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Abstract. Neutrino oscillations and mean-field effects considerably enrich the phenomenol-
ogy of neutrino evolution in the early Universe. Taking into account these effects, most
notably the neutrino self-interaction mean-field contribution, we revisit the problem of the
evolution of primordial neutrino asymmetries including for the first time the complete ex-
pression for collisions, which describe scattering and annihilations with electron/positrons
and reactions among (anti)neutrinos. We show that a generalisation of the adiabatic transfer
of averaged oscillations (ATAO) scheme, a numerical method previously developed without
neutrino degeneracy and based on the large separation of time scales in this problem, is
sufficient to reach the same accuracy as the full quantum kinetic equation integration, but
is notably faster. This approximation highlights the physics of synchronous oscillations at
play in the evolution of neutrino chemical potentials, especially in the particular case with
only two-neutrino mixing. In particular, it allows to understand what controls the beginning
and the amplitude of oscillations, but also why there is a subsequent regime of collective
oscillations with larger frequencies. We also find that it is very important to use the full
collision term instead of relying on damping-like approximations, in order not to overesti-
mate how collisions reduce these synchronous oscillations. Finally we study qualitatively how
mixing parameters affect the final neutrino configuration, and in particular we show that the
CP-violating Dirac phase cannot substantially affect the final Neff nor the final electronic
(anti)-neutrino spectrum, and thus should not affect cosmological observables.
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1 Introduction

The cosmic neutrino background, a key prediction of the standard cosmological model, de-
couples around ∼ 2 MeV, when weak interactions become too weak to ensure thermal equi-
librium of neutrinos with the primordial plasma of electrons, positrons and photons. Any
precise determination of the final neutrino temperatures and spectra for the various neutrino
generations requires to consider the detailed physics of this decoupling since electron/positron
partially annihilate into neutrinos and antineutrinos. In the standard case where neutrinos
and antineutrinos initially follow Fermi-Dirac distributions with vanishing chemical poten-
tials, this has been worked out in details in the past years [1–9], and the most recent pre-
dictions [10–13] recommend to consider an effective number of neutrinos Neff ' 3.0440 to
account for the physics of this incomplete neutrino decoupling.

In thermal and chemical equilibrium, the chemical potential of a given neutrino flavour
α and the corresponding antineutrino chemical potential are related through µα = −µ̄α. The
initial asymmetry in a given flavour α, defined as the difference between the neutrino and
antineutrino comoving densities, is related to µα, which is not constrained a priori. One thus
hopes to constrain them from their impact on cosmological observables. More specifically, to
take into account the effects of momenta redshifting due to cosmological expansion, we aim
at constraining the degeneracy parameters ξα ≡ µα/Tcm which are conserved by expansion,
where Tcm is the comoving temperature, defined as the temperature of a relativistic species
that would have decoupled before electron-positron annihilations (but after muon-antimuon
ones). There is first an effect of ξe on the neutron/proton freeze-out, which affects Big-Bang
Nucleosynthesis (BBN) [14]. Also the total energy density of a given neutrino flavour and its
corresponding antineutrino is supplemented by a term ∝ ξ2

α, leading to a modification of Neff ,
and this has an impact on cosmological expansion which affects both BBN and the cosmic
microwave background (CMB) anisotropies. Hence, assuming a full equilibration of neutrino
asymmetries with a common ξ, a constraint can be obtained from BBN alone [15, 16], from
CMB alone [17, 18], or using a combination of both [19] to give

ξ = 0.001± 0.016 . (1.1)

If standard baryogenesis models involving sphalerons suggest that ξ should be of the order
of the baryon asymmetry η = nbaryons/nγ ' 6.1 × 10−10 [20, 21], other proposed models
like [22–24] manage to combine a large lepton asymmetry with the value of η. Therefore
potentially “high” values of ξ are not forbidden and (1.1) motivates why we focus in this
paper on degeneracy parameters in the range [10−3, 10−1].

The total asymmetry, that is the sum over each flavour asymmetry, is preserved by
the physical processes at play. However, individual asymmetries can evolve towards the
average, in which case we can talk about “flavour equilibration”. The goal of this paper is to
review the physics of this equilibration, that is the evolution of the degeneracy parameters,
accounting for all relevant physical effects at play during neutrino decoupling. To that end,
it is necessary to solve the Quantum Kinetic Equations (QKEs), that dictate the evolution of
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(anti)neutrino density matrices, taking into account vacuum oscillations, mean-field effects
with leptons and neutrinos (the latter being referred to as self-interaction mean-field), and
collision processes.

First, self-interactions have a crucial effect in delaying equilibration as they are responsi-
ble for the so-called synchronous oscillations [25–28], and we find that in general there is also
a second regime with quasi-synchronous oscillations having much larger frequencies. Further-
more we find that the complete form of the neutrino collision term must be used, including
the full matrix structure of both reactions among neutrinos and with electrons/positrons.

Unless the chemical potential differences are very small, there is always a period when
self-interactions dominate over the lepton mean-field contribution and the vacuum Hamilto-
nian contribution. One of the dramatic consequences is that solving the exact evolution of
neutrino number densities involves very short time scales compared to the cosmological time
scale, which implies that it is numerically very difficult to treat them exactly. So far, the
main approach when considering non-vanishing degeneracies consisted in using a damping
approximation for the collision term [26, 29–35], either for all its components or only for its
off-diagonal components. Indeed the computation of the collision term is the time-consuming
step with a O(N3) complexity, where N is the number of points used to sample the neutrino
spectra. We use none of these approximations, and we find from the structure of the full
collision term that it cannot efficiently damp all types of synchronous oscillations, a feature
that is lost when relying on damping approximations.

In [11], it was shown that the numerical resolution could be considerably improved,
altering only subdominantly the precision of results, by using an approximate scheme which
consisted in averaging over neutrino oscillations in the adiabatically evolving matter basis.
In this article, we extend this method with initial degeneracies, that is taking into account
the effect of the self-interaction mean-field. In section 2 we summarize the formalism used to
describe the evolution of neutrino and antineutrino density matrices, and in section 3 we detail
the various numerical schemes we developed, notably the extension of the ATAO scheme
when considering self-interactions. Restricting to oscillations with only two neutrinos in
section 4, we derive analytic expressions for synchronous and quasi-synchronous oscillations.
Two physically motivated cases with two-neutrino flavours are then investigated in details
in section 5. They allow to understand the evolution of neutrino asymmetry in the general
case with three neutrinos, which is presented in section 6, along with an assessment of the
dependence on the main mixing parameters (mass ordering, mixing angles, Dirac phase).
Finally we discuss the main differences with existing results in the literature in section 7.

2 Neutrino evolution in the primordial Universe

In order to determine neutrino evolution in the early Universe, one must solve a set of quan-
tum kinetic equations in the expanding Universe, involving both neutrino oscillations and
collisions. We present in this section all the variables relevant to this problem, with a partic-
ular emphasis on the physical quantities related to the presence of a neutrino/antineutrino
asymmetry.

2.1 Reduced variables

To account for cosmological expansion and the associated redshifting of momenta, it is stan-
dard practice to consider the comoving variables

x = me/Tcm , y = p/Tcm , z = Tγ/Tcm , (2.1)
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where Tcm ∝ a−1. We define density matrices (in flavour space) %αβ for neutrinos and %̄αβ
for antineutrinos with α, β running on flavour indices e, µ, τ , or simply % and %̄ in indexless
notation.1 In homogeneous and isotropic cosmology they depend only on time and energy,
hence in reduced variables they depend exclusively on x and y. We then define the comoving
number density as

nν ≡
∫
%Dy , where Dy ≡ y2dy

2π2
, (2.2)

such that the true number density matrix is (me/x)3nν , and similarly for antineutrinos we
define n̄ν from %̄.2

2.2 Dynamical equations

The dynamical evolution of the density matrices is given by the Quantum Kinetic Equations
(QKEs), whose structure is [11, 36–38]

∂%

∂x
= −i[V + J , %] +K ,

∂%̄

∂x
= +i[V − J , %̄] + K̄ .

(2.3)

We distinguish three terms on the right-hand side of these equations.

• The collision terms K and K̄ account for momentum-exchanging scattering processes.
They depend on x, %(x, y), %̄(x, y) and also on z for interactions with electrons/positrons.
Their full expressions can be found in [11, 36, 38].

• The effective Hamiltonian, which contributes only via its traceless part, is split into its
vacuum and lepton mean-field contributions V = H0 +Hlep, with

H0 ≡
1

xH

(
x

me

)
U
M2

2y
U † ,

Hlep ≡ −
1

xH

(me

x

)5
2
√

2GF y
Elep + Plep

m2
W

.

(2.4)

Here, H ≡ d(lnx)/dt is the Hubble rate, U is the Pontercorvo-Maki-Nakagawa-Sakata
(PMNS) [39] mixing matrix, M2 is the diagonal matrix of mass differences with M2

ii =
∆m2

i1 ≡ m2
i −m2

1. Elep = diag(ρe± , ρµ± , 0) is the diagonal matrix of lepton comoving
energy densities in which we can safely ignore the contributions of τ± leptons, too
heavy to have a significant density in the temperature range of our study. Likewise,
Plep is the diagonal matrix of lepton pressures.

The Hubble rate H is given by the Friedmann equation, that we recall here to highlight
its dependence on x,

H =
me

MPl
× me

x2
×
√
ρ

3
where ρ = ργ + ρν,ν̄ + ρe± + ρµ± , (2.5)

1We adopt the same convention as [11] to define these density matrices.
2Note that, contrary to reference [11], we omit the bar on comoving thermodynamical quantities since we

use exclusively these dimensionless variables.
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where we stress again that the energy densities are the comoving ones, differing by a
factor (me/x)4 from the physical ones. MPl ' 2.435× 1018 GeV is the reduced Planck
mass.

It proves convenient to separate the y−dependence in the Hamiltonian—see section 4.
Hence we define

H0 ≡ H0/y , Hlep ≡ Hlepy . (2.6)

• The self-interaction Hamiltonian J must be included when considering neutrino asym-
metries. We introduce the notation

J =
1

xH

(me

x

)3√
2GFA , where A ≡ (nν − nν̄) =

∫
(%− %̄)Dy . (2.7)

Note that A, referred to as the “(integrated) neutrino asymmetry”, is simply propor-
tional to the lepton number matrix ην ≡ A/nγ = z3π2/[2ζ(3)]A.

Compared to the more general form of the equation (cf. for instance equation (2.20)
in [11]), we neglected two terms. First, an asymmetric term identical to J but for charged
leptons, that is with A → Nlep where Nlep = diag(ne− − ne+ , 0, 0) is the diagonal matrix of
lepton number density asymmetries after µ± annihilations. Due to global charge neutrality
we have (ne− n̄e) = nbaryons, and given that nbaryons/nγ ' 6.1×10−10 after electron/positron
annihilations [19], it is considerably smaller than neutrino number densities, hence completely
negligible. Finally, we also neglected a symmetric term proportional to (anti)neutrino energy
densities, which has the same form as Hlep but with the replacements mW → mZ and
Elep → Eν,ν̄ , and is thus always smaller in magnitude than Hlep.3

2.3 Mixing parameters

We adopt the same parameterization of the PMNS matrix as in reference [11], that is

U = R23(θ23)SR13(θ13)S†R12(θ12) , (2.8)

with the rotation matrices R12(θ12) ≡ Rz(−θ12), R13(θ13) ≡ Ry(θ13), R23(θ23) ≡ Rx(−θ23)
(see appendix C for definitions). The matrix S = diag(1, 1, eiδ) is responsible for potential
CP-violating effects when a non-vanishing Dirac phase δ is considered. In the standard case
and except in the section 6.5 dedicated to the effect of the Dirac phase, we set the δ = 0.

In all cases, and unless otherwise specified, we shall use the most recent values of the
mixing parameters from the Particle Data Group [40], which read for the normal ordering of
masses: (

∆m2
21

10−5 eV2
,

∆m2
31

10−3 eV2
, s2

12, s
2
23, s

2
13

)
NO

= (7.53, 2.53, 0.307, 0.545, 0.0218) . (2.9)

that is we use θ12 = 0.587, θ13 = 0.148 and θ23 = 0.831. When considering inverted mass
ordering, we keep these parameters except for the different preferred values θ23 = 0.824 and
∆m2

31 ' −2.46× 10−3 eV2.

3For initial Fermi-Dirac distributions at the same temperature and without degeneracies, it is purely
proportional to the identity matrix, hence it does not contribute to the dynamics of density matrices. If we
consider instead initial degeneracies, we have ρνα + ρν̄α ∝ ξ2

α, therefore this contribution is typically smaller
than Hlep (for relativistic leptons) by a factor which is of the order of the ξ2

α differences.
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2.4 Neutrino asymmetry matrix A
Long before neutrino decoupling, that is for temperatures much larger than 2 MeV, neutrinos
and antineutrinos are maintained at kinetic and chemical equilibrium, thus generally following

Fermi-Dirac (FD) distributions with a chemical potential g(Tν , µ, p) ≡
[
e(p−µ)/Tν + 1

]−1
.

Introducing the reduced variables zν = Tν/Tcm and ξ = µ/Tcm, we rewrite this FD

distribution g(zν , ξ, y) =
[
e(y−ξ)/zν + 1

]−1
. In most of the temperature range of interest, since

electrons and positrons have not annihilated and all species are coupled, we can consider4

zν = 1. We thus define g(ξ, y) ≡ g(1, ξ, y), and the initial conditions read

%init = diag [g(ξα, y)] , %̄init = diag [g(−ξα, y)] . (2.10)

From equation (A.2a), the asymmetry matrix is initially

Ainit =
1

6
diag

[
ξα +

ξ3
α

π2

]
. (2.11)

For reasons detailed in section 3, we also introduce the evolution equation for A. It is
obtained by combining the QKE (2.3) with the definition (2.7),

dA
dx

= −i

∫
[V, %+ %̄]Dy +

∫ (
K − K̄

)
Dy . (2.12)

In principle there is no need to solve this equation for A because it is a simple consequence
of the definition (2.7) with equations (2.3). However, some approximate resolution schemes
promote A to an independent variable, thus requiring this additional equation to ensure the
overall consistency.

2.5 MSW transitions

Schematically, the lepton mean-field term scales as T 5
cm, whereas the vacuum oscillation

Hamiltonian scales as 1/Tcm (discarding the common 1/xH scaling). Hence there is always a
Mikheev-Smirnov-Wolfenstein (MSW) transition [41, 42] from lepton mean-field domination
to vacuum domination, which can be resonant or not depending on the mixing angles and the
mass ordering. There are two differences with the MSW transition in stars. First, the lepton
mean-field term in stellar environments is

√
2GFne− , but it is cancelled here by the positron

contribution −
√

2GFne+ since the electron/positron asymmetry is negligible. Hence, in the
cosmological case the dominant lepton mean-field contribution is given by (2.4). Second, the
role of the electron density profile crossed by emitted neutrinos in a star is now played by the
thermal evolution of the Universe. In the cosmological context, there are three transitions
which are illustrated in figure 1.

1. Since mµ/me ' 207, the first MSW transition, that we call the muon-driven MSW tran-
sition, occurs when the µ± mean-field effects become of the same order as the vacuum
Hamiltonian associated with the large mass gap ∆m2

31 (or equivalently ∆m2
32), and this

occurs around T
(µ)
MSW ' 12 MeV (see section 5.1.1), when muons are not relativistic.

2. When the e± mean-field effects also become of the same order as the vacuum Hamilto-
nian associated with the large mass gap ∆m2

31, we encounter the first electron-driven

MSW transition around T
(e),1
MSW ' 5 MeV (see section 5.2).

4We only take zν = 1 for the analytical discussion in order to simplify the presentation. In the numerical
resolution, the spectra evolve following the QKEs and e± annihilations increase the neutrino temperatures.
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Figure 1. Orders of magnitude of the different rates involved in the QKE, for y = yeff = 3.15 (this
averaged value will be justified in section 4.2). J is plotted with A given by (2.11) and ξ = 0.01. The
oscillation frequencies, set by the Hamiltonian eigenvalues, are very large compared to the collision
rate and its variation (see reference [11] for this discussion). As the temperature decreases, the
dominant contribution in the Hamiltonian changes from J to V, V itself being dominated first by
Hlep and then by H0. We estimate the magnitude of the collision rate as in figure 1 of [43].

3. Finally, when the same mean-field term becomes of the same order as the vacuum
Hamiltonian associated with the small mass gap ∆m2

21, we reach the second electron-

driven MSW transition around T
(e),2
MSW ' 2.8 MeV (see section 5.2).

The presence of a neutrino asymmetry modifies this picture because self-interaction mean-
field effects (abbreviated as self-interactions when it is clear that we do not refer to collisions
between (anti)neutrinos) scale as T 3

cm and the traceless part of the neutrino asymmetry is
proportional to |ξα − ξβ|. Unless the degeneracy differences are very small, there is always
a period when self-interactions dominate over the lepton mean-field contribution until they
become smaller than the vacuum contribution (see figure 1). At the beginning of this period
of self-interaction mean-field domination we can encounter a Matter Neutrino Resonance
(MNR) [34, 44], when lepton mean-field effects become smaller than self-interaction effects.
However in that early phase all matrix densities and all mean-field contributions (save the
negligible vacuum one), are diagonal in flavour space, therefore no conversion can occur.
Conversely, describing the end of the self-interaction domination, when the vacuum Hamil-
tonian takes over the self-interaction effects, is rather complicated owing to the physics of
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synchronous oscillations which takes place, and which depends on the lepton-driven MSW
transitions. One of the goals of this article is precisely to revisit the physics of these oscilla-
tions and their consequences for the equilibration of asymmetries.

Finally, note that cases where degeneracies are so small that self-interactions are at most
of the order of the vacuum or lepton mean-field contributions around the MSW transition,
lead to rather different physical effects since this condition is largely dependent on the mag-
nitude of neutrino momenta. These low degeneracy regimes have been investigated in [34],
but we will not explore such small values, motivated by the fact that BBN constraints are of
the order of 10−2 on ξe, see equation (1.1).

3 Resolution schemes

The QKEs (2.3) are challenging to solve for various reasons, the main one being the coexis-
tence of multiple time scales: the different terms in the Hamiltonian correspond to different
oscillation frequencies, that need to be compared to the collision rate—the latter being in
addition particularly computationally expensive. The orders of magnitude of the different
terms involved in the QKE (2.3) are shown on figure 1.

ATAO approximation The separation of these time scales allows for the use of effective
resolution schemes. In general, for a given HamiltonianH governing the evolution of a density
matrix %, i.e., if ∂x% = −i[H, %], the eigenvalues ofH give the oscillation frequencies of %. More

precisely, noting UH the unitary matrix which diagonalizes H (that is H = UHDHU
†
H with

DH diagonal), the density matrix in the “H-basis” is U †H%UH. The off-diagonal components
of this matrix have oscillatory phases equal to the differences of the diagonal components of
DH.

If UH evolves slowly enough, the oscillation frequencies are so large that the off-diagonal
components of U †H%UH are averaged out. Therefore, transforming back to the flavour basis,
we define the averaged matrix 〈%〉H by

〈%〉H ≡ UH
(
U †H%UH

):
U †H . (3.1)

The wide overtilde notation means that we keep only the diagonal part—thus neglecting the
fast off-diagonal oscillatory evolution which averages to zero. This procedure requires that
the diagonalizing basis changes slowly relative to the oscillations, which is a standard case of
adiabatic approximation. Since oscillations are averaged throughout the adiabatic evolution
of the Hamiltonian, the adiabatic transfer of averaged oscillations (ATAO) consists in the
approximation

% ' 〈%〉H i.e. % = UH%̃HU
†
H , (3.2)

with %̃H diagonal. When including collisions, we account for their effects on time scales much
larger than the one set by H, which leads to the evolution equations

∂x%̃H = U †H〈K〉HUH = K̃H . (3.3)

Note that the collision term depends on %, which is evaluated with the approximation (3.2).
Such a situation is encountered by neutrinos in the early universe: the results of figure 1

show that the Hamiltonian governing the evolution of % is progressively dominated, as the
temperature decreases, by the self-potential (and the lepton mean-field), then by the vacuum
contribution, and we now detail the associated approximation schemes.
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3.1 ATAO-V
If self-interactions can be ignored (for instance if we consider a case without neutrino asym-
metries), the fast scale is set by the Hamiltonian V and we will call this situation the ATAO-
V approximation, which was used in [11]. As previously explained, we thus approximate5

% ' 〈%〉V and %̄ ' 〈%̄〉V , such that

% = UV %̃V U
†
V , %̄ = UV ˜̄%V U †V , (3.4)

with %̃V and ˜̄%V being diagonal. Therefore, it is convenient to solve for the Nν diagonal
components of these variables instead of the N2

ν variables of the density matrices in flavour
basis (which, in this approximation, are not independent). The evolution equation (3.3) leads
to

∂x%̃V = K̃V [%, %̄] , ∂x˜̄%V = ˜̄KV [%, %̄] . (3.5)

Since the collision term depends on %, %̄, this means that the evolved variables %̃V and ˜̄%V are
transformed to the flavour basis with (3.4), so as to evaluate the collision term whose values
in flavour space are eventually transformed back into the matter basis. We then keep only
their diagonal components through

K̃V ≡
(
U †VKUV

):
, ˜̄KV ≡ (U †VK̄UV): . (3.6)

Actually, V depends on both x and y, and so does UV . Hence this averaging scheme
is momentum-dependent, which is a central feature to understand the evolution of density
matrices. When lepton mean-field effects can be ignored, then the y dependence is the same
for all momenta (a 1/y prefactor in V ' H0) and the unitary matrices UV do not depend on
y anymore since they all reduce to the PMNS matrix.

3.2 ATAO-(J ± V)

When neutrino asymmetries cannot be ignored, we see on figure 1 that there is a range of
temperatures for which J must necessarily be included in the Hamiltonian. As can be seen
in the QKEs (2.3), the Hamiltonian for % is then J + V while it is J − V for %̄. Therefore,
the ATAO-(J ± V) approximation reads % ' 〈%〉J+V and %̄ ' 〈%̄〉J−V , such that

% = UJ+V %̃J+V U
†
J+V , %̄ = UJ−V ˜̄%J−V U †J−V , (3.7)

where %̃J+V and ˜̄%J−V are diagonal. We solve the evolution of %, %̄ on timescales much larger
than the one set by J ± V, on which oscillations are averaged, hence the evolution equation
is given by (3.3)

∂x%̃J+V = K̃J+V [%, %̄] , ∂x˜̄%J−V = ˜̄KJ−V [%, %̄] . (3.8)

The method is similar to the ATAO-V case, but we need to handle the fact that the Hamil-
tonian itself depends on %. Notably, we average the evolution of % on timescales longer than
the one set by J ± V, but shorter than the one set by V to ensure adiabaticity—since it is
also the timescale of variation of J according to (2.12). Therefore the evolution of J can no
longer be deduced from the one of % and %̄: we promote J (actually, A) to be an independent
variable with its own evolution equation (2.12), a valid procedure since this equation arises
from the fundamental (i.e. non averaged) %, %̄. We stress that the evolution of A depends
on the full collision terms in flavour space, and not just on the diagonal components in the
matter basis K̃J±V , as is the case for %̃J+V and ˜̄%J−V .

5Concerning %̄, it is equivalent to average it around ±V, hence our choice to use V for both % and %̄.
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High temperatures: ATAO-J It is clear from figure 1 that at large temperatures, J
largely dominates V ' Hlep (except for very small ξ that lie outside the range of values we
span here). That is why one could consider an even simpler ATAO-J approximation, where
J ± V is replaced by J . In that case, the changes of basis for % and %̄ are achieved with
the same matrix UJ . In section 4.2, we show that this “leading order” Hamiltonian leads to
theoretical estimates of synchronous oscillations frequencies in agreement with the existing
literature, while using the full ATAO-(J ±V) allows to get an important correction which is
responsible for quasi-synchronous oscillations. The weight of V in the ATAO-(J ±V) scheme
becomes more important when the temperature decreases (i.e., x increases), since J ∝ x−2

and H0 ∝ x2.

3.3 QKE

The QKE method is not an approximation scheme, but consists instead in solving exactly
the neutrino and antineutrino evolutions, that is equations (2.3). However these equations
are very stiff at early times given that all terms except the vacuum one increase for large
temperatures. Therefore, integration times are typically much longer, in addition to the fact
that we need to keep track of the N2

ν entries of each density matrix in flavour basis, contrary
to the Nν diagonal ones in the matter basis when using an ATAO framework.

3.4 Numerical methods

The general method used to solve for the time evolution of density matrices is described in
section 4.1 of [11]. The neutrino spectra are sampled on a grid and we have several possible
choices for the spacing of the reduced momenta y in this grid. We found that in the context
of asymmetry equilibration, a linear spacing is much more adequate than the Gauss-Laguerre
quadrature. All numerical results presented in this article are performed with an extension of
the code NEVO, using a linear grid with N = 40 points, the minimum and maximum momenta
being chosen as described in [11]. We start the numerical resolutions at Tcm = 20 MeV,
the final temperature depending on the particular configuration investigated. For initial
conditions, we set zinit using that photons, e± and neutrinos are fully thermalized with a
common temperature, as detailed in appendix B. In the case of vanishing degeneracies, this
determines zinit − 1 ' 7.42× 10−6. The subsequent evolution of z is determined with (B.1).

In the general QKE method, the only difference in the code is the contribution of
commutators of the type [A, %] and [A, %̄] in (2.3). However, when using the ATAO-(J ±
V) method, one needs to add N2

ν variables corresponding to the degrees of freedom of A
whose evolution is determined by (2.12).

When equations are stiff, we must rely on implicit methods that require the computation
of the Jacobian of the system of differential equations. The default method consists in using a
finite difference estimation. The complexity of the calculation of the collision term is O(N3)
since for each momentum one must compute on a two-dimensional integral [3]. Hence with
finite differences the complexity for the Jacobian is O(N4). However we can provide its
explicit form to the solver and it reduces its evaluation to O(N3). This method was used in
[11] in both the QKE and the ATAO-V schemes.

This powerful numerical technique can be extended to the ATAO-(J ± V) scheme, and
the essential steps are described in appendix E. Since we only add N2

ν variables, the com-
plexity remains O(N3). All in all, we found that the code was at least ten times faster with
the ATAO-(J ± V) scheme, and even more at low temperatures where the fast oscillations
(see next section) slow even more the QKE algorithm.
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4 Synchronous oscillations with two neutrinos

The presence (and domination) of the self-interaction mean-field in the QKEs radically
changes the phenomenology of neutrino evolution. This non-linear term notably leads to
oscillations of all momentum-modes at a common frequency, a phenomenon named syn-
chronous oscillations, studied both numerically [25, 26, 33] and analytically [27, 28]. In this
section, we extend this theoretical work in the framework of the ATAO approximations we
developed: this allows to explicitly calculate the next-to-leading order contribution to the os-
cillation frequency that was not considered in previous works, and that we check numerically
in the next section.

We restrict to a two-flavour case, which allows to easily perform the following calcula-
tions thanks to the vector representation of 2 × 2 Hermitian matrices. We do not specify
yet the values of the mixing parameters, as they will be set for different physical setups in
section 5.

Let us thus consider in this section the vacuum Hamiltonian of the form

H0 =
1

xH

(
x

me

)
U

(
0 0
0 ∆m2/2y

)
U † with U =

(
cos θ sin θ
− sin θ cos θ

)
, (4.1)

along with the lepton mean-field contribution of the type

Hlep = − 1

xH

(me

x

)5 2
√

2GF y

m2
W

(
ρl± + Pl± 0

0 0

)
. (4.2)

In order to maintain a similar expansion history as in the case of three neutrinos, we add
one fully decoupled thermalised neutrino flavour to the energy content of the Universe when
studying the case of only two neutrino oscillations.

4.1 Transformation to vectors

It is customary to rephrase the density matrix evolution as an evolution for vectors using the
relation between a Hermitian 2× 2 matrix P , and a vector of R3 ~P

P =
1

2
P 0I +

1

2
~P · ~σ (4.3)

where ~σ = (σx, σy, σz) is the “vector” of Pauli matrices. Commutators of matrices are then
handled using [σi, σj ] = 2iεijkσk as we obtain

− i[P,Q] =
1

2

(
~P ∧ ~Q

)
· ~σ . (4.4)

The evolution of the neutrino and antineutrino density matrices in vector notations6 are
immediately obtained to be

∂x~% =
(
~V + ~J

)
∧ ~%+ ~K , ∂x~̄% =

(
−~V + ~J

)
∧ ~̄%+ ~̄K , (4.5)

which we must supplement by

∂x%
0 = K0 , ∂x%̄

0 = K̄0 , (4.6)

6For consistency, we write the “vector part” of the two-neutrino density matrix ~%, while it is common in
the literature to call this the polarization vector ~P [26, 34, 36].
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to account for the evolution of the trace part of density matrices.

In the QKE (4.5), the vector form of the Hamiltonian ~V = ~H0 + ~Hlep is the sum of the
vacuum contribution obtained from (4.1)

~H0 =
1

xH

(
x

me

)
∆m2

2y

 sin(2θ)
0

− cos(2θ)

 , (4.7)

and the lepton mean-field one, derived from (4.2),

~Hlep = − 1

xH

(me

x

)5 2
√

2GF y

m2
W

 0
0

ρl± + Pl±

 . (4.8)

Finally, the asymmetry vector evolves as

d ~A
dx

=

∫ (
~V ∧ [~%+ ~̄%]

)
Dy +

∫ (
~K − ~̄K

)
Dy . (4.9)

This vector formalism allows for a more visual representation of the ATAO schemes.
Averaging % with respect to an Hamiltonian H corresponds to projecting ~% onto ~H. To see
this, we first note that the restriction to the diagonal part of an Hermitian two-by-two matrix
corresponds to a projection along ~ez in vector notation. Hence when applying the averaging
definition (3.1), the first step is the rotation which aligns ~H with ~ez, then the diagonal part
restriction selects only the z-component of this rotation ~%H, and finally it is rotated back into
the initial frame. As a result one has, in the case of two neutrinos,

−→〈%〉H = (~% · Ĥ)Ĥ (4.10)

where Ĥ is the unit vector in the direction of ~H. Since the equations of motion (4.5) corre-
spond to instantaneous precessions set by ~H (up to the collision term), the averaging proce-
dure corresponds to projecting along that precession vector, i.e. removing the fast rotating
part that is orthogonal to it.

4.2 Frequency of synchronous oscillations

In some setups where the non-linear self-interaction term in the QKEs dominates, such as
dense neutrino gases or the early universe (for not too small asymmetries), it has been
shown in references [25, 26, 45–48] that neutrinos develop so-called momentum-independent
synchronous oscillations, with all y−modes being “locked” on the asymmetry vector ~A.
This is shown on figure 2, where the physical parameters are the same as in the upcoming
section 5.1.

To understand this phenomenon and make quantitative predictions regarding the be-
haviour of the system of neutrinos and antineutrinos in different setups, we will first ignore
the effect of collisions. The initial density matrices are given by equations (2.10). Hence the
initial vector components are %z(y) = g(ξ1, y) − g(ξ2, y) and %̄z(y) = g(−ξ1, y) − g(−ξ2, y),
and %x,y(y) = %̄x,y(y) = 0. Since we neglect collisions in this section, it is clear from (4.5)
that the norms of ~% and ~̄% are conserved. The adiabatic evolution of these vectors thus
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Figure 2. Synchronous oscillations in a two-neutrino νµ − ντ case with ∆m2 = 2.45 × 10−3 eV2,
θ = 0.831, without collisions. In blue %z = %µµ − %ττ and in orange %̄z.

consists in a rotation so as to follow the direction of their Hamiltonian. Therefore, in the
ATAO-(J ± V) approximation, we can write the density matrix vectors

~% = |g(ξ1, y)− g(ξ2, y)| Ĵ + V ,
~̄% = − |g(−ξ1, y)− g(−ξ2, y)| Ĵ − V ,

(4.11)

where Ĵ + V is the unit vector in the direction of ~J + ~V. One must remember that at the
initial temperatures we consider (Tcm ∼ 20 MeV), the Hamiltonian is largely dominated by
J . The ATAO-J approximation then corresponds to discarding V in the above expressions,
and this will give the leading order behaviour of the asymmetry.

Leading order Let us then focus on this high temperature region first, when the misalign-
ment between ~% and ~̄% is negligible, i.e.,

~% = |g(ξ1, y)− g(ξ2, y)| Ĵ , ~̄% = − |g(−ξ1, y)− g(−ξ2, y)| Ĵ . (4.12)

Hence, the asymmetry vector is obtained from (2.7) and (A.2) and reads

~A =
1

6
|ξ1 − ξ2|

(
1 +

ξ2
1 + ξ2

2 + ξ1ξ2

π2

)
Â , (4.13)

with the unit vector definition Â = Ĵ , which is equal initially to sgn(ξ1 − ξ2)~ez. We can use
the expressions of ~%, ~̄% to explicitly compute the y−integral appearing in (4.9). It is then
particularly convenient to use the quantities (2.6) which isolate the momentum dependence
of the Hamiltonian. Therefore, using the integrals given in (A.2), we can rewrite (4.9) as

d ~A
dx

= F (ξ1, ξ2)~Veff ∧ ~A where ~Veff ≡
(
~H0 + y2

eff
~Hlep

)
, (4.14)

where we defined the slowness factor

F (ξ1, ξ2) ≡ 3

2

ξ1 + ξ2

π2 + ξ2
1 + ξ2

2 + ξ1ξ2
, (4.15)
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in agreement with [27, 28]. The typical “average” momentum is

yeff ≡ π
√

1 +
ξ2

1 + ξ2
2

2π2
' π , (4.16)

in agreement with equation (33) in [28] or equation (2.19) in [27] (derived in the particular
case ξ1 = 0).

This standard result allows to recover the key features of synchronous oscillations. The
evolution of all y−modes is locked on the evolution of ~A, which precesses around the effective
Hamiltonian computed for y = yeff . However, the oscillation frequency is greatly reduced
compared to standard oscillations set by the Hamiltonian V(yeff), since for small degeneracies
F ∝ (ξ1 + ξ2)� 1.

Initially, all unit vectors are aligned Â ‖ V̂ ' Ĥlep ‖ ~ez. Then, as the temperature
decreases, J dominates less compared to V and the vectors ~% and ~̄% become aligned with
different directions (namely, Ĵ + V and Ĵ − V), leading to (4.11).

Next-to-leading order Let us therefore now account for the effect of V, in that % and %̄
do not get projected on the exact same directions. We will assume that |~V| � | ~J |, such that
we can perform an expansion of the unit vector

Ĵ + V ' Ĵ +
~V
| ~J |
−
(
~V · ~J
| ~J |2

)
Ĵ + · · · (4.17)

For Ĵ − V the expression is identical up to ~V → −~V. This expansion gives, in the ATAO-
(J ± V) approximation, the next-to-leading order (NLO) terms that were not explicited
in previous works (cf., for instance, equation (25) in [28]). Including this expansion in
equation (4.9), we can once again recast the evolution of the asymmetry as a precession
equation

d ~A
dx

= ~Ω ∧ ~A , (4.18)

where the oscillation frequency (in x variable) reads, retaining only the vacuum contribution
V = H0 for simplicity,7

~Ω = F (ξ1, ξ2)~H0

[
1− 12√

2GF

(
x

me

)3 xH ~H0 · Â
|ξ1 − ξ2|(ξ1 + ξ2)

]
. (4.19)

The second term between brackets is the NLO term, which accounts for the difference be-
tween purely synchronous and quasi-synchronous oscillations, given that its origin is rooted
in the orientation differences between ~% and ~̄%. Note that we also took the lowest order contri-
bution | ~A| ' |ξ1 − ξ2| /6, valid for small degeneracy parameters (we can use the leading order
expression (4.13) since the evolution of ~A is a precession, hence its norm is unchanged). To
estimate the precession frequency, we consider as before that initially Â = sgn(ξ1− ξ2)~ez and
assume the transition between Hlep and H0 to be abrupt enough such that we can estimate,

using (4.1), xH ~H0 · Â = −sgn(ξ1 − ξ2)(x/me)(∆m
2/2) cos(2θ). Therefore we get

|~Ω| =
∣∣F (ξ1, ξ2)∆m2

∣∣
2meH

×
∣∣∣∣∣1 +

(
x

xtr

)4 sgn(∆m2 cos(2θ))

ξ2
1 − ξ2

2

∣∣∣∣∣ , (4.20)

7This is not an oversimplification. Indeed, as long as Hlep dominates over H0, all vectors are aligned along
~ez and no precession takes place.
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where we defined

xtr ≡ me

( √
2GF

6|∆m2 cos(2θ)|

)1/4

' 3.7

(
10−3 eV2

|∆m2 cos(2θ)|

)1/4

. (4.21)

Given the scaling H ∝ x−2 recalled in (2.5), the frequency of synchronous oscillations keeps
increasing as the Universe expands, first as Ω ∝ x2 (leading order) and then as Ω ∝ x6 (NLO
domination).

This second behaviour is a novel result of this paper. Although one might expect that
the effect of V would be completely subdominant compared to J , the particular form of the
equation of motion changes this picture. Keeping the dominant term in the expansion (4.17)
(i.e., Ĵ ) leads in the evolution equation (4.9) to an integral symmetric under ξ1 → −ξ1 and
similarly for ξ2. Therefore, the associated contribution is proportional to ξ2

1 − ξ2
2 , which

after dividing by the norm of ~A accounts for the precession frequency ∝ ξ1 + ξ2 obtained
in (4.15). However, the first order correction in (4.17) is odd with respect to ~V, hence an
antisymmetric integral with respect to ξ1,2 → −ξ1,2. The corresponding result is ∝ ξ1 − ξ2,
which is enhanced compared to the leading order term.

The transition from leading to next-to-leading order is then found to be around

xNLO ≡ xtr|ξ2
1 − ξ2

2 |1/4 . (4.22)

Note that depending on the sign of ∆m2 cos(2θ)/(ξ2
1−ξ2

2) the frequency can go through zero,
which means that ~A can precess in one direction, slow down, and then precess in the opposite
direction with a frequency increasing as ∝ x6.

Summary: evolution of ~A Initially, at high temperatures (typically Tcm ∼ 20 MeV), the
lepton term dominates over the vacuum one and ~A ∝ ~Hlep ‖ ~ez. All vectors are aligned, and
this situation does not change until the MSW transition between Hlep-domination to H0-

domination. If this transition is slow enough compared to the precession frequency, then ~A
keeps following ~Veff and ends up aligned with ~H0. This corresponds to an adiabatic evolution
of the asymmetry vector itself. Conversely, if the transition is too abrupt (that is much
shorter than the precession timescale), ~A gets brutally misaligned with ~H0 and oscillations
develop. Let us stress that the evolution of % and %̄ is in general adiabatic, but it is the
evolution of the vector that they track, namely ~J , which can be non-adiabatic depending on
the value of the slowness factor (4.15).

One of the key parameters to estimate the (non-)adiabaticity of this transition is there-
fore the precession frequency for ~A at the time of the MSW transition. Given the values in
figure 1, we see that we can estimate this frequency deep into the ATAO-J regime, that is
using (4.14). After muons and antimuons have annihilated (their remaining asymmetry is
completely negligible here), and before electrons and positrons did so, that is in the range
200 MeV ≥ Tcm ≥ 0.5 MeV, the Hubble parameter (2.5) reads

H ' me

MPl
× me

x2

√
π2

45
×
[
1 + (Nν + 2)

7

8

]
' me

x2
× 2.278 · 10−22 , (4.23)

where in the last step we have taken Nν = 3. When entering the correct numbers and
approximating the slowness factor by its lowest order in the ξα, that is F (ξ1, ξ2) ' 3(ξ1 +
ξ2)/(2π2), we estimate the precession frequency to be

Ω(x) ' 1.28× 106 x2 |ξ1 + ξ2|
∆m2

10−3 eV2 . (4.24)
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If oscillations do develop, initially at the frequency (4.24), the increasing influence of V
compared to J leads to a new behaviour: beyond xNLO given by (4.22), the frequency
increases faster and Ω ∝ x6. These features are illustrated in section 5.

Particular cases While the previous calculation seemed fairly general, there are two spe-
cific cases that deserve to be discussed.

• Equal asymmetries — if ξ1 = ξ2 the asymmetry vector ~A is strictly zero and the
previous formalism is inadequate (namely, (4.14) cannot be obtained anymore since
initially ~% = ~̄% = ~0).

• Equal but opposite asymmetries — if ξ1 = −ξ2, the leading order term in (4.19) vanishes
(since F (ξ1, ξ2) ∝ ξ1 +ξ2), but not the next-to-leading order contribution, a special case
investigated at the end of section 5.1.

5 Relevant two-neutrino cases for the primordial Universe

The previous results derived with only two neutrinos can shed some light on the physics at
play in the standard case with three neutrinos and a general PMNS matrix. After the muon-
driven MSW transition and before the electron-driven one, the oscillations only take place in
the νµ − ντ subspace since the unitary matrix Ueff that diagonalizes V is approximately

Ueff = R23(θeff
23 ) =

1 0 0
0 cos θeff

23 sin θeff
23

0 − sin θeff
23 cos θeff

23

 , (5.1)

this form being rigorously valid in the limit mµ/me → ∞. Expanding in the ratio ε =
∆m2

21/∆m
2
32, we find

tan(2θeff
23 ) = tan(2θ23)− ε sin(θ13) sin(2θ12)

cos2(θ13) cos2(2θ23)
+O(ε2) . (5.2)

Given the values (2.9) we find θeff
23 ' θ23 with a difference of order 0.25 %. Hence, we

investigate the case ∆m2 = ∆m2
32 and θ = θ23 in section 5.1 to study the evolution of

density matrices after the muon-driven transition.

Unfortunately, the system is not so easily reduced to a two-neutrino system when it
comes to the description of the subsequent electron-driven MSW transitions. For simplicity,
we choose to consider a fictitious configuration where θ13 = θ23 = 0 such that oscillations take
only place in the νe−νµ subspace, with the electrons/positrons being the relevant contribution
to the lepton mean-field effects (4.2). This configuration is detailed in section 5.2. For
numerical applications we consider ∆m2 = ∆m2

21 and θ = θ12. Although it is an ideal setup,
it will provide important insight for the full three-neutrino case in section 6.

5.1 Muon-driven MSW transition

Let us consider a muon-driven MSW transition with θ = θ23 ' 0.831 and ∆m2 = ∆m2
32 '

2.453× 10−3 eV2 for numerics [40]. We restrict to normal ordering for simplicity, and do not
include collisions yet. This means that electrons and positrons are absent from this descrip-
tion, except for their contribution to the energy density and thus the Hubble parameter (2.5).
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5.1.1 Description of the transition

As outlined before, synchronous oscillations of the neutrino ensemble can develop when the
MSW transition occurs, provided this transition is abrupt enough for ~A to get suddenly
misaligned with ~Veff and precess around it. Let us first estimate the location of this transition.
The energy density of muons/antimuons drops very rapidly once they become non-relativistic.
In this limit, we get

ρµ± + Pµ± = 4σ5/2
( x

2π

)3/2
e−σx × m4

e

x3
(5.3)

with σ = mµ/me ' 206.77. Approximating yeff ' π, we find that the vacuum term is equal in
magnitude to the lepton term—which is our definition of the transition (see appendix D)—,
for xMSW ' 0.043, that is for Tcm ' 12 MeV. Given the exponential drop exp(−σx) of muons
energy density, one can note that xMSW is very mildly sensitive to the value of ∆m2.

The adiabaticity parameter given by (D.4) is then

γMSW ' 100× |ξ1 + ξ2| . (5.4)

For ξ1 + ξ2 of a few percent or smaller, we find γMSW < 1 and the transition is abrupt, that
is the evolution of ~A during the transition is very non-adiabatic. Hence we expect that as
the direction of the effective Hamiltonian moves away from the vertical axis, ~A will develop
oscillations at the frequency Ω. For much larger ξ1 + ξ2 such that γMSW > 1, and considering
the Landau-Zener estimation for the degree of adiabaticity (D.7), ~A should tend to follow
adiabatically the transition to the vacuum Hamiltonian.

The evolution of asymmetry is illustrated in figure 3. It is clear that the evolution with
self-interactions is completely different from the evolution where this has been ignored and
which corresponds to the ATAO-V line: no synchronous oscillations take place in this scheme.
These oscillations, in agreement with our adiabaticity estimate, do develop significantly for
initial degeneracies smaller than one percent. On the contrary, for ξ1+ξ2 = 0.1, the transition
is quasi-adiabatic and ~A follows the direction set by ~Veff with oscillations of much smaller
amplitude compared to the smaller ξ cases (right plots). Furthermore, it appears that at small
degeneracies, the ATAO-J results differ from the more accurate ATAO-(J ± V) scheme, the
latter matching perfectly the QKE method. The difference between ATAO-J and ATAO-
(J ±V) can be understood by considering the NLO contribution to the precession frequency:
this extra contribution explains the “wrong” frequency in the ATAO-J case (see for instance
the bottom right plot on figure 3), or even the wrong qualitative behaviour of the asymmetry
(top right plot).

Synchronous oscillation frequency To estimate the frequency from our runs we com-
pute (∂x ~A ∧ ~A)/| ~A|2 which gives, given the precession equation (4.18), the projection of
the rotation vector ~Ω orthogonally to ~A. If the MSW transition is abrupt, the precession
takes place around ~H0 with an angle 2θ, hence the former quantity should be equal to
|sin(2θ)~Ω|. Both frequencies are shown on figure 4. We clearly see the transition from the
regime Ω ∝ x2 to Ω ∝ x6, that is the transition to the NLO regime, and in particular how
the ATAO-(J ± V) scheme fits the QKE results, while (as expected by construction) the
ATAO-J scheme completely misses this change of regime. In the region xMSW < x� xNLO,
J largely dominates over V and all three schemes coincide.

Also, since θ = 0.831 > π/4, cos(2θ) < 0 and according to (4.20) the frequency can go
through zero for normal ordering (∆m2 > 0) with |ξ1| > |ξ2| or inverted ordering (∆m2 < 0)
with |ξ2| > |ξ1|. That is the case in the top right plot of figure 3 (ξ1 = 0.001, ξ2 = 0 and
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Figure 3. Evolution of the flavour asymmetries for a two-neutrino νµ (green) - ντ (red) system
without collisions, with ∆m2 = 2.45 × 10−3 eV2 and θ = 0.831. We compare different numerical
schemes: in solid line QKE, in dots ATAO-(J ± V) (hidden behind QKE), in dot-dashes ATAO-
J , and in dashes ATAO-V . The initial degeneracy parameters are on the first line ξ2 = 0 and
ξ1 = 0.1, 0.01, 0.001 from left to right ; on the second line ξ1 = 0 and ξ2 = 0.1, 0.01, 0.001.

normal ordering): we observe a back and forth motion of A for8 TNLO ' 2.8 MeV, which
corresponds to Ω = 0 as visible on figure 4, left plot. This transition between two frequency
regimes with a change of rotation direction is a feature also seen in figures 9 and 10 of [34].

If we consider smaller degeneracies, such that

|ξ2
1 − ξ2

2 | <
x4

MSW

x4
tr

' 1.8× 10−8

( |∆m2 cos(2θ)|
10−3 eV2

)
(5.5)

then the NLO contribution to the precession frequency will dominate already when the MSW
transition occurs. The adiabaticity parameter γMSW must be rescaled by multiplying it by

8The value predicted using (4.22) is slightly different from the one obtained numerically, because (4.22)
assumes zero adiabaticity, such that the angle between ~A and ~H0 is exactly 2θ, whereas in reality ~A partially
follows the direction of ~Ω during the MSW transition (see the bottom right plot on figure 9 for a similar
behaviour in an electron-driven transition).
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Figure 4. Frequency of synchronous oscillations in the case ξ1 = 0.001, ξ2 = 0 (left) and the case
ξ1 = 0, ξ2 = 0.001 (right). We consider a νµ− ντ system with ∆m2 = 2.45× 10−3 eV2 and θ = 0.831.
The vertical red line is the location of the MSW transition. The dashed black line is |Ω sin(2θ)|, that

is the analytic approximation. The coloured lines correspond to |(∂x ~A∧ ~A)|/| ~A|2, in the QKE method
(blue), the ATAO-J scheme in orange and the ATAO-(J ± V) in green (hidden behind QKE).

the factor in square brackets in equation (4.19), and we get approximately

γMSW =
4.1× 10−7

|ξ1 − ξ2|
, (5.6)

assuming the NLO contribution does dominate in (4.19), which amounts to multiplying (5.4)
by (xMSW/xtr)

4/
∣∣ξ2

1 − ξ2
2

∣∣. Therefore, if we satisfy the condition |ξ1 − ξ2| � 4.1× 10−7, the
transition is still abrupt and oscillations do develop. For even smaller degeneracies, there is
no clear region where | ~J | � |~V|, and the subsequent phenomenology can only be captured
by a full QKE resolution as in [34].

Beginning of oscillations Provided the MSW transition is non-adiabatic, oscillations of
~A appear, driving each individual mode. However, one can see on figure 3 that depending
on the value of (ξ1, ξ2), the apparent “start” of these oscillations looks shifted while xMSW is
the same. We can estimate how oscillations develop, which provides an additional check of
our analytical developments.

The asymmetry evolves with a frequency Ω(x), therefore the phase of the oscillations is
at any time given by

dΦ

dx
= Ω(x)x hence Φ(x) =

1

3
Ω(x)x , (5.7)

where we used the fact that Ω ∝ x2, keeping only the leading order contribution (4.24). Half
a period of oscillation is reached when Φ(xπ) = π, which happens for

xπ =

(
1

1.28× 106
× 10−3 eV2

|∆m2| ×
1

|ξ1 + ξ2|
× 3π

)1/3

' 0.067 , (5.8)

for ξ1 = 0.01 and ξ2 = 0, which agrees with figure 3, top middle plot.
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5.1.2 Particular cases

In this subsection, we use the νµ− ντ framework to discuss the particular cases of equal and
equal but opposite asymmetries, for which the calculations of section 4.2 are no longer valid.

If ξ1 = ξ2, the vector parts of %(y), %̄(y) and A are all equal to zero, and will therefore
remain so. The self-interaction term cancels in the QKE and the ATAO-V scheme describes
accurately the neutrino evolution.

The case ξ1 = −ξ2 would correspond to a vanishing total lepton number density, while
each flavour could display large asymmetries. This would result in a possibly significant
contribution to the total energy density, hence the interest for this particular case. It was
shown in [25, 26] that in this scenario synchronous oscillations are hampered as long as J
dominates. This is in perfect agreement with our theoretical analysis: at leading order,
as F (ξ,−ξ) = 0 the first term in (4.19) vanishes. However, our calculation of the NLO
contribution shows that oscillations can still take place, but directly with a frequency ∝ x6.
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Figure 5. Equal but opposite asymmetries ξ1 = −ξ2 = ξ = 0.001. We clearly see that, if we dis-
carded the next-to-leading order contribution in (4.11) (ATAO-J curve, in dashed-dots), oscillations
would be switched off. However, the lowest order term in the frequency expression is now ∝ x6 and
gives rise to synchronous oscillations beyond x ' 0.2, see equation (5.9).

To check this prediction, we plot the evolution of asymmetries for ξ1 = −ξ2 = ξ =
0.001 on figure 5. In the ATAO-J scheme (which ignores the NLO contribution), oscillations
never appear, contrary to the actual QKE evolution, correctly captured by the ATAO-(J ±
V) scheme. The onset of synchronous oscillations is delayed compared for instance to the
right plots of figure 3, and we can estimate the location of this starting point exactly as in
the previous section, the only difference being that we use the NLO part of (4.20) Ω ∝ x6.
We find that the location of the first half-oscillation

xπ =

(
8π2

3
× 2.278× 10−22 × m2

e

|∆m2| × x
4
tr × ξ × 7π

)1/7

' 0.20 , (5.9)

for ξ = 0.001, in excellent agreement with figure 5.
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5.2 Electron-driven MSW transition

We now consider an electron/positron driven transition in the (fictitious) νe − νµ subspace,
with the mixing angle θ = θ12 ' 0.587 and the small mass gap ∆m2 = ∆m2

21 ' 7.53 ×
10−5 eV2 for numerics. The difference with the previous case comes from the fact that the
MSW transition now takes place when electrons are still relativistic. Moreover, we show in
the following section how the collision term is very different from the one in the νµ − ντ
subspace.

The relativistic limit is sufficient to estimate the location of the MSW transition, there-
fore we use (we take the comoving plasma temperature z = 1 for simplicity, which is justified
since e± annihilations are just beginning at this stage):

ρe± + Pe± =
7π2

45
(me/x)4 , (5.10)

to deduce that the transition takes place for

xMSW =

(
m6
eGF

m2
W |∆m2|

28
√

2π2y2
eff

45

)1/6

= 0.118

(
10−3 eV2

|∆m2|

)1/6

. (5.11)

For the numerical values chosen, we find xMSW ' 0.18, that is Tcm ' 2.8 MeV9. We estimate
the adiabaticity of this transition with (D.4), and find

γMSW ' 485× |ξ1 + ξ2| . (5.12)

The larger prefactor compared to the estimate (5.4) in the muon-driven case makes the
transition adiabatic up to smaller degeneracies. This is in agreement with the results of
figure 6: for instance, the transition is much more adiabatic (small amplitude of synchronous
oscillations) for ξ1 + ξ2 = 0.01 compared to figure 3.

The frequency regimes outlined in section 4.2 are once again observed on figure 7, where
we plot the quantities |Ω sin(2θ)| and |(∂x ~A∧ ~A)|/| ~A|2. We see the transition from Ω ∝ x2 to
Ω ∝ x6 and the possible cancellation of the frequency at this transition. Contrary to the case
studied in section 5.1, it happens now in normal ordering for |ξ2| > |ξ1| because cos(2θ) > 0.

5.3 Effect of collisions

In the previous sections, we systematically discarded the collision term in the QKEs in order
to focus on the synchronous oscillation phenomenon and how approximate numerical schemes
(namely, the ATAO-(J ± V) procedure) accurately capture the physics at play.

Taking into account the scattering and annihilation processes is nevertheless crucial for
a precision calculation, not only since these processes will determine neutrino decoupling and
partial reheating [3–8, 11, 12, 14, 49], but also because they can reduce flavour asymmetry
differences. This second effect was notably shown in references [26, 34], but these works used
approximate expressions for the collision term (so-called damping approximation). We aim
at showing the effect of the exact collision term, whose expression was derived for instance
in [11, 36, 38].

9Note also that the first electron-driven transition associated with the large mass gap should be around
Tcm = 5 MeV by application of this estimate with ∆m2 = ∆m2

31.
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Figure 6. Evolution of the flavour asymmetries for a two-neutrino νe (blue) - νµ (green) system
without collisions, with ∆m2 = 7.53 × 10−5 eV2 and θ = 0.587. We compare different numerical
schemes: in solid line QKE, in dots ATAO-(J ± V) (hidden behind QKE), in dot-dashes ATAO-
J , and in dashes ATAO-V . The initial degeneracy parameters are on the first line ξ2 = 0 and
ξ1 = 0.1, 0.01, 0.001 from left to right ; on the second line ξ1 = 0 and ξ2 = 0.1, 0.01, 0.001.

For the following discussion, we only recall that the collision term K[%, %̄] is an inte-
gral whose matrix structure is determined by the statistical factors associated to two-body
reactions (1) + (2)→ (3) + (4). They read typically (we write %i = %(yi) for particle i):

[%4(1− %2) + Tr (%4(1− %2))] %3(1− %1)− {loss}+ h.c. , (5.13)

for neutrino self-interactions (this term corresponds to the process ν(1) + ν(2) → ν(3) + ν(4))
and

f
(e)
4 (1− f (e)

2 )GL/R%3G
L/R(1− %1)− {loss}+ h.c. , (5.14)

for reactions with electrons and positrons (this particular terms stands for a scattering
ν(1) + e(2) → ν(3) + e(4)). In the above expressions, the loss part corresponds to the ex-
change {%i ↔ (1− %i)} for all distributions, and h.c. stands for “hermitian conjugate”. The
coupling matrices GL and GR are diagonal in flavour space, and read in the full three-neutrino
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Figure 7. Same plot as 4 for the νe − νµ system with mixing parameters θ = 0.587 and ∆m2 =
7.53× 10−5 eV2.

framework

GL =

gL + 1 0 0
0 gL 0
0 0 gL

 , GR =

gR 0 0
0 gR 0
0 0 gR

 , (5.15)

with gL = −1
2 + sin2 θW , gR = sin2 θW where θW is Weinberg’s angle. In the ee entry of GL,

the extra factor of 1 accounts for the charged currents between e± and νe. Since we do not
consider collisions with other charged leptons (due to their negligible density in the range
of temperatures of interest), this is the only additional factor in GL. Therefore the collision
terms satisfy the general property

K[Us%U
†
s , Us%̄U

†
s ] = UsK[%, %̄]U †s , K̄[Us%U

†
s , Us%̄U

†
s ] = UsK̄[%, %̄]U †s (5.16)

for constant unitary matrices of the type

Us =

(
1 0
0 U

)
, U ∈ U(2) . (5.17)

In general, the collision term K[%, %̄], being made of statistical factors like (5.13) and
(5.14), tends to make the density matrices in flavour basis diagonal, with entries being Fermi-
Dirac distributions—or % and %̄ must be obtained from conjugation of such matrices with
a unitary matrix of the type (5.17). The degeneracies are not constrained by processes like
να + νβ → να + νβ or να + ν̄α → νβ + ν̄β. The only constraint is due to the processes
να+ ν̄α → e−+ e+, which impose ξα = −ξ̄α at equilibrium. Therefore, if collisions are strong
enough, the density matrices are pushed towards

% ∼ diag[g(ξα, y)] , %̄ ∼ diag[g(−ξα, y)] , (5.18)

where ∼ stands for the possible conjugation by a matrix of the form (5.17).

Muon-driven transition In the framework of section 5.1, we considered a two-neutrino
case with only νµ and ντ . When focusing on the νµ − ντ subspace of (5.15), the GL and GR

matrices are proportional to the identity matrix.
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Initially, the collision term vanishes since % and %̄ are in the form (5.18). What may
come as a surprise is the fact that it keeps vanishing even though % and %̄ evolve. Indeed,
at high temperature the ATAO-J scheme is valid and both % and %̄ are diagonalized by the
same matrix UJ , that is furthermore identical for all momenta y. This means that we have10

% = UJ %̃U
†
J (and similarly for %̄), so from the restriction of the general property (5.16) we

deduce the relations

K[%, %̄] = UJK
[
%̃, ˜̄%]U †J , K̄(%, %̄) = UJ K̄

[
%̃, ˜̄%]U †J . (5.19)

Thanks to this peculiar “factorization”, the collision term keeps vanishing as long as %̃ and˜̄% are diagonal matrices (which they are by definition) of Fermi-Dirac distributions. This is
much less restrictive, and remains satisfied as long as J � V since K̃ = 0 leads to ∂x%̃ = 0,
hence the collision term keeps vanishing, and so on. With or without collisions, the evolution
of %, %̄ is purely due to the change of direction of ~A, which oscillates more or less around ~V
depending on the adiabaticity of the MSW transition.

Note that the previous argument is only exact for neutrino self-interactions. It extends
to the scattering with electrons/positrons as long as all particles share the same temperature.
But even beyond this, when e± annihilations populate the neutrinos, they do so in creating
pairs of neutrinos/antineutrinos, so the collision term acts to maintain thermal distributions,
but not to equilibrate asymmetries.

All in all, the asymmetries are not affected at all by the collision term as long as the
ATAO-J scheme is a good description of neutrino evolution. However, we have shown that
below ∼ 10 MeV the refined ATAO-(J ±V) scheme is necessary to capture the physics. The
very fact that % and %̄ are not diagonalized with the same unitary matrix (either UJ+V or
UJ−V), and furthermore the y-dependence of these matrices, means that we lose the property
(5.19), that is

K[%, %̄] 6= UJ+V(y)K[%̃, ˜̄%]U †J+V(y) , K̄[%, %̄] 6= UJ−V(y)K̄[%̃, ˜̄%]U †J−V(y) . (5.20)

When this non-equality is not meaningless—it is necessarily suppressed by a factor |~V|/| ~J | ∝
x4/|ξ1 − ξ2|—the collision term starts to have a mild effect, which is even smaller for large
ξα differences. Therefore, only for rather small ξα differences can a slight equilibration effect
due to collisions be expected. However, since the frequency Ω of synchronous oscillations
is then smaller, the actual start of oscillations is delayed until a moment when collisions
are inefficient. This is why we expect collisions to have a negligible effect throughout the
evolution in this νµ − ντ system. We check this on figure 8, left plot, where the evolution
is indistinguishable from the one without collisions (figure 3, top right plot). On the right
plot, we artificially multiplied the collision term by 1000, and we do observe in that case the
damping of quasi-synchronous oscillations when |V| ∼ |J |, which corresponds to a reduction
of asymmetry differences between the two flavours.

In principle, taking into account scattering and annihilations with muons and an-
timuons invalidates this picture since the charged currents with the νµ and ν̄µ make GL

non-proportional to the identity, and the general property (5.19) would be lost. However
their density is so suppressed in this range of temperature that we were able to check that
the previous results are not affected.

10For clarity, we omit the subscript J for the matter density matrix %̃J . More generally in this section, %̃
will be the diagonal density matrix, whether the Hamiltonian is J , J + V, . . .
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Figure 8. Effect of collisions on the muon-driven transition for ξ1 = 0.001, ξ2 = 0, with the collision
term set to its actual value (left) and artificially multiplied by 1000 (right). We only plot the result
of two numerical schemes: ATAO-V (dashes) and ATAO-(J ± V) (solid, equivalent to QKE).

Note also that the behaviour is very different if we ignore self-interactions and rely on
the pure ATAO-V scheme. In that case, the system is made of pure mass states ofH0 after the
MSW transition (since each % is diagonal in the mass basis). However, given the y-dependence
of V, this transition does not happen at the same time for all momenta. Thus there cannot be
a property of the type (5.19) with UJ → UV because there is no unique V, and furthermore
UV(y) depends on y which prevents its factorization out of the collision integral. Therefore
the collision term will tend to restore diagonality in flavour space (that is reduce flavour
coherence), and this can only be compatible with pure mass states (a requirement of the
ATAO-V approximation) when all flavours have reached the same distributions, that is when
the asymmetry matrix A is proportional to the identity and thus ~A = ~0. In other words,
the collision term is strongly incompatible with the evolution of asymmetries dictated by the
ATAO-V scheme, and thus damps them. We observe this behaviour on figure 8: Az → 0 in
the presence of collisions, which was not the case on figure 3.

To conclude, if we ignore the self-interaction mean-field, the collision term efficiently
damps the asymmetry differences, because the unitary adiabatic evolution is not the same
for density matrices at various momenta. When including the additional self-interaction
potential, as long as it dominates the vacuum and lepton mean-fields, the density matrices at
various momenta evolve adiabatically with the common unitary matrix UJ and this preserves
the initial absence of effect of the collision term. It is only when ATAO-J is insufficient and
one has to rely on ATAO-(J ± V) that one starts to see the effect of the unitary evolution
differing between momenta, but also between neutrinos and antineutrinos. This allows the
collision term to damp the asymmetry vector. But this comes with a very large delay and
the collision term is only able to barely damp Az.

Electron-driven transition In the framework of section 5.2, the difference with the νµ−ντ
case is the fact that GL is no longer proportional to the identity: GL = diag(gL + 1, gL).
Once oscillations develop and UJ 6= I, there is no property like (5.19). In other words, the
matrix GL sets the direction ~ez towards which the collision term now unavoidably attracts ~%
and ~̄% (whereas before, K was blind to any global rotation of axes). Therefore, the collision
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term tends to erase flavour coherence much more efficiently: it damps oscillations but does
not necessarily allow to fully reach a state where the two neutrino flavours have identical
distributions, because the collision term becomes too weak at temperatures below the MSW
transition.
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Figure 9. Effect of collisions on the evolution of the νe− νµ system, with (ξ1 = 0.001, ξ2 = 0). The
dashed lines correspond to the ATAO-V scheme (no self-interactions in the mean-field), and the solid
lines to the ATAO-(J ± V) scheme (equivalent to the full QKE resolution). Top left plot: evolution

of electron and muon flavour asymmetries. Top right plot: y−component of the asymmetry vector ~A.
Bottom left plot: norm of ~A. Bottom right plot: angle between ~A and the final precession direction
~H0.

The top left plot of figure 9 is equivalent to the top right plot of figure 6 (ξ1 = 0.001,
ξ2 = 0), but including collisions. As expected, the asymmetry is damped by K in both the
ATAO-V and ATAO-(J ± V) schemes, and the evolution looks quite similar, suggesting that
one could be satisfied with the simpler ATAO-V resolution scheme. However, this misses
some important physical features, as the other plots on figure 9 show. First, if one neglects
self-interactions there is no precession of ~A around ~V, but simply the alignment of all ~%, ~̄%
with ~V which evolves from Hlep domination to H0 domination. This is clearly seen on the top

right plot of figure 9 (dashed lines): the y-component of ~A is constantly equal to zero, which
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is expected as Â evolves from ~ez to Ĥ0 that lies in the (x− z) plane. In the correct ATAO-
(J ± V) scheme however, synchronous oscillations do develop when collisions are discarded.
When one takes them into account, Ay does not take sizeable values but starts an oscillation
(that is strongly damped by K), see the insert plot.

The bottom plots of figure 9 show respectively the norm of ~A and its alignment with
~H0. In the no-collision case (blue curves), the final angle between ~A and ~H0 is non-zero
(bottom right plot), but different from its initial value due to the very small adiabaticity of
the MSW transition: ~A slightly rotates towards ~Veff , and precesses with an angle slightly
different from 2θ. Concerning its norm, | ~A| is conserved without collisions.11 In contrast, we
observe that including collisions (brown curves) ~A gets aligned with ~H0 (but in the opposite
direction due to the value of θ), while the asymmetry differences are damped—a result of the
competition between precession (which sets the preferred direction Ĥ0) and collisions (with
the preferred direction ~ez).

6 Evolution with three flavours of neutrinos

Having presented in the previous sections the salient features of two-neutrino evolution in
the presence of flavour asymmetries, we can now turn to the full three-neutrino framework.
Our goal is not to provide a thorough exploration of the parameter space, but instead to
highlight the main physical characteristics of neutrino evolution with non-zero asymmetries.

6.1 Method

We have shown the accuracy of the ATAO-(J ±V) scheme that we can confidently use instead
of a full QKE resolution, more computationally expensive. Therefore, the results are here
obtained with this method and are compared with the ATAO-V scheme where we recall that
self-interactions are ignored, so as to highlight how self-interactions change the dynamics.

However, it is impossible to integrate correctly the evolution at low temperatures. First,
oscillations become too fast as their frequency grows as x6 when the NLO dominates. Then,
we reach the point where the ATAO-(J ± V) scheme starts to fail and oscillations must
become gradually not synchronized. Eventually the system must converge to a state where
fast oscillations disappear, that is an ATAO-V scheme. We chose to switch to an ATAO-
V scheme at low temperature to effectively capture this transition from ATAO-(J ± V) to
ATAO-V . In principle one should use the full QKE scheme to integrate numerically this
phase, but for the same reasons it is numerically daunting. We chose to switch to the
ATAO-V scheme around 2 MeV, since the final MSW transition is over and collisions become
rather inefficient (except for electron/positron annihilations). This method of instantaneous
switching to the ATAO-V scheme necessarily misses some physics since it hides the complexity
of the transition, but as we discuss in section 7.1 we expect that this does not significantly
affect the results obtained for the evolution of asymmetry.

6.2 Results with standard mixing parameters

Given the numerous possibilities for the values of the initial degeneracy parameters, we chose
to restrict to two types of initial conditions. First, we consider the case where electronic
flavour neutrinos have the largest degeneracy ξe = ξmax, with ξτ = ξe/10. Second we consider

11The small “trough” in the ATAO-V case (dashed blue line) around 3 MeV is not a numerical artefact.
Since in that case each individual ~%(y) changes its direction from ~Hlep(y) to ~H0(y) at different times (instead
of being all locked on ~A), the norm of ~A can only be compared at early and late times.
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the case where muonic neutrinos have the largest non vanishing initial degeneracy (ξµ =
ξmax), with ξτ = ξµ/10. We do not report results where ξτ is the largest, because it is
qualitatively very similar to the case where ξµ is the largest potential, since oscillations
develop in exactly the same way. In any case, the third initial degeneracy parameter is set
to zero.
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Figure 10. Initial conditions are ξα = (0.1, 0, 0.01) (top left), ξα = (0.005, 0, 0.0005) (top right),
ξα = (0, 0.1, 0.01) (bottom left) and ξα = (0, 0.005, 0.0005) (bottom right). The solid lines are the
ATAO-(J ± V) schemes (extended into a simple ATAO-V below 2 MeV), and the dashed lines are
ATAO-V schemes throughout.

Results are depicted in figure 10 for both typically large (ξmax = 0.1) and typically
small (ξmax = 0.005) potentials. We can observe how synchronous oscillations develop in the
νµ − ντ space after the muon-driven transition. Their amplitude is reduced for large initial
potentials since the transition is then more adiabatic in that case, as detailed in section 5.1.
In the case of small initial potentials, the transition from leading order to NLO oscillations
is also clearly visible (right plots of figure 10). Note that even though the general behaviour
is that asymmetries tend to converge, this trend stops before equilibration is complete, and
is in general less complete than in the case where self-interactions are ignored. Furthermore
in some cases, the ordering of final asymmetry is not the same as the ordering of initial ones.
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If we consider cases with much larger initial asymmetries in the muonic and tauic
neutrinos, typically such that ξµ + ξτ � 0.1, the muon-driven transition is very adiabatic,
and oscillations do not develop at that transition as the asymmetry vector closely follows the
evolution of V(yeff). This is illustrated in the left plot of figure 16.

We stress that in this section we always consider the full collision term, and even though
we show the results for the evolution of the asymmetry (since it is the relevant quantity to
discuss synchronized oscillations), neutrinos are also partially reheated by electron/positron
annihilations, which preserve the asymmetry. In figure 11 we show the energy density frac-
tional difference with respect to the one of a completely decoupled neutrino species with
vanishing chemical potential ρdec

ν = 7π2/240. In general the final effective temperature
and distortions of electronic (anti-)neutrinos, which have a direct effect on neutron/proton
freeze-out and thus BBN, depend on initial degeneracy parameters. Hence the impact on
BBN predictions is not straightforward and one should perform a full BBN analysis for each
set of initial conditions [49], as was done for the standard case of vanishing potentials in [14].
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Figure 11. Fractional difference of the energy density with respect to a decoupled neutrino without
chemical potential. The solid lines are the ATAO-(J ± V) schemes (extended into a simple ATAO-
V below 2 MeV), and the dashed lines are ATAO-V schemes throughout. The left plot is for neutrinos
and the right plot for antineutrinos. Initial conditions are ξα = (0, 0.005, 0.0005).

It is beyond the scope of this paper to perform a full exploration of parameters with all
initial degeneracy parameters and all mixing parameters. However we aim here at highlight-
ing how results are qualitatively modified when considering different mixing parameters.

6.3 Dependence on neutrino mass ordering

In figure 12 we show the dependence on the neutrino mass ordering on two examples. The

main difference is the resonant nature of the first electron-driven MSW transition at T
(e),1
MSW '

5 MeV in IO. It leads to a much faster evolution, a feature also observed in figure 1 of [50]. On
the examples of figure 12, we see two consequences of this resonant transition: the ordering
of degeneracy parameters can be modified, and collisions are much more efficient in damping
the synchronous oscillations right after the transition.
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Figure 12. The normal ordering case in solid lines, is compared to the inverted ordering case in
dashed lines. Initial conditions are ξα = (0.1, 0, 0.01) on the left, and ξα = (0, 0.1, 0.01) on the right.

6.4 Dependence on mixing angles

In the two-neutrino case we have shown that ~H0 sets the precession direction of ~A; in other
words, the values of the mixing angles are key parameters to determine the final asymmetry
differences. Even though they are now better and better constrained [40], let us explore
qualitatively in this section their influence on the equilibration process.

To that purpose, we compare in figure 13 (upper plots) the standard case discussed
above with modified setups. First, when θ13 = 0 (the rest being unchanged), we notice that
equilibration is less efficient. Furthermore setting θ12 = θ23 = π/8, with θ13 at its standard
value, the equilibration is also much less efficient as depicted in figure 13 (lower plots).
Therefore, the general result that asymmetries mostly tend to equilibrate crucially depends
on the values of the mixing angles. Typically, for small values of the mixing angles θ12 and
θ23, that is far away from π/4, equilibration is less efficient, and a non-vanishing value for
θ13 also significantly helps the equilibration process as highlighted in [26, 33, 50]. Also, using
θ23 = π/8 instead of the larger standard value (2.9) increases the geometric factor cos2 θ/ sin θ
of the adiabatic parameter (D.4) by a factor ' 3.6. Therefore, the muon-driven transition
is much more adiabatic and the resulting oscillations are suppressed (see the discussion in
section 5.1.1), as can be checked on the bottom plots of figure 13.

Evidently, even though we do not report it here, when all mixing angles vanish, equi-
libration entirely disappears. This highlights the importance of a consistent treatment of
neutrino mixing when studying flavour equilibration in the early Universe.

6.5 Dependence on the Dirac phase

We now examine the effect of the Dirac CP-violating phase δ, that we discarded up until now
in the PMNS matrix. Unless stated otherwise, all quantities in this section are considered in
the case δ 6= 0. %(δ=0) and %̄(δ=0) refer to the solutions with vanishing Dirac phase, and we
shall show how the general case with a non-zero phase can be deduced from it. It has been
shown in [31, 32, 51, 52] (see also appendix F of [11]) that the evolution with a non-vanishing
Dirac phase can be obtained from a transformation of the result obtained with a vanishing
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Figure 13. Comparison of the standard case (solid lines) with a modified setup (in dashed lines). In
the upper plots, the modification is θ13 = 0, and in the lower plots θ12 = θ23 = π/8, with everything
else unchanged. Initial conditions are ξα = (0.1, 0, 0.01) on the left, and ξα = (0, 0.1, 0.01) on the
right.

phase. More precisely, defining Š ≡ R23SR
†
23 (cf. notations in section 2.3), we can define

Ȟlep = Š†HlepŠ , Ȟ0 = Š†H0Š , %̌ ≡ Š†%Š , ˇ̄% ≡ Š†%̄Š , (6.1)

and similar transformations for the collision terms. Since Š is of the type (5.17) (see equa-
tion (6.5) below), we infer from the property (5.16) that

Ǩ[%, %̄] = K[%̌, ˇ̄%] and ˇ̄K[%, %̄] = K̄[%̌, ˇ̄%] . (6.2)

Furthermore, given that
Š†U = U (δ=0)S† , (6.3)

and [M2, S] = 0, we deduce that Ȟ0 = H(δ=0)
0 . We then obtain that the evolution of %̌

(resp. of ˇ̄%) is the same as the evolution of %(δ=0) (resp. of %̄(δ=0)) when the replacements
Hlep → Ȟlep and J → J̌ have been performed, that is

∂%̌

∂x
= −i[H(δ=0)

0 + Ȟlep + J̌ , %̌] +K[%̌, ˇ̄%] ,
∂ ˇ̄%

∂x
= +i[H(δ=0)

0 + Ȟlep−J̌ , ˇ̄%] + K̄[%̌, ˇ̄%] . (6.4)
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In the standard case, that is with vanishing initial chemical potentials, %̌ and % have the
same initial conditions. If we further neglect the mean-field effects of muons/antimuons,
then [Š,Hlep] = 0, hence Ȟlep = Hlep and %̌ = %(δ=0) (likewise for antineutrinos) at all
times, as shown in [31, 32]. From this property, we obtain % from %(δ=0) using the inverse
transformation, that is we get % = Š%(δ=0)Š†, with a similar relation for antineutrinos. As
detailed in [11], it is equivalent to saying that both results are exactly equal in their respective
mass basis.
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Figure 14. Effect of δ 6= 0 on the evolution of asymmetries. The solid lines correspond to the
standard case with δ = 0 (that is %(δ=0) and %̄(δ=0)). The dashed lines are the case with δ = 245◦

(central value in the most recent constraints [40]). The dotted lines correspond to the standard case
results on which the transformation Š%(δ=0)Š† (and similarly for antineutrinos) has been applied.
Initial conditions are ξα = (0.1, 0, 0.01) on the left and ξα = (0, 0.1, 0.01) on the right. Initially, the
dashed lines are hidden behind the solid ones (see text). In the final stages the dotted lines are hidden
behind the dashed lines hence showing that asymptotically % ' Š%(δ=0)Š†.

However in the presence of initial degeneracies, the initial conditions for % are not
necessarily equal to those of %̌. It is interesting to note that going from % to %̌ amounts to a
rotation in the vector description of the νµ − ντ subspace. Indeed, both S and Š are of the
(5.17) type, and the associated US and UŠ are expressed in terms of rotations as

US = eiδ/2Rz(δ) UŠ = eiδ/2Ry(−2θ23) · Rz(δ) · R†y(−2θ23) . (6.5)

Forgetting the global eiδ/2 factor which plays no role, we can use the property (C.3) to
interpret UŠ as a rotation, when using the vector representation (4.3). It corresponds to a
rotation of angle δ around an axis whose direction is obtained from the rotation Ry(−2θ23)
of the z-axis. However, using that θeff

23 ' θ23 from (5.2), this axis is approximately the
one subtended by the νµ − ντ restriction of the vacuum Hamiltonian. This has interesting
consequences.

• Before the electron-driven transitions, using (6.1) with U of the effective form (5.1),
and (6.5) taking θeff

23 ' θ23, we infer the approximate relations(
Ȟ0

)
αβ
' (H0)αβ =⇒ (H0)αβ '

(
H(δ=0)

0

)
αβ

for α, β ∈ {µ, τ} . (6.6)
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Therefore at early times the evolution of % and %(δ=0) are nearly completely similar
(likewise for antineutrinos) as can be checked by comparing the solid and dashed lines
of figure 14 at high temperatures.

• Since the asymmetry vector precesses around that precise direction after the muon-
driven transition, this amounts to the fact that after the muon-driven MSW transition
and before the electron-driven ones, the oscillations of %̌ (similarly for ˇ̄%) are simply
phase shifted with respect to the ones of %(δ=0) (resp. %̄(δ=0)), by an angle δ, as can be
checked by comparing the dashed and dotted lines on figure 14 (see also the left plot
of figure 16).

Later, when the electron-driven transitions occur, the δ-phase difference between %̌ and
%(δ=0) (likewise for antineutrinos) can only have an extremely marginal effect because the
oscillation frequency keeps increasing, and the amount of damping incurred in the magni-
tude of (the traceless part of) A is essentially only sensitive to the amplitude and axes of
oscillations. Oscillations keep accelerating until synchronous oscillations disappear as we
reach an average set by H0, which is captured by the ATAO-V scheme. Eventually the initial
dephasing is lost, and it is impossible to distinguish between the final values of %̌ and %(δ=0)

(likewise for antineutrinos), therefore we can relate the final results to the case without Dirac
phase by

% ' Š%(δ=0)Š† , %̄ ' Š%̄(δ=0)Š† . (6.7)

There are two differences with the standard case without initial chemical potentials. On
the one hand, (6.7) is an approximate result and not an equality, based on the following
approximations:

1. θeff
23 ' θ23, which is guaranteed from equation (5.2) by |∆m2

21/∆m
2
31| � 1 ;

2. the muon-driven MSW transition takes place well before the first electron-driven tran-

sition (T
(µ)
MSW � T

(e),1
MSW), which is the case since me/mµ � 1 ;

3. the amplitude and directions of oscillations are not meaningfully affected by the δ-
dephasing, and eventually this dephasing should not be observable as oscillations are
averaged at large x.

On the other hand, it is only valid at late times, whereas in the standard case it is valid at
all times. It can be checked on figure 14 that it is very accurate, as the dashed lines (%) and
dotted lines (Š%(δ=0)Š†) are nearly indistinguishable at late times, and are only δ-dephased
at early times if oscillations develop.
Finally the property (6.7) allows to understand the physical effects of the Dirac phase.

• When converted into mass basis components, the property (6.3) and the relation (6.7)
imply the (approximate) relation %̃ ' S%̃(δ=0)S†. This means that in the ATAO-
V approximation which holds at late times, we have %̃ = %̃(δ=0) and likewise for antineu-
trinos given that off-diagonal components in the matter basis vanish—see appendix F
of [11]. Hence the difference in the final state, when interpreted in flavour basis, is
(approximately) only due to the different mass bases depending on the value of δ.
Structure formation, being sensitive to mass bases spectra, is therefore not affected by
the Dirac phase. In addition, the trace of density matrices is conserved by (6.7) such
that Neff is preserved, and cosmological expansion is not modified. We conclude that
there is no sizeable gravitational signature of the Dirac phase.
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• Since Š is of the (5.17) type, the transformation (6.7) affects the number densities of νµ
and ντ , that is %µµ and %ττ , but the number density for νe, that is %ee, is left invariant
(likewise for antineutrinos). Only the coherence between the e states and the µ and
τ states, that is the %eµ and %eτ components, is affected. Therefore, there is also no
perceptible effect on BBN because the neutron/proton freeze-out is sensitive only to
the spectrum of electronic (anti)neutrinos.

6.6 Equal but opposite asymmetries

As noted in section 4.2, the case of equal but opposite asymmetries is special because the
leading order of synchronous oscillations vanishes—meaning that the asymmetry should re-
main locked in its original configuration—, but not the next-to-leading order. The results
obtained in three-neutrino cases are depicted in figure 15. When ξµ+ ξτ = 0, we expect from
the analysis of section 5.1.2 that oscillations in the νµ − ντ space should start at 1.4 MeV,
while we observe the first half-oscillation at 4 MeV. These oscillations must therefore be
triggered by the first electron-driven transition.

One can compare the left plot of figure 15 with figure 9 of reference [26]: the damping of
synchronous oscillations is considerably reduced in our calculation, which we attribute to the
use of the exact collision term, instead of a damping approximation (see also the discussion
in section 7).
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Figure 15. Special case of equal but opposite non-vanishing degeneracy parameters. The initial
conditions on the left are ξα = (0, 0.1,−0.1), and ξα = (0.1,−0.1, 0) on the right. Numerical schemes:
ATAO-(J ± V) in solid lines, ATAO-V in dashed lines.

If the opposite initial degeneracy parameters are the electronic and muonic (or tauic)
ones, there is no substantial difference with the “standard” case (figure 10). Indeed, the
νµ − ντ oscillations equilibrate partially (at least in the case of large ξτ taken in the figure)
the asymmetries in the νµ−ντ subspace, and the common asymmetry is then not the opposite
of ξe.
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7 Discussion

7.1 Transition from ATAO-(J ± V) to ATAO-V
We have shown that the ATAO-(J ± V) scheme works very well as long as |V| � |J |. Let
us discuss here in more details the end of the ATAO-(J ± V) regime, in a simplified case
with only two flavours so as to use the vector formalism. When |~V| and | ~J | are of the same
order, quasi-synchronous oscillations cease to exist. Therefore, in principle, only the QKE
scheme can handle this regime. However, the individual ~%(y) then evolve independently
rather than collectively, so that extremely rapid precessions around ~V should take place
for all momenta, and given the y-dependence of ~V, they tend to have different frequencies.
Given that |~V| ∝ (∆m2/(2ymeH) ' (∆m2/10−3eV2) × 8 · 106 × x2/y, the oscillating part
in the spectrum is typically a trigonometric function whose phase φ ∝ x3/y. This implies
extremely fast oscillations in the spectrum (i.e. in the variable y) whenever x � 1, that
is at cosmological times. It is expected that even a mild collision term can average them
out. Even if this is not the case, we only aim at describing the average of this incredibly fast
oscillating spectrum, since this is the only part that will survive any measurement or physical
process. This means that after a transitory regime, the ATAO-V scheme must become a
good approximation. Sadly, given the O(N3) complexity for computing the collision term, it
becomes numerically impossible to integrate this transitory regime. Furthermore the y-grid
becomes necessarily too sparse to account for these spectral oscillations. Hence one must
rely on a certain approximation to handle the transition from a period where the ATAO-
(J ± V) scheme applies to a regime where ATAO-V is sufficient.

We chose to push the ATAO-(J ±V) scheme as far as possible, typically down to 2 MeV
and then to switch immediately to a ATAO-V scheme. In doing so we necessarily miss some
features of the transitory regime. If ~A is already well aligned with ~Veff , it is nonetheless
expected to be a very good approximation. Hence it misses some physics essentially due to the
oscillations in the νµ−ντ space which have developed right after the muon-driven transition,
and for which we have seen that the collision term is not very effective in dampening these
oscillations towards ~Veff . We can however estimate the nature of the error made. If we focus
on the two-neutrino case describing the νµ − ντ space after the muon-driven transition, the
density matrices are in the ATAO-V scheme in the form given by (4.11). If we neglect terms
of order O(ξ2), then |g(−ξ1, y)− g(−ξ2, y)| ' |g(ξ1, y)− g(ξ2, y)|, that is we have essentially

~% ∝ V̂ + J and ~̄% ∝ V̂ − J with the same prefactor. When the ratio |V|/|J | grows this
tends to displace both ~% and ~̄% in the same direction, namely, the projection of ~V in a plane
orthogonal to ~J (in agreement with the next-to-leading order term of the expansion (4.17) of
Ĵ ). The net result is that around the end of validity of the ATAO-(J ±V) regime, neutrinos
and antineutrinos of one flavour are converted to neutrinos and antineutrinos of the other
flavour, but in similar proportions for neutrinos and antineutrinos, hence preserving the
asymmetry. Of course, since the ratio |V|/|J | reaches unity earlier for small y, it is expected
that this concerns more the small momenta y. Also, the more ~V and ~J are misaligned
in the end of the ATAO-(J ± V) regime, the more this phenomenon takes place. This is
nicely seen in figure 9 of [34], a configuration solved numerically without collisions, where we
observe that both the number of neutrinos and antineutrinos of a given flavour increase while
the opposite takes place for the other flavour. By construction, our approach based on an
instantaneous switching from ATAO-(J ± V) to ATAO-V cannot capture this phenomenon.
Finding a method to handle this transitory regime when including the collision term is an
upcoming numerical challenge for the computation of equilibration in the early universe.
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7.2 Comparison with the literature

Our numerical results differ from the literature in several aspects, which we review here.

Collision term It is clear that the muon-driven oscillations are less damped in our case,
compared to the results for instance reported in [26]. We explain this by the fact that the
general collision term satisfies the “factorization” property (5.16), and thus (5.19) in the
νµ − ντ subspace. This implies that oscillations developing in this subspace are only very
mildly damped, as detailed in section 5.3. When relying on an approximate collision term,
this property is lost. For computations where all entries of the collision term are based on
a damping approximation, it is the repopulation term which fails to satisfy the property
(5.16). On the other hand, for computations which use the full collision term for on-diagonal
components, but a damping approximation for off-diagonal components (as is the case in
[26]), the property is lost precisely because not all components are computed in the same
method and this introduces preferred directions in the collision term. In all cases, using an
approximation for the collision term results in much more damping of the oscillations in the
νµ − ντ space compared to our results. We already mentioned the case where ξµ = −ξτ of
[26] (figure 9), compared to our results in figure 15. One of the consequences is that it is
not possible to consider that by 10 MeV we would have generically achieved ξµ = ξτ , as is
assumed for instance in [30, 33, 53].
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Figure 16. Left plot: ξα = (0, 0, 0.5), with δ = 0 in solid line and δ = π in dashed line. Dotted
lines correspond to the case δ = 0 on which the transformation Š%(δ=0)Š† has been applied, and
are hidden behind dashed lines at late times. It can be compared with figure 3 of [31]. Right plot:
ξα = (1.0732,−0.833,−0.833), with θ13 = 0.20 in solid line and θ13 = 0 in dashed line. It corresponds
to figure 1 of [33], noting that the initial conditions are ηµ = ην = −0.61 instead of the stated values
ηµ = ην = −0.41.

Large mixing angle Note that in references [26, 31], the large mixing angle value θ23 =
π/4 was used, which adds extra properties. Since cos(2θ23) = 0 we cannot use (5.2) to
estimate θeff

23 after the muon-driven transition. Fortunately, in that case we get exactly

tan(2θeff
23 ) =

(ε−1 + 1) cos2(θ13) + sin2 θ12 sin2 θ13 − cos2 θ12

sin(θ13) sin(2θ12)
, (7.1)
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hence we also find from ε = ∆m2
21/∆m

2
32 � 1 that θeff

23 ' π/4, and the vector representation
of the vacuum Hamiltonian restricted to the νµ− ντ space is approximately along the x-axis.
Therefore the precession direction corresponds to a state where the asymmetry is the same
for νµ and ντ . In that case, and given the extra damping incurred by the approximations in
the collision term, it is expected that the equilibration of the degeneracy parameters ξµ and
ξτ is very efficient right after the muon-driven transition. This is seen for instance in figures
(7-10) of [26], or figure 3 of [31] whereas in its counterpart here (the left plot of 16), ξµ 6= ξτ
after the muon-driven transition. Also this special choice of mixing angle explains why ξµ
and ξτ remain equal on figure 1 of [33] or [50], whereas in the right plot of figure 16 they differ
once the electron-driven MSW transitions are crossed, which results in a full equilibration
being never achieved. Note that we find nonetheless the same influence of θ13, as discussed
in section 6.4.

CP phase Furthermore our results about the effect of the Dirac phase differ with respect
to [31, 32]. Although we confirm that the effect of the Dirac phase must be maximal when
δ = π (strictly speaking there is no CP-violation in that specific case, as it is equivalent to
δ = 0 and a change of sign in θ13), we find that it must necessarily be negligibly small given
the structure of the equations (see section 6.5) whereas it is found small but not negligible
in [31]. To be specific, in figure 3 of [31] there is a small effect of the Dirac phase, whereas in
the left plot of figure 16 no perceptible effect is found. Again these differences must find their
origin in the differences for the treatment of the collision term, given that the property (6.2)
is not satisfied by an approximate repopulation term.

8 Conclusion

The complexity of the physics of neutrino evolution in the early Universe considerably in-
creases when including initial degeneracies, a problem studied analytically and numerically
in the last two decades. The ATAO-V scheme, developed in [11] and which relied on the adi-
abaticity of the evolution of the Hamiltonian governing the dynamics of %, %̄ and the very fast
scale of oscillations, was extended to the ATAO-(J ±V) scheme to account for non-vanishing
chemical potentials.

A restriction to two-flavour systems showed the excellent accuracy of this method com-
pared to a much longer QKE resolution, which we found to be at least ten times slower and
even more when dealing with low temperatures. We thus recover the famous synchronous
oscillations, but also predict and understand new results such as the existence of a phase
of quasi-synchronous oscillations, that is an increased frequency regime (Ω(x) ∝ x2 → x6)
when the vacuum + mean-field Hamiltonian V contribution becomes substantial compared
to J . The (non-)adiabaticity of the evolution of A during the lepton-driven transitions—
which depends on the degeneracies via the slowness factor (4.15)—also allows to understand
its qualitative behaviour, namely the (non)-efficiency of its alignment towards the vacuum
Hamiltonian. In addition to their frequency, we can thus also estimate the beginning and
the amplitude of the synchronous oscillations which develop afterwards.

We have shown that it is crucial to rely on the exact form of the collision term to
fully take into account the physics of these oscillations—approximate expressions previously
overdamped degeneracy differences and led to a too rapid flavour equilibration. The O(N3)
complexity of the full collision term is the price to pay. Therefore, we argue that it is crucial to
rely on a direct computation of the Jacobian to avoid worsening the problem. The method
developed in [11] is extended to the situation with initial chemical potentials. Although
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it requires many more steps to implement it, as summarized in appendix E, it keeps the
appealing O(N3) complexity.

The ATAO-(J ± V) scheme fails when the vacuum potential is of the order of the self-
interactions potential. In principle, the transition from the ATAO-(J ± V) to the ATAO-
V regime should be solved numerically with the full QKE method, but in practice this is
numerically daunting. Nevertheless, by switching directly at sufficiently low temperature
from ATAO-(J ±V) to ATAO-V , we argued that errors incurred on the neutrino asymmetry
should be minimized.

In the standard case with three neutrinos, we have highlighted the influence of the
various mixing parameters. Notably, the Dirac phase is found to have no perceptible effect
as it essentially changes only the phase of synchronous oscillations, and its residual effect is
accurately captured by the transformation (6.7). In general, degeneracies tend to equilibrate
partially, and this is due to the fact that the mixing angles θ12 and θ23 are not so different
from maximal mixing (π/4), but this statement strongly depends on the non-vanishing of
θ13. Given the complexity of the physics involved during the evolution of density matrices,
the degree of equilibration depends non-trivially on the values of the initial degeneracies (e.g.
equilibration is far from being achieved in the left plot of figure 16), and requires further
systematic study.

Moreover, our analysis is restricted to an homogeneous and isotropic cosmology, which
brought a number of simplifications to the QKEs. A first step in the direction of relaxing the
assumption of isotropy, while keeping the homogeneity, has recently been taken [54] using
a two-angle bin approximation. The generalisation to the three-flavour case with the full
neutrino spectra and metric anisotropies, is also an major upcoming challenge.

A Properties of Fermi-Dirac spectra

We gather here some useful relations concerning Fermi-Dirac spectra. We have introduced
in section 2.4 the distribution:

g(ξ, y) =
1

ey−ξ + 1
. (A.1)

It corresponds to the spectrum of fermions of temperature Tcm, which is an approximation
since neutrinos are partially reheated by e± annihilations. However, throughout the analytical
discussions of section 4.2 we do not make this distinction so as to simplify the reading
(furthermore noting that for instance at Tcm = 5 MeV, zν − 1 ' 10−4).

∫
[g(ξ, y)− g(−ξ, y)]Dy =

ξ

6
+

ξ3

6π2
(A.2a)∫

y [g(ξ, y) + g(−ξ, y)]Dy =
7π2

120
+
ξ2

4
+

ξ4

8π2
(A.2b)∫

y−1 [g(ξ, y) + g(−ξ, y)]Dy =
1

12
+

ξ2

4π2
(A.2c)∫

y−2 [g(ξ, y)− g(−ξ, y)]Dy =
ξ

2π2
(A.2d)
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B Evolution of the plasma temperature

For large temperatures, that is before we start the numerical resolution (x < xinit), the
evolution of the comoving plasma temperature is estimated assuming that neutrino spectra
are thermal with the same temperature (zν = z). Afterwards, the evolution of z is com-
puted using the full (anti)neutrino density matrices and the exact form for collisions between
neutrinos and electrons/positrons. Including QED corrections [5, 55, 56], we use

dz

dx
=

x

z
J(x/z)− Sν +G1(x/z)

x2

z2
J(x/z) + Y (x/z) +

1

4

∑
α

Yν(ξα/z) +
2π2

15
+G2(x/z)

, (B.1)

where we defined

Yν = 0 , Sν ≡
1

2π2z3

∫ ∞
0

dy y3 Tr [K] for x ≤ xinit ,

Sν = 0 , Yν(ζα) ≡ 1

π2

∫ ∞
0

dω ω3(ω − ζα)
exp (ω − ζα)

[exp (ω − ζα) + 1]2
for x > xinit ,

(B.2)

with the notations of appendix D in [11] for the functions J, Y, G1, G2 and the collision term
K. The sum on α in the denominator of (B.1) runs on 2Nν elements, being all neutrinos and
antineutrinos species.

The starting condition zinit at xinit is found by solving the differential equation (B.1),
with the initial condition z = 1 at x = 0.12 When there are no neutrino degeneracies, it
matches the condition found by all coupled species entropy conservation. However, it gives
a slightly different zinit in the presence of initial degeneracies since entropy conservation is
then violated.

C Parameterizations of SU(2) and SO(3)

Any matrix of SU(2) can be expressed in terms of Euler angles as

R2(α, β, γ) = Rz(α) · Ry(β) · Rz(γ) =

(
e−i(α+γ)/2 cos(β/2) −e−i(α−γ)/2 sin(β/2)

ei(α−γ)/2 sin(β/2) ei(α+γ)/2 cos(β/2)

)
(C.1)

with Ri(θ) ≡ exp(−iθσi/2). Similarly a SO(3) matrix is also expressed with Euler angles as

R3(α, β, γ) = Rz(α) ·Ry(β) ·Rz(γ) (C.2)

where Rj(θ) ≡ exp(−iθJ j) and (J i)jk = −iεijk. Both sets of matrices are related since they
share the same Lie algebra, thanks to

R2 · σi · R†2 = σj (R3)ji , (C.3)

where it is implied that the Euler angles defining R2 and R3 are the same. Therefore, the
conjugation of the traceless part of a two-neutrino density matrix by an element R2 of SU(2)
is equivalent to the associated rotation R3 applied on its vector representation defined in
equation (4.3).

12In principle z increases at each species annihilation, and in particular we should consider µ± annihilations
since these leptons appear in the mean-field effects. This choice of initial conditions is however consistent
with neglecting the interactions with µ± in the collision term, which therefore do not reheat the plasma of
neutrinos, photons and e±.
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D Adiabaticity parameter

In the case with only two neutrinos, let us consider the evolution of the asymmetry vector
~A without collisions and at leading order, which is dictated by equation (4.14). If the
transition from a mean-field dominated to a vacuum dominated Hamiltonian, that is the
MSW transition, is slow enough, then ~A evolves adiabatically and follows ~Veff . In order
to assess the degree of (non-)adiabaticity, we thus need to quantify the speed at which the
transition takes place. Let us first define a tipping angle β, illustrated in figure 17, by

cos(2β) = −V̂eff · ~ez since V̂eff(x� xMSW) = −~ez . (D.1)
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Figure 17. Definition of the tipping angle β on the left. The condition β = θ/2 shown on the right
corresponds to our definition of the MSW transition.

Initially the tipping angle vanishes, and long after the transition it reaches θ. We define
the location of the MSW transition xMSW as the moment when the tipping angle takes half
of its final value, βMSW = θ/2, which corresponds to |~H0| = y2

eff |~Hlep| (as can be checked by
trigonometric manipulations). Let us then define an adiabaticity parameter as

γ ≡ |~Ω|
∂x(2β)

, (D.2)

with ~Ω = F (ξ1, ξ2)~Veff , whose value is estimated from13 (4.14). A large γ corresponds to
a rate of change of the Hamiltonian direction (2∂xβ) much smaller than the instantaneous
precession frequency (|~Ω|), that is to a very adiabatic evolution. We find

γ−1 = − (H⊥0 )2y2
eff

|F (ξ1, ξ2)| |~Veff |3
∂x

(
|~Hlep|
H⊥0

)
, where H⊥0 ≡ |~H0| sin(2θ) . (D.3)

We have used ∂x(2β) = − sin2(2β)y2
eff∂x

(
|~Hlep|/H⊥0

)
and sin(2β) = H⊥0 /|~Veff |. In order to

assess the adiabaticity of the transition, we must estimate how large γ is at the transition.

13The next-to-leading order contribution to ~Ω is not relevant here as we focus on cases where xMSW � xNLO.
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Since |~Hlep|/H⊥0 ∝ 1/x6, and using that at the transition we have |~Veff | = 2|~H0| cos θ (see
the geometry on the right plot of figure 17), the value of the adiabaticity parameter at the
transition reduces to

γMSW = |F (ξ1, ξ2)| 2
3

x|~H0| cos2 θ

sin θ

∣∣∣∣∣
x=xMSW

. (D.4)

Let us define the degree of non-adiabaticity through

Pn.a ≡
1

2

(
1∓ Â · V̂eff

)
, (D.5)

with a − sign (resp. + sign) if initially ~A is aligned (resp. anti-aligned) with ~Veff (i.e.,
−~ez). Its asymptotic value P∞n.a when x � xMSW estimates the misalignment of the final
asymmetry vector due to lack of adiabaticity. Indeed if the transition is perfectly adiabatic,
~A keeps tracking ~Veff and we always have Pn.a = 0. In general, the degree of non-adiabaticity
needs not be much larger than unity to lead to a small P∞n.a, that is to a very non-adiabatic
transition—see for instance the Landau-Zener approximation (D.7).

We note from equation (D.4) that the adiabaticity parameter is of order x |F (ξ1, ξ2)| |~H0|
evaluated at the transition, modulated by a geometric factor (2/3) cos2 θ/ sin θ. A transition
is resonant when at some point the tipping angle goes through 2β = π/2, that is through ~Veff

having no component along ~ez. Hence, a very non-resonant transition corresponds to θ � 1,
and in that case the geometric factor is enhanced by 1/ sin(θ). It is less likely to encounter
a small adiabaticity parameter because the tipping angle is small, and |~Ω| at the transition
is larger than its final value (since |~Veff | keeps decreasing). Conversely for a very resonant
transition, π/2− θ � 1, and the geometric factor is reduced by cos2 θ which is small, that is
leads to a smaller adiabaticity parameter. This is partly because of the large tipping angle,
but also because |~Ω| at the transition is much smaller than its final value (recall that at the
transition |~Veff | = 2|~H0| cos θ).

In the very resonant configuration (π/2 − θ � 1), the adiabaticity parameter for the
dynamics of ~A takes the simpler form

γ
(π/2−θ�1)
MSW = |F (ξ1, ξ2)|H⊥0 ∆xMSW , with

1

∆xMSW
≡ y2

eff ∂x

(
|~Hlep|
H⊥0

)∣∣∣∣∣
x=xMSW

. (D.6)

Landau-Zener formula The Landau-Zener [34, 57–61] formula is an approximation of
the degree of non-adiabaticity in this very resonant situation, using the approximation that
the diagonal components of V are linear in x and that off-diagonal ones are constant, which
reads

P∞n.a ' exp(−πγMSW/2) . (D.7)

Note that the factors F (ξ1, ξ2) and y2
eff in (D.6) are specific to the fact that we consider

the evolution of ~A. If we had considered the evolution of ~% given by equation (4.5) without
self-interactions nor collisions, that is ∂x~% = ~V ∧ ~%, we would have obtained with a similar
analysis (all quantities are written here for a given momentum y) the usual expression for
the Landau-Zener adiabatic parameter

γ
(π/2−θ�1)
MSW = H⊥0 ∆xMSW , with

1

∆xMSW
≡ ∂x

(
| ~Hlep|
H⊥0

)∣∣∣∣∣
x=xMSW

(D.8)
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where H⊥0 = H0 sin(2θ). It is similar to equation (9b) of [59] and equation (7.8) of [60],
the only difference being that H⊥0 is considered constant when dealing with solar neutrinos,
whereas in the cosmological context it scales as ∝ x, hence explaining why the expression
(D.8) for the transition width, ∆xMSW, takes into account this evolution. However, note that
this necessary modification for the expression of the adiabaticity parameter is absent from
equation (28) of [34], although this impacts only marginally the estimation of adiabaticity.

E Numerical implementation of ATAO schemes

In the next section we review in more details how the degrees of freedom in density matrices
are serialized. We then detail how the numerical method of [11] based on a direct computation
of the Jacobian is extended to the ATAO-(J ± V) scheme.

E.1 Serialization in flavour space

Since the spectra of density matrices are sampled on a grid of N comoving momenta, the {yn},
the variables which need to be solved for are the %αβ(yn), and %̄αβ(yn). In the discretized
numerical resolution, integrals are replaced by a quadrature method, that is by a weighted
sum on the yn, the weights depending on the chosen grid points.

In order to alleviate the explanations, we will ignore the presence of antineutrinos and
we shall consider that the variables are just the %αβ(yn), for which we use the short notation
%αβ,n. In the ATAO-(J ± V) method, this is clearly wrong since an asymmetry matrix Aαβ
requires that neutrinos and antineutrinos should have different distributions and one must
always evolve both neutrinos and antineutrinos—but that does not change the arguments
presented here.

For each n, we serialize the matrix components. This requires to define a basis P a for
hermitian matrices with N2

ν elements. These are divided into Nν(Nν + 1)/2 basis matrices
for the real components and Nν(Nν−1)/2 for the imaginary components. For instance when
Nν = 2 the matrices are

P 1 =

(
1 0
0 0

)
, P 2 =

(
0 0
0 1

)
, P 3 =

(
0 1
1 0

)
, P 4 =

(
0 −i
i 0

)
. (E.1)

An inner product between two hermitian matrices is (A,B) ≡ Tr(A · B†), hence the norms
of the basis matrices are

‖P a‖2 =
∑
αβ

|P aαβ|2 = Tr(P a · P a†) . (E.2)

Any density matrix is decomposed on serialized components as

%αβ,n ≡ %a,nP aαβ . (E.3)

The serialized components are also related to the components in the matter basis through

%̃ij,n = %a,nP
a
ij(n) with P aij(n) ≡ [U †(n) · P a · U(n)]ij , (E.4)

where U(n) stands for UH(yn), H being the appropriate Hamiltonian (it will depend on
the numerical scheme chosen). Note that we use the same notation P a in the matter (P aij)
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and flavour (P aαβ) bases, the difference being identified through the indices. Conversely the
serialized components %a,n are obtained from

%a,n = %αβ,nP
αβ

a(n) =
%̃ij,nP

a
ji(n)

‖P a‖2
with Pαβa(n) ≡ P a?αβ(n)

‖P a‖2
=
P aβα(n)

‖P a‖2
. (E.5)

In any ATAO scheme, we are only interested in the diagonal components of the matter
basis, since by construction all off-diagonal components vanish, hence we define %̃i,n ≡ %̃ii,n
and obtain the following relations between the serialized (flavour) basis and the (diagonal)
matter components

%̃i,n = %a,nT
a
i (n) with T ai (n) ≡ P aii(n) ,

%a,n = %̃i,nT
i
a(n) with T ia(n) ≡ 1

‖P a‖2
T ai (n) .

(E.6)

Since the U(n) depend both on x and on yn, the T ai (n) and T ia(n) also depend on these
variables, that is for each time step they must be computed for all points of the momentum
grid.

E.2 Direct computation of the Jacobian

In this section we use a prime to denote a derivative with respect to x. Also we stress again
that we do not mention the antineutrinos for the sake of clarity but all developments must
be carried out taking them into account.

QKE scheme We must solve for the evolution of z and of the flavour space serialized
variables %a,n. Equation (B.1) dictates the evolution of z. The evolution of the %a,n is
governed by (2.3)

%′a,n = M c
a,n%c,n +Ka,n , (E.7)

with
M c
a,n ≡ (Vb,n + Jb)Cbca and Cbca ≡ −i[P b, P c]αβP

αβ
a . (E.8)

The first term in (E.7) comes from mean-field effects and the second term from collisions.
The associated Jacobian has the general structure


0 0(

∂M c
a,n

∂z
%c,n

) (
∂M c

a,n

∂%b,m
%c,n +M b

a,nδ
n
m

)
+


∂z′

∂z

∂z′

∂%b,m

∂Ka,n
∂z

∂Ka,n
∂%b,m

 (E.9)

where, as before, the first matrix is due to mean-field effects, and the second to collisions.
The contributions from the mean-field effects require to calculate

∂M c
a,n

∂z
=
∂Vb,n
∂z

Cbca ,
∂M c

a,n

∂%b,m
=

∂Jd
∂%b,m

Ccda , (E.10)

and the quantity ∂Jd/∂%b,m is read on the integral definition (2.7). The computation of the
Jacobian associated with mean-field effects is at most O(N2) when self-interactions are taken
into account, and only O(N) when they are ignored or when there is no asymmetry. Let us
now review the complexity of the remaining terms.
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• ∂Ka,n/∂%b,m is the time-consuming part. Since the complexity for computing the colli-
sion term is O(N3), using a finite difference method would scale as O(N4). A method
to reduce the complexity to O(N2

νN
3) is detailed in [11], hence considerably speeding

the numerical resolution.

• ∂Ka,n/∂z is just the collision term where the contribution coming from the distribu-
tions of electrons/positrons is varied with respect to z. Hence it has the same O(N3)
complexity as the collision term.

• ∂z′/∂z can be obtained from equation (B.1). In practice we simply use a finite difference
method.

• ∂z′/∂%b,m is obtained from the chain rule as

∂z′

∂%b,m
=

∂z′

∂Ka,n
∂Ka,n
∂%b,m

(E.11)

and we only need the variation ∂z′/∂Ka,n which is easily read on equation (B.1). Indeed,
since only the trace of the collision term sources z′, the only serialized components a
leading to a non-vanishing ∂z′/∂Ka,n are those for which Tr(P a) 6= 0.

ATAO-V scheme In the ATAO-V scheme we integrate z with (B.1), and the diagonal com-
ponents %̃i with (3.5), that is

%̃′i,n = K̃i,n . (E.12)

Note that this is a very compact notation which hides the fact that what is known in general
are the Kαβ(yn) which depend on the %αβ(yn). Hence at each step one must transform the
matter basis components %̃i,n to the flavour basis, compute the collision terms, and convert
back into the matter basis, and keep only the diagonal terms. The relation between the
diagonal matter basis components and the (flavour basis) serialized components reads

K̃i,n = Ka,nT ai (n). (E.13)

The general form of the Jacobian is then
∂z′

∂z

∂z′

∂%̃j,m

∂K̃i,n
∂z

∂K̃i,n
∂%̃j,m

 (E.14)

since in this scheme there are no mean-field effects to solve for, as they are hidden in the
evolution of the matter basis. Again a finite difference method to compute ∂K̃i,n/∂%̃j,m
would be of complexity O(N4), but using the method detailed in [11] it is reduced to a
complexityO(NνN

3). This is even slightly faster (reduced by a factorNν) than for computing
∂Ka,n/∂%b,m because there are only Nν diagonal matter components instead of N2

ν flavour
components. Both Jacobian blocks are related thanks to

∂K̃i,n
∂%̃j,m

= T ai (n)
∂Ka,n
∂%b,m

T jb (m) . (E.15)
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Let us review the other blocks in (E.14). First we use the chain rule

∂z′

∂%̃j,m
=

∂z′

∂K̃i,n
∂K̃i,n
∂%̃j,m

, (E.16)

where ∂z′/∂K̃i,n is easily read from equation (B.1) since only the trace of the collision term

sources z′. And finally ∂K̃i,n/∂z is similar to the computation of a collision term, but with
the contribution from the e± distribution varied upon z.

ATAO-(J ±V) scheme The general ATAO-(J ±V) equation (3.8), when written explicitly
in matter basis components and using the previous notation, is also of the form (E.12).
However in the ATAO-(J ± V) we also solve at the same time the evolution of Aαβ given
by (2.12). Note that it depends on the full collision term Kαβ(yn) (or the Ka,n in serialized

basis) and not just on the diagonal components in the matter basis K̃i,n, contrary to the
evolution of the %̃i in (E.12).

Since we supplement z and the %̃i,n with the N2
ν variables Aa, this extends the size of

the Jacobian. We now show how the new blocks in the Jacobian can be computed, and that
this preserves the O(N3) complexity. The general form of the Jacobian is

∂z′

∂z

∂z′

∂%̃j,m

∂z′

∂Ab

∂K̃i,n
∂z

∂K̃i,n
∂%̃j,m

∂K̃i,n
∂Ab

∂A′a
∂z

∂A′a
∂%̃j,m

∂A′a
∂Ab


(E.17)

and only the blocks in the right column or the bottom line are specific to the ATAO-(J ±
V) scheme. As detailed hereafter, in order to compute these new blocks we shall need the
computation of ∂Ka,n/∂%b,m, which is what is needed when computing the Jacobian in the

QKE method. The block K̃i,n/∂%̃j,m is then deduced through (E.15).
We also need to know how the U(n) vary when the components of A are varied. Let us

define the set of anti-hermitian matrices

W a,n ≡ ∂U(n)

∂Aa
· U †(n) = −U(n) · ∂U

†(n)

∂Aa
. (E.18)

which allow to know how the flavour components vary when A varies, for fixed matter basis
components. They are obtained thanks to

(W a,n)ij =

√
2GF

(xH)

(me

x

)3
[
U †(n) · P a · U(n)

]
ij

(Vj,n − Vi,n)
for i 6= j , (E.19)

where the (W a,n)ij are the components of W a,n in the matter basis, that is they are defined

as
[
U †(n) ·W a,n · U(n)

]
ij

. The Vj,n are the diagonal components of V in the matter basis,

which are by definition its eigenvalues. The W a,n are then found by transforming (E.19) to
the flavour basis with U(n). Using their definition (E.18), one then finds

∂%a,n
∂Ab

= %c,n[W b,n, P c]αβP
αβ

a(n) . (E.20)

– 44 –



We now have all the tools to compute the blocks in the Jacobian (E.17) that are specific
to the presence of A.

• ∂K̃i,n/∂Ab
This is deduced from (E.13). Using the Leibniz rule, we deduce

∂K̃i,n
∂Ab

=
∂Ka,n
∂Ab

T ai (n) +Ka,n
∂T ai (n)

∂Ab
with

∂T ai (n)

∂Ab
= −

(
U †(n) · [W b,n, P a] · U(n)

)
ii

(E.21)

• ∂z′/∂Ab

We only need to apply the chain rule using equation (E.21) since

∂z′

∂Ab
=

∂z′

∂K̃i,n
∂K̃i,n
∂Ab

, (E.22)

with ∂z′/∂K̃i,n already needed for equation (E.16).

• ∂A′a/∂z
This is similar to the treatment of equation (2.12) with the replacement V → ∂V/∂z
and K → ∂K/∂z.

• ∂A′a/∂%̃j,n
Let us define the following derivative :

∂A′a
∂%b,n

≡
(
∂A′a
∂%b,n

∣∣∣∣
mf

+
∂A′a
∂Kc,m

∂Kc,m
∂%b,n

)
, (E.23)

where it is understood that the first term corresponds to the mean-field term, that
is the first term on the rhs of equation (2.12), and the second term is the indirect
contribution via the dependence of the collision term. Since the integrals appearing
in equation (2.12) are computed with a quadrature method, that is a sum on the
grid of comoving momenta with appropriate weights, these derivatives select only one
term in these sums (the one corresponding to the comoving momentum yn). We then
immediately get from equation (E.5) and the chain rule

∂A′a
∂%̃j,n

=
∂A′a
∂%b,n

T jb (n) . (E.24)

• ∂A′a/∂Ab
Finally, using again the derivative (E.23), we find a simple expression for the last block

∂A′a
∂Ab

=
∂A′a
∂%c,n

∂%c,n
∂Ab

. (E.25)

In practice, pairs of indices like i, n or a, n are also serialized (e.g. with I = nNν + i and
A = nN2

ν + a), such that all products with implicit summations in this section appear as
matrix multiplications when implemented in the code.
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To summarize we need to compute the Jacobian as in the QKE method, which gives
∂Ka,n/∂%b,m. It corresponds to the variation of all flavour components in the collision term
with respect to variations in all flavour components of the density matrices. We also need
to compute the T ai (n) from equation (E.4), and the W a,n from equation (E.19). We then

deduce from equation (E.20) the ∂%a,n/∂Ab. Finally, knowing ∂z′/∂K̃i(n), ∂A′a/∂%b,n|mf and
∂A′a/∂Kc,m from the equations governing the evolution of z and Aαβ, we can compute the
five new blocks of the Jacobian as described from equations (E.21) to (E.25). The step which
is the most time-consuming is the first one, that is the computation of ∂Ka,n/∂%b,m, whose
complexity is O(N3). Since this is already the longest step in the direct computation of
the Jacobian in the QKE scheme, we deduce that for large N the direct computation of the
Jacobian in the ATAO-(J ±V) method takes roughly the same time as the direct computation
of the Jacobian in the QKE method.
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