured thanks to the
Lens-Thirring effect [36], and retro-lensing [58] can be
significant. Incorporating effects due to the AGN’s spin
obviously requires going beyond the Schwarzschild space-
time that was considered in this work. Finally, also note
that Refs. [34, 35, 59] explored other higher order effects
(such as the Kozai-Lidov eccentricity oscillations) and
found that these could also be detected by LISA in par-
ticular configurations. In a future work, we will review
all possible effects affecting the emitted waveform of such
a system and analyse the relative importance in various
parts of the parameter space.

10The allowed inclination angle is limited by the assumption of local
planarity of the incident wave. When illustrating our results, we
have stayed well within the limits of validity of our approximation
(meaning that more drastic effects may possibly arise).
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Appendix A: Regge-Wheeler variables associated
with the incoming wave

This appendix details the identification of the even and
odd Regge-Wheeler potentials associated with the plane
wave (29) in a system of spherical coordinates centered on
the lens. The identification of the even and odd Regge-
Wheeler potentials will be asymptotical (wr > 1, which
together with wM < 1 implies r > M) to allow the use
of the phase shift formalism. To that goal, we decompose
the plane wave in spherical components (radial and tan-
gential) in spherical coordinates. We use the orthonormal
(ér,€0,€4), and the coordinates (7,6, ¢) naturally associ-
ated with the Cartesian system (ey,e,,e,) attached to
the lens and the associated coordinates (z,y, z). We also
define the helicity basis

er = \%(ee Fiey). (A1)

Using the results by Ref. [48], we get the decomposition
of the plane wave in a spherical system of coordinates
around the lens, for p,q = 1,0, ¢

hpy = ZH(W) s92 ey a2 (k) SYémn;q + c.c., (A2)

{ms

where the wedge bracket denotes symmetric traceless ten-
sor

o _ r r +1 _ £+ r +2 4+ +
Npg = €(p€q) Npg = €pCq) Mpg = €1pq) > (A3)

and the ¢, = i, /(47)(2¢ + 1) and ;¢’™ are just numerical
coefficients that read, from (4.11) of Ref. [48],

3 3
0922 = 9 i1922 = jF\/g, i2922 = \/;a (A4)

with ng’_m = gém.
The radial functions are decomposed into even and odd

parity as (here notation with s > 0)
:I:sagm = sfgm + lsﬁ?m . (A5)

Their explicit expressions are provided in appendix B. In
Eq. (A2), ,Y*™ are evaluated at (6, ).

We now want to relate our plane wave (A2) to the
metric decomposition presented in §. III A, directly re-
lated to Regge-Wheeler variables. First of all, we recall
the relation between even and odd vector harmonics and
spin-weighted spherical harmonics which involves the co-
variant derivative on the unit sphere D 4

Y™ = DaY* = ( 5 )(—11/2 e+ _1Ymey)
(A6)
Xy =—eSDpY"™
i 1
= LD Gyt yimeny | (ar)

T 2
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where the 1/r rescaling accounts for the fact that we fol-
low [48] in which e are defined at any , while we intro-
duced D4 on the unit sphere as in [45], so that Y™, X4
depend only on 6, ¢.

For even and odd tensor harmonics, we have

YiR = DaDgY""

1 [(+2) . .
92 EE—Q?! Y n%ip + oY %), (A8)

. i 0+ 2)! . .
X4 = 53 Ef— 2;! (Y™ i — oY n,%) . (A9)

Then the radial components of the metric perturbations
(12) are related to the plane wave (A2) as

hep = Y BETYO™ (A10)
m
hea =har =Y B XS+ Y™, (A11)

m

hap =Y _hE" X% +r2GY L + rP K QapY ™
{m
(A12)
Note that our wave perturbation h;; (21) explicitly has
vanishing modes h{™, hi™.

We verify that under complex conjugation Y/™* =
(=1)™Y*%~™  this relation also holding if one substi-
tutes Y by Yapap or Xapap. As a consequence,
one can work with Eq. (A2) first without adding the
complex conjugate term, thereby extracting the modes
(A10)-(A12) of a complexified metric perturbation. The
physical (real) metric is then recovered using that, e.g.

PR SN C DR i (A13)
Im Im
=Y _(=)"hpTY (Al4)
Im

so that if h“™ was the expansion coefficient of the com-
plex metric perturbation (A2) without c.c., the corre-
sponding coefficient for the real perturbation is (h&™ +
(—1)™h&~™*). The same holds true for all other coeffi-
cients.

We call (—1)™h%~™* the conjugate mode, or c.m. for
short, which, unlike the complex conjugate, corresponds
to the term that has to be added in order to recover the
real metric perturbation. For a generic coefficient a®™
in (A10)-(A12) :

a@ﬂn +em = a@,m + (_1)’mal,—7n* ) (A15)
Matching Eq. (A2) onto Egs. (A10)-(A12) thus gives
(recall m = 2 or m = —2 only)
Rém = HO™ ¢y 0e2™ (kr) + c.m. (A16)
1
K'm = —§h£;” + cm., (A17)
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with all radial functions given in appendix B.
= E—l—l — = HM™ ¢ 2™ (kr) + cm.,  (A18)
B — ™ e B (kr) + e, (A19) o o
f + 1 We can now explicitly write the quadrupole emission in
Regge-Wheeler variables. We use Eqgs. (A16)-(A21) into
(15) and (18). Very much like in the scalar partial wave
20 6(¢—2)! expansion, the gravitational wave partial wave expansion
G = g +2)! e 25@ kr), + cm. contains spherical Bessel functions and related expres-
A sions. It is useful to expand the latter special functions
(A20) in the asymptotic kr > 1 limit, to get a result in terms
6(¢—2)! of a superposition of simple spherically in- and outgoing
hém =r? WH(m) (7] 25¢%m(k7”) + cm., waves. We obtain that the complexified incoming wave
’ (emitted by the binary) around the lens, in the lens frame
(A21) is described by the following Regge-Wheeler variables:
J
Im : 2)' _1\¢+1 _—ikr ikr
g =i ok 6rv20+1 (T2 (=) e +e + cm., (A22)
tm m Hm 41 —ikr | ikr
Wodd:_mﬁ Vorv2e+1 %)l 1) e te + cm.. (A23)

Appendix B: Radial functions

We list here some useful results, from [48], that we
used in section IIT and in A. The radial functions 4,07

satisfy the following properties

_a) (V) = sa) "M (W) = s (—v), (B1)
)™ = nal’, (B2)

and
Sagm = (—1)e_jsa§m. (B3)

We split the function into even and odd part as

isaz? = sﬁzm + 156 ) (B4)
where
ofi" =0, (B5)
and
sﬁf’“ = 5", (B6)
= (87)

In flat space, the radial functions are built as

47 (2L +1)
(204+1)(25+1)°
(B8)

)™ (w) =Yty (x)it
L

(

in terms of the Gaunt coefficient

sCMmime2ms —

014203 /d2Q (syflml)*y&mg (syf?’ms)

_ (1)m1+8\/(%1 + 1)(2131: 1)(203 + 1)

X(el 0 @)( /A 53). (B9)
s 0 —s —mi Mgy M3

The expressions for the even and odd parity are given in
appendix F of [48]. We list here the functions of interest
for us (z = kr), and we also mark the scaling for z > 1

300 +2)!
06?’2 = E + g'ji(j) o~ 5 (B10)
_VEF)l-11 4 1
+ oL [2je(@)) < =, (B11)
e+2 —1 1
aey? = i {jz/(x) — jo() +4@ + 2‘7;(73) o %,
(B13)
1 d 1
3% = ~57 g [2%je(2)] ~ (B14)



Appendix C: Resummation formulas

We present here resummation formulas that we will use
in appendix D to resum the series defining the scattered
wave (see section IV). For |m| = £ and for Re(a) > 0, we
have

(1 —cos)* 1 Y™ (0, 6) = Z Y (0,9). (C1)
L

The coefficients are given by (for m > 0 but possibly s
negative)

M= (20 +1)(2L +1)2°7!

" L+m)l—m) (L+m)(L—s)!
L+ )l —s)! (L—m)(L+s)!

'm+s+a)l(L+1—m—a)
'l—a)I'(L+14+m+a)

(C2)

The coefficients when m < 0 is found from the properties
of the spherical harmonics when the m sign is flipped.

J
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One finds

s = V(@20+1)(2L +1)2¢7
X\/(Eer)!(Em)!(L+|m|)!(L+s)!

L+ )l —=s)! (L—|mDUL — s)!
><F(|m+ s|+a)l(L+1—|m|—a)
T(1—al(L+1+|m|+a)

(C3)

The expansion (C1) is a generalisation of the expansion
of (1 — cos#)®~! in spherical harmonic, which can be
obtained with s = £ = m = 0, and which is obtained from
the integral (7.127) of [60] along with the orthonormality
of spherical harmonics. We did not obtain an explicit
proof of the expansion (C1) in the more general case,
but we have checked that

scim = /dQQ (1 —cos0)* 1Y (0, ¢) (sYLm)* (C4)

on many combinations of ¢, s, and L with |m| = ¢, using
the explicit forms of the spin-weighted spherical harmon-
ics.

Appendix D: Scattered wave: explicit computation

We want to compute the plus and cross polarisation of the scattered wave of section IV. We need to compute the

following objects

hy +ihy = \/671% H(#2) Z NI (egiagven B 6215;dd) L YIE2 (D1)
¢
+ V6mi i; HFN o0 +1 (ezi‘szve" P 2) 1oV T (D2)
¢
B \/67#16;2:* 17 (F2) Zm((;ziazve" _ 67215;@) Lyt (D3)
¢
- \/6?16:1:: HE* 3 Vol (6*2155”6" e AR 2) LY (D4)
¢

The summability of the series is discussed in Appendix E. The sum and difference of phase shifts are given by the

following expressions, for m = —s

exp (2i677°") + exp (Ziézdd) =2

while for m = s

exp (21677°") — exp (2i52dd) = 24iMw

D(L—1-2iMw) (L+2)! _ip_zinr

We use the resummation formulas in appendix C to evaluate the sum over ¢ in (D1) and (D2), i.e. we use

(1 —cos0)*~ L, Y9, ¢) = ZsceLmsYLm(Q7 ),

where the explicit form of the coefficients is given in (C2) and (C3). We obtain for m = —s = £2

M= \/(20+1)(2L 4 1)2°7 1

(L-2)!T(1-a)T(L+3+a)’

(L + 3+ 2iMw) (L —2)! , (D5)
T(L—1-2Mw) o sinre
I'(L+ 3+ 2iMw) . (D6)
(D7)
L
(L+2)! T(a) T(L-1-a) -
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while for m = s = 2

= /@0 )20 + 1)2° 1 +o)l(L-1-a) (DY)

—a)T(L+3+a)’

where in our context a = 2iMw (we comment on the fact of applying these formulae for that value of a in Sec. E).
Using this in our expressions for hy +ihy (D1)-(D4), we obtain

. etk F[l—a] 2—q_—id—a a—1 (+2) ba 242 (F2) 2F2
hy £ihy =V6 1 72 e (1 - cosH) HF) ——— o Y*72(0,¢) + HTY —— 1,V T2(0, )

V5 I'l4 +d] I'[a]
(D10)
—6m 1 2H<¢2 Z\/2L+ 1 4 VEF2 (D11)
e~ikr r[1+a] ot o - —6a |
_ 3 a i®+a(q _ a (F2)= 242 (£2)= 2F2
V67 P 2°T% (1 —cosd) {H Ti—a Y (0,0)+ H T—a] 1Y (9,¢)}
(D12)
—ikr
L€ ()« LF2
+V/67i o2 EL: 2L+ 1 4, YEF2, (D13)

We note that the sums (D11) and (D13) are the leftovers of the —2 contributions in respectively (D2), (D4), which
were there to ensure that the scattered wave polarisations vanish in ¢ — 0 limit (i.e. no scattering). The limit a — 0
can be easily taken in (D10), (D12), recalling the a — 0 behaviour of the different I'[a] contributions:

'l —ad]
['[a]

I'[1 — al6a

T+ =a+ 0(d?),

=a+0(a?). (D14)

It follows that one ends up with an already vanishing a — 0 limit for the resummed terms (if 6 # 0). It is therefore
expected that the expressions in (D11) and (D13) to be also vanishing for any 6 # 0. Indeed, noticing that

S .
LY ™(0,0) = V2L + 1 27\/}2 = LY ™(0,0), (D15)

one rewrites the sums in (D11),(D13) as

D VL1 0YEF0,0) =D Z V2L +1 6pmg2 £2Y"(0,0) = > Z 2/ LY E™5(0,0) 1Y E™(0, ¢)

L>2 L>2m=—L L>2m=—L

L mx Lm 1

MLZM_Z_LﬂY (0,0) £2Y"™(0.0) = 2v/7 5(0) 5(6) =, (D16)
where we used the completeness relation of spin weighted spherical harmonics to introduce the Dirac deltas [61].

These contributions in the form of a delta function of the forward direction, can be traced to the contribution of
the incoming plane wave in the forward direction.

We recall that the expressions (10) and (11) for the phase shifts are derived in the long wavelength limit (Mw < 1).
We thus expand the T" factors in our summed expressions the same limit, using Eq. (D14). For 6 # 0, one ends up
with the approximate expressions

hy £ihy ~ 41\/; 4oY? i2((9,(;5){A(7‘) (1—cos0)* " HE — A*(r) (1 — cos ) “~* H(ﬂ)*}

+ 41\/§ 1Y 2F2(0, qS){A(r) (1—cosf)* " HFY — A*(r) (1 — cos§) *" H<i2>*} , (D17)
with the overall r—dependent amplitude factor
eik:r* .
A(r) = NG q2l—ap—i®—a (D18)

8kr
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Recalling that

1 .o, [5/1—cosf\? 1 0, [5/1+cosf\>
V229 4) = - i2l¢\/> i Y2F2(,¢) = —eT2o, [ 2 22 D19
+2 ( ; ¢) 2 € T 2 ’ +2 ( ) ¢) 2 € T 92 ( )
It follows that in hy *ihy, the & — 0 divergence is only present in the s = —m contributions, but not in the s =m

ones. Extracting the h, x polarisations, we obtain the following structure:
1 29 : .
hy ~ A(r) i (1 — cos 9)a_1+c% (H(2)e2l¢ + H(_2)€_21¢> + c.c., (D20)
hy ~ A(r) (1 — cos)*? C050< — H®e%o 4 H(z)em’) + c.c.. (D21)

Explicitly, this is:

M A, 1 1+ cos? ) )
hy ~ — - cos”0 <COS4 <0L> cos (¢ — 2¢) + sin’ <92L> cos (¢ + 2¢)> ) (D22)

r dsr, 1 —cos@ 2 2

h M Aw 1 cosf <COS4 <92L> sin (¢ — 2¢) — sin* (%) sin (¢ + 2¢)> ) (D23)

1

r dsp, 1 —cosf

with the incoming wave amplitude factor A;, and a phase p(r,t) defined by

w

2/3 _
2) , ort) =w(t —dsps —1r+) — 20, + P —2Mw (In (1 — cosf) — 1 —1n2) . (D24)

A = AM5/3 (

When the tensorial nature of the GW is restored from these polarisation components, this scattered wave has the
structure of the double TT projection

2M 1
()= —""" P ! P [A; D2
hzg (t) 7"(1 — oS 9) er {dSL e [ ] (tret)}} ’ ( 5)
from a quadrupolar source
Aij(t) = Ain [cos(wt)(&7 5 — eVel) + sin(wt)(e7 €Y + eYeF)] , (D26)

where a TT projector orthogonal to a unit vector is defined by

1

P,[Aij] = <J_§“J_§- -3 LMM) Aw, LI=6 —nml. (D27)

% %

The first TT projection in (D25) with P:_ is the projection of the quadrupolar source onto the plane orthogonal to
the radiated direction €, with a spherical wave decay o 1/dgy,, which is evaluated at the lens position. The second
TT projection with P, due to scattering, is in the plane orthogonal to the scattered direction e,, and it is weighted
by the 2M /(1 — cos ) factor with a spherical wave decay o< 1/r. As seen in Eq. (D24), the source is evaluated at a
retarded time t.o which is different from the naive ¢t — dgy, — r, not only because tortoise coordinates must be used,
hence dgr+ and 7, replace dgy, and r, but also due to a further offset as in (D24).

(

Appendix E: Summability of the multipole series We start by considering the high-¢ behaviour of 4, Y ™.
For this we exploit the asymptotic behaviour of the

. e . . e
We now discuss the convergence and the summation of Wigner zg:ns function, as well as the relation between d,,, ,
the multipole series (37) defining plus and cross polari- and ;Y. The latter is expressed as follows:
sations after the scattering

2041
Y0, ¢) =\ ——— €™ (=1)%df, _(0). (E2
th +ih, = Z iQY[mhéiQ) . (El) ( (b) Ar € ( ) m775( ) ( )

Im
The asymptotic behaviour of df, _, is given e.g. in [62].
with multipoles given in (39). In the range 6 € [0,7], we have that for £ — oo, and



d _.(0)—

m, —s

with J,, being the Bessel function of order m. The
Bessel functions J,,(¢) at large ¢ scales as £~'/2cos(f)
(see e.g.,[63]). Therefore, the asymptotic scaling in £ of
sY" has dominant term oc £1/2¢=1/2 cos(¢) = cos(¥), i.e.
is an oscillating function with constant amplitude.

We need now to consider the high-¢ behaviour of the
coefficients in Eq. (39).

In this context, we note that even and odd phase shifts
tend to become more and more identical at high ¢, and

J

(62i52’dd

(62i§zven —1)- )= Q21557

The ¢~* scaling of this term apparently removes the di-
vergence in these particular partial sums. On the other
hand, in the partial sums with m = —s, the divergence of
the even and odd subcomponents adds, and the resulting
partial sums remain divergent. The full multipole sum,
being the sum of the two partial sums with m = +s,
remains therefore divergent.

It has been illustrated in Ref. [42] that the simpler
problem of Rutherford scattering and of scattering of a
scalar wave off a Schwarzschild black hole also typically
gives rise to a divergent multipole series for the scatter-
ing amplitude. This is a mathematical artifact, due to
the improper taking of asymptotic limits within individ-
uals multipoles before summing them. For the case of
Rutherford, one can indeed compute the exact solution
in real space, and get a closed form for the scattering
amplitude. When working in multipole space, one can
obtain a closed form for the series by using summation
formulas extended outside their range of validity, just as
has been done here using a = 2iMw in (C2) and (C3).
For Rutherford and for the scalar wave case, this closed
form has remarkably been shown to be unique for any
converging non standard summation that fulfils criteria
of regularity, linearity and stability, such as Cesaro sum-
mation.

Cesaro summation is a (regular, linear and stable)
summation technique that can average out the oscilla-

J

n—roo

: r
S(n — 00,0, ¢p,a) = Z <—2 + 2e~ 2~ i®%(a) T

(=2

an1<9x/ﬁf—‘10n~—:ﬂ2)

(=)™ T ((0 — )\ /02— (m+ s)2> if 6 >

o _9)
YV )L O((Mw)?)

20

itg <

ol

NIE]

(

that their respective contribution is either summed or
subtracted in the m partial sum of the full m, £ multipole
sum, depending if the considered partial sum has m = s,
or m = —s, for fixed s = £2 mode.

Considering only the lower orders in Mw for the phase
shifts, it appears that the partial sum with m = s sees
the even and odd contributions to cancel each better and
better with increasing ¢ (i.e. these are the terms with
+2 = —1in Eq. (39)). Indeed, we have

[m]

(+2)!

(

tions that are preventing some series from converging.
We briefly introduce it here. Further details can be found
in the classic reference [64]. For any series with terms a;,
we introduce the family of (C, a) Cesaro summations of
the series, for a € N, as

=~ ()
: J
nl;r{:o Z GR) aj . (E5)
=0\ j
The case @ = 0 corresponds to ordinary summation,

while the case a = 1 is often simply called Cesaro summa-
tion. By construction, Cesaro summation is an average
of the ordinary partial sums. When solving the problem
numerically, one has to truncate these sums at some max-
imal n value. Numerically, partial sums of Cesaro sum-
mation of multipoles series was shown to provide results
in agreement with the expected closed form apart from
the 6 = 0 direction, in the context of Rutherford scatter-
ing see [42]. While, unlike the case of Rutherford, we do
not show a unicity result of Eqs. (D22)-(D23) being the
closed forms of any converging non standard summation
that fulfils criteria of regularity, linearity and stability, it
is natural to conjecture this property to hold.

In view of investigating this numerically with Cesaro
summation in mind, we turn to our m = —s summations
of interest, e.g. (D2) :

[0 —1—a] (£+2)

) VLY a00,0). (E6)

[0+3+a) ((—2)



where we used Eq. (D5) to sum phase shift exponentials.
We shift the summation index by two to rewrite the par-

J

n
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tial sum as a sum starting at £ = 0 (stability property),
defining

S(nv 97 d)? CL) =

<_2 + Qe—a—ié(a
=0

As n — oo, we remind that the expected closed form of
this series is (see appendix D)

1}151:[;]22“@“@(‘1) (1 — cos 9)_“—&_2)/27 2(0, (;5)(1;8)

with a (1 —COS(G))_1 divergence as 8 — 0 (a being purely
imaginary). We now replace the ordinary partial sums
in (E7) with Cesaro partial sums: the Cesaro averaging
process averages out the ever growing oscillations of the
partial sums. We illustrate numerically in Fig. 8 the at-
tempt of summing S(n, 8, ¢,a) until various finite max-
imal n values, and replacing the ordinary partial sum

with (C,a = 0,1,2) partial sums, which we denote by

(©2:9) 1 each case we rescale the summed result by

a (1 — 005(9)) factor for visual convenience, and we plot
the result against the closed form (E8). While the sum
never converges in the sense of ordinary summation, it
numerically converges in the sense of Cesaro. The same
holds for the other s = —m sum (D4).

Appendix F: Cross section: comparison with
literature

The cross section for scattering of gravitational waves
off Schwarzschild black holes has been computed already
in in 70s, see e.g. Ref. [65], where both the cross section
for unpolarised and purely 4+ or x polarised incoming
waves are given.

For a circularly polarised incoming wave, which in our
case reduces to 87, = 0, our cross section (47) reduces to

do 0o cos®(0/2) + sin®(6/2)

= F1
dQ sin®(6/2) (F1)
This can equivalently be written as
do 9 1 9 1.4
— = — 0+ - 0 F2
a0 sin®(0/2) (COS Fgsinf), (FY)

and it agrees with the result of [65] for an unpolarised
wave. Our cross section in the limit 67, — /2 is that of
a purely hy polarised incoming wave. In this limit, after
a few simplification we can check that it agrees with the
result of Peters for purely 4+ incoming wave, i.e.

(F3)

; 2 } ind 2
Sn'(0)2) (cos 0+ 7 50 0 cos (2¢)) .

)11:5151);3 - ;!4)!> V2045 _2Yi10, 2(0,9).

(E7)

(

Peters also gives a formula for a purely x incoming plane
wave, and finds

1 2 Loogp. o

Sl (0)2) <cos 0+ 7 5in 0 sin (2¢>)) . (F4)
Our choice of basis in the polarisation plane does not
allow to have a purely x incoming wave. Indeed the
only incoming wave with zero circular polarisation that
we have is that of a binary seen edge on, with a purely
+ emission. To obtain a purely x incoming wave, one
should take the configuration of an hy only incoming
wave (i.e. 0 — m/2) and rotate the polarisation plane
basis (on the lens) by —m/4. The rotation axis (source-
lens axis) is left unchanged by this rotation, so the 6 angle
remains untouched. The new angle ¢ is however rotated
by /4 with respect to the old one. Thus, re-expressing
the cross section in this new polarisation basis, one has
to substitute ¢ — ¢ — w/4 in (F3). This self-consistently
gives (F4), as expected. Averaging the result for the
pure hy and hy incoming wave as [65], we indeed obtain
their claimed result for an unpolarised incoming wave,
ie. (F1).
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FIG. 8. Real (left column) and imaginary (right column) parts of the numerical truncated Cesaro summation of series (ET7),
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Appendix G: Triple system: parametrising the
time-dependence

We now want to look at emission of a wave from source
orbiting around a fixed lens (AGN), with a hypotheti-
cal fixed observer. The motion of the source is on 3-
dimensional orbit. Fig. 1, represents a snapshot at a fixed

time.

We now wish to parametrise the source’s circular mo-
tion around the lens. For that, we introduce a further set
of Cartesian orthonormal basis vectors (€,€,,€.) that
are attached to the observer-lens rest frame, centered on
the lens. For simplicity, we fix €, to be in the observer
direction, and fix the time origin of the circular motion



such that the source is initially along €,. With that, the
orbital trajectory of the source is expressed as

— cos L sin(Qt)
cos(§2t)
sin ¢ sin(Qt)

f‘s(t) = dg, (Gl)

(Wrt. €py.2),

which is identical to the parametrisation chosen in [31,
66] (for ¢ — 0 in the former reference). The angle ¢
corresponds to the inclination of the orbital plane with
respect to the observer-lens axis and is a free parameter.

Recall that in the earlier static setting, the set of ba-

J

sin a1 cos aip

€; = |sina;sinay |, €z =

COS (g

where aq 3 3 are free parameters. While oy 5 have a phys-
ical meaning associated with the source’s internal angular
momentum (parallel to €,), a3 merely fixes the orienta-
tion of €5 .

With the source orbital motion and axial parallel trans-
lation of (€;,€,,€), the (6r,¢r,00,¢0) angular posi-
tions of lens and observer become functions of time. Sim-
ilarly, (es,ey,e.) rotates as a function of time, and so
(0, ¢) become functions of time.

CcoS (vq Sin aip cos aig + cos ap sinayy |
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sis vectors (e, ey, e.) were constructed from the source-
attached basis vectors (€, €é,,¢€,), the former being the
set of spherical coordinates unit vectors in the Cartesian
basis given by the latter. We keep the same construction
here, with the extra hypothesis of axial parallelism: the
triad (€, €y, €) is simply translated along the source mo-
tion, but sees its orientation preserved, i.e. scalar prod-
ucts between é; and ¢; basis vectors (fixed) are constants
over time. This neglects any precession of the source’s in-
ternal angular momentum. Vectors (é,,é,, €,) are there-
fore uniquely defined by three Euler angles o 2 3, which
rotate (€, €y,€,) into (€;,€,,€;). So, in terms of &, .

COS (v COS (g COS (x3 — Sin ao Sin a3

— sin arq cos a3

From the simple orbital motion (G1), the angle be-
tween the source-lens axis and the lens-observer axis is
easily computed to be

0(t) = arccos(cos ¢ sin(§2f)) . (G3)

The observer azimuthal angle with respect to e;, . is
more involved. We find

tan (¢(t)) = (G4)
sin ay sin ¢ sin(Qt) sin ag — cos ay cos(§2t)
sin oy cos g [ cos? L cos(2Q) — § cos(2e) + 3] + cos e sin(Qt) [ cos ay sin ¢ sin(Qt) + sin oy cos(Q) sinaz)”’
while 6 (t) is computed from ¢, - e, giving
01 (t) = arccos (sin(Qt) [sin Qu] COS L COS (kg — COS v sin L} — sin oy cos(€2t) sin 0[2) . (G5)

Further
~ 1 COS (xg + Y2 Sin ag
tan (6r.(1)) = X5 X . (G6)
X1 SN &xg — X2 COS (3
for
X1 = cos(Qt) cos ag + sin(Q) cos e sin ag , (G7)
and
X2 = — cos(2t) cos oy sin oy
+ sin(2¢) (sin¢sinay + costcos o cosaz) . (G8)

(

As for the transmitted wave, we consider the incident
wave emitted by the source, evaluated at observer posi-
tion. From (G2), the angular position of the observer as
seen from the source’s Cartesian €, . is given by

cos(fp) = sina; cosas .

(G9)

— COS (1 COS (v Sin vz — sin g COS (g

tan(¢o, far) = - :
COS (V] COS (¥ COS (v — Sin avg sin avg

(G10)
This position is independent of time in the far observer
limit. Finally, from the orbital motion parametrised by
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(G1), we find from (&5 - eg)lo = (€5 - es)lo

2(cos(§2t) sin a1 sin ag + cos arg sin ¢ sin(§2¢))

cos(iy) = —

The notation used for all geometrical concepts is summed
up in Table I. Due to finite travel time of the GW signal,

1]

(10]

(11]

(12]

(13]

(G11)

V/cos? ay cos? ay + sin? oy \/3 + cos(2Qt) — 2 cos(2¢) sin? (Qt)

(

the scattering geometry should be evaluated at retarded
time.
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