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Gravitational waves generated by inspiralling compact binaries are investigated to the second-
post-Newtonian (2PN) approximation of general relativity. Using a recently developed 2PN-accurate
wave generation formalism, we compute the gravitational waveform and associated energy loss rate
from a binary system of point masses moving on a quasicircular orbit. The crucial new input is
our computation of the 2PN-accurate “source” quadrupole moment of the binary. Tails in both the
waveform and energy loss rate at infinity are explicitly computed. Gravitational radiation reaction
effects on the orbital frequency and phase of the binary are deduced from the energy loss. In the
limiting case of a very small mass ratio between the two bodies we recover the results obtained by
black hole perturbation methods. We find that finite mass ratio effects are very significant as they
increase the 2PN contribution to the phase by up to 52%. The results of this paper should be of use
when deciphering the signals observed by the future LIGO-VIRGO network of gravitational-wave

detectors.

PACS number(s): 04.30.—w, 04.80.Nn, 97.60.Jd, 97.60.Lf

I. INTRODUCTION

The Laser Interferometric Gravitational Wave
Observatory— (LIGO-)VIRGO network of kilometer-size
interferometric detectors of gravitational waves is ex-
pected to be in operation by the turn of the century
[1,2] (see [3] for a recent review). The most promising
targets for this network are the gravitational waves emit-
ted during the radiation-reaction-driven inspiral of bi-
nary systems of compact objects (neutron stars or black
holes). Crucial to the successful detection and decipher-
ing of such waves will be the availability of accurate theo-
retical templates for the inspiral gravitational waveforms
[4-6]. Much theoretical effort is currently being spent
on developing improved formalisms tackling the genera-
tion of gravitational waves by general material sources
and/or on applying existing formalisms to the explicit
computation of increasingly accurate inspiral waveforms.
Among the existing generation formalisms, the one pro-
posed by us [7-9] can, in principle, be developed to an
arbitrarily high accuracy. Recent work by one of us [10]
has succeeded in pushing its accuracy to the second-post-
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Newtonian (2PN) level, i.e., in deriving general expres-
sions for the asymptotic gravitational waveform, as a
functional of the matter distribution in the source, which
take into account all contributions of fractional order %
beyond the leading (“quadrupole formula”) term. Here
e ~ v/c ~ (Gm/rc?)*/? denotes the small parameter
entering the post-Newtonian expansion appropriate to
the description of slowly moving, weakly stressed, weakly
self-gravitating systems.

The object of the present paper is to apply the 2PN-
accurate generation formalism of Refs. [7-10] to the spe-
cific case of an inspiralling compact binary. This is a non-
trivial task as the end results of Ref. [10] contain some
complicated three-dimensional integrals which are math-
ematically defined by a procedure of analytic continua-
tion. Note that this contrasts with the end results of
our previous 1.5PN-accurate generation formalism [7-9]
which contained only integrals extending over the (com-
pact) support of the material source. The higher com-
plexity of the 2PN level is due to the appearance of
terms associated with the cubic nonlinearities of Ein-
stein’s equations. We shall show below how to explicitly
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compute these terms in the case of binary systems.

Theoretical waveforms such as the one computed below
are useful to define parametrized “chirp” templates to be
cross correlated with the outputs of the LIGO-VIRGO
interferometric detectors. For this technique to be suc-
cessful, the templates must remain in phase with the ex-
act general-relativistic waveform as long as possible. The
phase of the signal is determined by the rate of change of
the orbital period resulting from gravitational radiation-
reaction effects. Following the usual heuristic approach
(which has been validated in detail at the leading order
[11]), the effect of gravitational radiation reaction on the
orbital period can be computed from the losses of en-
ergy (and angular momentum) [12] at infinity. We shall
therefore pay special attention to the computation of the
2PN-accurate energy loss from a (quasi) circular compact
binary which is obtained here for the first time, together
with the resulting orbital phasing of the binary.

Several investigations have recently focused on the
computation of the energy loss and waveform in the case
of a very small mass ratio between the two bodies [13-16].
Notably the energy loss has been computed in this case
both numerically [15] and analytically [16] up to an or-
der going well beyond the 2PN level. The test-mass limit
of our result agrees with the 2PN truncation of the re-
sults of Refs. [15,16]. However, we find that finite mass
effects change very significantly the 2PN numerical con-
tribution to the accumulated orbital phase. Our main
results, completed by the contributions due to the spins
of the orbiting bodies, have been briefly reported in [17].
Note that our formula for the energy loss has been con-
firmed by an independent derivation based on a different,
albeit less rigorous, method [18].

The organization of the paper is the following. In
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Sec. II we write down the results of the 2PN genera-
tion formalism in a form convenient for the application
to inspiralling binaries and we outline our strategy. In
Sec. ITI we compute the 2PN-accurate “source” moments
of mass-type (especially the quadrupole moment ¢ = 2)
in the case of a binary system made of two point masses.
In particular a crucial cubically nonlinear term is ob-
tained in Sec. IIIC. The expressions for all the relevant
source moments are given in Sec. IV which deals with
the explicit computation of the 2PN-accurate waveform
and energy loss rate (including relevant tails). The in-
stantaneous orbital phase of the binary is computed at
the end of Sec. IV. Technical details are relegated to sev-
eral appendices: the conserved mass monopole and dipole
moments are considered in Appendix A; Appendix B
presents an alternative derivation of the cubically non-
linear contribution to the quadrupole moment, which is
valid for N-body systems; and Appendix C is a com-
pendium of various formulas for moments.

II. SUMMARY OF THE 2PN-ACCURATE
GENERATION FORMALISM

Let us first recall that in a suitable “radiative” coor-
dinate system X* = (cT, X*) the metric coefficients, say
Gop(X7), describing the gravitational field outside an
isolated system admit an asymptotic expansion in powers
of R71, when R = |X| = co withT—R/cand N = X/R
being fixed (“future null infinity”). The transverse-
traceless (TT) projection of the deviation of Gap(X")
from the flat metric (signature —1,+1,+1,+1) defines
the asymptotic waveform AL L = [Gim (X)—8km]| T (latin
indices 1, j, k,m,...range from 1 to 3). The 1/R part of
hET can be uniquely decomposed into multipoles:

2£

1
7NaL—25ab(iI/j)bL—2(TR)} + O ( )

(£+1)c R? (2.1)

The “radiative” multipole moments Uy and Vi (defined for £ > 2) denote some functions of the retarded time
Tr =T — R/c taking values in the set of symmetric trace-free (STF) three-dimensional Cartesian tensors of order £.

Here L = i; - - - i, denotes a spatial multi-index of order £, N;,_» = N,, --

Pijkm(N) = (8ir — N;Ng)(8jm — NjNm) — 5(5,3 — N;N;)(0km — NeNp)

'Niz—zv X(ij) = %(Xij + Xj,‘), and

L (2.2)

(For the convenience of the reader we summarize our notation in Ref. [19].) As indicated in Eq. (2.1), for slowly
moving systems the multipole order is correlated with the post-Newtonian order. The coefficients in Eq. (2.1) have
been chosen so that the moments Uy, and Vi, reduce, in the nonrelativistic limit ¢ - 400 (or € — 0), to the ¢th time
derivatives of the usual Newtonian mass-type and current-type moments of the source. At the 2PN approximation,
i.e., when retaining all terms of fractional order £ ~ c~* with respect to the leading (Newtonian quadrupole) result,
the waveform (2.1) reads

2G 11 4 1 1 1
= CTéPijkm{Uij + [gNanja + §€ab(iVj)aNb] t2 I:ENabUijab + Esab(iv;')achc]
—Fl i]V' bcUijabe + 16 b(i ViYacdVbed | + i J—~N bedUsijabed + iE b(i Vi)acde Nbede | + 0(65) . (23)
3 160 a 2jabc 15° (2 ¥3)ac C 2 360 abcdYijabe 36 (i Yj)acdelYbede

The rate of decrease of the Bondi energy Ep with respect to the retarded time Tp = T — R/c is related to the
waveform by
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dEp ShIT\ ",
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(2.4)

At the 2PN approximation this yields (with U™ = d"U/dT3)

dTr T

7 1]

dEp G
189 i3k “ijk

A 2PN-accurate gravitational-wave generation formal-
ism is a method allowing one to compute the radiative
moments entering Eqgs. (2.3) and (2.5) in terms of the
source variables with an accuracy sufficient for obtaining
the waveform with fractional accuracy 1/c%. The latter
requirement implies, in view of Eq. (2.3), that one should
(at a minimum) compute the mass-type quadrupole ra-
diative moment U;,;, with 1/c* accuracy, the mass-type
radiative octupole U;,;,;, and the current-type radiative
quadrupole V;,;, with 1/¢c® accuracy, Ui, i,i5i, and Vi, ipi,
with 1/c? accuracy, Us,iyigizis and Vi igis:, With 1/c ac-
curacy, and U, i,igigi5i6 a0d Vi izigizi; With the Newto-
nian accuracy. Note that these requirements are relaxed
if one is only interested in getting the energy loss rate
with 2PN accuracy. In that case, Eq. (2.5) shows that
one still needs U;,;, with 1/c* accuracy, but that it is
enough to compute Uj,;,:, and V;,;, with 1/c? accuracy,
and U, 5444, and V,;,;, with Newtonian accuracy.
|

27 )

U(l) (1)+ [ 1 U‘”U“)+—V(1>V.‘.1)

LI 1 o ga Wy
]+C_4[9072Ui(j’3mUi(jk):m gz Vi Vige | +O(%) ¢ - (2:5)

In our generation formalism, the link between the ra-
diative multipoles Ur, and Vy and the dynamical state
of the material source is obtained in several steps involv-
ing as intermediate object a certain vacuum “canonical”
metric gg3” (z 2 ) expressed in terms of some “canonical”
multlpoles My, and Sy, (alternatively referred to as algo-
rithmic moments in [8]). On the one hand, the match-
ing of g&2"(x,,) to a (PN-expanded) near-zone solution
of the mhomogeneous Einstein equations allows one to
compute My and Sy, in terms of some suitably defined
“source” multipoles Iy (source), Ji (source). On the other
hand, the computation of nonlinear effects in the wave
zone allows one to compute Uy, and V; as functionals of
M7y, and Sr,. The final result for the 2PN-accurate gener-
ation formalism reads (when working in an initially mass-
centered coordinate system, i.e., such that the canonical
mass dipole M; vanishes for all times)

Foo 11

Ui (Tr) = T ar [ (5) + 5| 1 e+ 06 (2.62)
2Gm +°°

Uiie(Tr) = IS)( dr [m () + ] IS)(Tr —7) + O(°) (2.6b)

2Gm oo 7
Vis (T) = I (Tk) + / dr [in (55) + 5] 75T =7 + 0" (2.60)

for the moments that need to be known beyond the 1PN accuracy, and

UL(Tg) = I{" (Tgr) + O(e?) , (2.7a)
Vi(Tr) = I (Tgr) + O(c®) , (2.7b)

for the other ones. Equations (2.6) involve some integrals which are associated with tails; these integrals have in front
of them the total mass energy m of the source, and contain a quantity b which is an arbitrary constant (with the
dimension of time) parametrizing a certain freedom in the construction of the radiative coordinate system (7', X).
More precisely, the link between the (Bondi-type) radiative coordinates X* = (cT, X*) and the (harmonic) canonical

coordinates z# = (ctean,,,) reads

Tcan 2Gm1 (Tcan
—— In

TR = tcan — - cb

) +0(E%) +0(1/r2,) - (2.8)

c c3

Except for the computation of U;; which requires the knowledge of the mass quadrupole source moment I;; with
2PN accuracy, the computation of the other multipole contributions to the waveform can be obtained from 1PN-
accurate expressions of the mass-type and current-type source moments which have been obtained for all values of £
in Refs. [7,8], respectively, as explicit integrals extending only on the compact support of the material source. (Note
that there are no 1/c® contributions in the source moments.) Let us illustrate the structure of the 1PN results by
quoting the simpler 1PN mass-type source moments:

2rx?  8%0(t,x)
220+ 3)cz ot

_ 4(2[ =+ 1)1?,’[, 60’,;(t, x)
@+t +3)E ot

IL(t) = /d3w [i:z,a(t, x) + +0(e%) . (2.9)
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The (compact support) matter densities appearing in Eq. (2.9), and their generalizations discussed below, are defined
from the contravariant components (in the harmonic, “source” coordinate system z*) of the material stress-energy
tensor T as

T(t,x) + T°%(t, x)

o(t,x) = > , (2.10a)
oi(t,x) = T—Oi(%zc—z , (2.10b)
oii(t,x) = T (t,x) . (2.10¢)

The powers of ¢ introduced in Egs. (2.10) are such that the o’s have a finite nonzero limit as 1/c — 0. One associates
to the matter densities (2.10) some Newtonian-like potentials, say

U(x, t) :G/hcdi—x’;,lcr(x',t) , (2.11a)
X(x,t) = G/d3x'|x —X|o(xt) (2.11b)
Us(x, ) ..G/I @5 7o00) (2.11¢)
Piy(x, 1) G/! &x’ [ ” 41G (a Ua,U — aijakUakUﬂ 1) . (2.11d)

[Note the equation satisfied by the X potential: AX = 2U.] The 2PN-accurate source moment I7(t) has been
obtained in Ref. [10] and expressed in terms of the matter densities o, o3, 0;;, the potentials U, U;, P;; and the trace
P = P,,. The result [see Eq. (4.21) of Ref. [10]] is

*x[x|? R P
) = Fre- O/d xP {mL[ ot UP)] 2c2(2l + 3) 17
(2[ + mzL 1 ' § |
TR 1E+3)” —5 | OUOU — 8kUi] + 78,.USU
+ |x|*2 L " 2(2¢ + 1) |x|?&;1, .
8c%(2¢ + 3)(2£ + 5) t c4((+ )(284-3)(2[—{—5) t Oi
2(2¢ 4 1) ol -
AT D)€+ 2)(2E 1 5) k0% |7t g U
+7ch4iL [—PijaijU —2U;8,0;U + 20,U;0,;U; — g(atU)z _ Uan] } n 0(55) . (2.12)

This expression obviously reduces to Eq. (2.9) at the 1PN level. It was also shown in Eq. (4.13) of Ref. [10] that the
current moment Jz, which needs only 1PN accuracy, can be written as

R 4 X|"TrL a
JL(t) = FPB=0 Eab<iy /d3x|x|B{wL_1>a (1 + EEU) op + lé—lizﬁaz

+

) 3 20 + 1)1 _15ac 1
—atL-1>a [BkU(BbUk — o Uy) + Z&UB,,U] _ A DEi1vac [ [ be WGa,,UaCU]} +0(Y) .

(€ + 2)(2€ + 3)
(2.13)

This form is equivalent to the result previously derived in Ref. [8] [Eq. (5.18) there]. See below for comments on the
symbol FPp_¢ in front of Egs. (2.12) and (2.13).

In this paper, it will be convenient to split the potential P;; of Eq. (2.11d) into a compact-source potential U;; and
a nonlinear potential W;; according to

4

Pij = Usj — Wij + %%Wss ) (2.14a)
where U;; and W;; are defined by
3!
Uij(x,t) = G/lxd—x,ffij(x',t) ) (2.14b)
1 d3 !
Wij(x,t) = — =] [0:U9;U](x', t) . (2.14c)
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(We have AW;; = 9;U9;U.) The compact-source potential U;; should not be confused with the previously defined
radiative quadrupole moment U;;. Also note that the notation W;; is the same as used in Ref. [10] to denote a different
potential (which is a retarded version of the potential P;;) but which will not be used in this paper. Let us note for

future reference that the trace of W;; as defined here satisfies

1
Wee = =U? - &,
2

B(x,t) = G/'xdi—x;cll[aU](x’,t) :

(2.15a)

(2.15b)

The potentials introduced above are connected by the approximate differential identities

8:U + 8;U; = O(?)

1
o:.U; + 8jU,-j = 8j (sz — 55,'3'W83) + 0(82) .

We replace in Eq. (2.12) the potential P;; by Egs. (2.14) above, and 8,U by the spatial derivative

(2.16a)

(2.16b)

—6;U;. Tt is also

convenient to perform an integration by parts, using O UOU; = %[A(U U;) — UAU; — U;AU], which is justified by a
reasoning similar to the ones followed in Sec. IV of Ref. [10]. This leads to the form we shall use as the starting point

in this work:

Ip(t) = FPp- 0/d3x|x|B{

-
RO K ) e

T (e +1)(26+3) " 2

UUss + Uo'ss]

o+ ——
T 2

2(2¢ + 1) |x|%2:L

x|*2L 4
t

+sc4(2e +3)(20+5)

G

For simplicity, we henceforth drop most of the post-
Newtonian error terms as they are usually evident from
the context.

The symbol FPp—o in Eq. (2.17) stands for “finite
part at B = 0” and denotes a mathematically well-
defined operation of analytic continuation. Let us re-
call its precise meaning (see [20,21] for details and proofs
of the applicability of such a definition): one considers
separately two functions of one complex variable B de-
fined by the integrals I;(B) = [, d*x|x|® f(x), I;(B) =
sz d3x|x|B f(x), where V; is, say, the ball 0 < |x| < 7o
and V; the complementary domain: |x| > ro. If the
function f(x) is, say, continuous in IR® and has, at most,
a polynomial growth O(|x|?) when |x| — oo, the inte-
gral defining I;(B) is convergent if the real part of B is
large enough, say Re(B) > —3, while the integral defin-
ing I(B) is convergent if Re(B) < —p — 3. If moreover
the function f(x) admits an asymptotic expansion (“mul-
tipolar expansion”) of the form f(x) ~ Ekspfk,lel’“ﬁL
as |x| — oo (we do not include logarithms of |x| to sim-
plify), the function I2(B) can be analytically continued
as a meromorphic function in the complex B plane up to
arbitrarily large values of Re(B) (with possible poles on
the real axis). Finally, one considers the sum of I; (B) and
of the analytic continuation of I, (B) for values of B near
0: the constant term (zeroth power of B) in the Laurent
expansion of I (B)+analytic continuation[I2(B)] around
B = 0 defines FPp—o [ d®>x|x|B f(x). It is easily shown

AU+1)(20+3)(20+5) ¢

+— y [ZU B,JU U,,E)UU (8iUi)2 + 28—5Uj8jUi — Eaf(Uz) + Wij&-jU] } .

Ix|*2L 2
2220+ 3)t°
(a,-Ua,-Uj - ZaiuajUj)]
2(20 + 1)&4j1 1
s J 2 | g5 + ——8,UBU
%ot T+ 2) 25 ["J*:ma g ]
(2.17)

that this definition is independent of the choice of the
intermediate radius ro used to split JR® in two regions.
Note that, in principle, one should introduce a length
scale to a-dimensionalize |x| before taking its Bth power
in (2.17). This is superfluous in our case because the au-
thor of [10] has shown that there arise no poles at B =0
and therefore no associated logarithms.

Although the result (2.17) is mathematically well de-
fined (contrary to the results of Refs. [22,23] which are
expressed in terms of undefined, divergent integrals), it
is a nontrivial task to compute it explicitly in terms of
the source variables only. This will be done in the next
section, in the case where the source is a binary system
of nonrotating compact objects (neutron stars or black
holes). To this end, we shall heuristically represent the
stress-energy tensor of the material source as a sum of
Dirac § functions. More generally, the stress-energy ten-
sor of a system of N (nonrotating) compact bodies is
formally given by

N
dyty dyy 1 5(x —

m
£ A at dt ‘/“df

TH (x,t) = ya(t)),

(2.18)

where m 4 denotes the (constant) Schwarzschild mass of
the Ath compact body. This yields, for the source vari-
ables (2.10),
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N V2
o(et) = 3 wa(t) (1422 ) 6x - ya) , (2199)

A=1
N
oi(%,t) = Y pa(t)viad(x —ya(t)) , (2.19b)

A;I | |

oij(x,8) = D na(t)vivid(x — ya(t) , (2.19¢)
A=1

where vy = dy% /dt and

pra(t) =mal[l+ (dz)a + (da) 4], (2.20a)

1 [v?
dy = = (—é— - V) , (2.20b)

1 (3, 3., 3,
d4—c—4(§v +5UV '—4UI’U1—“2‘P+5U +4UB_., 5

(2.20c)

the notation V being a shorthand for the combination

V=U+ % 22X , (2.21)
which is the potential appearing naturally in the 1PN
near-zone metric in harmonic coordinates. The subscript
A appearing in Eq. (2.20a) indicates that one must re-
place the field point x by the position y4 of the Ath
mass point, while discarding all the ill-defined (formally
infinite) terms arising in the limit x — y 4. For instance,

Ua=c 3 OO +vB/) (2.22)

iy ya-vysl

[Note that the second time derivative appearing in V,
J

2
FPB=0/d3x|x|3:f:ijL6t2[6iU8jU] = %

{FPB:O/d3x|x|B§:ijL8iU8jU} .
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Eq. (2.21), must be explicated before making the replace-
ment x — y4(t).] Although we do not claim to have ver-
ified it by a detailed proof, we feel secure that the formal
use of § functions can be justified at the 2PN accuracy
(and even at the 2.5PN accuracy) by combining our gen-
eration formalism with the results of Ref. [24]. Indeed,
the latter reference showed (by a matching technique)
that the metric generated by a system of well-separated
strongly self-gravitating bodies was equal, up to the 3PN
level, to the metric generated by a mathematically well-
defined version of § functions. See Sec. IIIC of Ref. [9]
for a discussion, at the 1PN level, of how to combine the
two formalisms.

III. THE 2PN-ACCURATE MASS MOMENTS OF
A COMPACT BINARY

It is convenient to split the starting formula (2.17) into
three types of contributions, say

I =12 + 177 + 187 (3.1)
Here, Il(:c) (“compact terms”) denotes the terms where,
because of the explicit presence of a source term o(x),
0;(x), or 0;j(x) (or a time derivative thereof), the three-
dimensional integral [ d3x extends only over the com-
pact support of the material source. The finite part
prescription is unnecessary for such terms. [Note that
Iéc) is identical to the 2PN expansion of the exact lin-
earized gravity result given by Eq. (5.33) of [25].] The
“Y terms” II(;Y) [named after the quantity defined in
Eq. (3.22) below] denote all the contributions involving
the three-dimensional integral of the product of (spatial
derivatives of) two Newtonian-like potentials, e.g.,

(3.2)

The time derivatives appearing in the Y terms have all been written in a manner such that they can be factorized in

front as total time derivatives acting on (the finite part of) a three-dimensional integral. Finally, I éW) denotes the
only term of (2.17) involving the three-dimensional integral of a term trilinear in source variables; namely,

wy_ 1
I = wGct

FPBZO/d3x|x|B:iLW,~j8,-jU,

(3.3)

where we recall that W;;, defined by (2.14c), is a bilinear functional of o(x',t).

We shall consider in turn the three contributions to Ir,. The “compact” and “Y™” contributions will be evaluated in
the quadrupole case (£ = 2) while the “W” contribution will be calculated for any £. The cases £ = 0 and £ = 1 play
a special role as they do not correspond to radiative moments, but to conserved quantities. We check in Appendix A

the agreement with known results for these low moments.

A. The compact terms and their explicit form in the circular two-body case

The general, N-extended-body expression for the “compact” contributions to the 2PN mass moments reads

4U

C s 4Uss
Ié ) =/d3x(wL [cr (1—— o )

(€ + 1)(2¢ + 3)c?
2(2¢ + 1)

.+.

5 20
S [ ke "”) ‘

1 x? _, 1 x? 4
AR ToT Y (c_za“’ t @i a2’

) o o[ (14 ) -
C C

2U;

(3.4)
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From Egs. (2.19) we obtain the corresponding point-mass form

1

d? 1 d*

N
() _ ~ 4.4 4.4 2| ~L = o2 AL ~ 2\2.L
=3 (#A [1 = aUh+ 53U (va) ] Ya+ 220+ 3)e 7p2 RAY4U4) + 8(20+ 3)(20 1 5)cA g2 (Pa(ya)“94]

A=1

c2

4(2¢+1 d 204\ , 204 .7 .,
et (1 2 - ]

(E+1)(20+3)c2 dt

2(2@ + 1) d? i j ~ijL
T T D+ 2)(26 + 5)ck a2 Havavali) |

in which we have introduced for brevity fig = pa(l +
v% /c?). As it is written, the result (3.5) depends (at 2PN
order) not only on the positions y4 and velocities v4 of
the IV compact bodies, but also on higher time derivatives
thereof, up to d*y 4 /dt*. To reduce the functional depen-

dence of Iéc) to a dependence on positions and velocities
only, we need to use the post-Newtonian-expanded equa-
tions of motion of the NV-body system. At this juncture,
we restrict ourselves to the simplest case of a binary sys-
tem evolving on a quasicircular orbit. Consistently with
the 2PN accuracy of the generation formalism considered
here, we use the 2PN truncation of the 2.5PN equations
of motion of Ref. [11]. We use a (harmonic) coordinate
system in which the 2PN center-of-mass is at rest, at the
origin. In such a coordinate system the 2PN truncation
of the equations of motion admit exact circular periodic
orbits. Using the 2PN-accurate center-of-mass theorem
of Ref. [26], we can express the individual center-of-mass-
frame positions of the two bodies in circular orbits in
terms of the relative position

X=y1— Y2 (3.6)
as
Y. = [X2 + 31/’72(X1 - Xz)]x 5 (37&)
Y = [—Xl + 31/’)’2(X1 - Xz)]x . (37b)
[Equations (3.7) are obtained by setting G; = 0 for cir-
cular orbits, where G; is given by Eq. (19) in Ref. [26].]
Here, we have denoted
m=m; +ma, Xlzﬂ, XzE@EI'-Xl,
m m
(3.8)
and
— _ mamz
V= Xle = 2 ) (39)
Gm
= &m 3.10
Y= & (3.10)
with r = |x| = |y1—y2| denoting the constant (harmonic)

coordinate radius of the relative orbit. One should note
in Eq. (3.7) the absence of 1PN corrections to the usual
center-of-mass expressions. This is an accident due to

- 2(2¢+1) 4 i o2 il
(£+1)(2¢ + 3)(2£ + 5)ct dt3 (Lavayads’)

(3.5)

f

the fact that we are restricting our attention to circular
orbits. (In the noncircular case there are 1PN corrections
to X, and —X; which are proportional to vZ — Gm/r,
see, e.g., [27].) Then the content of the 2PN equations
of motion reduces to the knowledge of the 2PN-accurate
orbital frequency wypn given by

G 41
wgpN = T—Zn [1— B—v)y+ (6+TV+V2) ’72] ’
(3.11)
which is such that
dx
dv  d?x
a= E = -(—i-t-é— = _“’;PNX 4 0(6‘5) . (3.12b)

Let us note that Egs. (3.12) imply, as usual, that v =
|v| = wepn T, so that Eq. (3.11) implies

v? 41 2\ 2
c_zzry[l—-(3—u)fy+ 6—!—711—{—1/ ¥4 . (3.13)

We are now in a position to compute explicitly the
“compact” terms I,gc), and we restrict ourselves to the
quadrupole case £ = 2.

Without entering into the details of the calculation of
Il(_,lc ), let us mention that there arise many symmetric
functions of the two masses which can be straightfor-
wardly expressed in terms of the total mass m and of
the quantity v = X;X, by using the well-known fact
that a symmetric polynomial in X; and X5 can be writ-
ten in terms of the elementary symmetric combinations
X1+ X2(=1) and X; X». Useful formulas for this reduc-
tion are

XZ+X:2=1-2v, (3.14a)
X3 +X3=1-3v, (3.14b)
X4+ Xi=1—dv+27%, (3.14c)
X+ X5=1-5v4+52. (3.14d)

The computation of the quadrupole Iz(]C ) for two bodies
and circular orbits is long and tedious but quite straight-
forward. We obtain
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©) _ §TF,, i _ Y i 1ir=
I; STF;; vm [m 3" (1+39) + 51 3

4T (191 — 5770 + 10907
378 c? ’

2

v (1 — 3v) + —— 2% (5203 — 18275 — 27851%)

1512

(3.15)

where STF;; denotes the STF projection with respect to the indices ij.

B. The quadratically nonlinear terms

Separating out from Eq. (2.17) the terms involving the three-dimensional integral of a product of (spatial derivatives

of) two Newtonian potentials, we define

(Y) — 3 B Zr
I; :FPBZO/d x|x| {7ch4

420+ D
(£+1)(2¢ + 3)rGct

O (8JU61UJ — EB,U(?JUJ) +

1
2Ui8ijUj — UijaijU — iaiUié)jUj + 23{Uj3jUi — %8E(U2)]

(2€+ l)izijL
@+ )£ +2) 20+ 5)2nGct

af(aanjU)}. (3.16)

These terms can be deduced from the results of Ref. [8]. Denoting r1 = |x — y1|, 72 = |x — y2|, r12 = |y1 — ¥2|, the

latter reference has introduced the kernel

1

k(x;y1,y2) = 3 In[(r; + r2)? — 73] (3.17)

and proven that it satisfies (in the sense of distribution theory) the identity

1
= Axk — 27['512 ) (3.18)
T17T2
where 612 denotes a distribution supported on the segment joining y; to ys:
1
012(X;y1,¥2) = 12 / dad(x —ya), (3.19a)
0
where

Yo =(1—a)y1 +ay2 . (3.19b)

Moreover, the kernel k(x) is such that its multipolar expansion when |x| — oo contains, besides a logarithmic term,
In(2|x|), only terms of the type |x|~¢~2P7ij, (with p € IN). The important point, as we are going to see, is that the
multipolar expansion of k(x) contains no terms of the type |x|~¢~'#y, i.e., no homogeneous solutions of the Laplace
equation. [This is the feature defining the kernel k by contrast with the kernel g satisfying A,g = (r172) ! everywhere
and containing a homogeneous piece %h whose distributional source is precisely the —27d;, term in Eq. (3.18); see

[8].] The latter property implies that

FPBZO/d3x|x|BiLAzk(x) = FPBZO/d3xAz(|x|B§:L)k(x)

=FPp_, {B(B +2¢+1) / d3x|x|B+f—2ﬁLk(x)} =0.

Here, the first equality is obtained by integrating by parts
[the surface term at infinity vanishing by analytic con-
tinuation from the case where Re(B) is large and neg-
ative], and the last follows from the fact that k(x) is
well behaved at the origin |x| = 0 and contains no “ho-
mogeneous” terms |x| ¢4y, in its multipolar expansion
at infinity. Indeed, going back to the definition recalled
above of analytically continued integrals, as the sum of
one integral over the ball 0 < |x| < r¢ and one over its
complement |x| > rg, we see that the factor B in front
will give a zero result, except if the integral near the ori-
gin (0 < |x| < &) or the one near infinity (|x| > ro, with

(3.20)

ro arbitrarily large) generates a pole at B = 0 in the
complex B plane. As k(x) exhibits no powerlike blow
up near the origin x = 0 (even when the latter coincides
with y; or y2) the integral near the origin is easily seen
not to generate any pole at B = 0. Concerning the inte-
gral near infinity, written as f:)o dr rB+E( J. S dQnpk), we
see from the orthogonality of the 7.1’s over the sphere S3
that only the presence of terms o 7z /r¢*! in the mul-
tipolar expansion of k(x) could generate a pole through
f:)o drrBHtyp—t-1 = _pB-1;B,

By combining the identity (3.18) with the result (3.20)
we conclude that



5368

(3.21)

.1
FPBZO/d3x|x|BwL~——— —2r Yt (y1,y2)
T1T2

(see also Sec. IV in Ref. [10]) in which, following the
notation of [8], we have introduced

1
YEi(yi,y2) = /d3X56L512(X;.Y1,.Y2) E7‘12/ dayll),
0

(3.22)

where y&m denotes the STF projection of y2! -- -y with

y:, defined by Eq. (3.19b). As the dependence of y< ' o
I
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a is polynomial it is easy to perform the integration over
o in (3.22) to get [10]

|)’1 Y2|

3.23
i1 (3.23)

YL(ylv Y2)

Z<LPP>’

p=0
where yf = y2 Yy yL_P = vy . By taking
derivatives of both s1des of (3.21) with respect to y} or
y% and integrating over y; and y, after having weighted
the integrand with some source functions 04(y1), o5(y2)
(where o, denote o, o; or o0;;), one can obtain all
the terms in (3.16) since these are all bilinear in some
Newtonian-like potentials. For instance, the right-hand
side of Eq. (3.2) can be written as

p ip+1 ..

d? 7] 7]
—{—2rG? | d® t) | 43 ) [ —— ywlL )
& { w6 [ yi0r0) [dyaotrnt) (5 ) (507 | 0y | (3.24)
where one must be careful about the minus signs appearing in the spatial derivatives due to Or Lozt = —87‘1“ L9yt
(97'2_ 1 ]9zt = —Ory 1 /0y, and about keeping the total time derivatives factorized in front of the whole expression. It
is convenient to introduce a special notation for the derivatives of Y with respect to y; and y;, say
8 0
Y= ——vYb, (3.25a)
ayl 8y{
9 0
Y= oY, (3.25b)
0y oy;
a 0
S (3.25¢)
Oys oy}

With this notation in hand, it is easy, from the result (3.21), to obtain the following expression for the “Y-type”

contribution to Iy, defined in Eq. (3.16):
"

4(20+1)

3
_ ) k YaL _ 2 s syaL
+1)(20+3)" ["1"2 kla ™ = 37192 sa

where o1 = o(y1,t), 02 = 0(y2,t), etc.

Finally, the point-mass limit is obtained by insert-
ing Egs. (2.19) into Eq. (3.26). Note that, because of
the overall ¢—% factor, it is enough to use the Newto-
nian approximation for the source terms [e.g., o(x,t) =
Y amad(x —ya(t)) + O(e?)]. To increase the readability
of the result, it is convenient to introduce a shorthand
for the contractions of the derivatives (3.25) with the ve-
locities:

Yv[;vc = vAvév Ylf’ , (3.27a)
UAUCYL = vf(ué inL s (327b)
v Y2 = vl YE (3.27¢)

where A,C = 1,2, as well as a mixed notation such as,

e.g.,
v YF =0y Y. (3.27d)

This leads, for any £, to the following expression for the

2G 1
= —0—4//113 1d3y2{2010'2Y — o3 0'2Y 2010£° sYk +2cr“’a';c kYL

—atz(alo'zYL)

2041
200+ 1)({+2)(2£+5) ¢

+ (3.26)

(0102 aYabL)} )

Y terms:

(Y) YL

VAVA

Z mAmc{2Yf;vc

vE - S0 (VP)

vc vaA

8 3 8
3t |:chs b ZvAYs L:|

07 [a “"L]}, (3.28)

l 'UAYvIé-
4(2¢+1)
C(E+1)(2¢+3)
20 +1

200+ 1)(£+2)(2£+5)

+

in which all functions YZ are evaluated with y,4 in
their first argument and y¢ 1n their second one, e.g.,
vAYvIé = vivg 1Y (ya,yc), Y, vAvA = vAvAY (ya,yc)s
and in which all the self-terms A = C must be omitted.
Finally, by using expression (3.23) for YL, a long calcula-
tion yields the following explicit expression for the Y-type
mass quadrupole for two bodies in a circular orbit, and
considered in the center-of-mass frame:
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2
)= 15—

2

+ 5 i (—118 + 920 — 101/2)} .

5 (3.29)

C. The cubically nonlinear term

Let us now tackle the cubically nonlinear term

I(W)

FP oo / Px|x|BELW,0,U ,  (3.30)

G4

with W;; = A=1(6;U8;U). We shall show how to evalu-

ate Iéw) explicitly, for all values of £, in the case where
the source is a binary system. [Note in passing that as
(3.30) depends only on the instantaneous mass distribu-
tion of the source our result is valid whatever be the orbit
(circular or not) of the binary.] To do this for all values
of £ we need what is essentially a generalization of the
method of [8], i.e., a detailed study of some cubically
nonlinear kernel. In the particular (and most urgently
needed) case of the mass quadrupole, £ = 2, one can eval-
uate (3.30) by other means, as is shown in Appendix B

which succeeds in computing Ii(]W) for N-body systems.

This gives us an independent check of the results below.
Let us define a function W(x,t) [which is a trilinear,

nonlocal functional of o(x',t)] by

J

0 oo
" = _EléFPB:o {B(B+2é+ 1) [/ dr/erB“ﬁLWJr/ dr/erB”ﬁLW]} :
0 To

4
AW = — S Wis05U (3.31a)
Wx) =+ [ EX o xho,U 3.31b
= T rct |x x'| 5 (x")0;U (X') (3.31b)

where, for brevity, we suppress the dependence on the
time variable which is the same on both sides. Note that
the integral (3.31b) is a usual, convergent integral [at
infinity W;; = O(1/r), 8;;U = O(1/r%)]. As usual, W is
characterized as being the unique solution (in the sense
of distribution theory) of (3.31a) which falls off at spatial
infinity.

Our method for computing I}JW) is similar to the one

we used in Egs. (3.17)—(3.20) above to compute Iéy) from
the results of [8] on the kernels k and g. Inserting (3.31a)
into (3.30) gives

™ = —Z%GFPBZO/d3x|x|B§:LAzW(x) . (3.32)
Integrating by parts the two spatial derivatives of A,
[the analytic continuation from a case where Re(B) is
large and negative ensuring the vanishing of any sur-
face term at infinity], usmg the formula A, (|x|B2L) =
B(B + 2¢ + 1)rB+=23L | where r = |x|, n* = z*/r, and
writing explicitly the definition of the analytically con-
tinued integral (in polar coordinates: d3x = r2drd(2) we
get

(3.33)

Because of the regularity of W (x) near the origin x = 0 [28], the first integral on the right-hand side of (3.33) will

continuously depend on B € € near B = 0, and will therefore not contribute to I}lw) because of the explicit B factor
in front. We are therefore left with (since the second integral can have at most a simple pole)

w
L=

To

where 7o can be taken arbitrarily large, so that expression
(3.34) depends only on the asymptotic expansion of W (x)
for |x| — oo, say

AL
Wx) = > W} - (3.35)
p>1,£>0

Although this is not a priori evident from its definition
(3.31), the explicit expression we shall derive below for
W (x) shows that the multipolar expansion (3.35) pro-
ceeds according to the inverse powers of r, without in-
volving logarithms. [Actually, the presence of logarithms
in (3.35) would not change the result below.] As was al-
ready mentioned above, the only terms in the multipolar
expansion (3.35) which can generate a simple pole in B
so as to cancel the factor B in front are those which corre-
spond to a homogeneous solution of the Laplace equation

AL /rt*1. Let us then define the “homogeneous” piece
of W by restricting the double sum in (3.35) to the case

ALy O{B/mdrr‘?“ [/dQﬁLW(X)]} ;

(3.34)

[
where p = £+ 1, say (with the definition WPo™ = Wf“)

Whom x) — Z homr

£>0

(3.36)

Note that this definition is independent of the choice of
the origin x = 0 around which one is expanding. This
stems from the easily verified fact that under a constant
shift x — x + ¢ the homogeneous and inhomogeneous
pieces of W do not mix. Using [ drr?~! = -B B =
—B~1' 4+ O(B°) and [dQagnn Ty = [4ne!/(2¢+ )N Ty
[where n!! = n(n —2)(n — 4) --- (1 or 2)] we get the fol-
lowing link between I} (W) and the coefficients appearing
in the multipolar expansion (3.36) of Who™(x):

i
(ze— 1)

Inserting back (3.37) into (3.36) shows that the multi-

GI") = Whom (3.37)
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polar expansion of Wh°™ can be compactly written in a
form which is familiar:

om (_ ¢ w 1
wh :GZ Z‘) II(J )31,;
>0

(3.38)

The form (3.38) is related to another, more convenient,

expression for IéW) (in terms of the “source” of Whem)
that we shall derive below. Let us now obtain an explicit
expression for W (x) in the point-mass limit and extract
its homogeneous part.

Inserting U = Gmy/r1 + Gmz/rs in the definition of
W;; yields [with n} = (z* — y%)/r1, etc.]

i, 4,7

n'n nen

2], 2™ 2 MMy
AW, =G ml—r4 + i
1 2

1
+maima (9y;0,5 + 0,10, ) mz] : (3.39)
whose solution can be written as
Wi; = G*ImIWE + miWZ + mim, W3],  (3.40)
with
Wil = a 1 !
ij — @i inTi + = 8 s (3.413.)
1
W2 = 8,1 Inry + = ST (3.41b)
W2 =.g; + jgi - (3.41c)

In Egs. (3.41a), (3.41b) the derivatives 8; = 9/8z*, while
in Eq. (3.41c) g is the quadratic kernel [8]

9(x%y1,¥2) =ln(ry + 72+ 7r12) , (3.42a)

1
Agg = ——,

42b
"ira (3.42b)

and we have introduced the same abbreviated notation
as above:

o 0

=9 9 3.43

From (3.40) we get the cubically nonlinear effective
source term

W,;ja,;jU = Ga[m?Alll + m%mzAllz +m mzAlzz

377 (3.49)
with
1 1 1 1
.A111=W-1-181--—=—3i'1 Oy — = —— 4
j J 8 J nry .77,1 2,,,?’ (3 5)
1
A? = W”B — + W”&ja = 2igjaij%
+losmme; L+ 1Al (3.46)
) ij 1N T 1_77.2 87‘% 1‘2’ .

the other terms in (3.44) being obtained by exchanging
the roles of y; and y..

Note that the two x derivatives acting on 1/r; and
1/r2 in (3.46) (which introduce nonlocally integrable sin-
gularities in x space) are left uneffected and must be in-
terpreted in the sense of distribution theory (in x space).
Rigorously speaking, one is not allowed to work within
the framework of distribution theory (because one is deal-
ing with the product of a distribution 8;;77 " by a func-
tion ;g; which is not smooth at x = y;). One should, e.g.,
use the well-defined analytic continuation procedure of
[24] which has been shown to correctly describe the self-
gravity effects of compact bodies. [The latter analytic
continuation procedure yields in particular an unambigu-
ous treatment of the self-source term 41!, Eq. (3.45).]
In practice, a technically easier way to deal with this sub-
tlety is to work with the y; and y, derivatives of quanti-
ties which are less singular in x space (see the first terms
in the definitions of H and K below). When doing so,
there arises only one term which is not well defined in the
sense of distribution theory, and this term, o< n;§(x—y1),
clearly vanishes when treated more properly by analytic
continuation. Computing A~Y(W;;0;;U) is easy for A1
[using Ar;® = 6r] ] and the last term in A!? [using
rr2Ar =] 2A'r'2 = A(r2r;")]. The other contri-
butions to .A'!2 are much more intricate to deal with.
We succeeded in evaluating explicitly A~*.4'12 by com-
bining the results of Refs. [29,30] which pointed out the
usefulness of considering certain y; and y, derivatives of
combinations of g, Inry, 71, rp and 715, with the fact (con-
tained in a somewhat roundabout way in Ref. [31]) that
the inverse Laplacian of 47'2_ ! has a simple expression:

1 1 r

—1 2

A (7‘47' ) 202, 2
172 1271

[The latter being most simply obtained from its eas-
ily verified “inverse:” A(rz/r?) = 2r%,/(rir;).] Denoting
V, = 8/dyy, Ay = 8/9yid/dy}, V1-Vy = 8/0yi9/dys,
and n%, = (y} — y%)/r12, we define the quantities

(3.47)

1 + T12 1 T2
H=A,(V;:-V —2g| - =
) [R5 -5
1 1 njz- N 1
2 ryar? r1273 r2,r
3nie'n; Ny
- - —==.V s 3.48
2 7‘%27'1 r%z 19 ( )
1 1
K=(Vy-Vy)|—Inr;y — —lInrye
T2 T2
1 11 1 1
S S, (3.49)
2 riyri 27riry 27i,72
which verify
1
ALH =2;9;0;;— , (3.50)
T1
1
A:,K - 28,']' 11’17'1 Bij— . (351)
T2
Finally, introducing the combination
1
Q=4H + - K+— , (3.52)

2 7'127'2
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we find that W (x), the unique solution of (3.31a) falling off at infinity, is given by

G? [m} . .
=— [3—; — m2m,Q + (two other terms obtained by exchanging 1 < 2)| . (3.53)
c r3
r
To project out from W (x) the part W™ whose multi- ro hom 1 L brr1
polar expansion, when |x| — oo, is purely homogeneous, U= (;5) = A2z
it is convenient, in addition to using the defining crite- ! £20 !
rion that it contains only terms of the type Al /|x|¢+1, to (- )e L nE
notice that WP°™ must also be a non smooth function = Z 2€=3)rs 75 1 :
£20

of y; and y; (considered jointly). This can be shown
either from the general structure of our generation for-
malism, or, more simply, by remarking, on dimensional
I(W) must be of the form
G*mPm3 P /(c*r?,) times a tensor product of £ vectors
y1 or y2. When using these two criteria in conjunction,
one finds that many terms in H and K project out to
zero. For instance, by explicating

rL+r 1 1 1 1 T
AI[J—”g]:(—+—)g+—+——— 2
2 1T Ti2 Ty Ti2  Ti2T1

(3.54)

and tensorial grounds, that

with the decomposition g = k + 1h (see Ref. [8]) where
k is smooth in (y1,y2) and where

T1+ T2+ T2
h(x; =ln{——2—-2 .
(x;¥1,¥2) n(1'1+r2 _m) , (3.55a)
Azh - —471’512 ) (355b)

has a purely homogeneous multipolar expansion, one
finds that the first term in H [Eq. (3.48)] projects out
to zero. Finally one gets

hom _ G3mim, 1V1-V2 Inryy
ct 4 T2
hom

15 T2 nj2 N 4

te2 \ 2 A s T g
87‘12 1 Ti2 T3 Ti2T1
5 1

4222y h] +(1e2), (356

8 rZ,ry r2,

where (r2/r?)P°™ denotes the homogeneous projection of
r2/r? and where h was defined in Egs. (3.55). Let us now
evaluate u = (ry/r?)h°™. By expanding r; = |x — y3| =
|r1 4+ ri2| (With r; = x — y1, r12 = y1 — y2) in powers of
ri2, we get the expansion at infinity of ry/r?:

1 8[,7‘1
=) & 7 i ——+ (3.57)
£>0
(where, as usual, rf, = 7';‘2 7'13) The projection of

drr1/r? onto the homogeneous solutions oc 7f /7'“':l (us-
ing x = y; as origin for the expansion at infinity) is sim-
ply obtained by taking the STF projection of the multi-
index L. Hence [with (—1)!! =1, (=3)!! = —1]

(3.58)

Using formula (A25) from [20] this can be rewritten in
terms of Legendre polynomials of n;-njs:

1 -1 £+1
u = (-) Pe(n1 n;s) (7‘112) .

7‘12 2£

(3.59)

It is clear from Egs. (3.58) and (3.59) that u(x,y1,y2) isa
solution of A u = 0 which has an axial symmetry around
the straight line joining y; to y2. We can represent u in
closed form by introducing a distribution of “charges”
along the segment y; — y3, say

1
U(X;yl,yz)z/ do

w(a
Ix(iy)l’ Ya = (1 - a)y1 + aya.

(3.60)

By identifying (3.60) and (3.59) on the axis of symmetry,
we see that the weight w(a) with which the “charges”
are distributed on the segment y; — y2 must satisfy

1 , 1
/(; daw(a)a =571

We find that w(o) must be defined within the framework
of distribution theory (rather than that of ordinary, lo-
cally integrable functions) as

we) =Pt [~3a¥] |

(3.61)

(3.62)

where the symbol Pf denotes Hadamard’s partie finie for
an integral over the interval 0 < o < 1 (see Ref. [32]). Ac-
tually, this could also be written in terms of the analytic-
continuation finite part operator used in our general for-
malism, but Hadamard’s Pf operator is a simpler object
when, as is the case in Eq. (3.62), the integrals to be
defined involve noninteger powers. We want also to em-
phasize by the change of notation that the appearance
of the distribution w(c) is quite disconnected from the
formalism behind our starting formula (2.17). We note
in passing that we could dispense of using Hadamard’s
partie finie by using w(a) = (d/da)(a~1/?), where the
derivative is taken in the sense of distributions, and by
integrating (3.60) by parts. However, the form (3.62) is
technically more convenient for our purpose.
Summarizing the results so far, we have succeeded in
resumming the infinite multipolar series defining Whom,
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Eq. (3.36), to obtain it as a finite sum of derivatives of
r7! and r;! [see Eq. (3.56)], plus two more complicated
homogeneous solutions: a y; gradient of the function h,
Eqgs. (3.55), and the function u, which is a distributional
superposition of elementary solutions |x — y,|™! on the
segment y; — y2. Note that while Eq. (3.36) defined
only the asymptotic expansion at infinity of WP°™ our
closed-form result for Wh°™(x) defines it for all values
of x. At this stage, it is convenient to bypass the link
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by using our detailed results on W"*™ for defining the
distributional “source” (in x space) of Whom by

S(x) = ——— A, Whom(x) .

o (3.63)

Thanks to our resummation of W™ as a sum of elemen-
tary “homogeneous” (in the sense of functions, but not of
distributions) solutions, the definition (3.63) makes sense
with S(x) being a distribution (in x space) whose sup-

(3.37) and (3.38) between the object we seek, II(;W), and port is localized on the segment joining y; to y2. More
the coefficients of the multipolar expansion of Who™(x) precisely, we have
J
G3m? 1 15 1
§="" 11y O nrad(x — y2)] - Pf/ daa™¥/25(x — ya) ~ 472 V15 (x - y1)

c 4 16 r,

4 6 g 1

12 12 0

The introduction of the source S of W™ simplifies our evaluation of the multipole moments I}JW)

. Indeed, from the

definition (3.36) and the fact that S(x) has a compact support we deduce, as usual,

homx_ 3 S(y)
W )_/dyix—y!

By comparing with (3.38), we find

cr™) = / Px 2 S(x) . (3.66)

It is interesting to remark that the work of the present
subsection, together with the one of the previous subsec-
tion, is analogous to the method used in Ref. [8]. Ba-
sically, we have decomposed —4W,;8;;U/c*, which was
an effective source term for the inner metric (i.e., a cu-
bically nonlinear analogue of the quadratically nonlinear
terms obtained from the elementary object r; 'r; ') into
a piece A ,Wh°™ = _47S which has a compact support
(analogue to Azh = —4mé12, in [8], defining the com-
pact source T4¥) and a complementary piece A, Wirhom
with Winhom = 7 _ pyhom heing the analogue of the
kernel k, which does not contribute to (2.17). In other
words, the combination of the results of Ref. [10] with
the results given here end up by yielding a formula for
Iy, given ezplicitly by an integral over a compact sup-
port [after the two replacements 7'1_11'2_1 — —27md12 and
W;;0;;U/c* = wS in Eq. (2.17)]. From Eq. (3.66) one
can read off directly from (3.64) an explicit expression
for I éW). Note that one can get rid of the logarithm ap-
pearing in the first term of this expression by explicating
the V, derivative:

1 11'112
I v
4r2, Ut i, VY

i(vl'vz)(ln ri293) = — . (3.67)

This leads to our (essentially) final result

=3 (Z,) L /d3ny5(y)

£>0

(3.65)
-
W) _ Gmima [ 4 o T op
L - s 7'%2 1 87‘%2 Ya
In
gz, Vgl + 22 v,k
T12 4 r12
1
+22'V1 (7‘12/ daﬁf{)
P 0
15 1
Pf/ daa 3Gk £ (142), (3.68)
16 1"12 0
where, as usual, g = ygl .- yf)f), and where, because of

the dissymmetry betweeen y; and y» in the last integral,
it is important to recall the definition used here: y, =
(1 — a)y1 + ay2 (which differs from the notation used in
[8] by the replacement o — 1 — a).

To get a completely explicit expression for I}JW) in
terms of y; and y; one needs first to compute the in-
tegrals appearing in (3.68): the first one has been given
in Eq. (3.23) above [actually, one uses here the equiv-
alent expression given by Eq. (5.24) in [8]], the second
one is simply obtained by expanding the tensorial power
yL = (y1 — ay12)®% in powers of o and by using the
elementary integrals (3.61). Then the derivatives with
respect to y; and ys must be effected. One can drasti-
cally cut down the whole calculation by using the fact
that I}IW) must [as is clear from (3.66)] transform under
global spatial shifts of the coordinate system, x — x + ¢,
yA — ya + € according to JEI](;W) = ZE(”I(W])_) + O(e?)
(see also Appendix B of [8]). Defining for brevity some
£-dependent coefficients,

2 +30+2

Cp = 269 + 465 + (—) 3@l 1)

(3.69a)
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(where 87 = 1 if £ = 0 and 0 otherwise, and similarly for §;), we obtain finally

G?m2my <~ [ ; o
) = _Gmime ()c (L=PuP) | (162 ()E_._ 3.69b
L 04,,.%2 pgo P rp Y1 ( ) p p‘(e_p)| ( )

where the multi-indices are such that there are £ — p indices on y; and p on y;3 = y; — y2. Writing out explicitly the
low orders in £ we find

w G2m2m2 —
I )=—ﬁ Qr+(1e2), (3.70)
12
with

Q=1, (3.71a)
Qi =i +vis, (3.71b)
Qi =i + 2l + 205 (3.71c)
Qi =97 + 3y{7yny + 6yl'yly —29{7" (3.71d)

= i i i kl ikly | 15 (ijri
Qe = v M + ay{%yD, + 1298y — sylidy + o5 (3.71e)

7Y

One should note that in all the formulas for W and IiW) given above, starting with Eq. (3.53), one must complement
the explicitly written results by adding similar terms, proportional to m;m32, obtained by exchanging the labels 1 and

2 (remember that y%, = y% — yt = —yi,). For instance, the complete expression of the quadrupole reads
W) G?mim, ij ij ; iy, ij 7
L' ==~ 3 STFy[mayy’ +mayy +2(miys — mayp)y1p + 2(ma + ma)ysy) - (3.72)
12

An independent, direct derivation of the quadrupole (3.72) (without using the decomposition of W into homogeneous
and inhomogeneous parts) is given in Appendix B. In the center-of-mass frame, we finally get, for the cubically
nonlinear contribution to the quadrupole,
w
Iz(J ) = —umy 2(2 4+ 5v)3Y . (3.73)
Summing up the explicit results obtained for the three pieces of the 2PN-accurate quadrupole (considered for circular
orbits, in the center-of-mass frame) we get

. 1172 ..
L =1 + 1) + 1]V = STFy; l/m{ - 1(1 +390)z + -ﬁZ—Zv”(l — 3v)
2 'yrzvij
- —lm(ml + 183950 + 2410%) + o (1607 — 1681y + 2291/2)} . (3.74)

IV. THE 2PN-ACCURATE WAVEFORM AND ENERGY LOSS
A. The waveform including its tail contribution

The 2PN-accurate waveform is given by Eq. (2.3) in terms of the “radiative” multipole moments Uy, and Vi, which
are in turn linked to the source moments I, and Ji by Eqs. (2.6) and (2.7). The latter equations involve some tail
integrals and therefore yield a natural decomposition of the waveform into two pieces, one which depends on the state
of the binary at the retarded instant Tp = T — R/c only (we qualify this piece as “instantaneous”), and one which is
a priori sensitive to the binary’s dynamics at all previous instants Tr — 7 < Tr (we refer to this piece as the “tail”
contribution). More precisely, we decompose

Rin = (hirs)inst + (Riyn )tail » (4.1)

where the “instantaneous” contribution is defined by

2G 2 1 3 1 1 4 1
(hgg)inst = ﬁpukm{ll(]) + E |:3N I'L(le/ + eab(zJ]()sz:l + 6_2 I:ENain(chb + —ésab(zJJ)achc]

11 2 4 1 1 6 1 5
+_ [60 abcI,(Jsabc 15€ab(iJ;),ichbcd:| + 0_4 l:% adeIi(j:Zbcd + %Eab(iJ;)icdercde} }7 (4'2)
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and where the “tail” contribution reads

2G 2Gm +oo 4 1 T 5
(ot = 3*—R_63—PijkmA dT{ln (2b )I( (Tr =) + 5 3" (Zb ) ol a(Tr —7)

4 T (4)
+§£ In (2—b3) €ab(iNbJj)a(TR — T)} . (433)
We have used for simplicity the notation
by=be V12 b, =be /00 py=be /0. (4.3b)

Note that the decomposition (4.1)—(4.3) into instantaneous and tail contributions is convenient but by no means
unique. In particular the logarithms of the constants b1, bz, b3 in Eq. (4.3a) could be as well transferred to the
instantaneous side (4.2).

We first study the instantaneous contribution (4.2), which is straightforwardly computed from the 2PN-accurate
mass quadrupole moment previously derived [Eq. (3.74)], and from the knowledge of the other moments necessitating
the 1PN accuracy at most. The 1PN-accurate source moments have been derived in [7] [see Eq. (2.9) above] and [8].
Note that the result (5.18) of [8] is equivalent to inserting Eq. (3.21) into the result (2.13) above. We list below the
relevant mass-type and current-type moments which have to be inserted into the waveform (4.2):

2 ..
I;; = vm STF;; {m” - % (14 39v) 2 + ﬁ Z—zv” (1-3v)
7211'1' ,yrzvij )
50 (461 + 183950 + 2410%) + 37802 (1607 — 1681 + 229v )} , (4.4a)
C
2
Lk =vm (X; — X1)STF i {m”k — 'yvz”k + Z—z v”zk(l - 21/)} R (4.4b)
» iy 78 r? ..
Lt = vm STF {m’-”“(l —3v) + erTOa:”kl (3 —125v + 3451/2) + — 55 o2 U”mkl(l —5v + 51/2)} , (4.4¢)
Iijklm = Vm(l - 21/)(X2 - X )(iijklm 5 (44d)
Ljkimn = vm(1 — 5v + 5v2) giikimn (4.4e)
Jij = vm(Xa — X1) STF4; €5ab {z‘"'u" + 2% z%pP (67 — 81/)} , (4.4f)
b v aij,vb 7 ,'.2 bii 9
Jij = vm STF;jk €xab {z‘“]v (1-3v)+ (181 — 545v + 650°) + Y] z%” (1 —5v + 5v )} , (4.4g)
Jijre = vm(1 — 2v) (X2 — X1) STFy 1 €1ap 270 (4.4h)
Jijktm = vm(1l — 5v + 51/2) STFjkim Emab ®klyb (4.4i)

Note that the authors of Ref. [8] gave two different forms of the current-type moments: a “central” form, its Eq. (5.18),
equivalent to the form (2.13) above (taken from [10]), and a “potential” form. We found the first form simpler to
evaluate when one is interested in computing the moments in the center-of-mass frame. [By using it, we detected an
error in [33] which computed the potential form of the octupole J;;x: the coefficient of the twelfth term in Eq. (9) of
Ref. [33] should read —5/2 instead of +3/2 (this twelfth term was the only one not checked by the transformation law
of multipole moments under a constant shift of the spatial origin of the coordinates).] The relevant time derivatives
of the moments (4.4), as well as all their contractions with the unit direction N which are needed in the computation
of (h%‘n’l;)inst, are relegated to Appendix C. One gets, for the 2PN-accurate instantaneous part of the waveform (in the
case of two bodies moving on a circular orbit),

2Gvm
(Rl inst = =35~ Pijkm {£§§” + (X2 = X0)5P + €65 + (X — X1) €577 + € (4.5a)
where the various post-Newtonian pieces are given by
€9 =2 (vn‘ _ G_mn'j> ’ (4.5b)
r
(iqyd) N) (G - -
fi(jl/z) = —6G7m(Nn)n—————: - —(UC ) {-:En” — ZU”} ) (4.5¢)

£ = %(1 —3v) [(Nn)z'y {10G—mnﬁ ~ 141;1'1'}

—32 (Nn)(Nv)ynlv?) + 21 (Vo)? v) { — 29;2711'1' }] — vt (% + 1/) +’7GTmnij (E — 1/) , (4.5d)
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3 Gmn ipd)

€979 = (1-20) { 55 (Nmyy
, o

- %(Nn)(Nv)”n(zvn + (N )Z(Nv) [ i

5375

37Gm
3 4 r

n* ]

Gm nliy?)

(Nv) [ 2 ij , 81—2v Gm .
+ o | =3 =y T
J[ Gm (361+65u+451/2
T

60
_Gm (Nn)? (309 — 9951 + 1951/2)
o

5(2)

15
- 4 2
. [_72 ( 19 + 1325v + 15v ) B

60
+~%(Nn)? < 163 —

545v + 13502
+—'y ?(Nn)*(1 - 5v + 502) —

V(Nv)z

c2

) (Nv)4

15
15
— 5600 + 80v?

+nliv)y [7(Nn)(Nv) ( 178

+ 2—§§7(Nn) (Nv)(1 - 5v + 50 )] .

Here n is shorthand for x/r. Usual Euclidean scalar
products are denoted, e.g., by (Nn) = N-n. We recall
that the parameter v = Gm/(c?r) is related to the rela-
tive velocity v of the bodies by Eq. (3.13). When com-
paring the waveform (4.5) with the less accurate 1.5PN
waveform obtained in Ref. [34], we find several discrep-
ancies between the coefficients entering the 1.5PN piece

(3/2) [Eq. (4.5¢)]. However it has been shown [18] that

the difference between ;; (3/2) btained here and the corre-
sponding 1.5PN piece in Ref. [34] exactly vanishes after
application of the T'T projection operator P;jkm. There-
fore the 1.5PN truncation of the waveform (4.5) perfectly
agrees with the 1.5PN waveform obtained in Ref. [34].
We have checked directly, by differentiating and squar-
ing the complete 2PN waveform (4.5) for circular orbits,
that the correct instantaneous part of the energy loss is
recovered [i.e., Eq. (4.12) below].

The tail contribution (4.3) is more difficult to evalu-
ate than the instantaneous one because it involves an
integral extending over the whole past evolution (or past
“history”) of the binary. In another sense, however, it
is easier to evaluate because it necessitates at the 2PN
level the knowledge of the quadrupole and octupole mo-
ments of the binary with Newtonian accuracy only. This
is clear owing to the explicit powers of 1/c appearing
in Eq. (4.3a). (Only at the 2.5PN level shall we need
to include a post-Newtonian correction into the tail con-
tribution.) In order to compute the tail integrals, we
shall follow a procedure which is a priori dangerously
formal (although most natural), but has been fully justi-
fied in Ref. [35] where it was proved to yield the correct
numerical value of the integrals, provided that a weak
assumption concerning the behavior of the gravitational
field in the past (—7 — —o0) is satisfied. This assump-

1Gm . . 95 — 18v
AL R W N
c3 [ 3 r nt v }}+( n)*y( 6 ) T c

(4.5€)

+ —SSE(Nn)z(Nv)z(l — 5y 4 50?) —

1-
(Nv) (Nn)?

. ) — 20(n.N)

2 (101 — 295y — 1542
) + (Nv) ( =

94 Gm
401 — 2
&y (Nn)*(1 — 5v + 5v )}

(1—3v—1?)

5v + 5v%)
(1 — 50+ 50%)

(1 - 50+ 50%)

(Vv)?

(4.5f)

tion is essentially that the fth time derivative of a mo-
ment of order £ tends to a constant when —7 — —oco. It
serves to preclude, for instance, the emission of a strong
burst of radiation in the remote past which would make
a nonphysical contribution to the tail integrals (see also
Ref. [21] for a discussion). This assumption is satisfied
in the case where the binary is formed by capture of two
bodies moving on an initial quasihyperbolic orbit with
small enough energy. The method consists (i) in sub-
stituting into the tail integrals in Eq. (4.3a) the compo-
nents of the moments calculated for a fized (nondecaying)
circular orbit whose constant orbital frequency is equal
to the current value of the frequency at time Tp, i.e.,
w = wypN = wapN(Tr). Then it consists (ii) in evaluat-
ing each resulting integral by means of the formula

/0+°° drt In (ETE;) et

- _Q_l. [5sen(@) + iln(2lelp) + €]
where C' = 0.577... is Euler’s constant and €2 is the fre-
quency of the radiation [i.e., a real number = +nw;
sgn(2) = £1 and || = nw]. Note that this formula is
to be applied even though the left-hand side of (4.6) is
an absolutely convergent integral only when Q possesses
a strictly positive imaginary part, Im(2) > 0 (compare
Appendix A and Sec. 3 in Ref. [35]). As proved in Ap-
pendix B of Ref. [35], methods (i) and (ii) are valid for
an orbit which is actually decaying, and thus for which
w(Tr — 7) tends formally to zero when —7 — —oo. The
numerical errors made in following (i) and (ii) have been
shown to be of order O[¢1In{], where £ is the usual adi-
abatic small parameter describing the decay of the or-
bit (¢ ~ @w/w?), taken at the current instant Tk, i.e.,

(4.6)



5376 LUC BLANCHET, THIBAULT DAMOUR, AND BALA R. IYER 51

& = £(Tr). The proof consists in showing that an ade-
quately defined “remote past” contribution to the tail
integrals is itself of order O[£(TRr)], so that only the
“recent” values of the frequency, near the current value
w = w(TR), contribute to the tail integrals. Although this
has not rigorously been shown, the proof could in princi-
ple be extended to orbits which had a non-negligible ec-
centricity in the past, and had in fact whatever behavior
in the past which is consistent with the weak assumption
made above. Note that the decay of the orbit is driven
by radiation reaction effects which are of order O(e®) in
the post-Newtonian parameter €, and so the adiabatic
parameter ¢ is itself of order O(e®). One can therefore
safely neglect in the 2PN waveform all the errors brought
about by the above procedure (i) and (ii).

We now calculate the two independent polarizations
associated with the tail contribution (4.3) with respect to
two unit directions P and Q perpendicular to N and such
J

4G*vm?t [T
D 4
bR 7 0

(P4 )tait =

that N, P, Q forms a right-handed orthonormal triad.
We adopt the usual convention that P and Q lie along
the major and minor axes of the projection of the circular
orbit on the plane of the sky, respectively, and we denote
by ¢ = cosi and s = sin the cosine and sine of the angle
between the line of sight N and the normal to the orbital
plane [c = cosi is not to be confused with the speed of
light which we denote exceptionally by co in Egs. (4.7)-
(4.10)]. Denoting by ¢ the instantaneous orbital phase of
the binary [defined as an angle, oriented in the sense of
the motion, such that ¢ = Z (mod 27) when the relative
direction of the two bodies is n = P}, and using the rele-
vant time derivatives and contractions of Newtonian mo-
ments as readily calculated from Appendix C, we follow
the items (i) and (ii) above and bring the two “plus” and
“cross” polarizations (hy )tail = %(PiPJ- -Q:Q;) (h;ro)tail
and (hx)tail = %(P,-Qj + Q,-Pj)(hg-'r)tail into the form

dr {_4(1 +c?)In (2%1) cos(2¢(Tr — 7))

Y2 (X, — Xy)s [%1(1 +¢2)In (2Lb2) sin[3¢(Tr — 7))

T

+%(5 +c2)In <2b2) sin[¢(Tr = 7)] _% sin(¢(Tr — T)]] } ’

and

coR T o

2b,

(4.7)

4 2b,

4ymt [T T T
(hx )tail = G dT{—Scln <A) sin[2¢(Tr — 7)] + Y2 (X, — X4)sc [——8—1— In (—) cos[3¢(Tr — 7)]

_% In (zibz) cos[p(Tr — 7)] — 13—0 cos[¢(Tr — T)]} } .

(4.8)

Still following (i) and (ii) we now compute (4.7) and (4.8) by replacing ¢ by a linear function of time, ¢(T') = wT + ¢o
where w = w(Tg) is the current value of the orbital frequency, and by applying formula (4.6) to each integral. As a

result we get

4G3 vmiw

(P4 )tail = TR

{2(1 +c?) [[ln(4wb1) + C]sin 24 + g cos 2¢]

+72(X5 — X1)s [%(1 +c) [[ln(ﬁwbz) + Clcos 3¢ — 72—1- sin 3¢]

+é(5 +c?) [[ln(2wb2) + C]cos¢ — gsilub} + 3 cos d)] }

and
4G3 vmiw

h aill = 75
( X)t 1 CER

10 (4.9)

{—40 [[ln(4wb1) + CJcos2¢ — er_ sin 2¢] .

+412 (X, — Xy)sc |:24—7 [[IH(GUJbz) + C|sin3¢ + gcos 3¢] .

}. (4.10)

The orbital frequency w and phase ¢ in (4.9) and (4.10) denote the current values w = w(Tr) and ¢ = ¢(Tr). Both w
and ¢ will be computed in the next subsection [see Eqs. (4.28)—(4.30)]. [Evidently, though during the computation of

Egs. (4.9) and (4.10), ¢ has been replaced, following Ref. [35], by a linear function of time, its actual time variation
is nonlinear.]

3 . m 3 .
+ [[ln(Zwbz) + C]sin¢ + 5 cos ¢] + 10 sin ¢
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B. The energy loss and the associated binary’s orbital phasing

The 2PN-accurate energy loss given by Eq. (2.5) is split, similarly to the waveform, into an “instantaneous”
contribution and a “tail” one. Let us deal first with the instantaneous contribution, which is defined by

dEp Gl 3,03 , 11 19,0 (3) 7(3) 1 1 5) 15 (4) 7(2)
(m)im:_c_s{gzﬁ 19 + 5 | gg Lndisi + J TP+ = | go7s Lwm i ——J J

9072 ijkm z]km ijk z]k]} .
All the needed moments to compute this contribution have been given in Egs. (4.4). Their relevant time derivatives
and “squares” can be found in Appendix C. By a quite straightforward computation we get

(4.11)

dEg 32¢° , 2927 5 , (293383 380
“=B =_2°C 1 — = ) 4.12
(dTR >mst 567 336 727) "7 ooz T 9" (4.12)
As for the tail contribution, it reads (when retaining only the terms which contribute to the 2PN order)
dEg 2G 2Gm (3) (5)
—_— = T dr 1 I Tgp — . 4.13
(dTR )tail 55 o8 (Tr) / T b (Tr =) ( )

Note that at the 2PN order there appears only the tail integral associated with the mass quadrupole moment I;;,
which can be replaced by its usual Newtonian expression. We now evaluate Eq. (4.13) by the same method (i) and (ii)
as used previously for the tails in the waveform. Namely we replace in (4.13) the third and fifth time derivatives of
the quadrupole moment by Newtonian quantities valid for circular orbits, and we perform explicitly the contractions
between these moments, being careful that one of them is taken at the current instant Tr while the other is taken at
the former instant T — 7. This readily brings (4.13) into the form

dEg 512G8 12m7 [T
(———dTR )tall B / d7 In b1 cos[2¢(Tr — 7)]

where for this computation ¢ can be assumed to be a linear phase [35]. Then the use of the integration formula (4.6)
immediately yields

dE B 32c° 2 5

=B =22y

dTr tail 5G

There is no dependence on the constant b parametrizing the freedom in constructing the radiative coordinate system.
This is not surprising because the constant b (or rather b,) enters a term which is a total derivative [see Eq. (4.13)]
and thus, as we already noticed [12], which vanishes identically for circular orbits.

A central result of this paper, namely the complete 2PN-accurate gravitational energy loss rate from a compact

(4.14)

{4m~3/2} . (4.15)

binary moving on a circular orbit, is now obtained by adding Egs. (4.12) and (4.15):

5 293383 380
dEp =—3—2E~u2~y5 {1_ (%4_ 51,> _‘_4,”73/2_*_72( 8 +~——1/)} '

dTr 5G 336 4

The v parameter is v = Gm/(rc?) where r is the har-
monic radial coordinate [see Egs. (3.10)-(3.13)]. It is to
be noticed that in the form (4.16), i.e., when the post-
Newtonian expansion is parametrized using ~y, there is
no term proportional to v2 in the relative 2PN contribu-
tion. This fact is somewhat surprising because all sep-
arate pieces making up the energy loss, i.e., all the dif-
ferent “squares” of moments listed in Appendix C, do
contain terms proportional to v2. However the final co-
efficient of »2 in the 2PN correction term turns out to be
zero. The expression of the energy loss (4.16) completes
several previous investigations having obtained either the
lower-order PN corrections or the limiting case where the
mass of one body is negligible as compared to the other
one (limiting case v — 0). The OPN leading term in
Eq. (4.16) was known from Ref. [36], and the 1PN cor-
rection was added in Refs. [37,38]. The 1.5PN tail correc-
tion (47 term) was first computed in the limit v — 0 [13]

4.16
9072 9 ( )

[

and then shown to be also valid for arbitrary mass ratios
in Refs. [35,39] based on Ref. [9]. [The generalization of
the energy loss expression for noncircular (eccentric) or-
bits has been obtained in Ref. [40] for the OPN leading
term and in Ref. [41] for the 1PN corrections. Note that
for noncircular orbits the tail term 4mw3/2 has simply to
be multiplied by a function ¢(e) of the eccentricity of
the orbit, but unfortunately this function probably does
not admit a closed analytical form (see Ref. [35] for the
numerical graph of this function).] Finally the 2PN cor-
rection term in Eq. (4.16) was known, up to now, only in
the limiting case v — 0, where it was computed first nu-
merically [15] and then analytically [16]. For comparison
with the latter references, and for later convenience, let
us reexpress the energy loss (4.16) in terms of a new post-
Newtonian parameter defined by z = (Gmuwapn/c® )2/3

The ~ parameter is related to the =z parameter by the
inverse of Eq. (3.11): namely,
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(4.17)

'y=m[1+(1—%u>m+(1—%u)m2]

(which also does not involve v? terms). Inserting (4.17)
into (4.16) (and keeping consistently all terms up to the
2PN order) readily yields

5 4
dbp _ _3%¢ 1/2:1:5{1—}- (-——12 ! - §l/) z + 4m z3/?

dTr =~ 5G
9271 65 ,\
+504V+18V>$}' (4.18)

2

44711
9072

This expression (which we notice involves now a v
term) relates the two coordinate-independent quantities
dEp/dTRr and w = wepn, and is therefore the same in all
coordinate systems. It may thus be compared directly
with the expression obtained in Refs. [15,16] in the limit
v — 0. We find that the coefficient —44711/9072 agrees
with the latter references [42].

Let us now denote the 2PN-accurate Bondi energy loss
rate (4.18), or total gravitational luminosity, by Lz =
—dEp/dTg, and let us equate, by a standard argument,
the rate of decrease of the dynamical energy € of the
binary system to the opposite of Lp, i.e.,

d€é

m:“LB.

(4.19)

We shall admit here the validity of the balance equa-
tion (4.19) to the 2PN order, although it has been vali-
dated only to the leading OPN order and in the case of
the binary pulsar [11]. [Note that the 2PN order is the
last order at which the binary admits a conserved en-
ergy £ (and a conserved angular momentum J).] The
balance equation (4.19) drives the variations with time
of the instantaneous orbital frequency w and phase ¢ of
the (quasicircular) decaying orbit. These w and ¢ are the
)

Gm Z( 32

_2F)3/2 z 72 _o9F\3/2
n=£—2—g—)————{1+115—1/)%-{——?-’—(1854-101/4-1—11/2)84_3(5_2,,)( 28) }’
C

3 5 4 35 5
K*”m{”(r”)z%z*a")

ones which enter the expression of the waveform [see, e.g.,
Egs. (4.9) and (4.10)]. To compute w and ¢ one must evi-
dently specify first what is the left-hand side of Eq. (4.19),
i.e., one must know the 2PN-accurate expression of the
center-of-mass energy & for a fized (nondecaying) circular
orbit as a function of the parameter x.

Let us recall from Ref. [43] (extending Ref. [27]) that
the 2PN motion of a binary system moving on an eccen-
tric orbit admits the representation

. [ g
n(t —to) =u—ersinu + c—4smv+ C—4(v —u), (4.20a)

r =a,(l —e,cosu) , (4.20b)

F G
¢—¢0=K{v+—4sin2v+—5sin3v} , (4.20¢)

c c

where

1/2

v = 2arctan (1 t e tan = (4.20d)
1—ey 2

The time ¢, separation r between the two bodies and
polar angle (or phase) ¢ in these equations correspond
to harmonic coordinates. The motion is parametrized by
some “eccentric” and “real” anomalies v and v, and ten
constants enter Eqs. (4.20) in addition to the initial %o
and ¢o: n = 27/P where P is the time of return to the
periastron (or period); K = ©/2n where © is the angle of
return to the periastron (K — 1 is the relative periastron
advance per rotation); the semimajor axis a,; three types
of eccentricities e, e,, and e4; and four constants f, g,
F, and G entering purely 2PN terms. Most important
for our purpose are the expressions of the constants n
and K obtained in Ref. [43] [see Egs. (3.11) and (3.12)
there] in terms of the constant center-of-mass energy &
and angular momentum J. Denoting £ = vm€ and J =
Gvm?h we have

(4.21)

3 cth

#} . (4.22)

The other constants in Eqs. (4.20) have been computed in Ref. [44]; however we shall here only need, in addition to
Eqgs. (4.21) and (4.22), the fact that in the circular orbit case, which is defined by e, = 0, the two other eccentricities e,
and ey vanish to 2PN order, hence the two anomalies u and v agree to this order, and that the three terms involving
the constants f, F, and G also vanish (see [44]). The 2PN-accurate circular motion of the binary is thus simply
described by the equations

T =ar, (4.23a)
¢ —¢o =nK(t —to) , (4.23b)

which show that the orbital frequency w in the circular orbit case is equal to the product nK. Now w = nK can
straightforwardly be obtained from Eqgs. (4.21) and (4.22) and the fact that £ and h are related to each other by the
1PN-accurate relation 1 + 2Eh? = (9 + v)€/c? (consequence of e, = 0). We find [45]

_(—28)%/2 £

—=2
1 3 11 £
- = Z = (2971340 + =% ) =V . 4.24
Gm {1 4(9+”)c2+32( "+3”)c4} (4.24)

w
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The inversion of Eq. (4.24) then yields our desired relation between the energy £ = vm& and the parameter z =
(Gmw/c®)?/3 for circular orbits:

2 1 2
£=—C—umm{1—%(9+u)x—§(27—19u+ %) zz} . (4.25)

2

With Egs. (4.18) and (4.25) in hand, it is now a simple matter to transform the energy balance equation (4.19) into
the ordinary differential equation

1, 743 11 s/2, (3058673 5429 617 ,\ ,
1 1 _ 2200003 08T L 2t 26
0= ggdee {1 + (336 *ty ”) v 4m 4 | Tote064 T 1008 T 1a” ) T (4.26)
where we have introduced for convenience the adimensional time variable
v
6= Tgr . 4.27
5Gm & ( )

Solving (4.26) leads to the variation in time 6 of the parameter z and hence of the instantaneous frequency w of the
quasicircular orbit. Similarly, integrating d¢ = wdTr = (5/v)z3/2d# leads to the variation of the instantaneous orbital
phase ¢. We finally obtain

Gmw 1 _ 1 _ 3w _ 1 _
3 = g(gc - 9) 3/8 {1 + 'B"p(ec - 0) e — E(Bc - 0) 3/8 + 6_4‘1(06 - 0) 1/2} ’ (428)
1 5/8 5 —1/a 37w ~3/8 5 —1/2
be— = (0= 0" S 1+ p(0c — 0)7V4 = 2L (6, — 0)7/0 + 2 q(0—0)7V/2L (4.29)

1855099
ST 225792

56 975

371 ,
L
4032

v,
32
(4.30)

and where ¢. and 6. denote the values of the phase and
adimensional time (4.27) at the instant of the coales-
cence. The frequency and phase (4.28) and (4.29) have
to be inserted into the expression of the waveform. Note
that the coeflicient of the 2PN contribution in Eq. (4.29)
(proportional to ¢), increases by 52% between the test-
mass limit (¢ = 0) and the equal-mass case (v = 1/4).
This shows that finite mass effects (which cannot be ob-
tained in perturbation calculations of black hole space-
times) play a very significant role in the definition of
2PN-accurate theoretical waveforms. This proves the
importance of post-Newtonian generation formalisms for
constructing accurate templates to be used in matched
filtering of the data from future gravitational-wave de-
tectors.
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APPENDIX A: THE MASS MONOPOLE AND
DIPOLE MOMENTS

Since the expression (2.17) of the 2PN-accurate mass
multipole moment is valid for all orders of multipolarity
4, it is important to verify that for the lowest orders £ = 0
and £ = 1 it reduces to the expressions of the conserved
mass monopole and mass dipole moments. This verifica-

[

tion has already been done in Appendix B of [10] in the
mass monopole case £ = 0. Here we shall check that for
two bodies moving on a circular orbit the mass monopole
reduces to the expression computed in [26], and the mass
dipole is zero, as it must be since we are using a mass-
centered frame.

The mass monopole I and dipole I;, which are obtained
by setting £ = 0 and £ = 1 in Eq. (2.17), are split into
three “compact,” “Y,” and “W” contributions according
to Eq. (3.1) and evaluated separately using the method
developed in Sec. III. The “W?” contributions have in
fact already been computed in Egs. (3.70), (3.71a), and
(3.71b). We quote only the results. For £ = 0 we find

1
I© =m [1 - %V’)’ - gl/(l - 151/)'72} , (Ala)
IY) = 2mu(1 —v)»?, (A1b)
IW) = —muy? . (Alc)
Adding together these contributions leads to
1 1 )
I=m 1—51/'7—{—51/(7—1/)7 , (A2)

which is in agreement with Eq. (20) in Ref. [26] when
specialized to circular orbits. For £ = 1 we get

19 = (X3 — Xy)mu~? (g + ggy) z, (A3a)
: 7 35
9 29 i
Ii(Y) = (X2 — X1)mvy? (—; - %V) z, (A3b)
[z.(W) = (Xy — X))mv~y2zt, (A3c)

in which we have used (for the “C” term only) the 2PN-
accurate mass-centered frame equation (3.7). The three
contributions (A3) sum up to zero,
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I, =0, (A4)

as was to be checked.

APPENDIX B: ALTERNATIVE DERIVATION OF
THE W TERM

We have computed in Sec. III C of the main text the
cubically nonlinear “W” term [defined by Eq. (3.30)] for
all values of the order of multipolarity ¢, but in the spe-
cial case where the source is a binary system. In this
appendix we present an alternative derivation of this W
term which is valid for a general fluid system (and hence
for a system made of N compact bodies), but is limited
to the quadrupole case £ = 2. When N = 2 and { = 2,
i.e., when one evaluates the W term for a binary system
and in the quadrupole case, which is what interests us
in this paper, we find that both derivations agree on the
result given by Eq. (3.72).

Specializing the definition (3.30) to £ = 2, we thus want
to compute

J

W) _
L; G y

FPB 0/d3X|X|BiiijkaakmUa (Bl)

where we recall that the potential Wy, is defined by
1 d3x'
=—-— | ———[6UB,U|(x',t) .
Wim (x,t) = — / x— x’l[ ke 1,t) . (B2)

We first perform on (B1) two integrations by parts in
order to shift the spatial derivatives acting on U to the
left side of the integrand. As can be proved thanks to
Eq. (4.2) of Ref. [10], all the terms coming from the dif-
ferentiation of the analytic continuation factor |x|® and
having explicitly B as a factor are zero. [Indeed, recall
that Eq. (4.2) of Ref. [10] permits one to freely integrate
by parts all terms in the source moment (2.17) as if the
analytic continuation factor and the “finite part” were
absent.] The surface terms are also zero by analytic con-
tinuation. Hence we can split the W term into two pieces,

W) _ [(W1) | [(w2)
IV =1 + 1" (B3)

given respectively by

1§70 = 2 STF; FPs_ / Bx|x|PWyU | (B4)
IV = __Fp d*x|x| B[40k Wi iy + Okm Wiem 451U (B5)
ij = G 4 B=0 kYVE(idy) km VY kmLij
(where the angular brackets () denote the trace-free projection). In (B5) the divergences of the potential W;; are
given by
dB /
Wi = 8 (U?) + /| [U@U Ut? ,o)(x,t) , (B6a)
1 2 G d3x’ ,
O Wi = 3 MU?) + 5/ AU ~ VA1) (B6b)

The most interesting contribution to compute is the first one, i.e., I w

i b given by (B4). This contribution has no

explicit dependence on x in the integrand; this fact, which is special to the quadrupolar case, allows the alternative

derivation followed in this appendix. To compute Iz(]W !

Egs. (3.42),

we employ the kernel g(x;y1,y2) already introduced in

9(x;y1,¥2) = In(ry + 72 +r12) (B7)

which satisfies

Agg = (B8)
T1T2
in the sense of distribution theory. (We denote r; = |x — y1|, 72 = |x — y2|, 712 = |y1 — ¥2|.) The essence of the
present computation of Il(JW D is to consider a secondary kernel f defined by
1 1 1
F(x5y1,y2) = (1'1 r2) |In(ry +r2 +712) — 3 + E(T127'1 + r12r2 — r172) (B9)
and whose main property is to satisfy
A.f=2g (B]'O)

in the sense of distributions. This property is easily checked on the expression (B9). We now recall that the potential

W;; can be expressed in terms of the kernel g as
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82

B9 09l {9(x;y1,¥2)} - (B11)
1 2

Wij(x,t) = G? // dy1d%y20(y1,t)o(y2,t)

Thus we see that a secondary potential defined by the same expression as (B11) but with g replaced by the secondary
kernel f, i.e.,

82

wix,0) = G [ [ dyidyao(yitholyat) o {fxiyny)} (B12)
0y10y;

necessarily satisfies

Aw,-j =2 W,‘j (B13)

in the sense of distributions. Substituting (B13) into (B4) leads to

w1) 1 3 B
1Y = —5 STFi; FP5—o / d*x|x|BU Aw;; . (B14)
The next step is to integrate by parts the Laplace operator in the integrand of (B14). However, note that it is a prior:
not possible to perform this integration by parts ignoring the analytic continuation factor |x|® and the finite part
symbol. For instance, the result (4.2) of Ref. [10] invoked above does not apply to this case. We thus integrate by
parts the integral (B14) keeping all terms coming from the differentiation of |x|B. This yields (using AU = —47Go)

W 4
Ii(j 1y _ _c_4STFij /d3xawi,- +R;; , (B15)

where the first term has a compact support (we have removed on it the analytic continuation factor and the finite
part symbol), and where the second term is explicitly given by

1

Rij = wGct

STF;; FP5—0 /d3x|x|3—2w,-,- [B(B +1)+ 2Bm""6k] U. (B16)

An equivalent expression for R;; which is convenient for our purpose is easily obtained by substitution of the expression
(B12) of the potential w;; and use of U = [ d®y30(ys,t)/|x — ys|. We have

G2 (92
Ry = STF; / / / Py1d%y2d®ys o (y1)0 (v2)0 (45) o K (v1,¥25¥9)}, (B17)
e ayiayz
where
d 2 F(x5¥1,2)
cwa) — B 1 k 9 3y|x|B-2I\ X5 ¥1,¥2) | B18
K(y1,y2;¥3) =FPp—o [B(B 1) — 2By; 8y§] {/d x|x| % — ys] ( )

To compute K(y1,y2;Y3), we need to control the pole part when B — 0 of the integral on the right-hand side of (B18).
This is because of the explicit factors B and B? in front of the integral. [Note that it is important to keep the factors
B and B? in front since as we shall see the integral involves both a simple and a double pole when B — 0.] The pole
part of the integral in (B18) depends only on the behavior of the integrand at the upper bound |x| — oo, so we need
only to consider the asymptotic expansion of the kernel f(x;y1,y2) when |x| = oo, or equivalently when y;,y2 — 0.
It is then easily shown that the only terms in the latter expansion of f which generate poles when B — 0 are either of
the type a regular solution of Laplace’s equation, i.e., & times a function of y; and y2, or of the type £z In|x| times
a function of y;, y2 (note that the expansion of f involves a logarithm of |x|). We shall slightly improperly refer
to these terms as the “harmonic” terms in f. Their computation can be greatly simplified by noticing that in the
asymptotic expansion of g = In(ry; + 72 + 712) when y;, y2 — 0, only the three leading order contributions, constant,
linear, and quadratic in y;, y2, can contribute to fharmonic. Indeed, the higher-order contributions, at least cubic in
¥1, ¥2, necessarily involve a function of x whose dimension is that of 1/|x|™ with n > 3 (because g is dimensionless),
and thus which will never yield a term of the type &1, or £, In |x| when multiplied by r; vy = x2 —x-y; —X-y2+Yy1-y2-
Computing the expansion of g when y;, y2 — 0, and then the expansion of f, we cbtain

1 1 1
fharmonic = §Y1 ‘Y2 ln(2|x|) - g(x Yy +Hx- y2) [In(2|x|) - 5] . (Blg)

(This computation of the “harmonic” terms in f bears a resemblance to the computation in Sec. IIIC of the “homo-
geneous” part of the function W.) The pole part of the integral in (B18) is then straightforwardly obtained from the
replacements f — fharmonic and |x — y3|™! — |x|7(1 + y3 - x/|x|?) (we do not need to expand |x — y3|~! further
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since fharmonic involves only terms with multipolarity 0 or 1). We find a simple and a double pole. Then we apply to
the latter pole part the operator B[B — 1 — 2y%8/8y%] present in (B18) (being careful about correctly handling the
double pole), and compute the finite part at B = 0. The result is

1 1 1
K(y1,y2;y3) = 3y yz(ln2+1) +§(Y1'}’3+Y2'}’3) <1n2—§> . (B20)

This is a nonzero result; however the quantity of interest in (B17) is

2

1s)
STFij ——5{K(y1,¥25¥3)} =0 = R;; =0, (B21)
Byiayz

which shows that the contribution Il(JW 2 given by (B15) reduces to its first term, i.e., to the manifestly compact
support integral

w1 4
Ii(j ) = —0_4 STF” /d3xa Wij - (B22)

This expression is our main result because the second contribution I, Z(JW 2 , given by (B5), is evaluated without problem
by substituting into it formulas (B6) giving the divergences of the potential W;; and using at various places the function
YL of Eq. (3.23). Adding up all the terms constituting Il(; %) to the first contribution L (W1) given by (B22), we arrive
finally at the following expression for the cubically nonlinear quadrupole term:

4G?
Ii(JW) =—a STF;; // d*y1d%y2d’y30(y1)o(y2)o(ys)

o? 1 1 1
X ———= 1'13 1'23 In(r13 + raz + r12) — = | + = (r12713 + r12723 — T13723)
6y18y2 3 6

. R 1'12 ry ..
4—(y3y3 Yivi —¥292) ~ g3 2 Wiyl + vivg + vid)
713723 T13T12
+6 2 (4yivh — 4vivl + Subyg — 5yiyi)} : (B23)
13

This expression is valid for a general fluid system. We can evaluate in an explicit way the differentiations with respect
to y1 and y; it contains. In doing so one finds that thanks to the trace-free projection there is in fact no logarithmic
term in (B23). After reduction of (B23) to the two-body case (using as usual § functions and formally discarding all
infinite self-energy terms), we get

G*mim o

15 = — =z STFy{(5ma + 2ma)yy + (5ma + 2m1)ys — 6(m1 +ma)yiyd} - (B24)
12

Changing notation with yi, = y — % finally leads to

I(w) szlmz

ij cir2, STFyj{mayy’ +mays’ + 2(ma + m2)yth + 2(mayi — mZI‘I;)?Az} ) (B25)

in complete agreement with the equation (3.72) derived in the main text.

APPENDIX C: A COMPENDIUM OF FORMULAS FOR MOMENTS

We list below the expressions of the time derivatives of moments which are used in the computation of the waveform
and energy loss. For the waveform,

@ _ T Gm Gm z% i _
I;;” = 2vm STFy; {'v 7 — r—sw” +y Y5 a3 (149 —69v) — 21} U (23 —27v)
4 g =™ (—7043 + 7837y — 370302) + Vi (—4513 — 19591y + 121912) (Cla)
1512 3 1512 ’

(3) _ Gm
I; 3

ik = vm(Xz — X1) STF [ew’“ =21 — zYF — (7 — 8v)v'* 4 (83 — 40v)y 72-”— w%k] , (C1b)



51 GRAVITATIONAL WAVES FROM INSPIRALLING COMPACT ... 5383

g Gm . G*m? .
4 % 03 3
1) = vm STFju {24(1 = 3v)vH —192(1 - 8v) —5 2VoM +40(1 - 3y) —— 2

288 Gm ;. 4 Gm? .
aoo T i3, kl _ 2 IR VRlAAdERpe % 1 1 AV _ 2
55 13 M (161 =585y + 2550%) + ooy~ & (~3900 + 134950 — 469517)
12 15kl 2
+ 177 v (—41+ 1830 — 139,%) ¢ (Clc)
. Gm G?m? .
I, = 5vm(1 — 2v) (X — X1) STFijuim [241:”’”’" —360 —5- ziiyktm 4 21— m”k'vm:' , (C1d)
I = 24vm(1 — 50 + 502) ST jkimn [301;““’"" - 7506—;” z*pkimn
™
G2 2 . 3.,3 L.
+1070 5T giiktymn _ gq G a:”“m"] , (Cle)
T r
JD = um(Xz - X1) ST STE, ejupe0? {1 - L (17— 20 Cif
iy = —vm(Az 1) 5 ij €jabT U - 5.8—( - V) ’ ( )
G o
T8 = —8umr—§n STFjk ekapa®iv? [1 —3u+ ;—0 (—103 + 4250 — 275u2)] , (Clg)
(4) Gm a b i, ik Gm ik
Jijkl = 31/m(1 — ZV)(XZ — Xl) F STFin ElabT UV —202"vI" + 7 7'—3 T ) (Clh)
®) = 32um(1—5u+50%) O STF,, oyt (—15ziuiM 4 17 O ik, Cli
iiklm = 32vm v v 3 ijkim § Emapz®v” | —15z*0v?™ + 3 %y . (C1i)
For the energy loss,
19 = —8umSTF,; ™ viod {1 — (129 — 690) + 7—2(7043 — 7837y + 370302) (C2a)
4 Y op3 42 1512 ’
Ljx = vm(Xz — X4) STFiJ-;‘.,r—3 [21 — (146 — 61v)]x P [60 — (241 — 1220)]v¥z" (C2b)
I8), = —8um(1 — 3v) S"rF,-J-k,»;-;2 {6owkzz _ esf_—Twzgkvz} , (C2¢)
3) Gm Y jab,.a, bi
J§) = vm(Xz — X1) STFy; - {—1+ %(17—201/)}5 zovb | (C24d)
Gm . Gm .
Ji(;.l,z = —8vm(1l — 3v) STF ;i -;_%-n—emb {w“vb’k — T—an‘”kvb} . (C2e)

The TT projections of relevant contractions of time derivatives of moments with N as used in the waveform are

() _ . g_ Gm g o Gm _69r) — L - ij
PijkmI;’ = 2vmPijkm {v’— - n* +42 - n' (149 — 6917) 22 (23 — 27v)v¥

2

v Gm _ 2 72
iz 7~ " (—7043 + 7837v — 3703v7) +

+ 1512

v (—4513 — 19591v + 12191/2)} )

(C3a)

ija

PisemI O N, = vm(X, — Xl)P,-jkm{e(uN)viJ‘ - 7(vN)GTmnij - 14(nN)g;n1nivj — y(vN)(7 — 8v)v'

2

+%(83 - 40u)7(vN)GTmniJ' +5(83 - 40u)7(nN)§;"—‘nivf} , (C3b)
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i 8 G g

vmPijrem {(1 —3v) [24(1)N)2v” + E Tm Vi
Gm

T

—-32

(nN)%v% — 32(vN)? Gm n —
T

~3| 00
<
]

2 2 .. . .
+40(nN)? G—T ni — 128(nN)(wN) & n‘v’]
T T

12

385
G

+:—§— (161 — 5850 + 25502)(nN)? ——

+§ (161 — 5851 + 2550%)

+ 1;—52 (161 — 5851 + 25502)(nN)(vN) Gm n"vf']} , (C3c)
T

. 12 -
(—109 + 3250 + 5v%) GT"’ v+ (—41 + 183v — 1391%)(vN)?v*™

.. 4 G?m?2
W4 (657 — 2075 + 31502
v gg5 V31507 =5

-

Gm ( 2 G?m?

vN)2n% 4 % (—3909 + 13 4950 — 46951%)(nN) — n'

.. 2 ..
5vm(l — 2v) (X2 — X1)Pijkm [24 {(Nv)%” - %(Nv)v”}
-36 i—m {nij (Nv)3 + 6nivi (Nn)(Nv)? + 3(Nn)2(Nv)v'
- % (Nv)v' — %vz(Nv)nij — g(Nn)vznivj}

241 G?m?
5 r2

{3nij (Nn)?(Nv) + 2n'v? (Nn)3 — % n* (Nv) — %nivj(Nn)}] , (C3d)
24vm(1 — 5v + 50°%) Pijkm [30 {vij (Nv)* — % v (Nv)? + §1§ v4vij}

—50 g;‘ﬂ{nij(N'u)“ + 8n'v? (Nn)(Nv)® 4 6v (Nn)%(Nv)?

i
214 G?*m?
e
6

-1 [n (Nv)? + 4n'v? (Nn)(Nv) + (Nn)?0™ + v?n' (Nn)?] + % (v + 2v2nij)}

_S8 [v*(n* (Nv)? + 4n'v? (Nn)(Nv) + v* (Nn)?) + v (Nv)?] + % (202" 4 v4nij)}

{Gn""(Nn)z(Nv)2 + (Nn)*v¥ 4 8n'*v? (Nn)*(Nv)

G3m?3

r3

— 94

[(nN)‘lnij — ~1—61(Nn)2nij + % n”” , (C3e)
Gm
r

—vm (Xz - Xl)

- g vm Gm Pijkm {(1 —3v) [GTm n —v¥ 4 3(nN)%v" — 3(vN)2nij]
r

Pijim (1 - % (17 — 20,,)) [(nN)vind — (uN)n¥] (C3f)

G g
+910 [Tm n'l (—373 + 13250 — 54502)
+[3(nN)2v¥ — 3(vN)%n* — v*7](—103 + 4250 — 2751/2)] } , (C3g)
Gm
T

x [_g{_%inj (Nv)*(Nn) + 8% (Nn)*(Nv)

31/m(1 — 21/)(X2 — X]_)

ijkm

. .. 2 . . ..
+ 2(Nv)v2n% 4 2(Nn)v?niv? — 4n' (Nv)® — 20" (Nv) — %[21)‘71,’ (Nn) —2n% (Nv)]}
+ g gm {4(Nn)3'vinj — 4(Nv)(Nn)?n¥
r

— 2(Nn)vin? — ;?[(Nn)'u’nJ — (Nv)n”]}] , (C3h)
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PijkmEabi JJ(acdercde = 32vm(1l — 5v + 51/2) Pijkm
X [ ;g { 10(Nv)3(Nn)vin? + 6v%(Nn)(Nv)n'v?
+ 4v%(Nv)2n¥ — 5(Nv)*n" + 15(Nn)?(Nv)?v*
— 3(Nv)*v¥ — v*(Nn)?v" — ; nt 4 ;v v’}
;(7) Gm {10(Nn) (Nv)vind — 6(Nn)(Nv)vind
—15(Nn)%(Nv)2n' + 5(Nn)*v* — 4(Nn)2v" + 30%(Nn)2n*
+(Nv)2n¥ — —v2n¥ 4 %vij}] (C3i)
Finally the “squares” of time derivatives of moments as used in the energy loss are
3,3 2
(IP)? = 32(um)2 & {1 - %(212 —90v) + 2246(130 150 — 76 007w + 31 4421/2)} , (C4a)
2,2 2,2
(@2 _ 2 G*m? (1 — 4v) G*m
(I50)? = (vm)? =3 =2 41267 [21 — 27(146 — 61v)]
+ 4800%[30 — (241 — 122)] + 18G v?[420 — (4607 — 20741/)]} , (C4b)
12 m? G 2 Gm
(I50)? = 5—(u )2(1— 3u)2—-— {450 6 45787 2 4 765 5™ } , (Cc)
2,2
(B2 _ 2G*m? (1 —4v) e _
(I = (pm)? Tt =22 f1 - LT 201/)} , (C4d)
J@y2 _ 128 2 » G?m? 6 G*m? , Gm ,
( 1._7k) — ‘1—5‘ m) (1-31/) —_— 2v +27‘—2’U +T'U . (046)
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